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Abstract: We propose an elementary construction of separation of variables for the
classical integrable SL(N) magnetic chain

1. Introduction

In his paper [S1] E. Sklyanin constructed the separation of variables in the
classical integrable SL(3) magnetic chain and conjectured the existence of a similar
construction in the SL(N) case. This paper is devoted to the proof of the Sklyanin’s
conjecture. Before giving its precise formulation, we shall review some basic facts
on the SL(N) magnet, following [FT,S1].

The model can be described in terms of the monodromy matrix

Twy=2Zu—"06y+ LM . (u—06, + LYY, (1.1
where Z is an invertible N x N constant matrix with distinct eigenvalues, J;
(j=1, ..., M) are some fixed numbers, and L are traceless matrices constituted

by variables LY (u,v = 1, ..., N) with the Poisson brackets given by

{L(j) L&

u1v1> oy

= (Ll(ljl)m 5#2»‘1 - Lﬂ(tjzz'lé;lﬂz)éjk . (12)

In the generic case, the Poisson bracket (1.2) is non-degenerate on the
MN(N — 1)-dimensional manifold.

N
detw + LY) = T+ 2" =0, j=1,...M,
k=1
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where Ay are distinct fixed numbers and Y')_ | 4 = 0. The Poisson brackets for
entries of the monodromy matrix (1.1) can be written down in a compact form
[FT],

{T(u) T(v)} ! [@ T(u) T(U):I (1.3)

1 2
where T=T®1, T=1® T and 2 is the permutation operator in C¥ ® C~. We
shall denote entries of T'(u) by t’;(u) (the lower index corresponds to the number of
the row). Writing equality (1.3) element by element, one gets

EH O v)}“—m HOLAOREACIHCIE 1.4

Consider
det(T(w) + A) = 2" + 1y A" "1 + - +1y(u) .

Then t(u) is a polynomial in u of degree jM. It can be shown (see e.g. [FT, RSe2,
S17]) that non-leading coefficients of polynomials 7;(u) (j = 1, ..., N) form a com-
mutative, with respect to the Poisson bracket (1.3), family of MN(N — 1)/2 inde-
pendent Hamiltonians, which entrains the complete integrability of the model.
Now we are able to formulate Sklyanin’s conjecture.

Conjecture. There exist functions &/ and 4 on GL(N), such that (a) &/(T) is an
N(N-1)
———— of the
2
N(N—-1)

algebraic function and #(T) is a polynomial of degree D = M -

matrix elements tf, and (b) the variables x;, P; (i=1,..., M~ }, defined

from the equations.
B(T(x)) =0, Pi=A(T(x)),
have the Poisson brackets
{xi,x;} ={Pi,P;} =0, {Pj,x} =P
and, besides, are bound to the Hamiltonians t,(u) by the relations
det(P; — T(x;)) =0

After establishing in Sect. 2 necessary notations and preliminary lemmas, we prove
this conjecture in Sect. 3. The proof is quite elementary, though rather cumber-
some. We give it in more or less full detail, having in mind the possible quantum
counterpart which in the case N = 2 was studied in [S2,S3].

The similar conjecture have been formulated in [S1] for the Gaudin model
which can be considered as a degenerate case of the SL(N) magnetic chain
[G, S1,S84]. This model has been treated in various contexts by many authors (see,
e.g., [RSel,RSe2, Sch, AHH1, AHH2]). We should mention especially the recent
work [AHH2], where Darboux coordinates for the Gaudin model have been
constructed and the Liouville—Arnold integration for corresponding isospectral
flows on rational orbits in the loop algebra have been performed. In the concluding
Sect. 4 we show how the construction of Sect. 2 may be used for finding separated
Darboux coordinates for the Gaudin model and compare our approach with that
of [AHH2].
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2. Notations and Preliminary Lemmas

Let ¥ be a (n — 1) x (n — 1) complex matrix with entries V% (jk=1,...,n—1)
and columns y® (k = 1,. .., n — 1), We shall denote by ‘P(

k... .k,
_cl . | the deter-
]1 .. Jm

) the determinant of the matrix

Pi... B
dr--- 4
obtained after deleting p,", ..., p/™ columns and g,%, ..., ¢/ rows of ¥. The
following formula can be easily verified:

n-1 12 l> <n/—\2 n/-—\1>
—yip( et ' )=0, 21
j-Z—:Z( ) <J S | 1 J @

for any I=1,...,n—3,i;,...,4-,€{l,...,n—1}. For a fixed vector ¢ e
€" 1, let us consider (n — 1) x (n — 1) matrices

S=8(P,8)=[LPe. .., P2,
SO =SV, =[YVEPE ..., 931 (G=1,...,n=1). 22)
The following auxiliary lemmas will prove useful in the sequel.

Lemmal. Let 1 £j<n— 1. Then

minant of the matrix (y§),-; and by 'I’(

——

(— 1)idet SO, 5)-5(" } 1) (- l)f_ldetS(f’(‘P,é)-S(n R 1)

:detS(sv,g)-S<"T2 "]:1>. (2.3)
Proof. By the definition of S(¥, &), /\1
. n—
—— f(_ l)lS( JA/>\, =
Y (D), (’f " 1) ~{(- 1>HS<” R 1) 1=
k=1 l J l
0, otherwise.

Then the left-hand side of (2.3) is equal to

——

~

n—2 ] ) k _1
(— 1)(det SD-(P*1¢), + det SD-(w*1¢)ys( . "
k=1 PN J
n—2 n—2 i /_\
=2 (= 1)k( 2. detsm'(g’k_lf)zs(lf " 1>.
E=1 =1 i J
But the definition of S% implies that
n—2
2 det SO(PF1E), = det[PFE EWE, ..., W 3¢ = (—1)"" 28, ,_, det S(¥,¢) ,
=1

which proves (2.3).
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Let us define the constant
(n—n -

(1)
T 24

and the set I,(m) of multiindices («):

Lim) = {(0) = (&=, 123lobe {L,...,m}}. (2.5)

Lemma 2. Let S(¥,2), SO(P,£) be defined by (2.1), (2.2), and let V' be the
(n — 1) x n matrix with columns YV, . .. Yy" "V & Then

1 n—2
9SS = s (a)ezng(n—n T’(a”{l .. .. '_ ZY:IZ n i 1)
EI <atxnkkl o i1 a::rj’z_1>’ 26
det SO, =c,2 ) ‘I’(i Taa e O3 ) " 1)
@els 2 m—1) o
EI <oc,;n,ik1 = o i1 ocZZ’j’ﬁ”)’ o
= ! n—3
S<n J 1> T (a)gng(rn lP/<Ocnl—2 coj= .l'j.—!- ... o n i 1>

lj (oz,:xn;ikl o k-1 aﬁirgi_l)‘ (2.8)

Proof. By definition,

detS(¥Y, &) = Z (=178, 1y (¥ oy - - -(qmgzi)a(ﬂ—l} .

ceS, —1
where ©,_4 is the group of permutations of n — 1 elements. Therefore,

n—1
det S(ql: é) = z ( - I)Sg“ ’ Z éa(l)wfi(fz)l l/jiy(ln_ll)

ae@, 1 al 4A.,oc2:ji=1

n—1°

(PO (PR

f
_ ai_y ... anT? B
:(— l)n 27{1!( 11 1 n_l éa '(Tn 35)0&:%
1 n—2
—( n—2 Y Oy —1 Ay—1 n
_( 1) 1<al _ < .Z<<z” 2<n41lP( 1 n_l)
1 =3
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ey W(a;_l RS )

m=2! u | T 1 n—1
1 ... n—-2
' S((xl OCn_Z > N
n—1 e n—1
. 1 ... - .
Applying the same procedure to S| | 2 etc., we obtain formula
Op—1 - n—1

(2.6). Formulas (2.7), (2.8) can be proven in the same way.
In the sequel we shall deal with polynomial functions on matrices that have

a form
A
N e | - (2.9)
Je o oo Jk

Given a function of the form (2.9), we denote by Fj ,,(¥) (resp. F %l(P)) the
function (2.9) with the index j; (resp. iy) substituted by [

F(¥) = const.* ﬁ ‘P<

k=1

3. Separation of Variables

For the monodromy matrix T'(u) given by (1.1) consider the principal submatrix
Ty () = (5@}, and the vector t™(u) = (t}(w))}=' formed by the first
(N — 1) entries of the last column of T'(u). 7

Using definitions (2.1), (2.2), one can construct matrices

S(w) = S(Ty-1(w),t™(w),
SO (w) = SP(T -1 (), t™ () . (3.1)

Define
B(u) = B(T(u)) = det S(u) ,

mm:wumn=4@§3ﬂ< (3.2)

N1
("5

N —
Clearly, B(u) is the polynomial of degree M - M 5

ilarity transform QT (u)Q *, and taking advantage of the nondegeneracy of spec-
trum of Z, we may state that the leading coeflicient of B(u) is nonzero, and therefore

NN -1
B(u) has M —(—2—) ZEeroes.

. Using, if necessary, a sim-

-1
Theorem 1. The variables x;, P; (j =1,....M N(iz——)) defined from the equa-
tions
B(T(x;)) =0, Pj=s(T(xp)), (3.3)

have the Poisson brackets

{x;, %} ={P;, P} =0, {Pj,x,} =P . . (34)
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Furthermore, P; is an eigenvalue of the matrix T (x;), i.e.
det (P, — T(x;)) = 0

The rest of the section will be devoted to the proof of this theorem.
First of all, let us calculate the Poisson bracket of two polynomial functions of
T that have a form (2.9):

m -1 R
F(u) = F(Tw) =[] T(’.’i l.’;k)(u),
Jo o Jk

k=1
" Loy
G(v) = G(T(v) = 51:[1 T( o S;s>(v) .

Lemma 3.

(u— 0){F), GO} = Y Fjtpa) Ggaujr (v) — Y. Fe™ ()G k() , (3.5
where summation is over all possible pairs (ji, p2) and (i}, o).
Proof. It suffices to calculate the Poisson bracket for determinants
T li ! . J(w) and T< /;1 Z:)(v), then (3.5) will follow by the Leibnitz
rule. It follows from (1.4) that

it oy
Hf )“‘) (ﬁl ﬁv>(”)}

n

v '1 il—l(xqil—l'l . i
-~y r(l o
I=1¢4=1 J

<;1 gt 1llo.cq o Z:>(”)

Lo il TR S AR
+121 Z (=D rp)T P L T S ()
e

1 qa-1.,9+1 v
(_1)!3 +adga ( YT <ﬁ1 o/;q—lo;qﬂ....'.o;v)(v).

The second term in the previous expression is equal to

i ot o’
pz1rZ1T< RO Loy [ L j">(u)T(ﬁl T S ﬁv)(v)ﬁ

which shows that (3.5) holds true.

H

1

Lemma 4. For any u and v
{B(u),B(v)} =0. (3.6)
Proof. Due to (3.1), (3.2) and (2.6),
Bw=c¢,1 )  Bl@w,

(@eln_1(N—1)
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where

K
=
L
b4

s =7 (%7 Y
lj <aN br BRTE aNi_1>(u). 3.7)

OCN koo N—k

(Here we have used the fact that the matrix ¥’ from Lemma 2 is now simply the
matrix obtained from T(u) by deleting the last row.) Using Lemma 3, let us
calculate the Poisson bracket of B((x), u) and B((f), v) for arbitrary ﬁxed (),(p) €
Iy—1(N —1). The summation in the first sum in (3.5) for {B((«),u), B((f),v)} is
carried out over all possible pairs (o3, §7), (o, /), (i, B;) and (i, j), where i (resp. j) is one
of the lower indices in the first factor in the representation (3.7) for B((a), u) (resp.
B((f),v)). Note, however, that the term corresponding to the pair (2%, 5) is equal to
B((x),u)- B((B), v} if af = j and zero otherwise. The same is true also for the pairs
(i,7) and (i,j). Thus, the first sum in the expression (3.5) for
(u— o) {B((«), u), B((B), )} is equal to

(N=D+2(N=2)+(N =3+ + 1)) B((w), ) B((B).v)
+ 2 Bag . x((0), 1) By os((B), )
= (N — 1 B((2),u)* B((B), v) + Y Bag . 5:((), u)* Bps g (), 1) -

Similarly, one can see that the second sum in the expression (3.5) for functions
B((«),u) and B((f),v) is equal to

(N — 1)* B((2), u)* B((B), v) + ), B*#~P2((2), u) - B~ *¥((B),v) -
Hence

(u = v){Bu), B(t)} = c;-, > (Z (Bug - (), )~ By ag((B), 0)

@, (Breln_1N=1)
— B (o), u) - B OH(( ), U))> : (3.8)

But for every pair (), () ely_ (N — 1) there exists also the pair (&),(f)e
Iy (N—1),  such  that & =al (W) +(pg) d4=F  and
B =B (1, v) £ (r,s)), f7 = «f. Then it is easily seen from (3.7) that

Big (@), u) Bgs . ag((f),v) = B~ (), u)+ BF (), 0) .

Therefore every term appears in the sum (3.8) twice, but with different signs, which
implies that {B(u), B(v)} = 0.

Lemma 5. There exist algebraic functions U(u,v) = U(T(u), T (v)), W(u,v) =
W (T (u), T (v)) such that

(A6, A0) = (B Ulwo) + U, )B()) (39)

1
{B), A@W)} = - — (B A() = W(u,0)B(v)) , (3.10)
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and
Wu,u) = A(u) . (3.11)
Proof. Denote
N1
Clu) = det SV(w), D(u)= S( : >(u) : (3.12)
C(u) .
Then A(u) :D—u)' We have to calculate all the Poisson brackets {B(u), C(v)},

{B(u),D(v)}, {C(u), D (v)}, {C(u), C(v)} and {D(u), D(v)}. Repeating essentially the
same arguments as in the proof of the previous lemma, one can see that

(u — v){B(), C(v)}
= Bu)C(v) — en-1 A.]_l < Nil -1y ¥ BZ;:}((a), u)) - det SY(v)

=1 1=2 ()ely_1(N—1)

and

(u — v){B(u), D(v)}
N-1 [/ N-1 ol o —1
— vy z(—nf(Z(l—l) Y Bajlq}((oc),u))-s(Nf )(v).
i=1 (=2

(@eln_1(N—1) J
Denoting
Wi =cxy Y 0-1 Y B j@w, (313)
1=2 (@eln_1(N—1)
we obtain
(B, A())  1BE:COIDE) — (B, D@} CW)

D(vy*

1 1 Nt .
- <B(u)A(v) ~Dupr Z Wj(u)<detS“)(v)D(v)

u—uv

+( —1)fs<N]: 1>(U)C(U)>> .

But due to Lemma 1 and definitions (3.2), (3.12),

— e~

det SY(v)D(v) +(—1)15<NJ? 1>(U)C(U) =(—1)f“S<N1_2 NJ: 1>-B(v).

Thus we show that
1
(B, A0)} = (BWA®) — W (,0)B()
where

LA N—2 N_—1
W () = —— Z(—l)J“Wj(u)S< . ; >(u). (3.14)
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To prove the identity W (u,u) = A(u), let us note first that, similarly to the formulas
of Lemma 2, one has ,

1 o1
{. : ,>w
Ju J2 - T
Bt B! n) =2 (Lk R A )
=c . 1w T vy Hu
l(ﬂ)eI%Vrl)(]l ]l( H ﬁl E oo ﬁg—lli 1))

Then by the definition (3.7) of B((¢), u),

o & L2 .1l
R CY TS mﬁpnwlmm( : N
@eIn (N~ 1) 2, ad-i=1 jooaf ...

for some coefficients (a7, ..., o !, u) that we do not need to specify, since by

(2.1),
ZS( 2 la;ll)(”) (le N )(u) 0 (I=1,...,n—2),

and therefore, due to (3.13), (3.14),

——
N-2

Wiww = LY (N -y 3 ﬁﬁ:m@m%N;ﬁw.

2
D ( )j=2 (@ely _1(N—1)

But (3.7) shows that
% 1’ (o), u) =
if one of the indices a2_1, ..., o"_7 is equal to 1 or j. Hence

Y B

(@ely_1(N—1)

N i
=(—=1D/N 3)!T(Z\7>(u)
ah_y ... aNZ3 N
T 4
X(“)EINZI:(N“I) ( 2. N — 1) )

N—k-2
T Ajok—1 .. XN k-3 N
H N-k—1 ) (1)
O{N k N OCN—k
(2.8),(3.12) A

= (=N =3ex DT <}%) (u) .
Then

W u,u) = — CN- 1(];(”)2'@12 z T( >(u)S<N1 2 N]_ 1)

e, Clu)

D) = Au) .
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Thus we have proved equalities (3.10), (3.11). Absolutely analogously, one can show
the validity of (3.9) with U(u,v) equal to

v NS 1ol N— 2 N—1
=g 20

) (Z(!-l 47 (@ vCw)

(eln_2(N—1)
— Z (I — DA (@), v)D(v)) :
1=2

where the definition of D((«),v), C((«), v) is similar to (3.7). Now we are ready to
present.

N(N — 1)

Proof of Theorem 1. let x; [j=1,..., M 5

> be roots of B(u):
B(x;) = #(T (x;)) = 0. By Lemma 4,

{xi,x;} =0 (i,j=1,...,MM>.

Furthermore, since for any functions f(u) and g,

{f(xi)rg} = {f(u)’g}u=x,- +f,(xi){xiag} ’
we have

{xi: P}} = {xi’A(xj } = {xi’A(U }v=xj + A/(X- {xiaxj}

B;( )({B(X) A(U)} _{B(u A(U)}u Xi u X

= - m {B(u)aA(U)}u=x,-,u=x_,- .
Due to (3.10)

1
{BW), AW bu= o= = E— (B(x;) A(xy) — W (xi, x;) B(x;))

i

B(x;) — B(x;) + B(x;) A(xj) — W (xi, x;) '
X; — X; X; — X;

= A(x;)

Using the definition of x; and identity (3.11), we get
{xi B} = — A(x))d;;= — Py .
Similarly, by (3.9) and (3.10)
{Pth} = {A(xi)aA(xj)}
. A'(x;)
=4 (xi){xb A(xj)} B,(Xj) {A(M), B(U)}u=x,-,u=xj

T {AW, AW} e n0mny = 0.
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Thus we have proved that the Poisson brackets for P’s and x’s are given by
(34). It remains to show that det(T(x;)— P;)=0. Since B(x;)=
det S(Ty_1(x:), t™(x,)) =0, there exists a vector-row ¢eC" ! such that
ET% _ (x)t™(x;)=0 (k=0,...,N —2). Then for any vector-row # from the
subspace L = span{&, Ty 1(x), . - ., ETNZ3(x)}, 1T 1(x;) € Land nt™(x;) = 0.

This means that if # = (54, . . ., #x_) € L is the left-eigenvector of Ty _{(x;), then

n =1,...,"Ny-1,0)is the left-eigenvector of T (x;), and the corresponding eigen-
. 1)+ - -ty . ) )

value is 4 = 14 1) Iv-1IN=1 gy n is also a solution of the equation

M1
7S(Tx-1(x:),t™M(x;)) = nS(x;) = 0. Expressing coordinates of 5 through minors of
the matrix S(x;), one can casily see that

G SYx)

N_1
S< i )(xi)

This completes the proof of the theorem.

Remarks. 1. When N = 2,3, variables (3.3) coincide with those introduced in [S1].
Note, however, that for N = 4, the family A(u) is not involutive.

2. It follows immediately from definitions (3.1), (3.2) that the polynomial (T ) and,
therefore, coordinates x;, are invariant under the action of SL(N — 1) by the
similarity transform QTy_,Q~' of the principal submatrix Ty_,. Applying
Lemma 1 to the matrix S(x;), one can see that coordinate P; are SL(N — 1}-invari-
ant too. In the case N = 3 SL(2)-invariance of separated variables was noticed by
N. Reshetikhin (see [S1]).

4. Gaudin Model

Let us now compare the results of the previous section with the construction of the
Darboux coordinates for the Gaudin model, which was proposed in the recent
work [AHH2].
The model can be described in terms of the rational matrix function
M pm)
Tw=Z+ )

m=1

o 4.1
where & is a constant matrix with distinct eigenvalues. Another case treated in
[AHH2] — % =0 — will not be considered here. Note also, that we assume
matrices £™ to have distinct eigenvalues, while in [AHH2] genericity conditions
are more relaxed: £™ are allowed to have multiple zero eigenvalue.

The Poisson brackets for entries of J (1) are given by

{91'(14), .}(u)} - u—i—v [g), () + }(U)]v . (4.2)

The Gaudin model can be considered as a degenerate case of the SL(N)
magnetic chain [G, S4]. Namely, consider polynomial (1.1) with

Z=1+4:¢% and L™ = g™ 4.3)
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and let p(u) = —8,)...(u — d,). Then p(u) ' T (u) = 1 + &7 (u) + O(e?) and
the Poisson brackets (4.2) are obtained as a linearization of the quadratic Poisson
brackets (1.3).

Let us define functions B(u), A(u) as follows:

Bw) = 2(7 (W), Alu) =T W), (4.4)

by (3.1), (3.2), (2.2) with T (u) replaced by < (u). Then for polynomial (1.1), (4.3) we
have

B(u) = B(T (1) = p(w)'e*B(u) + 0(**),
A@w) = (T w) = pu)(l + edu) + 0(e?), (4.5)
N(N —1)
2

where d = . After substitution of (4.5) into (3.6), (3.8), (3.9) and consider-

ing the leading order in ¢ we obtain
{Bw,Bw} =0,
SO 1 - - ~
(A, A)} = — (B Uv) + Ue,1) B@)),

1

Uu—=uv

{B(u), A(v)} = (Bw) — W(u,1)Bw),

where W (u,u) = 1. Exactly as it has been done in the proof of Theorem 1, one can

NN -1
show that the variables X, p; (j =1,....M %) defined by

B(x)=0, p;=A) (4.6)
has the canonical Poisson brackets:
(£ %) = {05 Py =0, {Fj X} = 0jc-
Thus we obtain the following analogue of Theorem 1.
w> defined by (4.4), (4.6) are
Darboux coordinates for the Gaudin model. Moreover, they satisfy the relation
det(p; — 7 (X;)) =0,

The Darboux coordinates for the Gaudin model were given in [AHH2] by the
solutions (i, 4;) of the set of polynomial equations

(T W) —24)Ve=0,

where V is a fixed vector and the superscript’ denotes the transition to the matrix
of cofactors. The construction of the previous section has allowed us to find a more
explicit way to define the Darboux coordinates. In particular, as well as in the case
of the SL(N) magnetic chain the canonical coordinates are zeroes of the single
polynomial in u. This important fact makes our construction more applicable for
the investigation of the connection between the Bethe Ansatz and the separation of
variables in the quantum case (cf. [S2,S3]). We are going to discuss this topic
elsewhere.

Theorem 2. The variables X;, p; (j =1,....M
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