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Abstract. This paper derives the asymptotic expansions of a wide class of 
Gaussian function space integrals under the assumption that the minimum 
points of the action form a nondegenerate manifold. Such integrals play an 
important role in recent physics. This paper also proves limit theorems for 
related probability measures, analogous to the classical law of large numbers 
and central limit theorem. 

I. Introduction 

In the last few years, theoretical physicists have developed beautiful new ideas 
for the asymptotic analysis of Gaussian function space integrals [Coleman; Sect. 
2], [Wiegel]. In this analysis one is confronted by the "zero mode problem". The 
object of this paper is to provide the mathematical framework for handling this 
problem. In particular, we present the complete asymptotic expansions of a 
class of Gaussian integrals on a Hilbert space, for which the minimum points of 
the action form a nondegenerate manifold. In addition, we prove limit theorems 
for related probability measures, analogous to the classical law of large numbers 
and central limit theorem. 

To describe our problem, let PA denote a mean zero Gaussian probability 
measure with covariance operator A on a real separable Hilbert space Jr .  We 
write the inner product of ~ as ( , ). We wish to describe the asymptotics 
of 

J, - S~9(Y/x /n)exp(-  nF(Y/,,fn))dPA(Y), as n ~ oe. (1.1) 

For simplicity we assume that 0, F are smooth functionals (smooth will always 
mean C~), with ~ bounded and F satisfying 

F(Y)> - b[I YI[ 2 = - c f o r s o m e O < b < l / ( 2 l [ A l l ) ,  c>O. (1.2) 

* Alfred P. Sloan Research Fellow. Research supported in part by NSF Grant MC8-80-02149 
** Research supported in part by NSF Grant MCS-80-02140 

0010-3616/81/0082/0153/$05.80 



154 R .S .  Ellis and  J. S. Rosen 

These conditions assure that the integral in (1.1) exists. The covariance operator 
A is trace class. We also assume that A is strictly positive. In Sect. 6, we extend 
our results to the Banach space C[0, 1], which is important in applications. 

Formally, J ,  can be written as 

f~b(Y/x/~)exp ( - nF( Y/~nn ) - ( A -  t y, y )/2) d Y 

= I O ( Y / x / ~ ) e x p ( -  nG(Y/v/~))dY, (1.3) 

where G(Y)"-<A-~Y,  Y>/2 + F(Y) is called the (Euclidean) action. In (1.3) dY 
is the purely formal translation invariant measure on ~f.  Nevertheless, (1.3) 
will serve as a useful guide to our intuition. 

Let x be a minimum point for G, so that G(x) = inf G. This implies that 

G'(x) = O, G"(x) > O, (1.4) 

where G'(x), G"(x) are respectively the element of ~ and the linear operator on ~¢~ 
defined by the first and second Frechet derivatives of G at x. (See Sect. 2 for details.) 
We can then write, for Y near 0, 

G(x + Y)= G(x) + (1/2)( G"(x)Y, Y )  + error term. (1.5) 

If G"(x) > 0, then insertion of (1.5) in (1.3) indicates that we can expand around 
a new Gaussian measure, with covariance operator (G"(x))- ~. This we have carried 
out in detail in [Ellis-Rosen (1)], which generalizes earlier work of [Schilder] 
and [Pincus]. 

In the present paper, we assume that the set of minimum points of G forms 
a smooth submanifold M of o~t ~. In this case, differentiating the firstequation in 
(1.4) shows that for any x e M ,  

G"(x)v = 0 for all v e M  x, 

where M x denotes the tangent space to M at x. This degeneracy of G"(x) is the 
"'zero mode problem." We note that M is a compact subset of J(f (see Lemma 1 
(a) in Sect. 2). 

The best we can hope for is 

G"(x) > 0 on Nx, (1.6) 

where N~ "-(Mx) ± is the normal space to M at x. We call M nondegenerate if 
(1.6) holds for all x e M .  

Throughout this paper we assume that M is a smooth nondegenerate sub- 
manifold of ~¢~. However, the ideas presented here together with those of [Ellis- 
Rosen (t)] enable one to handle many cases of degenerate M. 

To state our main theorems, we introduce some notation. If V is a subspace 
of J~(, zc v will denote orthogonal projection onto V. If L is a linear operator on 
J¢~, then L v, L v denote the linear operators on V 

Lv - rCvLlrv , 
Lv .= (rCv L-  trCv)- t (1.7) 

For each specific L, we will have to verify that Lv, L v are well defined. 
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The geometry of M enters through the Weingarten map W , .  For each 
x~M, zeN~, W,~ is the linear transformation of M~ defined by 

(Wx,~U,V>- (Du~,Z>, u, v6M x. (1.8) 

Here D f  is the directional derivative at x, in the direction u, of any tangent vector 
field ~ on M with ~5(x) = v [Spivak, Vol. IV, p. 49]. 

Theorem 1 is stated in great generality. A simple special case which should 
look familiar to physicists is described in (1.18). The main ideas behind Theorem 
1 are explained in Sect. 3 before the proof of the theorem. 

Theorem 1. Let M, the set of minimum points of G, be a smooth, nondegenerate 
submanifold of ~ .  Then dim(M) < ~ and e"C'*J, has the asymptotic expansion (see 
Explanation below) 

enC'*Jn~ndim(M)/2 ~M{ S ~l(X +Z/x4/'~)IM(X,Z/N~)" 
Nx 

• exp ( - nF 3 (x, z/v/n))dPn(~)(z) } c(x)d V M (x) as n--, c~3 ~ 

(1.9) 

where G* - min G, 
out' 

IM(X, Z) -- det{I - W~,~}, (1.10) 

F3(x,z)~F(x+ z ) - F ( x  ) -  (F'(x),z> - (F"(x)z,z>/2, (1.11) 

B(x) "- (G"(x)ux)- 1 is the covariance operator of PB~), (t.12) 

c(x) - [det(2~AMx)det(I + AN~(F"(x)ux))] - 1/2 (1.13) 

and dV M is the volume-element of M induced by ~ [Spivak, Vol. I, p. 423]. The 
highest order term is n aim~M)/2 S ~(x)c(x)dVM(X)" 

M 
Explanation. The smoothness of ~, lu(x," ), and F implies that for each x ~ M, ze N~, 
the integrand on the right-hand side of (1.9) has an asymptotic expansion of the 
form 

ndim(M)/_21//(X + Z/%//n)I M(X, z/x/~)exp( - nF3(x , z/x/~) ) 
"" ndim(M)/2 E aj(x, z)n-J/2 as n ~ oe, 

j_>_o 

where the {aj(x,z)} are functionals. Then (1.9) means that exp (nG*)J has the 
asymptotic expansion 

enG*Jn~'~ndim(M)/2j~>=OI~M{~xaj(x,z)dPB(x)(g)}C(x)dgM(x)ln-J/2 a s n ~  co.  

For j odd, aj(x, z) turns out to be an odd function of z. Since Pn~) is mean zero, 
only integral powers of n -1 appear in the last sum. Thus, (1.9) has the form 
n dim~u)/2 ~ F~n -j, where the {Fi} are functionals. 

1_>o 
Remarks. (i) W~, z is related to the second fundamental form of M; see [Spivak, 
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Vol. IV, p. 49]. We note that if x(s), seR", is a local parametrization of M, and if 
~x  02x(s )  . ,  

xi(s) "- ~s~ (s)' xo~s) "- O@s f men 

< %(~)~xi(s), xis) > = (x~ts), z >. 

Thus, ifg(s ) is the matrix with gke(S) = ( Xk(S ), Xe(S) ), then 

w~,(~),zX,(s) = 2 Z  ( x,is), z )(g(s)- 1)jkXk(S). 
k j 

(ii) In the special case that M is a curve {f~ ;0 < s < g} parametrized by arc 
length, Theorem 1 takes the form 

e"a*J,, ~ nW2 i l ~ t~(J~ +z/.vfn)(1 / dEf s, z \ ' ] .  
. - \ 1 ) 

• e x p ( -  nF3(f~ ;z/xfn))dP~<s,)(z)}ds. (1.14) 

z) We note that \ ds 2 , is the curvature of M in the direction z. 

In applications, the manifold M of minimum points often arises because of 
a continuous group of symmetries. We say that a group 5 ~ of unitary transforma- 
tions of X(( is a group of symmetries of J ,  if for all s e5  ~, Y ~ ,  

t]s(sY)=~s(Y), F(sY)= F(Y), s-~As= A. (1.15) 

If ~ is a group of symmetries of d, ,  then G and consequently M are 5~-invariant. 
If in addition 

M = 5Px o "--- {sx o IsES~} (1.16) 

(i.e., if M equals the 5~-orbit of a single point xo), then Theorem 1 takes a parti- 
cularly simple form. 

Theorem 2. Assume that 5 ~ is a group of symmetries for J,, and M = 5~xo. Then 
under the assumptions of Theorem 1 

enO*Jn - naim'M)/2C(Xo)V(M) ~ O(Xo -I- -~/x,~n)lM(xo, ZI ~ ) "  
N x  0 

• e x p ( -  nF3(x o ;z/,,/n))dP,(~o)(Z ) a s n - >  0% (1.17) 

where V(M) 2~ ~ dVM. The highest order term is ndira(M)IZC(Xo)O(Xo)V(M). 
M 

Remarks. 1. The volume element dV M is the image of Haar measure. 
2. Returning to the case of M a curve {f~ ;0 -< s -< ~} parametrized by arc length 
(see (1.14)), Theorem 2 says that in the presence of symmetries 

e"G*J" ~ x/-nfc(f°)(::<:,s'o>J" = o)O(f° + z l \ /~ )  1 - \ ds 2 1~=o , , ~  1 " 

• e x p (  - nFa(fo ;z/,~Tn))dPs(yo)(Z). (1.18) 
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Thus, the highest order term is nl/2fC(fo)~(fo ) and the next order term involves 
the curvature of M. For comparison, recall that in the case of M = {fo}, a non- 
degenerate critical point, the highest order term is c(f0)~(fo), for some constant 
C(fo) [Ellis-Rosen (1); Theorem 2.1]. 

We next describe two limit theorems for probability measures related to J,. 
These limit theorems are analogues of the classical law of large numbers and central 
limit theorem. Let Q, be the probability measure on -~ defined by 

Q,(C) - ~exp( - nF(Y/n))dP a(Y/x/n) /Z ., (1.19) 
C 

where C is a Borel subset of Jg, and 

Z. - ~exp(-  nF(Y/n))dPA(Y/x/n)= ~exp(-  nF(Y/w~))dPA(Y ). 

We have for any integrable k 

Sh(Y/n)dQ,(Y) = ~h(Y /x /n )exp( -  nF(Y/x/~))dPA(Y)/Z .. (1.20) 

Theorem 3. Under the hypotheses of Theorem 1, for any bounded, continuous 
fitnctional ¢ on Jr, we have 

lira J~(Y/n)dQ,(Y) = S cP(x)c(x)dVu(x)/ Sc(x)dVM(x)" (1.21) 
n ~  oo M M 

If Y,, denotes the ~¢g-valued random vector defined by the identity map 
(:;g~, dQ, )~  :g~, then Theorem 3 asserts that Yffn converges in distribution to 
the probability measure dp(x)-c(x)dVM(x)/~c(x)dV~(x ) concentrated on M. 
We next study the fluctuations of Yffn around this limiting distribution. The 
following theorem says that these fluctuations are a dp-mixture of normal fluctua- 
tions in each fiber Nx, x e M. 

If8 > 0 is sufficiently 'small, we can assign to any W e ~  with dist(W, M) < 6 
a unique closest point n(W) in M. This follows from the e-neighborhood theorem 
[Guilleman-Pollack, p. 69]. If dist (W, M)>  6, then we set n(W)= 0. Since 
by Theorem 3 Yffn is close to M, Y,/n - n(Yffn) should be close to zero. To study 
the fluctuations of Yffn we will study 

v/n[Y. /n  - n(Yffn)] - Y - nn(Yffn) (1.22) 
,/a 

Theorem 4. Under the hypotheses of Theorem 1, for any bounded continuous 
functional dp on ~f~, we have 

(1.23) 

In Sect. 2 we present preliminaries which wilI be needed in our proof of Theorem 
1. Sect. 3 contains the proof of Theorem 1. At the beginning of that section, we 
explain the main ideas behind Theorem 1. Section 4 contains the proofs of various 
lemmas used in Sect. 3, and in Sect. 5 we prove Theorems 2, 3, and 4. In Sect. 6, we 
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extend our results to C[0, 1]. An Appendix contains a result on the tightness of 
certain measures on C [0, 1 ]. This result is used in Sect. 6. 

Earlier work on the asymptotics of Gaussian integrals has been done by 
[Pincus], [Schilder], [Donsker-Varadhan],  and [Ellis-Rosen (1)]. Our study 
of the manifold case is new. We have been informed by S. Breen that for certain 
cases he has obtained the key change of variables formula discussed in Sect. 3. 
His methods are quite different from ours. 

2. Preliminaries 

Let F be a C ~ Frechet differentiable functional on the Hilbert space 340. Given 
Y, Y1, - '-, Y~ in og, ~, we denote t h e f  h Frechet derivative o f f  at ~" by DJF(Y)(Y 1 . . . . .  
Y). If Y1 . . . . .  Yj = Y, we use the notation DiF(Y)Y j - DJF(~)(Yi . . . . .  Y). The 
first and second Frechet derivatives of F at ~" define, respectively, an element 
F'(Y)eo~/g and a bounded symmetric linear operator F"(Y) on W which satisfy 

D'F(Y)Y~ = <F'(~'), I11 >, D2F(y)(Yi , I12)= <F"(Y)Y1, Y2>. (2.1) 

Let A be a strictly positive trace class operator on ~,~. ~ ( A -  1/2), the domain of 
A -  1/2, is dense in ~ and is a Hilbert space, denoted 3q~(A), when equipped with 
the inner product 

( Y1, Y2>A -- (A-1/2Yt ,  A-1/2Y2>" 

Let us define 

I(Y) "-- {(1/2)+ ( Y' Y)A= (1/2)H ifif Y~N(A-YE~(A-t/2)'I/2), 

and set 

G(Y) - I(Y) + F(Y). (2.2) 

Thus on jig(A), G(Y)=(1/2)(Y, Y ) A + F ( Y )  and is therefore a C °° Frechet 
differentiable functional on ~(A) .  We have on Jq~(A) 

DG(?Y)Y~ = ( 7, Y~ > A + < F'(Y), I11 > = ( ~'+ AF'(?Y), Yt > A' 
DEG(?Y)(YI' I72)= ( Y~' Y2>A + < F"(Y)Y~, Y2) = ( r~ + AF"(Y)Yt, Y2)a, 

DJG(Y)(Y1,..., Y) = DJF(Y)(Y1 . . . . .  Y),j  > 2. (2.3) 

Although G is not Frechet differentiable on J r ,  if Ize~(A-1)  we will use the 
notation 

G'(Y) - A -1 ~z+ F,(~z), 
G"(~') - A-  t + F"(Iz). (2.4) 

Thus, the domain of G"(Y) is ~ ( A -  1). 
A point x~J t  ~ is called a minimum point of G if G(x)= inf{G(Y)] Yed(f}. 

Throughout this paper, if K is a submanifold of 3((, we will use the natural identi- 
fication of K~ with a subspace of 3¢g and set N~ - K~ in ~ .  

Lemma 1. Let F satisfy the bound (1.2). Then we have the following facts. 
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(a) The minimum points of G form a non-empty compact set. 
(b) I f  x is a minimum point of  G, then x ~ (  A -  t), 

G'(x) - A -  ix + F'(x) = 0, (2.5) 

and 
G"(x) > O. (2.6) 

(c) I f  the set of minimum points of G forms a smooth submanifold M of ~ ' ,  then 
M x c ~ ( A -  1), 

G"(x)v= O, all xeM,  veM x, (2.7) 

and M is finite dimensional. 

Proof a) This follows from the facts that G is lower semicontinuous on Jr(A) 
and that as I] YI] ~ o% Y e ~ ( A ) ,  G ( Y ) ~  oo like [] A -  1/2y]12. For details, see 
I-Ellis-Rosen (1); Lemma 3.1]. 

b) The bound (1.2) implies xe~(A-1/2)  = J/g(A). 
Thus x is also a minimum point of the smooth functional G on Jr(A), so DG(x) Y = 0 
for all Y e ~ ( A ) .  By (2.3) 

x + AF'(x) = 0. (2.8) 

This shows x e ~ ( A - 1 )  and proves (2.5). Similarly D2G(x)Y 2 > 0 for aU Y ~ ( A ) ,  
so by (2.3) 

( A-1/2Y, A-1/2Y> + ( F"(x)Y, Y> = ( Y ,  Y)A + (F"(x)Y, Y )  >0, 

and in particular for Y e ~ ( A -  1) 

<(A -1 + F"(x))Y, Y> > O. 

This is (2.6). 
c) If veM:,, let x t be a smooth curve on M with x o = x, x o = v. By (2.8) 

x t + AF'(xt) = O. 

Differentiating and then setting t = 0 gives 

v + AF"(x)v = 0. (2.9) 

Thus v ~ ( A -  t) and G"(x)v = A -  iv + F"(x)v = 0, proving (2.7). 
We now prove that M is finite dimensional. Since A is trace class, (2.9) shows that 

each x in M the unit ball in M~ is compact; hence M is finite dimensional. Thus 
dim(M) < oo. [] 

Lemma 2. Let A be a strictly positive trace class operator on dug and V ~ ~ ( A -  1) 
a finite dimensional subspace. Then 

A v~ "- (rCv. A -  lXvl )- 1 (2.10) 

defines a strictly positive trace class operator on vJ-(A v" = 0 on V). Therefore A v± is 
the covariance operator of a mean zero Gaussian measure P(av~). 

Proof In terms of the decomposition Jog = VG V ±, we can write the positive 
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operators A-  l, A as 

1), (2.1,) 

so that, e.g., 7 = n v * A - t n v  j- , R = nvArC v. The identity A - 1 A  = I yields 

ccR + fl*S = I v ,  (2.12a) 

SIR + ~S = 0 v ,  (2.12b) 

flS* + 7 T  = l v i ,  (2.12c) 

where I v ,  0 v denote the identity and zero operators on V and Ivy. denotes the 
identity operator on V ±. 

R = n v A n  v is a bounded linear operator on the finite dimensional subspace 
V, and the strict positivity of A implies ker (R) = {0}. Thus R has a bounded inverse 
and from (2.12b) we have / 3 = - T S R  -a .  Substituting this into (2.12c) shows 

7(T - S R -  iS*) = I v , .  (2.13) 

Working similarly with the identity A A -  1 = I on N(A- 1), we find 

( T  - S R -  is*)y = Iv± on ~ ( A -  1)n V ±. (2.t4) 

The last two equations, (2.13) and (2.14), show that 7 - r C v l A - l n v  ±, with domain 
~ ( A -  1)n V z , is invertible with inverse T - S R - i S * .  Thus 

A v± - (nvi  A -  lnv.L)- 1 = ~ -  1 

is well defined and we have 

A v i  = T - S R - i S * .  (2.15) 

This shows that A v~ is a bounded self-adjoint operator. A v± is positive, since it 
is the inverse of a positive operator, and strictly positive by (2.13). A v~ is trace 
class since T and S are both trace class and R - l ,  S are both bounded [Simon (2); 
Chap. 2]. The last assertion in the theorem follows from [Gihman-Skorohod;  
Theorem V.6.1]. [ ]  

Let us record one additional fact. In case ~ itself is finite dimensional, the 
identity 

( i  o 
" S R  -1 I J \ S I T  ) T - S R - 1 S  * 

shows that, by (2.tl) and (2.15), 

det (A) = det(R)det (T - S R -  iS*)  

= de t (Av)de t (AVZ) .  (2.16) 

3. P r o o f  o f  T h e o r e m  1. 

We first explain the main idea behind Theorem 1. When M is a point, Theorem 
1 is proven in [Ellis-Rosen (1)]. In the general case, where M is a smooth non- 



Asymptotics 161 

degenerate m-dimensional manifold, we use normal coordinates for Y/,v~ in a 
neighborhood of M: 

Y/v/-n = x + z/v/-n, x~M, z~N x. (3.1) 

We will see that the main contribution to (1.1) comes from such a neighborhood. 
The change of variables (3.1) in (1.3) gives formally 

J .  = ~b(Y/~v/nn)exp(- G(Y/x/n))dY (3.2) 

+ + m/2 X ~ n 

M L N x  3 

where m - dim(M) and I M, defined in (1.10), is the factor arising from our change 
of variables. 

For  each fixed x~M, the inner integral 

J,(x) - ~ ~(x + Z/v/-n)IM(x, z/~,/-n)exp ( -- nG(x + z/,~/n))dz (3.3) 
Nx 

is itself precisely of the form (1.3), with G(Y/~fn) replaced by ~(z/,~/-n)= 
G(x + z/,,/-n) and the Hilbert space ~/g replaced by Nx. Our assumption (1.6) 
that M be nondegenerate means that f~(z) has a unique and nondegenerate mini- 
mum point, the vector 0, in N~. We are thus reduced to the case where M is a 
point. This is the main idea behind our proof. Our greatest difficulty in proving 
Theorem 1 will be in justifying the change of variables (3.1) in our integral. 

Proof of Theorem 1. To help keep the proof clear, we consign certain parts to 
a series of lemmas, which are proved in Sect. 4. 

Let {e~, e z . . . .  } be a basis of W formed by eigenvectors of A, and set Wj  -" 
span{el~:.. ,e  j}. 3/g~ is an A-invariant subspace of 3(6' with W j c  Wj+~, and 

= u ~/fj. We define ~j - n~e j and Sj - ~jS for any subset S ___ ~ .  

For any subset S _ J r ,  let S ~ - {xlinf H Y -  xll < e), i.e., the vectors within 
YeS 

of S. Let K be a finite dimensional submanifold of Jef. We say that K ~ is a tubular 
neighborhood of K if every Y~ K ~ can be written Y = x + z for unique x~K, 
z~N~(K), 1] z]l < 6. Here N~(K) denotes the space of normal vectors to K at x. 
It is known that for compact K we can find 6 > 0 sufficiently small such that K ~ 
is a tubular neighborhood of K [Guillemin-Pollack, p. 69-76]. It is easy to 
verify that for j sufficiently large, K i is also a submanifold of J r .  We say that K a 
is a uniformly tubular neighborhood of K if K ~ is a tubular neighborhood of 
K and ( K y  is a tubular neighborhood of Kj for all j sufficiently large. It is not 
hard to modify the proof of the existence of tubular neighborhoods to show that 
if K is compact, then we can find 6 > 0 sufficiently small such that K ~ is a uniformly 
tubular neighborhood of K. Note, then, that the same is true for K ~' for any 
6'<6. 

As mentioned, the heart of our proof  is the following lemma, concerning a 
nonlinear change of variables in a functional integral. 

Warnin9 on notation. In Lemma 3 and for the rest of the paper, if V is a subspace 
of J r ,  then we write Pv for the Gaussian measure P~A~)" Whenever the variable 
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of integration is omitted in an integral with respect to Pv, that variable is under- 
stood to be z. In such an integral, the region of integration is understood to be V. 

Lemma 3. Let K be a compact, finite dimensional, submanifold of W ,  with K ~ a 
uniformly tubular neighborhood of K. I f  A - i x  is a smooth W-valued function of  
x on K, then A u~(K) is a strictly positive trace class operator on N~(K) and for any 
bounded, uniformly continuous functional 0 on J/g with supp q~ _ K ~/2, 

~dp(Y)dPA(Y)= ~ ~ c~(x + z ) l~ (x , z )exp( -  ( A - I x ,  x)~2 - ( A - I x ,  z ) )  • 
K [ lizll <~ 

dPNx(~) l (det (2~A Kx)) - 1/2 d V~(x) (3.4) 

where I~ and dV K are defined as in the statement of  Theorem 1. 
Let us now turn to M, the set of minimum points of G. By Lemma 1, M is a 

compact finite dimensional submanifotd of W. We can therefore find 8 > 0 
sufficiently small such that M a is a uniformly tubular neighborhood of M. 

Let f ( Y )  be a bounded, uniformly continuous functional, with f = 1 o n  M 6/4 

and supp f ~_ M ~/2. The main contributions to (1.1) come from Y / x / ~ e M  ~/4. 
More precisely, by Lemma 4.1 of [Ellis-Rosen (1)] (which is based on [Varadhan; 
Sect. 3] ) we can find a 8' > 0 such that for any 8 N 8' andfas above 

e"a*d,, = e'a*I f (Y /x /n)O(Y/w/n)exp(  - nF(Y/xfn)  )dP A(Y ) + O(e-'~), (3.5) 

for some c = c(8)> 0. We therefore need only study the asymptotic expansion 
of the integral with the cutoff function f. At the end of our proof we will see how 
to remove this cutoff. 

If S ___ W is a subset, we use the notation x/nS "--{Y[ Y = x / ~ x ,  for some 

xeS} .  We will apply Lemma 3 to the functional qS(Y) ' - f (Y /x /~ )O(Y/x /~  ). 

e x p ( -  nF(Y/x/~))  and the compact submanifold K "--4-x/riM. Note that because 

of the cutoff function f ( Y / x / n ) ,  supp q~ c v/-n(M ~/2) = (x/nM)4n°/2. Since M ~ is 

a uniformly tubular neighborhood of M, it is easy to see that (xfnM) "/"~ is a uniform- 

ly tubular neighborhood ofx//nM. Also, since by (2.5) 

A - i x =  - F'(x), fora l lxeM,  

A- ~x is smooth onv/nM. Finally the condition that q5 be bounded and uniformly 
continuous follows from the smoothness of ~ and F and the compactness of M. 
Since this compactness argument will be used repeatedly, we state it as a temma, 
whose simple proof we omit. 

Lemma 4. Let K be a compact subset of  ~Yf and dp a continuous functional on Jr. 
Then for some 8 > O, d? is bounded on K °. 

We choose 6 as small as required by Lemma 4. Then (3.5) and Lemma 3 yield 

I -1 2 x + z  x + z  

,/nM [ JJz/4nll <6 
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"exp ( - nF(  X - ~  ) ) I  4"M(x' z)" }dV(./,sa)(x ) 
• exp ( - ( A-  ix, x )/2 -- ( A - ix, z ) )dPNx(jnM ) 

+ O(e-'~). (3.6) 

We intend to simplify the integral in (3.6) and obtain 

It I f(x + zl )O(  + zlW )s (x, zlW ). enG*Jn = rim~2 
M L Nz/jn N <<~ "1 

• exp( - nF3(x , z/w/n))dPs~(z)tc(x)dVM(X ) + O(e-"~), (3.7) 

where F3, c(x), B(x) are defined in Theorem 1 and m - dim(M). (3.7) should be 
compared to (1.9). 

To prove (3.7), we first note the following. 

Lemma 5. For any inteffrable functional h on v/nM, 

I h(x)dV.l~u(x)= n"/21h(vlnx)dVM(x) • 
UnM M 

L e m m a  5 applied to (3.6) yields 

e"C-*j.=nm/2e"~*f ( I f ( x  + z/~/n)¢(x + z/x/-n)" 
M ~ I lzldnll <0 

• exp( - nF(x + Z/X/~))It,M(x/~X, Z) (det (27rA(d-aa).Fx))- 1/2. 

• exp ( -- n ( A - t x, x )/2 - n ( A - 1 x, z/xi/-n) )dP N ~x(4m~) t d 

+ O(e-"9. (3.8) 

Now,  we note that  ( x / ~ M ) ~  = v/-n(M~)= M x since Mx is a subspace, and 

N i,~(x/-nm) = N~(M). We also have the following fact. 

Lemma 6. I ~M(x/~x,z)= IM(x,z/x/~ ). 
We apply to (3.8) these facts, together with (see (2.5)) 

G* = G(x) = ( A-  ix, x )/2 + V(x), 
A-  1X "]- Ft(X)  = a t ( x )  = O. 

We find 

e"~*J,=n"/2S I ~ f ( x  + z/x/-n)(det(ZTrAMx))-l/Z~(x + z/x/~)IM(X,Z/x/~)" 
M r .  tl ztU,,II < a  

• exp( - nF3(x, z/x/n))exp(  - (F"(x)z, z)/2)dPN.~m~dVu(x) + O ( e - ,,c). 
) 

(3.9) 
We now apply Lemma 4.4 of [Ell is-Rosen] with 

~ 1  = N ~(M), A 1 = A Nx~M) and A = (F" (x ) )N~My 
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The condition of that lemma, that A~- 1 + A = (G"(x))N~(M) > 0, is precisely the 

nondegeneracy condition (1.6). The lemma tells us that det (I + A~v~(M)(F"(x))~x~M)) 
is well defined and positive, that B(x)"-(G"(x))ux~M ) is the covariance operator 
of a mean zero Gaussian measure P~x) on Nx(M), and that 

dPB~:~)(z) = (det (I + AN~(M)(F"(X) )N~M)) ) I/2 exp ( -- ( F"(x)z, z ) /2)dP~(~w). 

Applying this to (3.9) and recalling the definition of c(x) in (1.13), we see that c(x) 
is well defined and (3.7) holds. 

We will complete the proof of Theorem 1 by expanding the terms ~, I M, and 
e -"v~ in (3.7) in powers of n-1/2 up to a given order, bounding the contributions 
of the remainder, and then showing how to remove the cutoff function f. Our 
analysis will resemble that of/the proof of Theorem 2.1 of [Ellis-Rosen (1)]. 
For each given order, we may need to choose a different 6. We then choose f in 
accordance with this 6. Each time it appears, the letter e will denote a (possibly 
different) constant independent of n. 

Let j  be a fixed integer. For 6 sufficiently small, we have in (3.7) 

i = 0  

with 

i = 3  

IR (x, z/ r )l cn(ll z II/ ) 

uniformly in x s M. This follows from Lemma 4 applied to the error term in Taylor's 
theorem. 

For any real number p we have 

J 

eU = 2 #i/i! + Sj(p), with I sj(#)l < eUl/~ V + t, 
i = 0  

SO 

J 
exp( - nV3(x, z/x/n)) = ~ ( - nF3(x, z/x/~)i/i! + Sj( - nV3(x, z/x//n)), 

i = 0  

with 

sj( - nF3(x, z/~,/~) ) <= exP(inF3(x, z/~/~)l)lnFa(x, z/x/rn) V +1 

_-__ o(Ir z 113/,/ Y + lexp(lnF3(x,z / , fn) l )  
uniformly in x e M ,  by Lemma 4. 

Similarly expanding IM(x, z/,~/nn), we can write 
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~b (x + z/\/~)IM(x, z/,,/~)exp ( - nF3(x, z/x/n) ) = Q,(x, z/x/-n) + Rj(x, z/x//~). 

Here Qj is the sum of all terms containing factors of n-  1/2 up to order n-J/2 and 

IRj(x, z / x / . ) l  <-_ cn --~÷ 1)/2(1 -t-[I Z IlN)exp(nlf 3(x, z/x/n) l) (3.10) 
for some N, uniformly in x s M, again by Lemma 4. 

We can choose a so small that for given b > 0 

InF3(x, z/,,/n)l <-_ cn(ll z l l / ~ )  3 <= acll zlt 2 = (b/4)II zll 2 

uniformly in x ~M, by Lemma 4. Taking b to be the constant appearing in the next 
lemma, we see from (3.10) that the contribution of Rj to the inner integral in (3.7) 
is O(n -(j+ 1)/2), uniformly in x s  M. 

Lemma 7. There exist b > 0, d < oo, independent of x e M ,  such that 

j'e btl~ll 2/2dP B(x)(Z ) <-- d, (3.t 1) 

and for all a > 0 and x e M  

PB(~, {zl II z IL ~ a} ~ de -b'2/2 (3.12) 

We will see in Lemma 8 that c(x) is continuous and therefore bounded on M. 
We have thus shown 

+O(nm/2-(J+ l)/2). (3.13) 

The proof of Theorem 1 will be complete once we have shown that (3.13) is 

still valid if we replace f by 1 and drop the restriction to {z I II z/x/n II < a}. How- 

ever, again by Lemma 4 

I Q;(x, z/x/n)l < e(1 + II z If)for some .N (3.14) 

uniformly in x E M  and all z. Since/is  bounded a n d / ( x  + z/,¢/~)= 1 if II z l I / ~  < 
3/4, it will suffice to show that for some 3 > 0 

f [Q~(x,z/v/~)ldPBc~)(z)<= ce-"a 
{zl II z I I / , /n  >__ a/4}  

independent of x e M .  In view of (3.14), this follows from Lemma 7. 

4. Proofs of Lemmas 3-8  

Proof of Lemma 3. We will see that for finite dimensional ~f  our lemma is a 
straightforward change of variables. In the general case, we will approximate 
by the finite dimensional {)Yj} and then pass to the limit j ~ ~ .  
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Let k - dim (K). Since K is compact and rcj ~ I strongly, it is easily checked 
that Kj - ~K is a k-dimensional submanifold and 

(Kj) '~ ~ K '~/2 ~_ supp ~b, (4.1) 

for j sufficiently large. Therefore 

~c~(Y)dP A(Y)= ~ dp(Y)dP a(Y ). (4.2) 
(K j) ~ 

We write Kj ~ a n d  N 2 ~ to denote, respectively, the tangent space and the normal 
space to Kj in ~ at x. As usual we identify these with subspaces of2¢ ~. 

Kj is also a submanifold o f ~ j .  We will use Kj ~ andNj  ~ to denote, respectively, 
the tangent space and the normal space to Kj ~n ~¢~j at x. Identifying these as 
usual with subspaces o f ~ j  _ ~ ,  we see that 

K j, x = g~,:,, (4.3) 

Nj,~ = Nj,~ G ~) t .  (4.4) 

We also define (/£j)o - { x e ~ j [  inf II x - r l l  < so that ( / £ y =  ( K J  ~ j .  
Y~Kj 

In terms of the decomposition ~¢f = ~/t~j ~ ~¢gJ-, A has the matrix 

(o 0) A =  ~% A ~ .  " 

Because we are dealing with Gaussian probability measures, for any integrable 
h we have 

~h(Y)dPA(Y)= ~ ~ lh(u+v)dPa,t (u)}dPAx)(V). (4.6) 

Since K j ~ A '~, for any v s ~ J -  with II v II < 6 and x ~K~, x + v is in (Ky, so that 
by (4.6) 

So d?(u + v)dPa~e~ (u)}dPAx~ (v), (4.7) dP(Y)dP A(Y)= ~e~ ? 

where II vii 2 
We can a s s u m e  j > k is so large that (K j) ~ is a tubular neighborhood of K j, 

and therefore (/~j)o "= (K j) ~ c~ W j is a tubular neighborhood of K 3 in • j .  We will 
rewrite the inner integral in (4.7) using the following straightforward change of 
variables formula (for a proof, see [Weyl] ) : 

for any bounded continuous functional h(u) on og ;  In this formula, Igj and dVg. 
are defined as in the statement of Theorem 1, and ~ 2 '  -~  ~ are viewed as j an~ 
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j -  k dimensional Hilbert spaces, respectively, with dJu and di-kw denoting the 
natural Lebesque measures on these spaces. 

To apply (4.8) to the inner integral of (4.7), note that as measures on ~ s  

dP n.  j (u)= e x p ( -  (Aje~u, u )/2)diu/(det(2~Aje) ) 1/2 
= e- <a- ~u,.>12dJu/(det(2nA~e))ll2. 

Therefore, with h(u) - 4)(u + v)exp ( - ( A-  Xu, u )/2)/(det (2nA~e)) I/g, (4.8) shows 

• exp ( - ( A -1 (x + w), x + w )I2)/Kj (X, W)d- %, I d v,,,(~) 

(4.9) 
The definition of £7j, ,  shows that for w~bTj,~ 

( A - l ( x  + w), x + w)12 = ( A - i x ,  x)12 + ( A - i x ,  w)  + ( A - l w ,  w)12 
= ( A -  ~x, x ) /2  + ( A - i x ,  w)  + ((A~',~)-'w, w)/2. 

(4.10) 
Since as measures on 37a, x 

dP~ s,~(w ) = exp( - ( (AN'.x) - lw, w ) /2)cP-kw/ (det(2nA?e ',~) ) l/z, 

(4.11) 
(4.9), (4.10), (4.11), and (2.16) show that 

~ S ~(u + v)dPAoej(u) = ~ I ~ ¢(x + w + v)(det(ZnA~j,x) )- 1/2. 

(K j) 6(u) Kit .  f w~qj,x ) 
t l lw l l  <a(v)ff 

• e x p  ( - -  ( A - ix, x )12 - ( A - Ix, w ))Igj(x, w)dP&x(w ) t "  
J 

• dVKj(x ). (4.12) 

We now show that (4.2), (4.7) and (4.12) can be combined to yield 

S (°(Y)dP a(Y) = KSx { lizii ~<a (o(x + z)(det(2nAKj,x) )- ll2 

• exp( - ( A - ix, x )/2 - ( A - ix, z ) )IKflX, z)dPuj ,~ I d VKflX ). 

(4.13) 

To prove (4.13), first note that  in the decomposit ion J f  = $/gi • ~ -  the matrix 
of nN~,x is by (4.4) 

nNj, =(n.~j,x 0 ) .  
\ 0 nae j 
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Therefore, on .~(A - 1) ~ Nj,x = ~j,~ 03 (N(A- J) c~ ~J-) 

"Nj'xA-I"NJ'~=\ 0 ln~ej~}\ 0 A~e~ \ 0 Inw)/ 

(4.14) 
By Lemma 2 these operators are invertible, and we have 

- 0 

The operators in (4.15) are positive and trace class. Once again, because we are 
dealing with Gaussian probability measures, (4.15) shows that for any integrable h 

Secondly, note that for x ~ ovfj, vs.XP), ( A - ix, w) = ( A - ~x, w + v),  and -since 
Kj __ ~ . i '  the definition (1.t0) of IKj shows that IKj(x, w) = 1K~(x, w + v). Together 
with (4.16), (4.2), (4.7) and (4.12) now prove (4.13). 

We wish to pass to the limit j ~ oo in (4.13). We will do this in two steps. We 
write N x for N~(K) and )~o(z)for the characteristic function of the set {z I I1 z tf < ~}" 

Assertion (a). For any e > 0, we can find a J such that for all j > J the right-hand 
side of (4.13) is within e of 

f { ~ ~ (x + z))~(z) (det (2~A K~))-1/2 
K 

• e x p ( -  ( A - i x ,  x ) ~ 2 -  ( A - t x ,  z))lK(x,~Nz)dPNj.=~}dV~(x). (4.17) 

Assertion (b). For each x ~ K, PN ~ P~,. weakly as measures on .g'. 
J , ~ j x  a ~ 

Let us show how these two assertions complete the proof of our lemma. The 
support property of q~ expressed in (4.1) shows that the inner integrand in (4.17) 
is for each fixed x a bounded continuous function of z. By Assertion (b), the inner 
integral in (4.17) converges to 

~ O(x + z)za(z)(det (2nAK~) )- 1/2 exp( - ( A - ix, x ) /2 - ( A-  ix, z ) )IK(X, z)dPN~(z ). 

Furthermore, the assumption that A- *x is a smooth function of x on the compact 
set K, together with (4.26) of the following lemma, show that the inner integral 
can be bounded by a constant, independent off. By the dominated convergence 
theorem, (4.17) converges to the right-hand side of (3.4). The proof of Lemma 3 
follows immediately. 

The next lemma collects some facts needed in the proof of Assertions (a) and 
(b). 

Lemma 8. Let ~ denote the space of bounded linear operators on ~ with the unifown 
operator norm, J the subset of N consisting of trace class operators with the trace 
norm, and 2/f 5 P the subset of N consisting of H ilbert-Schmidt operators with Hilbert- 
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Schmidt norm. Then under the conditions of Lemma 3, 

~Ks,~Sx -'-> 7T, K~ ) 

7zN ~ '~j~ ~ 7zN~ ~? in ~,  uniformly in x e K, 

A - 1 rCKj" =F ~ A -  i ZCK~ . )  

AN~'"J ~ --* A N~ in N and J ,  

(AN J"~f~) 1/2 ---+ (ANx) 1/2 in ~ and ~/te 5 P, 

~g~ and ~ are continuous M-valued functions on K, 

A ~ is a continuous ~¢-valued and N-valued function on K, 

(AN@/z is a continuous 2/f Sa-valued and ~-valued function on K, 

det (A~,~) det (AK~) --> 

uniformly in x ~ K, 
det (At~,-~ ~) ~ det(A r~ ) J 

de t (A~)  is continuous and nonzero on K, 

c(x), defined in (1.13), is continuous on M. 

(4.18) 

(4.19) 

(4.20) 

(4.21a) 

(4.21b) 

(4.22) 

(4.23a) 

(4.23b) 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

Proof of Assertion (a). We will work locally. K can be covered by a finite number  
of coordinate neighborhoods. Let ~ be such a neighborhood, and let x(s), s~q/__ 
R k, be a parametrization of ~ .  Then, nix(s) is a parametrization of ~ _ Kj. 

Setting xi(s ) = ~ s ! ,  1 <- i <- k, and recalling the local definition of dVKj [Spivak, 

Vol. I, p. 423], we see that the integral in (4.13) over the region rc/U can be written 
a s  

{ ~ ~b(x + z)(det(2rcAKi,~))- 1/2. 
~ f  IIzlt <,~ 

• exp ( - ( A -  tx, x )/2 - ( A -  ix, z )  )I~cj(x, z)dPNj.x } d V~cj(x ) (4.28) 

= ~ t .[ (o(zcjx(s) + z)(det(2~AK~,~))-  1/2. 
k tlz II <,~ 

• exp [ - ( ~jA- ~x(s), x(s))/2 - (~ iA-  ~x(s), z )  ]IKj(~x(s), z)dPNj%x~ ' } .  

• (det((rcjxi(s), xe(s ))))l/2dks. 

Let us show that this is, for j  sufficiently large, within e of 

~ { ll~l!< (°(x(s) + z)(det(2~AK~) )-1/2" 

"exp ( - ( A -  1 x(s), x(s) ) /2 - ( A -  1 x(s), z )) i K (x(s), rCN~,~ ~ Z) d PN~,~j~(~ }' 

S{ S 
Ilzll <~ 
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) 
• e x p •  -- ( A - i x ,  x5/2 -- ( A -  ix, z S )I K(X, rCN Z)dPNj.=jx ~ dVK(x ). 

For this we will show that all terms in the integrands are uniformly bounded 
and corresponding terms are uniformly close. First note that x(s)eK and II z II < ~. 
Since ~ is bounded and uniformly continuous, ~b(Ttjx(s) + z) is bounded and close 
to ?p(x(s) + z). Since A-  1 x is a smooth function of x on K, ( 7rjA- ix(s), x(s) 5/2 + 
(TijA-1x(S),Z) is bounded and close to ( A - l x ( s ) , x ( g ) ) / 2 + ( A - l x ( s ) , z ) .  
Similarly det ((rc,xi(s), Xe(S ))  ) is bounded and close to det ((x,(s), x,(s))). The 
terms involving det(AKj ~(~) are handled by (4.24) and (4.26). F~nall3~, by (4.19), 

z = ~Nj,~x(~)Z is close to rcNx~ z, and it is then easily seen from the definitions that 

I K (rcjx(s), z) is bounded and close to IK(X(S ), rCN~ ~ Z). Since, as mentioned, K can 
J . ( )  

be covered by a finite number of such ~ ,  Assertion (a) is proven. []  

Proof of Assertion (b). By [Gihman-Skorohod,  p. 379], this follows from (4.21b). 
[ ]  

This completes the proof of Lemma 3. [ ]  

Proof of Lemma 5. Let ~ be a coordinate neighborhood of x in M, and let x(s), 
~x(s), 

s eq l eR  m, be a parametrization of ~ .  Set xi(s ) = - - ~ s  i and 9o(s) = (xt(s), xj(s)). 

In terms of this parametrization, the volume element of M determined by ~ is 

(det (gij(s) ) )l/Z dsl ...ds~. 

We can use x/~x(s) as a parametrization of a neighborhood of x /nx  in ,~/nM. 

In terms of this parametrization the volume element o f x / ~ M  determined by ~/f 
is 

n,,/2(det O ij(s) ) l /E dsl . . . dsm, 

where m - dim (M). This proves Lemma 5. [ ]  

Proof of Lemma 6. If g(x) is the extension of v used in the definition (1.8) of Wx, z 
for M, we can take g(x/~/n) as the extension to be used in the corresponding 
definition forx/nM. Lemma 6 follows easily. [] 

Proof of Lemma 7. By [Gihman-Skorohod;  p. 351], we see that for each x e M  

~eblIzlt2/ZdPn(x)(z) = [det (I - bB(x))]-1/2 > 0 (4.29) 

for b sufficiently small, and by [Ellis-Rosen (t); Lemma 4.4] 

B(x) = (AU@/~[I + (AN@/2(F"(x)Nx)(AN@/Z] - l(AUx)l/z. (4.30) 

(3.11) will follow from (4.29) once we show that B(x) in (4.30) is a continuous J -  
valued function on M [Simon (2); p. 48]. Then (3.12) follows from (3.11) by Cheby- 
shev's inequality. 

Now by (423b), (ANx) 1/2 is continuous in the Hilbert-Schmidt norm, so that 
it suffices to prove that the middle factor in (4.30) is continuous in the uniform 
operator norm [Simon (2); p. 31]. This follows from the smoothness of F, (4.22), 
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(4.23b), and the fact that inversion is a continuous map from N to N on the open 
set ofinvertible operators. []  

Proof of Lemma 8. We work locally. Let ~ be a coordinate neighborhood of K 
and x(s), s ~ oil ~ R k, a parametrization of Y/'. Then {zcjx(s), s s 0g} is a parametrization 

• ax(s), 
rcff ~, a coordinate neighborhood of Kj ; {x~(s) = ~ i < i < k} form a basis for 

K{~) ; and for large j, {rcjxi(s), 1 < i < k} form a basis for K~,=j~(,). 

Define the k x k matrices, g(s) and gj(s), by 

(g(s))i~ = ( xi(s), xt(s ) ) ,  (4.31) 

(gj(s))i~ = ( njxi(s),x (s ) ). (4.32) 

It is easily verified by checking on the above mentioned bases that 

rcr~(~ ' y = ~ (g- 1 (s))it (x t  (s) ' y > xi(s), (4.33) 
i , t  

=K j,~j~(,, Y = ~ (g f l (s) )~t (7zjx~(s), Y > n~xi(s ). (4.34) 
i,z 

These formulae prove (4.18) and also (4.19) and (4.22) since, e.g., lrN= = I - n u .  
They also show that 

A -* ~ , , ,  Y = ~ (g -~ (s))i~ ( x t  (s), Y )  A -  ~xi(s ), (4.35) 
i , t  

A-~n~j.~(~, Y=~,(gf~(s) )~(r~x~(s) ,  Y ) n i A - ~ x , ( s  ). (4.36) 
~.~ 

Since by assumption A - i x  is a smooth function of x on K, these last formulae 
prove (4.20). 
By (2.15) we have 

A~(~) = AN~(~) _ (rcN~(~)AnK,.~ ) ) (Ar~(~) )- 1 (rcn.~(~) Azrx(~ ) ) . ,  (4.37) 

ANJ,'J ~(~, = AN~,.~x(~ , -- (TzN~,.~(~ , AuK~,~j~(~ ) ) (A~,.~x,.) )- ~ (u~,.~(~) Au~,.~(~) )*. 
(4.38) 

Since inversion is a continuous map from ~ to ~ on the open set of invertible 
operators, (4.18), (4.19) and the fact that A ~ ,  together with standard facts about 
J [-Simon (2); Chap. 2], imply (4.21a). Similarly, using (4.22), we have (4.23a). 

To prove the assertions about determinants, note that by (4.33) 

Ar~(,)xe(s) = 7z~(~,Axe(s)= ~,(9- l(s))i~(xt(s), Axe(s))xi(s). (4.39) 

Thus, in the basis {xi(s), 1 _< i < k} 

(Ar~(,,)ei = ~ (9 - 1 (s) )it ( x t (s), A x e (s) ) .  (4.40) 

Similarly in the basis ~zjxi(s ), 1 < i < k, we find 

(AKi,~,(~,) ei = ~ (el i (s))it (7r~x,(s), Axe (s) ) .  (4.41) 
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This proves (4.24) and (4.26). The fact that det(A~:,~,~) :/= 0 follows from the strict 
positivity of A. 

We similarly find formulas for the matrices of (AKin')) -1 and (ArJ,=~')) -~ 
They look like (4.40) and (4.41) with A replaced by A -  1. Since A -  Zx is a smooth 
function of x on K, (4.25) follows. 

Facts (4.21b) and (4.23b)follow from (4.21a) and (4.234), respectively [Simon (2); 
p. 42]. 

Finally, to prove the continuity of c(x), we need only note (4.26), (4.234), (4.22), 
and the smoothness of F [Simon (2); p. 48]. (We have seen in our proof of (3.7) that 
for each x, the determinants appearing in the definition ofc(x) are nonzero.) [ ]  

5. Proofs of Theorems 2, 3, and 4 

Proof of Theorem 2. Using the notation of the proof of Theorem 1, by (3.7) we have 

e"6*J~= n~/2 ~ f ~ f ( x  + z/~v/-n)t~(x + z/x/-n)IM(x,z/v/n) . 
M L N ~  

• exp( - nF3(x , z/x/~))dPB(x)(z)Ic(x)dVM(x ) + O(e-"~). (5.1) 

Take any x ~ M  and write it as x = sx o for some s e5  ~. The inner integral is 

f (sx o + z/v/~)~(SXo + z/X/~)IM(SX o , z/xfn)exp( -- nFs(sx o, z/~/n) )- 
N s x  0 

"dPB(~xo) (z). (5.2) 

Let fig1 and ~ 2  be Hilbert spaces. In general, if R is the covariance operator of 
a Gaussian probability m e a s u r e  PR on ~f l  and U is a unitary operator from 
~ 1  to  ~/t°2 , we have for any integrable h on Jeg2 

.l h(UY)dPR(Y)= ~ h(W)dPvR~,_ ,(W). (5.3) 
,Yt°I ~,Sf 2 

In the present situation it is easily seen that s is a unitary transformation from 
Nxo to N~x0, so that for any integrable h on N,x ° 

h(sz)dPB(xo)(Z ) = ~ h(z)dP,B(~o)~_~(z). (5.4) 
N x  0 N s x  0 

However it is easily checked using (1.15) that 

sB(xo) s -  1 = B(sxo)" (5.5) 

Thus the integral (5.2) can be written as 

S + + 
Nx 0 

• exp( - nF 3 (SXo, sz/x/n ))dP~(~o) (z) (5.6) 

= I f(SXo + sz/x/n)~(Xo + Z/x/-n)IM(Xo, Z/~/~)" 
N x  0 
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• exp ( -- nF 3 (Xo, z/,,~))dPB~xo )(z) 
by the invariance o f J  under 5 e, (1.15). Note that since s is a unitary transformation 

of Nm onto Nsxo,f(sx o + sz/~fnt, as a function of zeN~o, is equal to 1 for 

II zlt/~,/nn < 6/4 and zero for II zli / \ fn > 3/2. The proof of Theorem 2 now follows 
as in the proof of Theorem t. []  

Since C ~ ( ~ )  is dense in C(~) ,  it suffices to prove Theorem 3 and 4 for q5 
smooth. 

Proof of Theorem 3. By (1.20) we have 

~c~( Y/n )dQ,( Y ) 

= ~ q S ( Y / ~ ) e x p ( -  nF(Y/w/n))dPA(Y)/~exp(- nF(Y/x/-n))dPA(Y ). (5.7) 

By Theorem 1, 

e "~* IqS( Y/xfnlexp ( - nF(Y/~n))dPA(Y) = n m/2 ~ (a (x)c(x)d VM(x ) + O(n "/2 - 1), (5.81 

e"a*~exp(- nF(Y/~fn))dP A(Y)= nm/Z ~e(x)dVM(x) + O(nm/2-1), (5.9) 

which combine to prove Theorem 3. [] 

Proof of Theorem 4. By (1.20) we have 

~ ~ (  Y - ~ n  Y/n) )dQ,(Y) = ~ (o(x/Tn[ Y/x/n - ~(¥/x/-n ) ]) • 

• exp ( - nF(Y/x/-n))dPA(Y)/~ exp ( - nF(Y/x/-n)). 
"dP A( Y). 

By (3.7), in the notation of the proof of Theorem 1, 

enG*~(%//~[ Y / x / n -  re(Y/x/n)] )exp( - nF( Y/\fn) )dP A(Y) 

• exp( - nFs(x , z/,~/n))dP,ix)(z)Ic(x)dVM(x ) + O(e-'~), (5.10) 

and the proof of Theorem 1 shows that this is equal to 

This, together with (5.9), proves Theorem 4. [] 

6. Extension to C [0, 1] 

In many applications, integrals of the form (1.1) arise where the functional F is 
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not defined on all of L2[0, 1], but only on C[0, 1]. In this section, we illustrate 
how our results can be extended to this setting by proving the C[0, 1J-analogue 
of Theorem 1. We denote C[0, 1] by ~f, L2[0, 1] by ~ ,  and write the supremum 
norm o f ~  as II - II ;the norm of ~ will be written as [l - 1[2 and the inner product 
of W as ( , ). As above, "smooth" means C ~. Let PA be a mean zero Gaussian 
probability measure on ~' with covariance operator A and covariance function 
A(s, t). Let ~h and F be functionals on ~d and define the functional G by (2.2). G is 
finite on N(A-1/2), which is a subset of ~ [Ellis-Rosen (2); Lemma 4.3(d)]. 

We next state the hypotheses under which the extension to (d of Theorem 1 
will be valid. The bound (6.2) below, which is weaker than (1.2), is condition (d') 
in [Simon (2); p. 185]. This weaker bound is useful for applications. 

Hypothesis 1. A is strictly positive on J r .  Also, 

I a ( s , t ) l < c < o o ,  lA(s,t ) =  - A(s',t)l<=fl(ls - s'[), all0 < s , =  s,' _<t _ 1, (6.1) 

where fi is some function on [13, 1] which is nondecreasing, is continuous on [0, ~], 

and satisfies fl(0) = 0 and ~ fl(u)u-1[log(I/u)]- 1/2du < oo for some e e(0, l/e) (e.g., 
0 

fl(u) = u p for some p > 0). 

Hypothesis 2. The functionals tp and F on cd are continuous and tp is bounded. 
For all YeCd, F satisfies 

F(Y)__> - b II YII  - c2( ) - II A- YII  (6.2) 

for some 0___b< 1/(21]AL),  some 0 < A  < 1/2 such that T r ( A ' - 2 ~ ) <  oo, and 
all sufficiently small e > 0. 

Under Hypothesis 2, G has minimum points [Simon (2); Lemma 18.5]. We 
denote by M the set of minimum points of G. 

Hypothesis 3. The functionals ¢ and F are smooth on some neighborhood 
of M. For Y ~ ,  Y~, Y2 ~(g, the first and second Frechet derivatives o f F  at ~" can 
be represented as 

DF(Y)Y I = (F'(Y), Y1 ), D2F(y)(Y1, Y 2 ) =  (F"(Y)YI ,  Y2), (6.3) 

where F'(Y) is a smooth ~ - v a l u e d  function and F"(Y) is a smooth N(~,~)-valued 
function. 

Hypothesis 4. M is a smooth m-dimensional nondegenerate submanifold of qf. 
The next theorem, Theorem 5, is the r -analogue of Theorem 1. All quantities 

in Theorem 5 are defined as in Theorem 1. (Note" for x e M ,  N~ = M~, where / 
denotes orthogonal complement in ~/t°.) The meaning of the asymptotic expansion 
in Theorem 5 is explained after Theorem 1 (with ~ replaced by c~). 

Theorem 5. Let P A be a mean zero Gaussian probability measure on ~ with covari- 
ance operator A and eovariance function A(s, t) and let ~b, F be functionals on 4. 
Suppose that Hypotheses 1-4 are valid. Define the integrals {Jn} by (1.1). Then 

e"G*J""~ n'/a n I N~ ~ O(x + z/x/n)IM(X,Z/~v~)exp( - nF3(x,z/x/-n))dPn(~,(z) } .  

"c(x)dVM(x). 
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To prove Theorem 5, we must make suitable modifications in the proofs of 
Lemmas 1, 2, 3, 7 and of Theorem 1. Concerning the other lemmas, in Lemma 4 we 
change d/g to cg and K ~ to Ko, where 

K * "-- {Ylinf It Y -  xll 2 < 6} ,Ka ' -  {YI!~I] Y -  xlt < 5}. 

The proof of Theorem 5 uses this new Lemma 4, the proof of which is simple, to- 
gether with Lemmas 5, 6, and 8 as stated, the proofs of which stay unchanged. 
(The conclusions of Lemma 8 stay valid since continuity in cg implies continuity 
in oeg.) We next modify Lemmas 1, 2, 3, 7 and the proof of Theorem 1. 

Lemma 1 holds as stated. The only fact that requires separate proof is (a), 
namely that M is a compact subset of cg (and thus of ~ ) .  This follows from the 
proof of [Ellis-Rosen (2); Lemma 4.5 (d)] and the fact that if F satisfies (6.2), 
then there exist b > 0, e > 0 such that for all Y e ~  G(Y) > - cz(e ) + bI(Y). 

Lemma 2 holds as stated. For  use below (Lemmas 3 and 7) we augment Lemma 
2 to show the following technical result on the tightness of certain Gaussian 
measures. 

Lemma 9. Suppose that A satisfies Hypothesis 1. Let F be an index set and { V~ ; 7 e F} 
finite dimensional subsets in ~ (A-1 )  all o f  the same dimension d. Suppose that for 
each ~;~F we have a bounded linear operator L 7 such that for all ve V7 

v = ALly  (6.4) 
and suppose that 

sup{l[Lr[[2, [ l (Ar) - l  l[2l~/~r} <= c' < o0. 

Then the set of  Gaussian measures {Pv~- ; ~eF} is tight. 

Proof By Theorem A in the Appendix of this paper, it suffices to prove that the 
covariance functions of the {Pv5 ;TeF} all satisfy (6.1) for some c, fl independent 
of yeF. For each 7, let {~b ~;i ='1, . . . ,  d} be an orthonormal basis of V~. Denoting 
the orthogonal projections roy, and rCv# by rc and rc z~, respectively, we have n'7 = 
I - zc and for Y e 

1 d 

(x~Y)(s) = ~ ~ $~,~(s)$~,~(t)Y(t)dt, 0 <-s -< 1. (6.5) 
0 i = 1  

Now (2.15) implies 

Since by (6.5) 

Av¢ = ~lA~± - 7c~An (n A~ )- lrc Arcl. 
Y y ~ 

(6.6) 

sup {[[ (n~A~z~)- 11[ 2} -" = s uF{ [I (Av)-'  1121 < c' < o0, 

we are done once we show the following: for all 7~F, i t { l ,  . . . ,  d} 

](~, ,(s)[<=~<~[~,,(s)-4~ i(t)[<=fi([s-s']),O<_s,s',t<_l, (6.7) 

where/~ is some function as in Hypothesis 1. Since A(s, t) satisfies (6.1), we have 
by (6.4) 

[ qS~, i(s)t < sup{ lA(s, t)l 0 < s, t < 1} II Lrll2 < cc' < Go, y~F, iE{1 . . . . .  d}, seEO, 1]. 
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This gives the first bound in (6.7). The second bound in (6.7) follows similarly 
from the second bound in (6.1). [ ]  

We now modify the proof of Theorem 1. In Lemma 3, we assume that A also 
satisfies Hypothesis 1 and that K is a compact, finite dimensional submanifold 
of cg. We still use K 6, the ~¢f-neighborhood of K which forms a uniformly tubular 
neighborhood, but we assume that q5 is a bounded, continuous functional on ~g. 
These hypotheses on 4) differ from the hypotheses on q5 made in the original version 
of Lemma 3 (qb bounded and uniformly continuous). The technical reasons for 
these new hypotheses will be explained below, just before the statement of Lemma 
10. We note that Lemma 3 applies to the choice K = x /nM (see discussion after 
Lemma 3). Indeed, since by Lemma l(b) A - i x =  F'(x) for x~M, Hypothesis 
6.4 implies that A-  ix is a smooth 9f-valued function ofx  onxfnM. We prove this 
modified Lemma 3 later. 

The crucial point in our modification of the proof of Theorem 1 lies in the choice 
of the cutofffunctionf On the one hand, we need a uniformly tubular neighborhood 
for Lemma 3- and our tubular neighborhoods are 9 f  objects-while on the other 
hand, in order to expand ~9 and F we need neighborhoods in cg. We now choose 
f Pick 6 so small that M (2~) is a uniformly tubular neighborhood of M and define 
the following subsets of M(26): 

$1((~) "-- { Y [ Y =  x + z, x eM,  z~Nx, II z]] .---6}, 
$2(6)'-- { Y [ Y =  x + z , x ~ M , z ~ N x ,  I[z[l >5 ,  Ilzl]2 <5}.  

We will show below that $1(6 ) and S2(b ) are closed in ~. Since (MZ) c is closed in 
cd, Urysohn's lemma [Royden; Prop. 8.2] guarantees the existence of a continuous 
functional f on cd which satisfies f =  1 on $1(6/2), f=0 on SE(b)w(MO) ¢, and 
0=<f____ L 

We next prove that 

e,~*j, .__ e,~*ltp(y/x/fn)exp( - nF(Y /~n)  )dP A(Y ) 

= e'~*Sf(Y/wTn)O(Y/\/n)exp( - nF(Y/x/-n))dPA(Y) + O(e-'~), (6.8) 

for some c = c(6) > 0. Sincef = 1 on the open neighborhood [$2(6/2)w (M5/2)~] c _~ 
S 1 ((5/2) of M, (6.8) follows once we have shown 

e "G* ~ e-"F(r)dPA(,4/-nY) = O(e-'C), (6.9) 
£f 

where &o is any closed subset of Cd such that 5~ c~ M = ~b and c = c(~H) > 0. To prove 
(6.9), we verify 

lira lim sup(1/n)log ~ e-"e(r)dPA(x//nr ) = -- o% (6.10) 
L - ~  n - ~  {Y:-F(Y)>_L} 

then appeal to [Varadhan; Sect. 3] and the %analogue of [Ellis-Rosen (1); 
Lemma 4.1] (the proof of the latter is easily adapted to the case of ~). The limit 
(6.10) follows from the bound (6.2) on F and the fact that 

Sexp [~ ( Y, A -2AY)  ]dPA(r ) < GO 
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for all sufficiently small e > 0 [Simon (2); Lemma 18.2]. This proves (6.8). 
We continue with our modification of the proof of Theorem 1, working with 

the second integral in (6.8). The functionals ff and F are assumed to be smooth 
on some neighborhood ~ of M. V contains M~ for some 3 > 0. Choosing 6 < 5, 
we have 

supp f ~ M R. 

Thus, ~, and F are smooth on the support off ,  For sufficiently small 6, we can 

expand O(x + z/x//n) and F3(x + z/xfn ) in the normal direction z since we have 

II z ]1/x/~ < 6 in (3.7). Finally, since f = 1 on $1(6/2 ), the proof of Theorem 5 
can be completed as in Sect. 3 once we prove the Cg-analogue of Lemma 7 ([I -112 
replaced by I I -  II )" 

We next prove that $1(6 ) and $2(6 ) are closed in cg, then prove the modified 
versions ofLemmas 3 and 7. 

To show the closure of $1(6), let {I1/} be a sequence in SI(6 ) such that Y/~ Y, 
where Y is some element in cg. For each i, we write Y~ = x i + zi, where x~eM, 
z~eNx. By the compactness of M, there exists a subsequence {i~} of {i} and an 
element x e M  such that x~, ~ x. Then z~ = Y~I - xil ~ Y -  x. Define z - Y - x. 
Since clearly II zll < 6/2, we need only show z e N .  Since M is a smooth manifold, 
for each w near x we can find a basis {q~j,w ;J = 1, 2 . . . . .  m} for M ,  with each 
~bj. w smooth in w. For each je{1 . . . .  , m}, we have as i t --* oe 

But (z~,  (aj,~,~) = 0 since z ~ N ~ , ,  and so we conclude that z e N  x. This proves 

the closure of S 1 (6). A similar proof yields the closure of $2(6 ). 
We now prove the modified version of Lemma 3 (K a compact, finite dimensio- 

nal submanifold of cg and ~b a bounded, continuous functional on cg). We find that 
we must modify the proofs of Assertions (a) and (b). As in Sect. 3, Lemma 3 is 
applied to the functional (see paragraph after (3.5)) 

q~(Y) = f(Y/x/n)~k(Y/x/~)exp(- nF(Y/xfn)) 

Because of the choice of the cutoff functional f, this ~b was uniformly continuous 
in Sect. 3 while in the present section it is only continuous. This explains the new 
hypotheses for Lemma 3. The uniform continuity of ~b allowed us to prove the 
original version of Assertion (a) in a relatively simple way. We now show that the 
boundedness and continuity of ~b suffice. To prove the modified version of Asser- 
tion (a), we need a lemma, which will also be used in the proof of Assertion (b). 

Lemma 10. The set of measures {PN~ ; x~ K} is tight. Also, there exists jo such that 
the set of measures {PN~,~x ;J >=Jo, x~K} is tight. 

Proof, We first prove the tightness of {PN~ ;xeK}. By hypothesis in Lemma 3, 
A-  ~x is a smooth oUr-valued function o fx  on K, say H(x). Then for x e K  

x -- AH(x), (6.11) 
so that for v eK~ 

v = AH'(x)v. (6.12) 
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We now appeal to Lemma 9 with F --" K and V, t "- K x for 7 = xEK. The hypotheses 
of Lemma 9 are verified using the smoothness of H'(x) and (4.22). We conclude 
that {PN~ ;xeK} is tight. 

We now prove the tightness of {PN~,=jx ;J >Jo, xe  K} for some sufficiently large 

Jo" We choose Jo so large that for all j >Jo, rcj is an embedding of K onto njK. 
In particular, n~ is an isomorphism of Kx onto K j , ~  which we denote by fit,x" 
By (6.12), we have for v~K x 

rcjv = ArcjH'(x)v = A(r~jH'(x)ff-f,1)rcja); (6.13) 

i.e., for ueKj,,~x 
_ _  t ~ - - 1  u - A(rc/7 (x) j,~ )u. (6.14) 

Using (4.18), we can then verify the hypotheses of Lemma 9 with F - K x {JIJ >Jo}, 
V~ -" K~,~x for 7 = (x,j). We conclude that {PNj,~j~ ;J >=Jo, x~K} is tight. []  

We now prove the modified version of Assertion (a). By Lemma 10, there 
exists J0 such that the set of measures in (4.28) in the z-variable (i.e., the measures 
(PN~.w, ;J > Jo, x ~ K}) is tight. Since the integrands are bounded, we may restrict 

our attention to those z lying in some compact set S. It suffices to prove that for 
any e > 0 we have 

sup [qS(rc/x + z ) -  gb(x+ z)[ < e (6.15) 
x~K ,zeS 

for all sufficiently largej. By (6.1), 

II A Y lI < const tt Y tl= (6.16) 

for all Y~J f .  By (6.11) 

II , jx - xll = II U(x)  )ll =< const [I zcjH(x) - H(x)llz 
Since H(x) is continuous and K is compact, we see that rcjx-~ x uniformly on K. 
The inequality (6.15) now follows from the continuity of q~ and the compactness 
of K x S. This completes the proof of the modified version of Assertion (a). 

In Assertion (b), we need to prove that for each x e K  

PNj,=j~ ~ PN~ weakly on oK. (6.16) 

We denote by AN~,=J~(s, t) and AN~(s, t) the covariance functions of PN~,,~ and 
PN~, respectively. We next prove 

ANi'=J~(S, t) -+ AN~(s, t), 0 = s, t _--< 1, as j  ~ oe. (6.17) 

The weak convergence in (6,16) will follow from (6.17) and the tightness of the 
measures {P~j.=~ ;j  >J0}, proved in Lemma 10. Concerning (6.17), let {~b~,~; i = 

1 ..... k - dim(K~)} be an orthonormal basis of K~,. Then for all j sufficiently 
large, the elements {nflS~,~ ;i = I, . . . ,  k} are linearly independent, and so an ortho- 
normal basis of Kj,,~ x can be constructed from them. We claim that 

nj~, -*@, inC~, i= l . . . .  ,k. (6.18) 

Then (6.17) follows from (6.18) and the representations (6.5) and (6.6) with 
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A -- ANJ,=~ ~ and A --" Aux. Using (6.12) and (6.16), we have for v e K ~  

II - II = II Z(l-r(x)  - --< const ]l H'(x)v - njH'(x)v 112, 

which tends to 0 as j -~  oe. This proves (6.18) and completes the proof of the modi- 
fied version of Assertion (b). 

We now prove the modified version of Lemma 7. It suffices to show the existence 
of b > 0, d < oo such that for all a > 0 and x e M  

P.,~,{z II zll a} < de -t'a2/2. (6.19) 

Let Q be any mean zero Gaussian measure on cg. The proof of Theorem 1.9 in 
[Marcus-Shepp]  shows that if for some s > 0, 

then for all a > s 

Q{Y]I[ YI[ ~s) >q> 1/2, 

Q { Y  I lY l J>a}  < = e - %  

where t--" (24s2) -1 l o g [ q / ( l -  q)]. We prove (6.19) by finding s > 0 and q > 1/2 
such that for all x e M  

PB(~,{z ][ z[I __ s} >__ q. (6.20) 

To prove (6.20), it suffices to find a compact subset J -  of cg such that 

PB(~)(Y) > 3/4 for all x e m .  (6.21) 

By Lemma 10, for any ee(0, 1), we can find a compact subset Y ccg  such 
that 

PNx(Y) > 1 - e for all x e M .  (6.22) 

We now use [Ellis-Rosen (1); Lemma 4.4] with Yt" 1 - N x , A 1 - A Nx, A "- (F" (x) )Nx, 
and B 1 "- B(x), for x e M  (cf., (4.30) above). We have P~(x) ~ Pux and as one can 
show, 

g~, -- dPB(~)e lP(dP ~ (6.23) 
d P  ~ ~ - - N  J ~ N x  x 

for some p > 1. In fact, using (4.23)(a) above, we can choose p > 1 so that 

l l a  I1 ,=  [ f l a l ' d P , j  11" < < for all x ~ M .  (6.24) 

By (6.22)-(6.24), we have for any es(0, 1) 

Pn(~){Y~) =< 7[PNx{.Y--;} ] 1/q < 7e l/q, 

where q is the conjugate index to p. Now (6.21) follows if we choose e sufficiently 
small. This proves the modified version of Lemma 7 and completes the proof 
of Theorem 5. 
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Appendix 

We prove a result on the tightness of certain Gaussian measures on C[0, 1]. 
This result is used in the proof of Lemma 9 in Sect. 6. 

Theorem A1. Let F be an index set and {Ps ;TeF} a family of mean zero Gaussian 
measures on C[0, 1] with covariance functions {As; 7eF}.  Define ~ ( u ) - u  -1. 
[log(i/u)] -1/2. Assume that there exist numbers c~(O, oo) and ee(0, l/e) and a 
nondecreasing function fl on [0, 1] which is continuous on [0, e] and satisfies ~(0) = O. 
Assume that 

As(O, O) < c for each 7~F, (A.1) 

A 7 ' < , I ( s , t ) -A~(s ,  t ) l<-_~(ls-s ' l ) foreach~,eF,  a l I O = s , s , t < l ,  (A.2) 

13(u)~(u)du < oo. (A.3) 
o 

Then the family {P~ ;7~F} is tight. 

Proof. By [Billingsley; Theorem 8.2], we must prove that for each sequence 
{P,;n = 1,2 . . . .  } - {Ps ;7~F} and for each e > 0 ,  there exists an a > 0  such that 

P,{ Y [ Y(0) ! > a} < ~, each n. (A.4) 

We must also prove that for each c~ > 0, e > 0, there exists a fie(0, 1) and an integer 
n o such that 

P , { Y  I sup [Y(s ) -  g(t)l > e} __< e, n > n 0. (A.5) 
Is-t[<=6 

The bound (A.4) holds because of (A.1). By a straightforward extension of the 
proof of [Jain-Marcus;  Theorem IV. 1.3] one proves that there exists numbers 
s m --,0 as m --, ~ such that for all m sufficiently large, all h satisfying 2 - " -  ~ < h < 
2-~, and all n 

P,{YI  max s u p l g ( j 2 - " + u  ) -  g( j2-") l  =>e(h)} _-<s m, 
j=  1 ..... 2 ~ lul _-<h 

where e(h) --" const t3(u)((u)du + (log 1/h)l/gB(h ) . Since ~(h)~ 0 as h -* 0, (A.5) 
follows. []  
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