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Abstract. In [33], we studied the constraint problem for two-dimensional quantum
gravity in the conformal gauge. In this gauge, we proposed an ansatz for the grav-
itational sector. Using this ansatz, we established a striking connection between the
matrix models and continuum 2D gravity. We also announced several results on
semi-infinite homology of the Virasoro algebra with coefficients in a suitable class of
positive energy modules. In this article, we will provide details of the proof of the
announced results.

1. Introduction
1.1. Motivation

The Liouville theory has been the focus of a number of recent discussions in the
contexts of two-dimensional quantum gravity and non-critical strings [14, 35, 42,
11, 10]. When ¢ < 1 matter is coupled to 2D gravity, certain aspects of the theory —
critical exponents, string susceptibilities, correlation functions — have been extensively
studied via both the continuum and matrix-model approaches. There is, however, one
fundamental aspect of the theory which lacks the same level of understanding — what
are the basic building blocks of the physical state space?

If we consider 2D gravity coupled to a conformal field theory (matter) in the
conformal gauge, then gauge fixing results in the Virasoro constraint [11]

T () + TP(z) + T*(2) ~ 0, (1.1)

where T (2), T¥(z), T*(2), are the stress-energy tensors of the CFT, the Liouville
field ¢, and the conformal ghosts respectively. 7°(z) has the form [11, 42]

T¥(z) = — 1 (Bp)* +id%p, (1.2)
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where £ is a parameter of the theory. Since (1.1) is a first class constraint, a natural
way to quantize the theory is the BRST procedure. Thus it is clear that the basic
building blocks of the physical state space, in the presence of a matter CFT, should
be the BRST homology classes. These homology classes depend on the choice of the
matter and on the representation of the Virasoro algebra in the Liouville sector. We
will begin with the minimal models as matter. A natural class of representations in
the Liouville sector is given by the free field realizations of the Virasoro algebra [8, 9,
22], also known as the Feigin-Fuchs modules. The importance of these modules has
been demonstrated both in physics (see for example [20]) and in mathematics [18].
In our previous announcement {33], we determined exactly which of these modules
lead to non-trivial BRST homology. In this article, we provide details of the proof.
Our ansatz for the gravitational sector has also been used for studying ¢ = 1 boson
coupled to gravity [34]. The ¢ = 1 theory was shown to be substantially different
from the ¢ < 1 theory.

We begin by briefly reviewing the BRST formalism. In addition to the Feigin-
Fuchs modules, two other classes of Vir representations — the Verma modules and
their irreducible quotients — arise naturally in our discussion. In fact in our earlier
announcement, some key results concerning all three classes of modules were stated
(Theorems 1-3 of [33]). Here, we will devote Sects.2 and 3 to the proofs of these
results. We then conclude with a few remarks and some preliminary results on super-
gravity. More detailed discussions can be found in [31].

We thank A. Rocha for helpful discussion. We especially thank C. Crnkovic and
G. Moore for numerous valuable discussions during the course of this work.

1.2. The BRST Formalism

For a mathematical review of the BRST theory of graded Lie algebras, see [17, 21,
32, 31]. The content of 2D gravity coupled to matter in the conformal gauge has the
form

Liouville ® Matter ® Ghosts . (1.3)

This system has a first class constraint given by the algebra Vir @ Vir. For simplicity,
we will focus, throughout this article, on the left-handed part of theory.

Upon quantization, the Liouville sector is represented by the Feigin-Fuchs modules
F¢ n. They are the free-field representations in which the Virasoro algebra, Vir, acts

by:
TH2) = L 1j(): + €0j(2) (1.4)

with central charge
cr =1— 1262, (1.5)

The space Fg , is the linear span of the vectors
Jngdng - -Jn Ve M1 Snp S .omg <0 (1.6)
The modes of j(z) satisfy

[Fns Jm] = n5n+m,0, an
JnVen = @& —Mpovey, n=0.

A natural class of matter to be coupled to gravity consists of the conformal field
theories (CFT). Associated with each CFT is a collection of modules M over Vir.
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Thus there is a stress-energy T (z) which operates on each M, with central charge
cpr- We will primarily focus on the case when M is a minimal model representation

[3]:

M = Lcp g, Ars), (1.8)
6(p — g)*
CM =Cpg=1— -2 (1.9)
M g pg
_ 2 M2
A= (pr—gsy —@—q , (1.10)

4pq

where p, ¢, r, s are positive integers with ged(p,q) =1, pr > gs, ¢ > r, p > s.

The Liouville sector and matter together do not constitute the full quantum state
space; neither do they necessarily contain all the physical states. Gauge-fixing of 2D
gravity naturally leads to the ghost sector and the BRST constraint, by which physical
states are determined.

According to the prescription of BRST quantization, there is, associated with the
constraint algebra Vir, a Clifford algebra & defined by the relations:

{e@),uy)} = (z',y) 2 € Vir, y € Vir. (1.11)

There is also a representation of Vir, {/\% +(Vir/Cé),n}, given by

n@) =Y el )l[Lm,z)): + (B, ) (1.12)
with 8 = — Lj — 26¢. In more familiar notations, we write
coh=—26, bp=uly), co=c(l,), (1.13)
L = (L) = Z(m — 1) Combmin: — 6n, (1.14)
T"(z) = LIz = 1c(2)0b(2) + 20c(2)b(2): , (1.15)
()= eaz ™, b2) =) by (1.16)

c(z), b(z) are respectively the ghost and anti-ghost fields. The spaces /\%H(Vir/ Cé)
in which the ghosts act are spanned by vectors of the form

b, ... bn,Cm, o+ Cm; W0

(1.17)
n<---<n; <0, m1<---<mj§0,
where wy is the vacuum vector carrying ghost number zero.
Now the full quantum state space should be the i.zg-chain complex:
Cop(Vi,CEM @ Fe ) = M ® Fey ® /\%Jr*(Vir/Cé). (1.18)
The full gauge constraint to be imposed is
TM(2) + T () + T (2) ~ 0. (1.19)

In order to get any state to obey (1.19), we must at least have zero total central charge:

ey tep+cgn=0. (1.20)
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The BRST operator is given by
d= Z(Lﬁ + Lﬁl)c_n - % Z(n — M) CopyCopnbpm: — Co - (1.21)

It can be written as

1
d= %]{J(z)dz, (1.22)
J(z) = :(TM(2) + TE(2) — b(2)8c(2))c(2): . (1.23)

The energy operator in each sector is given by the zeroth component of its stress-
energy field. Thus the total energy operator is

Lo=Ly + L + Lg. (1.24)
This operator is BRST exact:
{d,bo} = Lo (1.25)
Therefore, the subspace annihilated simultaneously by by and Ly is stabilized by d.
This subspace is the %-complex relative to Virg = CLp + Cé:

C’%o_+*(Vir, Virg; M ® Fe )
={weMQ®F,® /\929+*(Vir/Cé) | Low = 0 = bow} . (1.26)
This is the main object of our study in this article. We will return to the complex (1.18)

later. The homology groups, H %H(Vir, Virg; Licp,q, Ars) ® F¢ ), of this complex
are called the semi-infinite homology groups relative to Viry.

Problem 1. Given p, q, 7, s, classify the Feigin-Fuchs modules F; ., for which
H922+*(Vi1', Virg; L(Cp,Q7 A’r,s) Y Fﬁ,n) #0.

This is the equivalent to determining all free field representations of the gravitational
sector which result in non-trivial BRST invariant states, in the presence of confcrmal
matter L(cp,q, Ay ).

Theorem 3.1 (Theorem 3(a) {33]). Forne C,H % (Vir, Virg; L(cp,q, Ar o) ® Fe ) #0
if

= Ve (2pgt + pr + e2gs)
v2pgq
for some t € Z, g1, g5 = £1.
If we interpret the zero mode j, as the center-of-mass momentum variable, as one
does in the free bosonic string theory, then Problem 1 really amounts to diagonalizing

the momentum operator j, in the space of physical states. Thus it is reasonable to
ask for the multiplicities of the eigenvalues.

Problem 2. Determine the exact number of BRST invariant states in each case, i.e.
calculate dim H@Jr*(Vir, Virg; L{cp,q, Ar,s) @ Fe ).

p+q Ip= 2pqt+pr+szqs

Theorem 3.3 (Theorem 3(b) [33]). For v—1£= N R

tel, e, ey ==+1, V2pq'
Hig 1 (Vir, Vito: LGy g, Ar,e) ® Fen) = nssgnciyag o
where d,, is given by Eq. (3.55).
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The next two chapters will be devoted to proving the two theorems above. Several
examples of the results are illustrated in Figs. 14 at the end of Sect.3.2.

2. Irreducible and Verma Modules

Our first step toward solving Problem 1 is to first classify the highest weight irreducible
modules L(c, A) which afford non-trivial homology:

Heg , (Vir, Virg: Licp,g, Ar.s) ® Lic, A)) # 0. 2.1)

The next few sections are devoted to this question. We will return to Problem 1 in
the next section. The problem of characterizing (2.1) involves the knowledge of the
structure of Verma modules over the Virasoro algebra [18, 19, 28, 391.

2.1. Structure of Verma Modules

Recall that for ¢, A € C, the Verma module M(c, A) is the largest highest weight
module with highest weight (¢, A). Given another M (¢, A’), we can ask whether
there is a non-trivial module map

M, A — M, A). 2.2)

Note that if it exists, this map is an embedding. Obviously, the map exists only if
c = c. Since M(c, A) is generated by a single highest weight vector v/ (we suppress
¢ from the notation, and assume that c is fixed) the map (2.2) is clearly determined
by the image of var. Because v/ is singular

Lovy =0, n>0, 2.3)

so is its image under (2.2). Thus, that the map (2.2) exists implies that M(c, A) has a
singular vector of weight A’ (we call A’ a singular weight of M(c, A)). Conversely,
if M(c, A) has a singular vector u of weight A’, then U(Vir) - u is a highest weight
submodule in M(c, 4). By universality of M(c, A), there is a unique (injective) map

M(c, A"y — M(c, A) 24)

with v — u. Thus the knowledge of the embeddings among Verma modules is
equivalent to knowing the singular weights in every Verma module. If 4’ is a singular
weight of M (c, A), we write

A— A (ate). (2.5)

Thus (2.4), (2.5) are two equivalent statements. We will also use
F Al
AL A (2.6)

to mean that A — A’ but A # A’ (again at a given c).

Theorem 2.1 (Feigin-Fuchs). Every submodule of M(c, A) is a sum of Verma modules.
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Theorem 2.2 (Feigin-Fuchs). The following are the only possible diagrams of the
embeddings among Verma modules:

III . M(c,Ap) — M(c,A)) — M(c,4y) — M(c, As)
N X X
M(C, A*l) - M(C7 A—Z) - M(CJ A—3)
IIT_: M(c,Ao) «— M(c, A1) «— M(c,A)) «— M(c, A3)
AN X X
M(c,A_1) « M(c,A ) « M(c,A3)...
IIIQ_ . M(C, Ao) —> M(C,Al) d M(C, Az) - M(C, A3)
IIT : M(c,Ag) «— M(c,A) — M(c,A)) «— M(c,As)

II: M(c, Ag) «— M(c, Ay)
I: M(c, Ay)
Each arrow represents a unique map (up to multiple). Every Verma module M(c, A)

belongs to a single such diagram. The diagram containing M (c, A) also contains all
the Verma modules related to M (c, A) by non-zero maps.

As mentioned earlier, an equivalent description of a map between two Verma
modules is an arrow relating their highest weights. The following terminology will
be handy later. If A — A'(A A ), we call A’ a (proper) descendent of A; A an

(proper) ancestor of A’ If A # A and there is no A” such that A 5 A" & A/ , We
call A’ an immediate descendent of A; A an immediate ancestor of A/ If A — A/,
we define the distance between them

d(A, A"y = d(A', A) = max length of chain A 5> A, 5 ... 5 A, B AL @7)

Thus d(A, A) = 0 for any A; d(A, A’) =1 if A’ is an immediate descendent of A.

Feigin and Fuchs proved the two theorems above by studying the geometry of the
roots of the Kac determinant formula [28, 18]. Moreover, they gave an algorithm for
computing all the ancestors and the descendents of any given A. For example, in the
(p, @) minimal models, we have

C=Cpgy A=Lp,. (2.8)
The diagram of A, ; is of type I11_ [39]:

M(c,by) +— M(c,a1) «— M(e,b_y) «— M(c,a5)...

AN X X 2.9)
M(C,CLO) « M(C7b1) A M(c7a’1) e

where
2 (2
4 = (2pgt +pr+qs) ~(p—q) ’ 2.10)
4pq
— 2 _ 2
py= CPELTPr a5 — (P a0 @11
4pq
fort e Z.

The following is consequence of the theorems of Feigin-Fuchs.
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Lemma 2.3. ch M(c,A) = > chL(c,4"),ie.
A- A
1 if A—-A
(M, ML = L T2
0 otherwise .
Feigin and Fuchs discovered yet another remarkable fact about Verma modules. It
turns out that
M(c,A) — M(c,A) iff M26—c,1—A)«— MQ26—c¢c,1—A) (2.12)

(“reflection principle”). Thus given a diagram D in Theorem 2.2, the new diagram D,
obtained by replacing every M(c, A) in D by M(26 — ¢,1 — A) and reversing the
arrows in D, is also an embedding diagram. We call D the reflection image of D.
This will be a useful way to get new embedding diagrams.

2.1.1. Structure of Irreducible Highest Weight Modules

Proposition 2.4. Every irreducible L(c, A) has a resolution by Verma modules. In
particular, there is an exact sequence

o= My, — My — My — L{c,A) — 0, (2.13)
where M is either zero or a direct sum of Verma modules M(c, A") with d(A, A = 1.

Proof. The special cases ¢ = 0, 1,25,26 were considered by Rocha-Wallach [41],
and ¢ = ¢p 4, A = A, , was considered by Feigin-Fuchs [19] and Rocha [39]. For
later reference, we will give a uniform treatment here.

Case 1. A has no proper descendent. This means that M (c, A) is irreducible. So
0— M(c, A) S Lc,A) — 0 (2.14)
is exact.

Case 2. A has a single immediate descendent M (c, A’). This means that M(c, A") is
the maximal submodule of M{(c, A). Thus

0 — M(c, A — M(c, A — M(c, A)/M(c, A = L(c,A) — 0 (2.15)
is exact.

Case 3. A has two immediate descendents A;, AY.

Step 1. Let
MO - M(C7 A) )
, (2.16)
Mle(CyAI)EBM(C) 1)'
Define fi:M; — M, by
filz,z) =z — 2 .17

forz € M(c, Ay), 2’ € M(c, A)). Then Im f; = M(c, A1)+ M(c, A}) is the maximal
submodule of M. So

M5 My — Lee, A)— 0 (2.18)
is exact with Ker fi = {(z,2) | z € M(c, A)) N M(c, AD}.
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Step 2. We now proceed inductively. According to Theorem 2.2, there are now two
possibilities: either A;, A} have a single common immediate descendent A, in which
case we let f>: M, — M be as follows:
M, = M(c, Ay), (2.19)
H@=(x,x), x€ M. (2.20)
Clearly, f, is injective. Since M(c, Ay) is the maximal submodule of M(c, A;) and
M(c, A), we have M(c, Ay) = M(c, A1) + M(c, AY). Thus
0— My 2 My 5 My — Lic, A) — 0 @.21)
is exact, and we are done; or, 4;, A} have two common immediate descendents Ay,
A, in which case we let f,: M, — M, be as follows:
M, = M(c, &) @ M(c, A)), (2.22)
folz,z)=(x -2,z — ). 2.23)
Clearly, Im f> = {(y,v) | y € M(c, Az) + M(c, A})}. Since M(c, Ay) + M{c, 4)) is
the maximal submodule of M (c, A;) and M(c, A}), we have M (c, Ay)+M(c, A)) =
M(c, A)) N M(c, A}). Thus
My 5 B My — e, 4) — 0 (2.24)

is exact with Ker f, = {(z,z) | z € M(c, A;) N M(c, A})}. We can repeat Step2 all
over again (with (4,, A)) playing the role of (A;, A)) etc.). Continuing this way, if
the process terminates, we get a finite exact sequence:

0—M;—---— My— L(c,A) —» 0 (2.25)
Otherwise, we get an infinite exact sequence

o My — - — My — Le,A) — 0. (2.26)
In any case, L(c, A) has a resolution. O

Corollary 2.5. The formal character of L{c, A) in each case is given as follows:
(a) In Cases 1 and 3 above,

ch L(e, A) & trpee g™ @ = /P [[ -0 Y (w02
n>0 A-A!
(b) In Case 2 above,
ch L(c, A) = ch M(c, A) — ch M(c, A').

When one has knowledge of the irreducible characters, there is a useful tool for
detecting non-trivial E-homology — namely, the Euler characteristic. Let V be a
positive energy Vir-module. Define

Eul(V) = Z (— D™ dim H%Jrn(Vir, Virg; L(cp g, Ars) @ V). (2.27)
neZ

By the Euler-Poincaré principle,

Eul(V) = Y (~1)" dim Csg Vi, Vito; L(Cp,g, Ar,s) ® V). (2.28)

nez
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Lemma 2.6. For any positive energy Vir-module V, we have

Eul(V) = Z [V:L(26 — cpq, 1 — b,)] (# descendents of 1 — by)

s€Z

— Y [V:L(26 — cp g, 1 — a5)] (# descendents of 1 — ay).

s€Z

Proof. 1t is enough to restrict to V' in which ¢ acts by the scalar ¢ = 26 — ¢, 4. Let
U be the ghost number operator. By Eq. (2.28),

Eul(V) = ) (—=1)" dim[A g 4 (Vir/ Viro) ® L(cp g, Ar,s) ® V™0

n

U_L L L
= [tr/\gzg(v-lr/wro)(_l) 970 X MLy q,A,,09 ° X tTyg™0]

=[q—l]'[u—c_z")?xH(l—q")‘1 Y (CHAneang”

n>0 n>0 Ap s—A"

x 3 [V:Lc, Aleh Lic, A)]
A

qO

= [q-l 3@ ¢ [ - Y V:iLe, Alch Lic, 8)]
t

n>0 A q°

where [ ] g0 means the coefficient of qo. In getting the last expression, we have used
diagram (2.9). Now using Corollary 2.5, it is clear that those A & {1 —a;, 1 — b }sez
will not contribute to Eul(V). Thus we can write Eul{V) as

Eul(V)=Z{ Y Vil 1-b)lg ™
¢ Li-bso1-b,

- Y Vil 1-b)lg "~ Y [ViLle1-a)lg ™

[-bg—1—ap l—ag—1-b,
+ Z [V:L(c,1— as)]q_br] - Z [same] o,
l~as—1-—ar q b t
= Y Viliel=b)— Y [Vill-a)]
1-bg—1—b, l—as—1—by,
+ Y IVille1=b)l— > [Vile,1-a,)]
1-bs—1—ay, l—as—1—ar
= "{V:L(c, 1 — by)] (# descendents of 1 — b;)
se€Z
— > IV:L(c,1 — a,)] ¢# descendents of 1 — a,) O
seZ

We now return to the resolution of L(c, A) given by Proposition 2.4. Using the
resolution, we can construct a spectral sequence {E, },>o according to Proposition
A.2. This spectral sequence has

Eg?* = Hs 1y o(Vir, Virg; L(cp,q, Ar,s) ® Ma), (229)
B}’ = Ho(Hsg 4y o(Vir, Vitg; L(cp,g, Ars) ® My),8), (2.30)
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and it converges finitely to a graded object associated with
Hi(Cp 4 (Vir, Vito; L(cp,q, Ar,s) ® My), d + )
2 Heo ., (Vir, Virg; L(cp,q, Ar,s) ® Lic, A)). @31)

Of course, it is the right-hand side of (2.31) that we ultimately want to compute. Note
that we only need to worry about the case when

c=26—c,,. (2.32)

So from now on, c will assume this value.
Our first step is to compute Ey. By definition of the M, we have

!

Epb e @ Hao o (Vir, Virg; L(cp,g, Ars) @ M(c, A)) . (2.33)

P here means summing over the Verma modules appearing in M,. This reduces the
problem to studying the right-hand side of (2.33).

2.1.2. Computing H _ozg+*(Vir, Virg; Licp,q, Ar,s) © M(c, A")). By the Reduction The-
orem (Theorem 2.13 of [32]), this homology reduces to

H%;+*(Vir, Virg; L(cp,q, Ar,s) @M (c, A')) 22 H%+*(Vir+, Lcp.q, Ar s)—ar - (2.34)
Recall that
/\%JrkViL = Span of the b_p, b_p,...0_p 1, (2.35)
/\%_kVirJr = Span of the ¢_p C_pny ... €ny 1. (2.36)
Thus there is a non-degenerate bilinear pairing
(,): Ngys Vir_ x /\%_*Viu - C 2.37)

such that
(1.,14)y=1, b =b,, c =cn. (2.38)

Also we know that L(cp 4, A s) has a non-degenerate bilinear form with
(WA, van) =1, Li=L_,. (2.39)

Note that both forms are non-degenerate on each eigenspace of Ly. Thus the tensor
product of the two forms gives a non-degenerate pairing on the total eigenspaces of
L()I

< ) > ZC%_,_*(ViI‘_, L(Cp,qy Ar,s)))\ X C%°—~*(Vir+7 L(Cp,qa A'r,s)))\ —C (2.40)
with
(I-®va,,, 1+ @va,) =1, d =d;, (2.41)
where dy are the respective %—differentials on the two complexes. This pairing
induces an isomorphism on homology

H%_H(Vil;, L(Cp,q, Ar,s)))\ = [H%—*(Vir+> L(Cp,q7 Ar,s))/\]# - (242)
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Here []* means the space of linear functionals on []. Thus Eq. (2.34) becomes
Hi’29+*(Vir7 Viro; Lcp,q; Ar,s) ® M(c, A’
> [Hep o(Vit—, Icp,g, Ar,sD1-arl . (2.43)

Since we know the embedding diagram of M (cp q, Ay, ) (diagram (2.9)), we can
use Proposition 2.4 to get a resolution of L(cp ¢, Ar,s):

o B D N S Loy g, Ars) — 0, (2.44)
MO = M(cp,lp bO) s
Ml = M(Cp,q7 a—l) © M(Cp,(p (10) y (24’5)

My = M(cpq,b-1) ® M(cpq,b1), etc.

We want to use it to compute the homology of {C%Jr*(Vir_, Licp g, Ar,s)i_ar,d_}.

Once again, Proposition A.2 tells us that we have yet another spectral sequence
{En}n>o with

By = Hee po o (Vir_, My}, (2.46)
B = Hy(Hsp o (Vir—, My)1_ar, 8), (2.47)
and which converges finitely to a graded object associated with
Hy(Cop y(Vir—, M), d- +0) = Heo ( (Vir_, Lcpg, Ars)i—ar . (2:48)
By definition of A, and Eq. (2.46),

. "
D HyroulVie, M, ANw
d(A//’Ar,s)Z’U
Ar,s‘*A"

P boubiiaaCar. (2.49)
d(AﬂyAr,s):u
Ar,s"A”

Fau,v
0

IR

R

We note that the semi-infinite homology of Vir_ coincides with the ordinary Lie
algebra homelogy of Vir_. Since the module M (c, A”) is free over Vir_, the homelogy
space is zero except at degree zero. Equation (2.49) immediately implies that the
spectral sequence collapses, i.e.

7 FU,U A~
E;LC;U — EO = 61)’“ @ 51,AI+AIICA// . (250)
d(AﬂyAr,s):u
Ar,s"A"

Since { £, }n>o converges to a graded object associated with (2.48), we have

He o (Vir-, L(cpg, ArsDi-a 2 @D 61,a1a0Car (2.51)

d(A” »Ar,s):’U
Ar,s—’ a”

Returning to Eq. (2.34), we have
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Proposition 2.7. For any 4A',

Hag o (Vir, Virg; L(cp g, Ars) @ M(26 — cp 0, AN D 61,444 Car .
d(A”yAr,s)=—U
AT,S_’A”
Corollary 2.8 (Theorem 1 [33]).
(a) H% (Vir, Virg; L(cp,q, Ars) @ M(26 — p g, A)) #0 iff Ap s — 1 - A,
(b) For A, s —1— A,

dim Hp 4, (Vir, Viro; L(cp,g, Ar,s) @ M(26 — ¢y q, A = Ontd(Ar,g,1-AN0 -

2.2. Computing H%H(Vir, Virg; L(cp 4, Ars) ® L(c, A))

We are now ready to return to Eq. (2.33). Combining Proposition 2.7 and Eq. (2.33),
we get

'
E(‘)Lb o @ @ 61,A’+A”CA” . (2.52)
d(A”, Ar s)=a—b
Ar,s—’A”
Theorem 2.9 (Theorem 2(a) [33]). H% (Vir, Virg; L(cp,q, Ar )R L26—cp q, A)#£0
iff Ars = 1 - A

Proof. Suppose that the %-homology is non-trivial. Recall that {F,, },,>¢ converges
finitely to a graded object associated with (2.31). Thus

dim H%er(Vir, Virg; L(cp,q, Ar,s) @ L(26 — cp g, A))
= dim Hy(C'p 4.(Vir, Viro; L(cp,q, Ar,s) ® Mx),d + )

=Y dimEZ
a

<Y dimEp’
a

= Z Z 251, AL AT - (2.53)

a d(A",Ar,s)za—b
AT,S_’A”

The third sum ranges over the highest weights A’ appearing in the o™ term, M,,
of the resolution of L(26 — ¢, 4, A) [see Eq. (2.33)]. In particular, these A’ must be
descendents of A. By assumption, the left-most term of (2.53) is nonzero. So the right-
most term must be nonzero too. Thus there must be a descendent A’ of A(A — A')
and a descendent A” of A, (A, s — A"), such that A” = 1 — A’. This means that
Aps — 1 — A (at ¢pq). By the reflection principle (2.12), A — A’ (at 26 — ¢p 4)
implies that (1 — A) — (1 — A) (at ¢p,4). Combining this with A, ; — (1 — A') (at
Cp,q)s We get Ap o — (1 — A) (at ¢p q), proving the first half of our claim.
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Conversely, for A, s —» 1 —A,ie. A=1—-a; or 1 — b, Lemma 2.6 gives

Eul(L(c, A)) = Y [L(c, A): L(c, 1 — by)] (# descendents of 1 — b,)

&

- Z [L(c, A): L(c, 1 — as)] (# descendents of 1 — a)
= Z d4,1-b, (# descendents of 1 — b,)

- Z 0A,1-a, (# descendents of 1 — a,)
S

= 4(# descendents of A)
which is non-zero. This completes the proof. [

We conclude this section with a more quantitative statement about the above ho-
mology. From now on assume that A, ; — 1 — A at ¢, 4. In this case, Eq. (2.52) can
be written as

Bt EB @ 81, arparCar . (2.54)
d,(A”,Am)za—b d(A,AN=qa
Ap oA Al

Recall that E,, ; is the homology of the complex:
oo BOb L garnlb-l (2.55)
We claim that F,,,; = E,, for all n > 0. Consider n = 0. Using Eq. (2.54) and the

reflection principle, we get

dim B3 = > A1, A
d(1-A,AN=qa, A=1-A
d(A"7AT‘,S)=a_b7 Ar,s_’A"

= > 1. (2.56)

d(l—A,A’)=a, d(A’,Ar,s):a_b
Ar,sﬁA’—»l—A

Note that if A, ; — A’ — 1 — A, then

dl—A,A,)=d1 —AAY+dA, Arg). (2.57)
Thus (2.56) is zero unless
d(l1 - A, A ) =2a—b. (2.58)
In particular, we have
GimEY®? #£ 0= dimE; " = 0. (2.59)

This means that (see sequence (2.55))
B, =Fy. (2.60)
By the same argument, we see that

E,=E,, n>0. (2.61)
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So Eq. (2.53) becomes an equality:
dim H s 15 (Vir, Virg; L(cp,q, A ) Q L(26 — cp g, A))

=Y > 1. (2.62)

o  d(1-A,A)=qa,dA,Ar s)=a—b
AT’S—)A’-—H—A

Proposition 2.10 (Theorem 2(b) [33]). For A, — 1 — A,

dim Hg 5(Vir, Viro; L(cpg, Ars) ® L(26 — ¢p.q, A)

1+ (=)ordlrs =) _ g, a1y if B < d(Ars, 1~ A)

= 5 ; (2.63)
0 otherwise

Proof. Let’s abbreviate the left-hand side of Eq. (2.63) as By and write k = d(A,,

1—A). From the conditions of the summation in Eq. (2.62), it’s clear that for By, # 0,

we must have

kE>d(1—-A,4)=a>0, (2.64)
k>dA,Avs)=a—b>0. (2.65)

They imply that
bl <k, (2.66)

which proves half of Eq. (2.63). Assume the inequality (2.66). Equation (2.62) says
that B, # O implies that 2a = k£ + b is even. Let’s assume so. Then Eq. (2.62)
becomes

By — 3 1= { Lt ol =k (2.67)

2 if |h<k. O
d(1-A,A)=E2 a4, =50 i
AT’S—eA’——)L—A
3. Original Problems
3.1. Returning to Problem 1

We are now ready to determine exactly which Fg ,, affords non-trivial homology.
Once again, the balance of central charge fixes +/—1£ to be

+q
JV1e=212 G.1)
V2pq
Theorem 3.1 (Theorem 3(a) [33]). Forn € C, Hs (Vir, Virg; L(cp,q, Ar,s) ® F,p) #0

if

(2pqt + pr + €295)
= —1g
V2pq

Proof. Computing the formal character of Fg ,, we get

for somet € L,e1,6p = £1.

def Lo—c/24
cthm = trpmq o=/

—(1— 12 g2 _
= g~ (-126%/24 450 E)H(l — g™y
n>0
= ch M(1 - 1262, L (* — €%)). (3.2)
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Suppose
(2pgt + pr + €qs)
n==xv-1 . (3.3)
V2pq
This gives

l—a, if e=+1
L — g2 = g 34
2 (1 =& {l—bt if e=—1. 34

Using this to compute the Euler characteristic, we get

(_1)d(at,Ar,s) if = +1
Eul Fe , = { (—=1)dbe,Ars) i g = —1

—=c. (3.5)

In particular
H o (Vir, Virg; L(cp,q, Ar )@ Fe ) #0. (3.6)

Conversely suppose (3.6), i.e. F , affords homology. This implies that F , has
a composition factor that affords homology, i.e.

Heg (Vir, Vitg; L(cp,g, Ar,s) ® L(26 = cp g, A)) # 0 3.7)

for some A with
[Fenp:L(26 —cpq, D] #0. (3.8)

By Theorem 2.9, (3.7) implies that
A g —=(1—-A4) at cpq. (3.9)
By Egs. (3.2) and (3.8), we have
[M(26 — cp g, 3 (* — €)1 L(26 — cpq, A)] # 0. (3.10)
This means that (Lemma 2.3)
L= —A at 26—cp, (3.11)
or, by the reflection principle (2.12),
1= >A—-30" - at cpy. (3.12)
Combining (3.9) and (3.12), we have
Ars = (=507 =€) at cpg. (3.13)
This means that (diagram (2.9))
1-im*—¢)=a; or b forsomet. (3.14)
Solving this gives us Eq. (3.3). [J

Theorem 3.1 answers Problem 1.
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3.2. Multiplicities of Physical States (Problem 2)

In the last section, we had quite a bit of success in computing j—homology, when

the coefficients involved only irreducibles or Verma modules. Those computations
relied heavily on constructing resolutions. In turn, constructing a resolution requires
the knowledge of the coefficient module structure. Now in Problem 2, we are dealing
with

Heo ,,(Vir, Virg; L(cp,q, Ar,s) ® Fe,p) =2, (3.15)

where

+ 2pgt + pr + eqs)
Vit=L"4  /ip=o , oe=+lteZ. (3.16)
2pq V2pg

We can try to resolve L(cp,q, Ar,s) by Verma modules as before. But then we would end
up with something like H % ++(Viry, F¢ ). Computing this directly requires knowing
the structure of Fy , to a great extent. There is, fortunately, a slicker way to do (3.15).

There exists yet another object that resolves L(cp 4, Ar,s). It is known as the Felder
resolution [20]. It is a chain complex {F , ,6} consisting of Feigin-Fuchs modules

(=

j

ST 7
By, S E SR S (3.17)
&m &'\mo &

with

=3

—q
¢ =—=,
2pq

2pqt’ + pr — ps

7

Ny = (3.18)
2t 2pq
2pqt’ + pr +gs /
Moy 1= ————— tel,
e V2pq
and having homology that is isomorphic to L(cp, q, Ar s):
Hn(Fg’,n*a 6) = 6n,0L(cp,q7 Ar,s) - (319)

We now apply this resolution to study the homology (3.15). By Proposition A.2, there
is a spectral sequence {F,, },>o With

By = Hy ypo(Vir, Virg; Fyr, ® Ft), (3.20)
lﬁb:HJH%%wwmwmﬂhm®Fﬁxm, (3.21)
and which converges finitely to the graded object associated with
H*(C%o_Jr*(Vir, Virg; Fer , ® Fe ), d + 0)
&= He(Vir, Virg; L(cp,g, Ar)® Fe ). (3.22)

(8 is the map induced by Felder’s map 4.) Of course the right-hand side of (3.22) is
what we eventually want to know. But we must first study the spectral sequence.

3.2.1. Computing Ejy. At first sight, we seem to have made matters worse by intro-
ducing the resolution (3.17), because we have ended up with (3.20), which involves
the uncanny object Fy , ® Fy ! However, this tensor product module over Vir turns
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out to have a remarkable property: it is invariant under the group SO(2,C). In fact,
for any £, 1, &, ¥ € C and

g 22
(14, F)esoeo, fP-g=1

we have a canonical isomorphism of Vir-modules

Fery @ Fep = Fly @ Fuu, (3.23)

()= 9 (8)
Iz —ig f/\&/7
()= ()
v —ig f/\n/"
This symmetry was observed by one of us [43] in studying the problem of computing
H %Jr*(Vir, Virg; V(p, ), where V(p,p) is the usual bosonic Fock space with fixed

momentum p in the D-dimensional string theory. The Virasoro algebra operates in
V(p,p) by a deformed stress-energy:

T(2) = 3:i(2) - §(2): +1-8j(2), (3.25)

where j(z) is the D-dimensional bosonic field with jo = p. Observe that for D = 2,
V(p,w is canonically isomorphic to (3.23) withv=p— p.

Equation (3.23) will be our key to computing Ey [Eq. (3.20)]. It is well-known
that ar generic values of u, v, the Feigin-Fuchs module F), , is isomorphic to the
Verma module M(1 — 1242, 1 (® — 1i?)). In this case, both modules are irreducible.
But what we have is Fy , ® F¢,, where the parameters are given by Egs. (3.16),
(3.18). Neither factor of the tensor product is generic. Thus we hope that we can use
an element of SO(2, C) to rotate this tensor product [according to Egs. (3.23), (3.24)]
to Fiy ,» ® F, ., such that both new factors become generic. If such a rotation exists,
then computing Ej becomes possible:

where

(3.24)

By = Hag - o(Vir, Vitg; Fyr 5, ® Fe)
& Heoyyyo(Vir, Virg; Fiy y @ Fu )
2 Heg - (Vir, Vir; M(1 — 1242, 5 (v — p?)) @ M(1 — 1247, § (0% — 1)
> Heo p_o(Viry, M(1 — 1247, 1 (2 — p?)),_ 1422 (Reduction Thm)
> [Hsg g p(Vir_, M(1 — 1247, L (V% — ,/2)))]*;*_% w2,y (taking dual)
2 80 Coy iy 142y (3.26)
Therefore, we must determine whether or not the above rotation exists.

Proposition 3.2. Ler

goP=0 o _2patprtegs

" \ (3.27)
2pq V2pg
+4q 2pgt + pr + egs
Voie=2114 y o Vel = - —— (3.28)
V2pq V2pq
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Then there exists

(_J;g ij?) € 50@2,0)

such that on the right-hand side of Eq. (3.23), both F,; ,+, F), ,, are irreducible.

Proof. Note that the statement would be false if we had chosen a different sign for
v/ —1n (see below). Choose f to be a transcendental number. We will show that F, ,
is irreducible. The argument is the same for Fj, ..

Recall that F), , is irreducible iff the corresponding Verma module M (1 — 1242,

1 (*—p?)) is irreducible. But the latter is determined by whether the Kac determinant
has a zero. This determinant is the product of expressions of the form

¢a“3(6, A) = Ba,ﬂ(:u? V) : B—a,—,@(,u)’/)a O‘aﬂ € N7 (329)

where
C=1—12/,l,2, Az%(yz_ﬂz)7

- By (3.30)
Ba,ﬁ(y” 7/) = (Oé/,L — y) (/B,u _ V) _ (Ol—i_,g)_ .

To show that M (e, A) is irreducible, it is enough to have
B p(p,v) #0  for all integers o, 3. (3.3D)
By Eg. (3.24) and a simple calculation, we get
Ba,p(p,v) = Ba,p(—ig€ + f& —ign' + fn)

= fz(Ba,,B(£7 7]) - Ba,,@(f’7 77'))
— fgA+ Ba g€, n), (3.32)

where
A =2ap8'iE + 29'in — (o + B) (¢in + /i) . (3.33)

For the given values of parameters &, 7/, &, 7, it is obvious that B, g(§,7),
By, p(€',n') and A are rational whenever «, 8 € Z. Suppose

Bo g(p,v) =0 for some o, B €Z. (3.34)

We wish to get a contradiction. Since f is trancendental (hence, so is g), Eq. (3.32)
implies that

Ba,ﬁ(gﬁ 77) = 07 (335)
Ba s ,n')=0, (3.36)
A=0. 3.37)

Substituting the (3.28) into (3.35), we get
pa+qfB —\/2pgin =0, (3.38)
or pB+qa—+/2pgin=0. (3.39)

Substituting (3.27) into (3.36), we get

pa—qB—/2pgn =0, (3.40)

or pB—qa—+/2pqn =0. (3.41)
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Case 1. Equations (3.37), (3.38), (3.40) hold. Solving for 3, we get
298 = —(1' — in+/2pq
= —Q2pqt’ + pr + 'qs + 2pgt + pr + egs) . (3.42)

The right-hand side is not divisible by 2¢ (because gcd(p,q) = 1, 0 < r < q), while
the left-hand side is, which is a contradiction [Eq. (3.42) would have been all right if
i had a different sign!].

Case 2. Equations (3.37), (3.38), (3.41) hold. Then substituting the given &, £ and

\/Qﬁin =pa+qf, (3.43)
Vg = pB - qa (3.44)
into (3.37) and simplifying it, we get
@ - (a-p*=0, (3.45)
which implies
a=p. (3.46)
Combining (3.43), (3.44), (3.46), we get
P-—oin=0@+qon. (3.47)
Using (3.28), we get
p (pq(t L) pprt EEE qs) =q (pq(t )+ 2 _ZE/ q5> . (3.48)

Once again, the right-hand side is divisible by g while the left-hand side isn’t.
Case 3. Equations (3.37), (3.39), (3.40) hold. Just like Case 2.

Case 4. Equations (3.37), (3.39), (3.41) hold. Just like Case 1.

In any case, Eq. (3.34) is impossible. This completes the proof. [

We now return to Ey [Eq. (3.26)] for &, n, &, / given by Egs. (3.27), (3.28).
Proposition 3.2 tells us that Eq. (3.26) holds. By (3.24), it is easy to check that

VA= 4, (3.49)
MIZ + ,Ll/2 —_ 5/2 + 52 . (350)
Thus Eq. (3.26) becomes (with ' = 7,)
a,b ~u
EO = 5a’b611%(7]§

+"72_E/2_§2)C - (351)

Recall that we defined the distance function d(A, A") for A, A’ belonging to the same

Verma module embedding diagram. Let’s try to rewrite Eq. (3.51) in terms of this
function. It is easy to check that

1-12¢8% =¢,,,
b i if k even (¢=-1)
6/2) — 2
1 if kK odd (£=1)

-5 (3.52)
1— 1262 =26 -

%W—ﬁz{

L2
z(nk a

Cp,q»
l—bt if e=-1
1—a; if e=1
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Thus
=i +mp - -7 iff
k:{—Zt if e=—1 -
—2t—1 if e=1
_ [ —sign@®d(b,bp) if e=-1
_{ —sign(®)d(as, bp) if e=1
k= —sign@®d(3 (7" — €9,1~ bo).

The last part follows from the reflection image of diagram (2.9) and Eq. (3.52). Let’s
write

(3.53)
iff

() = Sign(-—\/jn) = sign(t), (3.54)
dy = d(3(0 — €),1 — bo). (3.55)

Then
6 S ni-g2-¢7 5k+7r(n)dn, . (3.56)

Now Eg. (3.51) becomes
Eg® 22 84,5804y 0C - (3.57)
This completes the computation for Ey b (3.20).
3.2.2. Returning to H 4 (Vir, Virg; L(cp, ¢, Ar.s)® F¢ ). Equation (3.57) immediately
implies that the spectral sequence {Ey}n>o collapses, i.e.
Eg,o,b —_ Eg”b [ 5a,b6b+7r(1])dr,,0C . (358)

Now, the spectral sequence also converges finitely to the graded object associated
with

H(Csg.(Vir, Vitg; Fyr . ® Fe ), d+0). (3.59)
Therefore
H,o(Cg 4 (Vir, Vitg; Fer g, ® Fe ), d + ) 2 Sy o€ - (3.60)
Using Eq. (3.22), we get
HQ_*_,,L(ViI', Vil‘o; L(Cp,q, Ar’s) & Fg,n) = 5n+ﬂ-<7l)dn,oc . (361)
2pqt
Theorem 3.3 (Theorem 3(b) [33]). For v—1¢ = P4 /Zin — § PELT 2T T 645
teZ, o,e==+l, v2pq V2pq
H%_i_n(Vir, Virg; L{cp,q, Ar,s) ® Fg ) & 6n+,r(r,)d,“0C . (3.62)

Proof. We established Eq. (3.61) using Proposition 3.2, which holds only for o = — 1.
For o = +1, observe that there is a canonical isomorphism of Vir-modules,

Fen= FE _n (restricted dual of F¢,_p). (3.63)
This means that there is a non-degenerate bilinear pairing
(, ):Cspyn(Vir, Virg; L(cp,g, A )R Fe )
X Cse_p(Vir, Virg; L(cp,q, A )@ F ) —C (3.64)
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such that d = d. This induces a similar pairing on homology. Thus
Hag o (Vir, Vitg; L{cp,q, Ars) ® Fe )
= Heo ,(Vir, Virg; L{cp,g, Ar,s) ® Fe ). (3.65)

But now F¢ _, corresponds to ¢ = — 1, for which Eq. (3.61) holds. So Eq. (3.65)
becomes

H%-I—n(Vira VirO; L(cp,qa Ar,s) & Ff,n) = 6—n+7r(~71)d_,7,0C = 5—n—7r(n)dn,OC . O

Theorem 3.3 answers Problem 2. The diagrams below show a few examples of BRST
invariant states with v/—17 > 0. Each dot represents a single BRST invariant state
whose (z, y)-coordinates are the “quantum numbers,” (1/2pq in, —gh#), corresponding
to that state.

2
1
0

oo 22 0 3 | s ' k' & ' To
Fig. 1. (p, @) = (3,2) Pure gravity
3
2
1
0 .
) 1 T T T T T T T 1 1 1 L T
10 20 30 40 50 60 70
Fig. 2. (p,q) = (5,2) Yang-Lee edge singularity
3 .
2
1
0 .
T 1 ] ) T 1 T T 1 T 1 )i 1 T
10 20 30 40 50 60 70

Fig. 4. (p, q) = (5,4) Tri-critical Ising

3.3. Formula for the BRST Invariant States

In the last section, we computed the —ozg-homology by getting a double complex from
Felder’s resolution. We then applied a rotation symmetry to show that the resulting
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spectral sequence collapses at Ey. This led to the isomorphisms [Egs. (3.22), (3.60)
with w(n) = — 1]
0,d, C & Hn(C’%J,*(Vir, Virg; Fyr . ® F ), d +0)
= H%M(Vir, Virg; Licp,q, Ars) ® Fr ) . (3.66)

Because of the degenerate nature of the homology of the double complex {C_ozg L5 (Vir,

Virg; Fer py, ® Fgpp),d + 9}, there is a trick in homology algebra which allows one
to get a formula for a non-trivial d-cycle (i.e. non-trivial BRST invariant state). It is
known as the “zig-zag method” [2], and it goes as follows.

2pqt
We will illustrate the case in which in = w, ¢ = — 1. The case

N
o = 1 has a similar argument. Recall that [Eqs. (3.20), (3.51), 3.57)]
H%_,_k(ViI‘, Virg; FE'ﬂn ® FE,"I) = C‘Skvoél,%(nf+n2—£’2—£2) o C(Sk,()(sdn’l . 3.67)

An arbitrary state in the complex C% (Vir, Virg; Fyr , ® Fe ) is a linear combination
of basis states

bop .. bon,Comy oo ComWoh ®Jry oo Jor Ve iy ® J=s; -+ J-s,VEm (3.68)
with total energy zero (remember the condition Lg* = 0):
=14+ 307 — €D+ 307 =)+ (n + -+ )
+my+-tmp)+ i+ttt +8u) =0, (3.69)

By Eq. (3.67), a d-cycle will be a trivial d-cycle, unless all the m, n, r, s, are zero,
and
l=dy=N. (3.70)

This means that among all the d-cycles in any of the spaces
{4 (Vir, Virg; Fer y ® Fe,)}wpezxz (B.71)
there is a single non-trivial d-cycle:

Wy = Woh @ V¢' ny @ Ve » (3.72)

0 — wy
gl
d
o &~ w
ol
d
¢ — w
d
 — Wpn_2
ol
. — Wy-_1
a1
_e_ & wy k
[

Fig. 5. Zhe zig-zag method
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which occupies the (0, N)* space. Let’s put the spaces (3.71) in an integral lat-
tice on the (k,[)-plane. Each integral point (k,I) is occupied by the (k, )™ space
C’%Jrk(Vir, Virg; Fer n, ® F¢ ). The maps that intertwine two adjacent spaces are the
(horizontal) BRST differential d, and the (vertical) Felder differential 0 [induced by
Felder’s map 6 in (3.17)]. By construction, these two differentials anti-commute:

{d,0}=0. (3.73)

Assuming that N > O (the case N = 0 is trivial), we now begin the zig-zag walk on
the plane, starting from (0, N). First

dOwp = — Odwy =0, 3.74)
i.e. Owy is a d-cycle in the (0, N — 1) space. By (3.72), it must be trivial, i.e.
Owp = dw, for some wy, at (I, N — 1). (3.7%)
Once again Ow is at (1, N — 2), and
dow; = — ddw; = —Pwy =0 (3.76)

implies that
Ow, = dw, for some wy at 2, N —2). 3.7

Continuing this way, we end up with
Owyn_1 = dwy for some wy at (N,0). (3.78)

Clearly dwy_; € Kerdy, where d is 9 restricted to the spaces in the zeroth row of
Fig.5. We claim that wy can also be chosen to be in Ker dy. By definition, this 9 is
induced by Felder’s map

50:F§’,7]0 —> 1‘7151’1771 . (379)

This means that
Kerdy = C’%JFN_I(Vir, Virg; Kerdo ® Fe ) - (3.80)
Now the truncated Felder resolution
0 — Kerbp < Fyyy 2 Forp | — -+ (3.81)

is exact, by construction. But we already know that each Fy , in this sequence has
no BRST homology because I =0, —1,... all differ from N = d, [Eq. (3.70)]. This
means that Kerdy, in the exact sequence above, cannot have any BRST homology
either, i.e. any d-cycle in the BRST complex (3.80) is trivial. In particular,

down_ 1 =—0dwn_1 =0= Owy_; = dwy for some wy € Kerdy. (3.82)

To summarize: we have obtained a sequence of states wg, wi, ... , wy with the
properties:

w; is in (i, N — %)™ space, (3.83)

ow; = dwi_H i< N, (3.84)

dwy =0. (3.85)
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. _Ptq . |2pgt+pr+egs|
Theorem 3.4. For i = ——=, in =
V2pq Vv2pg

(Vir, Virg; L(cp g, Ar,s) ® F¢ ) has a representative of the form

, the homology space H L+d,

By = [(d'8)Nwy + Im 3] € Kerd/Im 3.
The %‘i-homology class of Wy is independent of the choices of inverse images under d.

Proof. First, Wy is a d-cycle (BRST invariant):

diby = 0(d ' 0)N 'wy +Im & = 0(mod Im 9). (3.86)
Suppose wy is trivial, i.e.
wy = —diy, forsome uy € Kerd at (N +1,0). (3.87)
Then
wy + duy = Oun_;, forsome uy_;at(N,1)=dwy=—0un_;. (3.88)
Combining (3.84) (for ¢ = N — 1) and (3.88) gives
wyn_1 +duy_; € Kerd at (N —1,1). (3.89)

By exactness of Felder’s resolution (away from dimension zero), we have
wn_1 +duy_1 = Oun—y, forsome uy_p at (N —1,2). (3.90)
Continuing this way, we get
‘ w1 + du; = Oug, for some ug at (1, N). (3.91)

Now wy is the lowest energy state in the space C’% (Vir, Virg; Fgr . @ Fe ) with
L§'wy = 0, gh#wo = 0. So there is no other independent state w in this space, since
w would have higher energy, implying that L§'w # 0. But by (3.91), o is in this
space and has gh#ug = — 1. Thus up must be zero. Since Jwy = dw;, Eq. (3.91)
means that

Qwp = dwy = — d?uy = 0. (3.92)

By exactness of Felder’s resolution and Eq. (3.92),

Wo = Wgh @ Vgl @ Vgn

= Hwgh @ v @ vg,n)

= Wyh @ SN iU ® Vg (3.93)
for some v € Fg ., having the same energy, Lk — €7), as vg . But this is
impossible because the lowest energy in Fyr . is %(77%, i £7?) and yet

10 — €D > sy - £%). (3.94)

This contradiction shows that the supposition (3.87) is false. Thus wy is indeed a
non-trivial d-cycle.

We now show the last statement of Theorem 3.4. Suppose that wp, Wi, ..., Wy
is another sequence satisfying (3.83)—(3.85). Then as before,

dwo = dw; = dw| = w; — w) = dw] for some w} . (3.95)
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This gives
811); - 8101 = — daw’{ = dwlz — dw2
= wy — wy + Jwf
= dw)
for some wj . (3.96)
Once again, we get
dwy — Bun = — dowy) . (3.97)

Continuing this way, we end up with
Wy — wy + Ol = dwly . (3.98)
Projecting onto the quotient space

Ker[B:ng_oJrN(Vir, Virg; Fer o ® Fe ) — C'%ngN(Vir, Vitg; Fer | @ Fe )]
Im[&‘:C%JrN(Vir, Virg; Fer oy ® F ) — C%JFN(Vir, Virg; Fer g @ Fe )l
= C%+N(Vir, Virg; L(cp,q, Ars) @ Fe ) (3.99)

we get
Wy — wn = dily . (3.100)

It follows that @'y, Wy are two equivalent d-cycles in C% +n(Vir, Virg; L(cp g, Ar,s)®
Fg ). This completes the proof. O

34. Computing Heo y, (Vir, C&; L(cp,q, Ar,s) ® Fe )
In Sect. 1, we formulated our problems in terms of the relative ?-complex

C%+*(Vir, Viro; L(cp,qa Ar,s) ® F&,n)
E{w € Llepg, Are) ® Fey ® Ay (Vir/CO) | L'w = 0 = bow} . (3.101)
We now examine the full complex

Cp 1 (Vir, C&; Licp,q, Ar,s) ® Fe )
def

= Lcp,qy Ars) ® Fe y @ /\%o_+*(Vir/Cé) . (3.102)
As before, we need only to consider the case when the total central charge is zero
1— 126 4+ ¢cpy —26=0. (3.103)
Since L§" is BRST exact,
{d,bo} = Lg" (3.104)

any d-cycle w with non-zero L§" eigenvalue ), is trivial:

1
Aw = L§'w = (dby + byd)w = dbyw = w = 5 dbow . (3.103)
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Thus
Heg . (Vir, C&; Licp,q, Arg) @ Fep)
2 Hy(Cop 1. (Vir, C2 L(cp,g, Ar,s) @ Fe)™0 ). (3.106)
Using b% = 0 and definitions (3.101), (3.102), we can easily show that
0 — 09294_*(Vir, Virg; Licp,q, Ars) @ Iy )
— C i, (Vir,C& L(cp,g, Ars) ® Fep)™s'
CER e sy (Vi Vitg; Licp,g, Ars) ® Fep) = 0 (3.107)
is an exact sequence of complexes. Thus we have a long exact sequence
<+ = Heo, (Vir, Viro; L(cp,q, Ars) ® Fe )
— H929+n(Vir, Cé& Licp,q, Ars) @ Frp)
— Hig 41 (Vi Viro; L(cp,g, Drs) ® Fi,n)
— Heoyy(Vir, Virg; Licp g, Ars) @ Fe ) — - (3.108)
Note that we have used Eq. (3.106) to get rid of H*(C%H(Vir, Cé& Licp,q, Ars) ®

Fe )™, d) from the sequence.

p+q
Theorem 3.5. For /—1£ = —/—=,
V2pq

(2) Hap (Vir, C&; L(cpg, Ars) @ Fi ) # 0 iff V=1 = 0

o,e = %1,
(b) For the special values of (£,n) given above,

H%_,_n(ViI‘, Ce; Licp,q, A'r,s) & Fﬁ,n) = 6n+7r(n)dn,OC 2] 6n+7r(n)dn,—lc . (3.109)

2pgt + pr +€gs

v2pq

,t € Z,

Proof. For fixed (€,7), it can be easily shown that the sequence (3.108) terminates
on both ends. If

2pqt + pr + €gs
V-lp#tog——=——"-,t€Z, o,e==I1, (3.110)
V2pq
then by Theorem 3.1, we have
Ho_2<>_+*(Vir, Virg; L(cp g, Ars) ® Fey) = 0. (3.111)
By exactness of (3.108),-we get
H%H(Vir, Cé L(cp g, Ars) @ Fg ) = 0. (3.112)
Conversely, if
2pqt + pr + €qs
V-ln=6c—F———,t€L, g,e =21, (3.113)
V2pq
then letting k = — w(n)d,,, we get from Theorem 3.1,

Heg o (Vir, Vito; L(cp,q, Ars) ® Fep) = 6,,5C. (3.114)
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Substituting this into (3.108), we get
0 — Hse,pn(Vir, Ce Lcp,q, Ars) @ Fep) —» 0 for n#k, k-1,
0 — C — He(Vir, C L(cp q, A )R Fey) — 0,
0 — Hoo g1 (Vir, C&; Licp,qs A )@ Fe ) - C—0.

This proves part (b) and the second half of part (a). O

3.5. Discussions

A discussion of gravity would be incomplete without mentioning supergravity [13].
As anticipated, the formulation of the problems studied in [33, 34] and this paper has
natural super extensions. To make our discussion more focused, let’s restrict ourselves
to the ¢ < 1 case.

The quantum state space of 2D supergravity has the same form as (1.3). The grav-
itational sector is now given by the super Liouville theory with the Neveu-Schwarz
algebra Vir™S, or the Ramond algebra Vir®, being the underlying symmetry. This
symmetry is generated by the stress energy 7" and its superpartner G:

T=— %(&p)z +idp + %aww + % 272, (3.115)
G = ipdp + 2£0Y (3.116)

where y = 0(x = %) gives the Neveu-Schwarz (Ramond) algebra. Here ¢ is the spin
0 Liouville field and 1 is its spin % superpartner. Equations (3.115), (3.116) define a
super extension of the Feigin-Fuchs module.

We will restrict ourselves to the case in which the matter sector is one of the super
minimal models. The (p, ¢} model has central charge

_2p—9’

Cpg =1 g

(3.117)

where either p, g € 2N—1, ged(p, g) = 1 orp, g € 2N, p_;_q € 2N—1, ged (g, g =

1 (we follow the conventions of [40]). The primary fields &, , in this model have
conformal dimensions

L2 (2
A, =Pr—a —w-9" X (3.118)

’ 8pg 8
1<r<g-1, 1<s<p—-1, r—s8€2x-+27Z. (3.119)

The representation spaces of the model are the irreducible modules L(cp, 4, 4, s) over
Vir™ or VirR. (Note that the notations we use here are the same as those used in the
bosonic case.) Finally, the ghost sector is generated by the (super) conformal fields
(b, ¢), (8,7) of dimensions (2, —1), (3, —1) respectively.

Now the super versions of Problems 1 and 2 (Sect. 1) can be easily formulated
by replacing Vir by Vir™ (or Vir®), the minimal model representations and Feigin-
Fuchs modules by their respective super extensions, as discussed above. Recall that
in Sects.2 and 3, we relied heavily on the embedding structure of Verma modules
over Vir, in order to solve Problem 1. To our knowledge, the full embedding structure
of Verma modules over Vir™ (or Vir®) has not been worked out (see [40]). But one
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should anticipate that the super versions of Theorem 2.1 and 2.2 will hold. Actually,
one can answer at least half of Problem 1 in the super case without knowing the full
embedding structure. Namely (cf. Theorem 3.1) if

e=if L,
Vapg (3.120)
71 =1i€g] (qut+pr+€2qs),t€Z, €1,6 = %1,
Vapq
then
He (Vir™s, Virhs; L(cp,q, Ar,s) ® Fe ) 0, (3.121)

A similar statement holds for Vir®. The proof requires the use of Rocha’s character
formulas [40] for L{cp 4, Ay o). Problem 2 in the super case also requires some further
work. One should first construct Felder’s resolution for the super minimal model
representations L{cp 4, Ar s). One can then apply our rotation trick to compute the
BRST homology exactly just as we did in the bosonic case (Sect. 3).

We can also compute the scaling dimensions of those physical states (3.121) cor-
responding to the super Liouville charges (3.12). Imitating the arguments in [33], we
obtain a gravitational dressing equation for each non-trivial BRST invariant state:

X 1 1
A2~ —Q)= = .
=3 ala — Q) 5 (3.122)
where a = (€ — ), A € {ay, bt }iez,
_ Qpgt+pr+gsf—(p—gf X
ay = 3 + g )
Pq , , (3.123)
_Cpgt+pr—gs) —@—-9° | X
bt = + <
8pgq 8

When A = by, Eq. (3.122) reduces to the one obtained by [13]. From (3.122) and
applying Seiberg’s condition, we obtain the dressed dimensions

Ao @ _ |2pgt + pr + gs| — myp 4
Ulow ptg—mp,

, (3.124)

where t € Z, ¢ = £1 and (r, $) range over (3.119). Here m,, 4 is the minimum value
of |pr — gs| as (r, s) range over (3.119).

This completes our discussion of supergravity in the conformal gauge. We now
turn our discussion to a different problem.

In Sect. 3, a key step for computing H %+*(Vir, Virg; Fe,p @ L(cp,q, Ars)) wWas to
consider (Eq. (3.26))

Heg 1 (Vir, Vito; F  ® Fir ) =7, (3.125)

where &, 7', £, n satisfy certain conditions. In our earlier work on ¢ = 1 gravity,
we also encountered the same problem (3.125). This problem can be generalized
mathematically to the case when &', 7/, €, n are completely arbitrary. The solution to
this problem may eventually be useful for studying ¢ > 1 matter coupled to gravity.
Thus it is interesting to work out (3.125) in complete generality. It turns out that our
rotation trick (Proposition 3.2, Sect. 3; Proposition 2.1 [34]) works equally well in the
general case. Specifically, the BRST homology is completely determined by values
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of the two fundamental SO(2, C)-invariants: the symmetric and the anti-symmetric
2-forms.
Proposition 3.6. Let &', 0/, &, n € C. (a) If € + €% # =2, then

Hsg y(Vir, Virg; Fy,y @ Fr y) = 0 (3.126)

for all n.
(b) If €% + ¢ = —2, then

ngngn(Vir, Virg; Fe .y @ Fr )
= Hag on(VIn, Vito; F_; 5 s vaenermye ® Foivaen—¢my) 3.127)
for all n.

Note that in case (b), the right-hand side of (3.127) has already been calculated
explicitly (see Corollary 2.3 and Theorem 2.5 in [34]).

Appendix A. Resolutions

In this appendix, we illustrate how to compute semi-infinite homology using reso-
lutions and spectral sequences. Throughout this appendix, let % be a Z-graded Lie
algebra, .4 C %, be a subalgebra which acts semi-simply on % via the adjoint
action, and Vi, V, V', V" be Z-graded %% -modules in which . acts semi-simply.
Moreover, assume each .%,,, V,, etc. is finite dimensional.

Proposition A.1. The functor Cg (%, 4; V1 ® —) is exact. That is, if
0-V -V -=V"-0
is exact, then
0— Cx 1 (F, 4 V10V) = Co  (H, 4,10V
— C%Jr*(%,%; VievVh—o0

. o .
is an exact sequence of 7-cham complexes.

Proof. Recall that
Cp il T, A V1@ —) = (- @VI @ Ag 54 H) 7, (A1)

where Aeo 4, “#) denotes the subspace of Ag 1,9 annihilated by all «(z), T € 5.
Now

0-V'® Vi ® /\%+*%’L(-/Z) SVeWe A%+*%L(Jﬂ)
= V'QVi@ Ag TP =0 (A.2)

is clearly exact as a sequence .-£-modules. Now by assumption, each term in (A.2)
is semi-simple. This immediately implies that the sequence of .4-invariants

0= (V' @V ®Ag TV - (VO VI @ Ao A}
- {V'eVi® /\%H%’M)}-/z -0 (A3)

is also exact. O
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Let N be a % -module. An exact sequence of .% -modules:

M B M BN S0 (A4)
is called a resolution of N. In this case, one has
Kerg;, 1 =Im¢; >0, (A.5)
N 2= My/Im ¢, . (A.6)
Thus the truncated sequence
M 2 My =0 (A7)

is also exact except at the zeroth dimension. By (A.5), (A.6) this sequence is a chain
complex {Mx, ¢« } with homology

Ho(My, ¢4) = 6,,0N . (A.8)

By abuse of language, we will also call the sequence (A.7) a resolution of N. More
generally, given a sequence of % -modules

M A MM (A.9)
with
Kergs = Imoir,, 70, (A.10)
Im ¢; C Ker dy, (A.11)
N 2 Ker ¢/ Im ¢; , (A.12)

we called {Mx, ¢} a (2-sided) resolution of the % -module N. Our goal is to make
use of this extra structure of N, to study the ?—homology

By Proposition A.1, the functor C’% (F, 4, V] ®—) preserves exact sequences.
Let’s abbreviate it by

C%_,_*— ZC%_H(%',J@;VUXJ—). (A.14)
Thus given a resolution (A.9) of N, we get a sequence of vector spaces for each 7,
# &
= O My = Coo My = O My — - (A.15)
which is exact except at the zeroth dimension. It clearly remains so if we replace the

induced maps ¢ by
def

8% (—1yre). (A.16)

Since the ¢} are induced by the module maps ¢;, they commute with the %—
differential d. Thus by (A.16), we get an anti-commutative diagram

Ce 1 M, LN Csor1 M,
al al . (A.17)

d
0922.;_7~Ms_1 R C°—2°-+T—1Ms~l
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This means that {Cs . Mx, d+ A} is a double complex. Let’s calculate the “vertical”
homology of (A.17), H*(C%HM*, 0). But this is just the homology of (A.15):

Ker(¢6:C%+TM0 — C%—}—TM—I)
Im(qﬁ{) . C%_H.]\/ﬁ — C%HnMo)

Ho(Cg4r M, 8) = b0 (A.18)

Once again, by the exactness of C%Jr*—, we have

Ker(qzﬁf):C’%MMo — Co 1y M_)) = Coy . Kergo, A19)
Im(¢):Coe . My — Copyp Mo) & Cp i Im gy, .

and
C%M Ker ¢y
0 m
= 6n,0Cp 4 (Ker o/ Im ¢1)
2 5,005 4o N . (A.20)

Hn(c%+rM*: a) = 5?1

Now consider the double complex (A.17). Recall that C% 1«Mx is a Z(deg)-graded

space with degd = deg @ = 0. So, we can restrict to a deg-homogeneous subcomplex
{C’%MM»< [m],d + 0}. We make the following assumption: for fixed m,

Cg M [m] =0 for all s sufficiently negative. (A2D)

In all of our applications, this assumption will hold. Now associated with the double
complex are two standard filtrations:

1FP(CeMIml, = ) CwxrM,Im], (A22)

7t+s=n
r<p

2FP(CeMml, = P CgirMlml. (A.23)

r+s5=n
s<p

Using the assumption (A.21) and that we are holding m fixed, one can easily show
that both filtrations are finite. Thus [25] we have two spectral sequences (; E,[m]), >0,

@E.[m]).>0 which converge finitely to the graded objects associated with
Hy(Csp Mlm],d + 9).

Proposition A.2. Ler
..__)Ml_)MO_>M_1_)...

be a (possibly 2-sided) resolution of 7% -module N satisfying assumption (A.21). Then
for each m, there is a spectral sequence (E,[m])n>0 such that

Em] = He g o(F,.4; Vi © Mp)[m],
EPm] = Hy(Hs 14 (T, 45 Vi @ My), 9) [m],

and converges finitely to the graded object associated with H*(C%M [m],d + &)
(induced by the filtration {ZFP(C% MmD)}pez). Moreover,

Hy(Cp Miml,d +8) = Hyp  (F,4: Vi ® N) [m].
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Proof. Take (E,[m])n>0 to be QE,[m])n>0 above. Computing the first two terms
[25], we get

EyS = Hy_p(Coo 1. My[ml, d)
= He o o(H, 4V ® My)m],
EYY = Hy(Hsp g p(F, A4V @ My),0)[m].
To get the third claim, we use {; E,[m]}n>o:
1Egm] = Hyp(Csp . Mi[m], 8)
o q_p(C%ﬂ,M*, 0)[m]
2 6p,4CopNIim],
1BP? = HyHy—p(Cey. Mx[m], 0), d)
2 §4,pHp(Cxp 1. Nm), d)
% 6, pHeg 1p(F, 4. Vi ® N) [m].
This immediately implies that the spectral sequence {;E,[m]}n>o collapses:
(BT = B 2 Gy pHg i p(F, A4 Vi @ N) ).

But this spectral sequence converges finitely to the graded object associated with
Hp(C’% M[m],d + 9). Thus

Hy(C MIm),d+8) = He (%, .4 Vi@ N)[m]. O
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