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Abstract: We study the initial value problem for the Whitham averaged system
which is important in determining the KdV zero dispersion limit. We use the hodo-
graph method to show that, for a generic non-trivial monotone initial data, the
Whitham averaged system has a solution within a region in the x-# plane for all time
bigger than a large time. Furthermore, the Whitham solution matches the Burgers
solution on the boundaries of the region. For hump-like initial data, the hodograph
method is modified to solve the non-monotone (in x) solutions of the Whitham av-
eraged system. In this way, we show that, for a hump-like initial data, the Whitham
averaged system has a solution within a cusp for a short time after the increasing
and decreasing parts of the initial data begin to interact. On the cusp, the Whitham
and Burgers solutions are matched.

1. Introduction

In this paper, we study the Whitham averaged system:

Bit + (B, P2, B3P =0, i=1,2,3, (1.1)
where
BB Ba ) <2081+ o+ o)+ 4GB — P g
(BB B3) =281 + B+ o)+ 482 = B g s
(B BaaBs) =208 + Ba+ o)+ 4B = B s s (12)
and
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K(s) and E(s) are complete elliptic integrals of the first and second kind. Equation
(1.1) was first found by Whitham [17], and its hierarchy was found independently
by Lax and Levermore [7, 8], and Flaschka, Forest and McLaughlin [3].

The zero dispersion limit of the KdV equation can be determined by an initial
value problem of the Whitham averaged system (1.1) and its hierarchy [7, 8, 16].
This initial data is the same as the KdV initial data. Solutions of the different
systems of the hierarchy are matched naturally on the phase transition boundaries.
In particular, the Whitham solution of (1.1) would match the solution of the Burgers

equation:
B:+6BB:=0

on the boundaries separating the Whitham and Burgers solutions. The Burgers equa-
tion and the Whitham averaged system (1.1) are the first and second members of
the Whitham hierarchy, respectively.

The investigation of the initial value problem of the Whitham averaged system
began with Gurevich and Pitaevskii [4]. They solved the initial value problem of
system (1.1) for step initial data, and studied numerically the case of cubic ini-
tial data. However, the structure of system (1.1) and its hierarchy was understood
only during the last decade. Dubrovin and Novikov [1, 2] developed a geometric-
Hamiltonian theory for the hierarchy. Based on this theory, Tsarev [15] was able
to prove that each member of the hierarchy can be solved by a hodograph method.
This method was put into an algebro-geometric setting by Krichever [5]. Using the
Tsarev—Krichever approach, Potemin [10] and Wright [18] managed to solve the
initial value problem of system (1.1) for cubic and cubic like initial data, respec-
tively.

Another way to make use of Tsarev’s hodograph method is to further transform
system (1.1) into a linear overdetermined system of Euler—Poisson—Darboux type
[11, 12, 13],

& o 0
2(ﬁl—ﬁ1)6_’%_aqﬁ_j=%—2%> iaj:15233:
9B, B,B) =f(B), i=*j, (13)

where x = f(u) is the KdV initial data. Part of this result was also obtained by
Kudashev and Sharapov [6]. All the other members of the Whitham hierarchy are
also connected with higher dimensional linear overdetermined systems of Euler—
Poisson—Darboux type [14].

System (1.3) has a unique solution, and its solution can be written down expli-
citly. This explicit expression of solution to system (1.3) enabled the author [11, 12]
to solve the initial value problem for decreasing initial data with only one inflection
point.

In this paper, we consider the initial value problem for the Whitham averaged
system for generic decreasing and hump-like initial data. We show that for a generic
decreasing initial data, the initial value problem for system (1.1) has a solution for
t bigger than a large time. Tsarev’s hodograph method is modified to solve system
(1.1) for hump-like initial data. We show that the Whitham averaged system has a
solution for a short time after the increasing and decreasing parts of the hump-like
initial data begin to interact.

This paper is organized as follows. In Sect. 2, we describe in detail the initial
value problem and the hodograph method. The Whitham averaged system in the
case of generic decreasing initial data is solved in Sect. 3 for large time. In the last
section, we solve the initial value problem for hump-like initial data.
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2. A Hodograph Method

In this section, we describe the initial value problem of the Whitham averaged
system, and introduce the hodograph method. Properties of system (1.1) will be
discussed, and some known results will be presented.

Consider a horizontal motion of an initial curve u = uy(x). Each point on the
curve has a different speed. Initially, the curve is expressed by a single valued
function u = fi(x,¢), and the motion of each point is given by the Burgers equation:

ﬂt + 6ﬁ/3x =0,
B(x,0) = up(x) . 2.1)

At a later time, the evolving curve can only, in general, be given by a multi-valued
function with an odd number of branches: u = f;(x,1),k = 1,2,...,2g + 1, where
Prg+1 < Pag < --+ < P1. These branches move according to the (g + 1)th system
in the Whitham hierarchy. In this paper, we concentrate on the three branch case.
Therefore, the motion of B, f2 and B3 is governed by the Whitham averaged system
(1.1).

Within the multivalued region, B}, f» and ff; satisfy system (1.1) while outside
it, the single branch f is given by the Burgers equation (2.1). The Whitham and
Burgers solutions are matched naturally on the boundaries.

a) At the trailing edge:

B = the Burgers solution defined outside the region .

Ba=Bs . (2.2)
b) At the leading edge:

Br=58. v

B3 = the Burgers solution defined outside the region . 23)

The initial value problem of the Whitham averaged system is to determine the
multibranches 1, >, and f; with boundary conditions (2.2) and (2.3) from the
initial curve u = uo(x).

Complete elliptic integrals K(s) and E(s) have some well-known properties. As
—1 < s < 1, we have:

tu
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n s 9, 1-3---2n—1)\?
= 24 Bt S RS TN 24
K(s) 2[1+4-|-64s+ +( Ao s" + (2.4)
R s 3, 1 13-.@n=D\* ,
E(S)_E[I_Z*s_ﬁ—” —2n—1< 24--2n )s
(2.5)
while, as 1 — s <« 1, we have:
1 16
~— 2.6
K(s)m5log — (2:6)
1 16
~ —(1— -1} . 2.7
Es)=1+ 4(1 5) [1og T 1] 2.7)
Furthermore,
dK(s) E(s)—(1—s)K(s)
= 2.8
ds 25(1 —s5) ’ 28
dE(s) E(s)—K(s)
= ) 29
ds 2s (29
It immediately follows from (2.4) and (2.5) that:
1— ¢
LI {C) 2 for0<s<l. (2.10)

=1 “Es " T-s
Using (2.10) in (1.2), we obtain: for §; > fi, > B3,

A =21+ B+ B3) >0,
la—=2B1+B+PB3) <0,
A=2(B1+ B +B3) <O0. 2.11)

By (1.2) and (2.4)+(2.7), we find that A;, 1, and i3 have behavior:
1) At B2 = B3:
A1(B1, B3, B3) = 6P ,

A2(B1, B3, B3) = 43(B1, B3, B3) = 1283 — 6B . (2.12)
2) At By = B

M(B1, B, Bs) = 2(B1, Br, B3) = 481 + 285, (2.13)

A1(B1, B, B3) =6p5 . (2.13)

The Whitham averaged system (1.1) is a strictly hyperbolic and genuinely non-
linear system. In fact, we have [9]:

Lemma 2.1. For §; > B, > Bs,
i) Strict hyperbolicity:
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A1(Brs B2, B3) > Aa(Br, B, B3) > A3(Br, B2 Bs) - (2.14)
il) Genuine nonlinearity:

04i(B1, B2, B3) S
op;:
Other results are given in the next lemma [11, 12].

Lemma 2.2. For ; > f, > fs,
6113 3 /12 — )»3 6112

— < s < .
By  2B—PBs 0B

The most remarkable feature about the Whitham averaged system is that it can
be solved by a hodograph method. More precisely, we have [15]:

0, i=123. (2.15)

Theorem 2.3. If w;(B1, B2, B3)’s solve the following linear overdetermined system:

ow; . .
a—;)' = aij(ﬂlaﬁZsﬁ?’) [Wi - Wj] > L= 1’253 l=|=,] s (2‘16)
j
where
A
0B; L.
aj(BuuBoB) = 7, Lj =123 i), @.17)
i A
then the solution (B1(x,t), B2(x,1), B3(x,t)) of the hodograph transformation:
x:ii(ﬁl)ﬂ21ﬂ3)t+wi(ﬂlaﬂ23ﬁ3), i= 152’3 (2-18)

satisfies system (1.1). Conversely, any solution (i1, 2,B3) of system (1.1) can
be obtained in this way in the neighborhood of (xo,t) at which B;y’s are not
vanishing.

We shall use the hodograph transform (2.18) to construct the Whitham solution
satisfying boundary conditions (2.2) and (2.3). First, system (2.16) needs to be
solved for w;(B1, B2, 3)’s. In this respect, we want to understand what kinds of
boundary conditions should be imposed on w;(f1, B2, f3)’s.

Clearly, the Burgers solution of (2.1) outside the multivalued region satisfies
the characteristics equation:

x=6pt+ f(B), 2.19)
where f(u) is the inverse function of the decreasing initial data u = ug(x).
By (2.2), (2.3), (2.12), (2.13), (2.18) and (2.19), we see:
At the trailing edge:

wi(B1, B3, B3) = f(B1) ,
wa(B1, B3, B3) = ws(B1, B3, B3) - (2.20)

Similar conditions hold at the leading edge:

wi(B1, B1, B3) =wa(B1, 1, B3) »
wi(B1, B, B3) = f(Bs) . (2.21)
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Motivated by the above observation, we consider system (2.16) with boundary
conditions (2.20) and (2.21). We shall explicitly construct all the solutions to this
boundary value problem. This is carried out in the next two theorems [11, 12].

Theorem 2.4. If q(B1, B2, f3) is a solution of:

o2 0 0
28, — ﬂf)aﬁaqﬁ, a—; . a—i, ij=123, (2.22)
9B, B, B)=f(B), i*J, ’ (223)
then (wy, wy, w3) given by:
wi(ﬁl,ﬂz,ﬁa)— [4: “2(ﬂ1+ﬁz+ﬂs)] 6/3 +q, i=123 (2.24)

solves the boundary value problem (2.16), (2.20) and (2.21). Conversely, every
solution of (2.16), (2.20) and (2.21) can be obtained in this way.

Theorem 2.5. The boundary value problem (2.22) and (2.23) has a unique solution.
This solution is symmetric, and is given by:

) lf(1+u1+Vﬂ +1+u1 lag | —uﬁ3)
Q(ﬂ1,ﬁ2,53)= ff
V2r ) V(A = p)(1—=H?)

The hodograph transform (2.18) with w;’s given by (2.24) and (2.25) needs
to be solved to produce the solution to system (1.1). More precisely, we have
[11, 12]:

Theorem 2.6. Consider a decreasing initial data x = f(u). Suppose that f(u) has
only one inflection point and that f"'(u) < 0 beyond this inflection point. Then
the hodograph transform (2.18) with w;’s given by (2.24) and (2.25) can be solved
for B1,B2 and B3 within a cusp in the x-t plane for all time after the breaking
time of the Burgers solution of (2.1). Furthermore, these By,fB, and B3 satisfy
boundary conditions (2.2) and (2.3) on the cusp.

Theorems 2.3 and 2.6 immediately establish [11, 12]:

Theorem 2.7. Under the conditions of Theorem 2.6, the Whitham averaged system
(1.1) has a solution (B, B2, P3) within a cusp in the x-t plane for all time after the
breaking time of the Burgers solution of (2.1). Furthermore, this solution satisfies
boundary conditions (2.2) and (2.3) on the cusp.

dudv. (2.25)

Local conditions on f(u) will give short time results [11, 12].

Theorem 2.8. Consider a decreasing initial data x = f(u). Suppose that u* is
the inflection point that causes the breaking in the Burgers solution of (2.1), and
that " (u) < 0 locally in a deleted neighborhood of u = u*. Then the Whitham
averaged system (1.1) has a solution (p, B2, B3) within a cusp in the x-t plane for
a short time after the breaking time of the Burgers solution of (2.1). Furthermore,
this solution satisfies boundary conditions (2.2) and (2.3) on the cusp.

A hump-like initial data can be decomposed into a decreasing and an increasing
data. It is known that the decreasing part causes the Burgers solution of (2.1) to
blow up, while the increasing one does not. These two data would not interact
with each other for a short time after the breaking of the Burgers solution. As a
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consequence, a short time result similar to Theorem 2.8 holds for a hump-like initial
data [11, 12].

Theorem 2.9. For a hump-like initial data whose decreasing part satisfies condi-
tions of Theorem 2.8, the Whitham averaged system (1.1) has a solution (f1, B2, b3)
within a cusp in the x-t plane for a short time after the breaking time of the Bur-
gers solution of (2.1). Furthermore, this solution satisfies boundary conditions (2.2)
and (2.3) on the cusp.

3. Large Time Results for the Whitham Averaged System

In this section, we study the initial value problem for the Whitham averaged system
for large time. We shall show that for generic decreasing initial data, the Whitham
averaged system has solutions after some large time. The main idea is to use the
hodograph method to solve the Whitham averaged system for large time.

For convenience, we consider a smooth decreasing initial data u = uo(x) which
is bounded at the infinity:

lim uy(x)=a, lim wy(x)=>~.
xX——00 x—+00

Other types of decreasing initial data will be considered later in this section. The
inverse function x = f(u) of the initial data is defined over (b,a), and behaves as:

li_rgf(u) = —00, ii_ir},f(u) = +00. 3.1)

First, we have:

Lemma 3.1. Consider a decreasing initial data x = f(u) defined over (b,a). Sup-
pose that in addition to (3.1), f(u) satisfies:

f”l(u) <0

in the neighborhood of u=a and uw=>5. Then there exists a > 0 such that

q(B1, B2, B3) of (2.25) satisfies:

3
—_— s P, <0, k=12andi+j+k=3
6ﬁ’16ﬂ§5ﬂ’3‘q(ﬁ1 B2, B3) J
fora>ﬂ1 gﬂzgﬁ_‘g >band5>ﬁ3—b>0.

Proof. We first claim that

f"(w) <0, in a neighborhood of u =a;
f"(u) > 0, in a neighborhood of u=5. (32)

We shall prove the first inequality by contradiction, and the second one can be
shown in the same way. Suppose that the first inequality of our claim does not
hold. Since f""(u) < 0 in the neighborhood of u = a, we must have f"(u) > 0
near u = q. This implies that f’(u) is increasing in the neighborhood of « = a, and
that therefore, f/(u) is bigger than a constant when u is near a. A simple integration
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would prove that f(u) is bounded from below in the neighborhood of u = a. This
contradicts the assumption (3.1), and the claim is justified.
It immediately follows from (3.1) and (3.2) that

lim f'(u) = —o0, lirr})f'(u) = —00. (3.3)
u—a u— .
Choose @ and b; such that a > a; > b; > b, and that
f""(u) < 0, outside (by,ay) .
By (2.25), we obtain:

63
6ﬁ’8ﬂ’26ﬂkq(ﬂl’ﬂ2’ﬂ3)
B[ FENE — By — £ Yde » »
cf S : (B — Y31 — B2y ~han
173 n- [33)2

for a > f, > B, = B3 > b, where
1
2n(f1 — P2 Y7
Since f"'(u) < 0 outside (b1, a1), it suffices to show that there exists a > 0 such
that

C =

[ 17@E ~ B3 Hin — & 4dE < 0, forall n 2 by @5
B3 |

when 0 < ff5— b < 4.
For a fixed small ¢ > 0, we have:

ﬂfnf”’(é)(é _ Byi(n — & hae
3

# o . b1 —¢g o 1
J o = B3 (g — & 2de + f SYENE = B) (- &) 2d¢

by —eg

gbf FENE — Bs)Hn— B hde+ ot f "FIENE — By ) HdE
178
(3.5)

The first term is uniformly bounded for all 3 € (b,a) and 5 € [by,a), and the
second one can be decomposed into:

b1~ L
,;f S"(ENE - Bs)Tde
3

= (b —& — P3)f"(b1 — &) — f'(br — &)+ f(f3), wheni+j=1
or

= (b1 — & — Ba) (b1 — &) — 2(b1 — &9 — B3) f'(b1 — o)

+2f(by —&)—2f(B3), wheni+jj=2.
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This when combined with (3.1) and (3.3) proves:
b]—&o o
[ @) (&= B3YHdE — —o0, as 3 — b,
B3

which together with (3.5) implies (3.4). Therefore, Lemma 3.1 is proved for the
case B; > f» = Ps. The rest of Lemma 3.1 will be shown as follows.
At B1 = B,, by (2.25) we have

3

0 1
, B2, =C 17 i+j k—id ,
63’6ﬂ’26ﬁkq(ﬁ1 B2, B3) = 1ff (ENE~ B3y ™ (B — ) 248
where
1
C = (1+v)’_7(1—v)’*7dv
21in(By — mﬂf
This and (3.4) prove Lemma 3.1 at §; = 5. The proof of Lemma 3.1 is completed.
We need the next two lemmas.

Lemma 3.2. Under the conditions of Lemma 3.1, we have:
b
lim
pr—a [3{ VE— B3
m [
S ﬁ Ve /33

Proof. By (3.2), we can choose a; and b, such that ¢ > a, > b, > b, and that

(B1— &)dE = —oc0, for each B3 € (b,a),

—&dE =+  for each By € (b,a).

f'(w) <0, foru>a,
f"(u) >0, foru<b.

For each B; € (b,a), we can choose a, such that max{f;,a,} < @, < a. Thus,

11O 5 pyag
B VE— B3

B &
=_f+f

" a ”(f)
d
ﬂ1 ﬂ“{f ()BL—9) €+f\/_ﬂ3

=m[ (@)1 — @)+ f(B) — f(@)]

oy
+f¢ =5

for 81 > a,. This and (3.1) prove the first limit of Lemma 3.2.
As to the second limit, for each f; € (b,a) we choose b, such that b < by <
min{f1, b, }. Therefore,

(B — &)deE

- §)d¢
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MG
—&d
B b

=+

52 ﬂ3

ﬁl ”(é)
> b Bs)] + B — &
= ,——-——2 3[f( 2) f( 3)] f /———ﬁ3( 1 ) f

for B3 < b, which when combined with (3.3) proves the second part of Lemma
3.2.

In the same way, we can prove the next lemma.

Lemma 3.3. Under the conditions of Lemma 3.1, we have:

A
ﬂlligaﬂff"(é)(ﬁ ~B3)V By — ¢dl = —oo, for each By € (b,a)

B
ﬂlzi_n}bﬂff"(i)(i ~B3)V B — &d& = +oo, for each By € (b,a).

We are now ready to use the scheme of Sect. 2 to solve the Whitham averaged

system for large time. We need to solve system (2.18) with w;’s given by (2.24)
and (2.25) for B, > and f; as functions of (x,¢).

System (2.18) is simplified as follows. Eliminating x from (2.18) yields:

F(t,p1,B2,83) =0

G(t,B1,$2,3) =0, (3.6)
where

F =t +w)— (Aot +w2),
G =Mt +wy)— (A3t +ws3).
Substituting (1.2) and (2.24) into system (3.6), we obtain:
F(t,p1,B2,$5) =0,
G, B1, B2, B3) = 0, 3.7)
where

F(t,B1, B B3) = %

N —1_ lﬁq— ul 1 g
=4 E(s) (t-i- 2651) + E(s) — (1 — )K(s) ( 25/32)}
G(t, 1, B2, B3) = G_((’ﬂlj_l_l?%

(1 — $)K(s) t+lﬁl>
E(s) — (1 = s)K(s) 20p,

K(s) 1 dq
+ﬂw—mno+iﬁﬁ}‘ G®
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Clearly, system (3.6) is equivalent to system (3.7) in the region B; > B > fs.
The reason to consider system (3.7) is obvious from the fact that system (3.6) is
degenerate at the trailing edge (f> = f$3) and leading edge (f; = f2), while system
(3.7) is not. We shall first solve system (3.7) at both the trailing and leading edges.

Lemma 3.4. Under conditions of Lemma 3.1, there exists a t~ > 0 such that
system (3.7) has a unigue solution (B (t),B5 (¢), 55 (t)) with py(t) > B, () =
B (t) for all t > ¢~

Proof. Using (2.4) and (2.5) in (3.8), we find:

F(t,ﬂl,ﬂz,ﬂ3)=%[(l+;s+ 8725 +- )(H—*———)

11 1 oq
21 b e ) (0]
é(t,ﬁl,ﬁzaﬁ3)=*—4[(1-:;;S'l‘"‘) 2(p — ﬁa)aﬁ T2

+(~%+...) <,+%§/%>] (3.9)

Therefore, at the trailing edge f, = fB; where s = 0, (3.7) becomes:

6t + :1?1 ;;’3 =0,
20~ B 3 [ 3 -
Substituting the first equation into the second one, and using (2.22), we obtain:
Uvﬁb&)=&+'B(mﬁ%m)+zﬁ(&ﬁ$&)* (3.10)
V(Br.fs) = 8;3 7 (ﬁlaﬁ&ﬁ3)+4aﬁ o5 b =0 GID

By Theorem 2.5, (2.25) can be rewritten as:

(A + B + 1540 )

V(= @)1 -v?)

1 L 1
q(ﬁl’ﬁbﬁ:i): 2\//2—717 -j;_fl dﬂd\’

Substituting this into (3.11), we have:

7 (55 + 54
V(ﬁlug3) \1/6_2{ ( 2m2 1) (1+.u')dlu

1 herre)
= B~ &)dé
i VR
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First we want to solve (3.11) when f; is close to 5. Choose a fixed ﬁl €
(b + 6,a), and it follows from the second limit of Lemma 3.2 that we can find a
B3 € (b,b+ ) such that

V(BB >0,
where ¢ is given in Lemma 3.1. On the other hand, by the first limit of Lemma
3.2 we can also find a f; > B, such that

V(B,B3) < 0.

These two inequalities show that there exists a f7 > f3 such that
V(B1,B3)=0

Denote ¢~ by

H

(.Blsﬂsaﬁ3)+2 (ﬁla53aﬂ3) >0. (3.12)

[5/3 P

where we have used (2.25) and the assumption that f + < 0 in the inequality.
Hence, (¢, B}, B5) satisfies (3.10) and (3.11), and B5 € (b,b + J). Before we pro-
ceed, we need the following lemma.

Lemma 3.5. Under the conditions of Lemma 3.1, we have:

o’ Pq oq
= <0, — <0,
0p10B2  0P10Bs op?
an _ azq _ 02q

>0

24 _"4 _3 29
o3 OB " 0.0
on the solution (B, B3, B3) of (3.11), wherea > 1 > B3 > bandé > 5 —b > 0.

Proof. By (2.22), we have:

d*q dqg 0q
2(p1 — Bz)@ﬁaﬁ B

Taking derivative with respect to fi3 yields

&q &q Pq
- =2b - B sz mnan
0p10Bs  0P20Bs 0B16B2005
This and Lemma 3.1 imply '
&q &q

< ,
0B10Bs ~ 0P20Bs
which together with (3.11) proves:
_Pq ., _Pa
00Bs ~ 7 0p10Ps

The rest of Lemma 3.5 can be shown in the same way.

<0.
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We now continue the proof of Lemma 3.4, Using (3.11), Lemma 3.1 and Lemma
3.5, we calculate partial derivatives of U and ¥ on the solution (f1, 83, f3) of (3.11),
where f3 € (b,b + 0):

WU Pq q

42— <0,
opy ~ apF " “opiops
2 2
U _, 04 404 _
ops 0p1085 0p20P3
oV P q > q
= +4 <0,
opr  0Pops 0P10pa0Bs
3 3 3 3
ov__0a__, 94 1 +4s 0, %4 _,

s 0B13P:0Bs OB} B3Oy 0B20B3
Therefore, by the Implicit Function Theorem, (3.10) and (3.11) can be solved for:

Py (8) = A(t), B3 () = B(2) (3.13)

in the neighborhood of ¢~, where ¢~ is given by (3.12). It can easily be checked
that A(¢) and B(t) are increasing and decreasing with time, respectively. Therefore,
B3 () keeps closer to b as ¢ increases. Repeat the Implicit Function Theorem; we
see that (3.13) are defined for all ¢ > ¢~. This proves Lemma 3.4.

At the leading edge f; = ff; where s = 1, it follows from (2.6), (2.7), (2.22)
and (3.8) that system (3.7) turns out to be:

t+ '2‘ aﬂ (ﬁlaﬁl>ﬁ3) =

t+ Eﬁ‘(ﬁlaﬂlaﬁﬁ (3.14)

In the same way as we handle Lemma 3.4, we can use Lemma 3.3 to solve the
above system for f; and B3 as functions of ¢. Therefore, we have:

Lemma 3.6. Under conditions of Lemma 3.1, there exists a t+ > 0 such that sys-
tem (3.7) has a unique solution (B (¢), B (1), B3 (1)) with Bi(t) = B5(t) > B (1)
for all t > .

The following lemma is obvious.

Lemma 3.7. On the solution (t,B1, B2, B3) of (3.6) [or equivalently (3.7)] in the
region By > B, > P, we have:

HHIW) o for ij=1,23 i+).
op;
Proof.
At +w) _ 0 | om
0p; oB; 0B,

= a;;(B1, Ba, B3 ) (Jst + w;) — (it + wy)]
=0,
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where we have used (2.16) and (2.17) in the second equality, and (3.7) in the last
one. This proves Lemma 3.7.

By Lemma 3.4, (8 (¢),5,; (t),B; (1)) satisfies system (3.7). For each fixed
t > t~, we need to solve (3.7) for #;, and p; as functions of f, in the neigh-
borhood of B, (¢). This is carried out in:

Lemma 3.8. For each t > max{t~,t"}, system (3.7) can be solved for B\ and B;
in terms of B, in the neighborhood of (B[ (£),B; (t),B5 (¢)):

{ﬂx =M(B) (3.15)

B = N(B2)

such that B (t) = M(B, (1)) and By (t) = N(B, (¢)). Moreover, for B > B; (¢),
N(B2) < o < M(f2). (3.16)

Proof. Calculating first partial derivatives of (3.9) at (; (¢), B, (¢), B5 (¢)) and using
(2.22), we find:

ap T 26ﬂ2 6/315[?2 ’
oF 8[3 &4 g
_— — +_ :0’
b, = 4aﬁlaﬂ2 o3
LR WA
0fs 7w |0P20Bs  20P10fs 4 8B20p ’
A [ g 2 2
B 6ﬁ10ﬁz 40p10Bs  0P20Bs
3G 5 &g Bq
G ! 62q 3%
= = _4|=Z= .
T = e SE U ﬁs)aﬂ aﬁj >0,  (17)

where we have used Lemma 3.5 in the first inequality, (3.11) and Lemma 3.5 in
the second, third and fourth equations, and Lemma 3.1 and Lemma 3.5 in the last
two inequalities.
It follows from (3.17) that the Jacobian:
oF,G)
o(B1, B3)

is not vanishing at (87 (¢), B; (¢), B7 (z)). Hence, (3.7) can be solved for:
Br=M(B2), Bs=N(B2)
in a neighborhood of 85 (¢) such that B, () = M(B; (¢)) and B (t) = N(B, (¢)) for

t > max{t,t"}.
It follows from (3.7) and (3.17) that

N'(B7 (1) <0,
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which implies (3.16). The proof of Lemma 3.8 is completed.

Later, we shall show that, for each fixed ¢+ > max{¢~,¢*}, solutions (3.15) of
system (3.7) can be further extended whenever: N(f,) < f; < M(f,). The Jaco-
bian of system (3.7) with respect to (S, §3) has to be estimated along the extension.
This is carried out in the next lemma.

Lemma 3.9. Under conditions of Lemma 3.1, the following inequalities:

O(A1t +wy) O0(Azt +wy) O(Aat + ws)
—_— <0, —= >0, ——— <0
P 0P, 0ps

hold on the solution (B1, B2, Bs) of (3.6) [or equivalently (3.7)] in the region B3 <
B2 < P, where 0 < B3 —b < 6.

Proof. Using (2.24), we see that (3.6) is equivalent to:

[/11—2(51+ﬁ2+ﬂ3)]<l‘+16) [42 — 2(.31+ﬂ2+53)]< 1@;),

238 278
(3.18)

1 dg 1 oq

[Z2 = 2(1 + B2 + B3)] (t+ 5W> = [43 —2(B1 + B2 + B3)] (t+ 5%)
(3.19)
By Lemma 3.5,
Fa_ o P4 _o P4, (320)
0B10B> " 0B10Bs " 0p20ps |

at the trailing edge.

We claim that (3.20) hold for all the solutions of (3.6) with f5; < f < B
and 0 < B3 — b < 5. We justify the claim by contradiction. Suppose, otherwise,
for instance, at some point (/31, ﬁz, ﬁ3) on the solution of (3.6) with ,83 < ﬁz < B
and 0 < B, —b < &

Pq
0B20ps
which together with (2.22) gives:
Oq Oq PR
= =1 at(B,,p,5).
This when combined with (2.14) and (3.19) implies:
1 oq 1 oq
-1 _ = =0, 321
t+26ﬁ2 t+26ﬂ3 (321)
By (2.11), (3.18) and (3.21), we obtain:
1 dq
t+ 2 3p =0

which together with (2.22) and (3.21) gives:
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2 q &2 q 02 q

— - = 22
Bk - BB oBah (322)
at (ﬁl,ﬁz,/}3) where 53 € (b,b+ 9).
On the other hand, by (2.22) and Lemma 3.1:
62q 62q 63q
_ = < 0 323
3Bop ~ apaap 2P P g anehs (3.23)

at (51:32353)' . .
Equations (3.22) and (3.23) contradict each other. This proves the claim.
By (2.22), we have:

’q dq  Oq
281 - ﬂ3)6ﬂaﬁ 3 s

Differentiating this with respect to f; yields:

Pq &g
= = 2 3.24
R 6,8 % +2(B1 — ﬁ3) /526/3 (3.24)
where we have used (3.20) and Lemma 3.1 in the last step.
It follows from (3.20) and (2.22) that
Oq _ 99 _ 0q
< < 3.25
< " o (3:23)
which when combined with (2.11), (3.18) and (3.19) gives:
1 dq 1 0q 1 dq
t+ == t+ -— —— >0 26
+26/31<0 +26ﬁ2>0’ t+26/§3> (3.26)
on the solution (f1,B2,B3) of (3.6) in the region B3 < f2 < B; where f; €

(b,b+ ).
Therefore, by (2.24):

dat+w) A 1 9q 1
e = <t+ _—1) + 5[21 2(B +ﬁ2+ﬁ3)

<0,

6ﬁ2

where in the last inequality we use (2.11), (2.15), (3.24) and (3.26). This proves
the first inequality of Lemma 3.8.
Next we shall prove the rest of Lemma 3.8. By (2.22), we have:

_%1_ 9
5/3 5ﬂ3 op. s
Differentiating this with respect to f3 yields:
Pq_, %9 _,
op; " 020y
From (2.22) and (3.19), we obtain:

2(p2 — P3)

— P (3:27)

6/9 apz '
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(a h)ﬁ+§§f}+u3 2B1 + Ba + Bl (B2 — ) =0

which together with (3.27) gives:

613 0/3

Ja—ds (|10
52 2 (t+26ﬁ )+[/13 2(ﬂ1+ﬂ2+ﬁ3)]6

= 2[4 —

.33
2(B1 + B2+ B3)I(B2 — ﬁ3) /3 6ﬂ2
<o, (3.28)

where we have used (2.11) and Lemma 3.1 in the last inequality.
It follows from (2.24) that:

0(A3t +w3) _ 043 1 dq 1
T—@;G E—ﬂ—)‘l'i[/ls 2(ﬁ1+ﬂ2+ﬁ3)]6ﬂ3
3 /12 - /13 1 6q
<3p=p (r+37%) +5lh- M&+&+&%W

<0,

where we have used Lemma 2.2, (3.25) and (3.26) in the first inequality, and (3.28)
in the last one.

This proves the third inequality of Lemma 3.9. In the same way, we can prove
the second one. The proof of Lemma 3.9 is completed.

We are ready to solve (3.6) for f; and f; as functions of B, for ¢ >
max{t~, "}

By Lemma 3.8, system (3.6) can be solved for:

{ B = M(B2)
Bz = N(B2)
in the neighborhood of (87 (2), B; (¢), B5 (¢)), where B (¢) € (b,b + 6) for each ¢ >
max{¢~,¢"}. Furthermore, (3.16) holds if f, > B, (¢). We shall extend functions
(3.15) in the positive B, direction as far as possible. It follows from Lemma 3.7

and Lemma 3.9 that, along the extension of (3.15) in the region f; > f» > fs,
where f; € (b,b + 0), the Jacobian matrix:

oF oF
o ops
oG oG
B P>

is diagonal and that therefore, nonsingular. Furthermore, system (3.6) determines
(3.15) as two decreasing functions of B, and therefore, N(f,) € (b,b+ ) as f
increases.

This immediately guarantees that (3.15) can be extended as far as possible in
the region: f; > P2 > P with B3 € (b,b + 8). Since M(f») is decreasing, (3.15)
stops at some point 85 (f) where, obviously, M(B;(¢)) = B3 (¢). Therefore, we have
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shown that (3.7) determines f$; and B; as decreasing functions of f, over interval
(B (#), B ()]
Let
BI(6) = MBS (1), B (1) =N(BF ().

Clearly, (B{(r),B5(t),B(¢)) solves system (3.7) at the leading edge f; = f,.
Hence, these S} (¢), p5(¢) and Bi(¢) are exactly the ones appearing in Lemma 3.6.
Substituting (3.15) into (2.18), we obtain:

x = A(M(B2), B2s N(B2))t + wa(M(B2), B2, N($2)) ,

which by Lemma 3.7 and Lemma 3.9 clearly determines x as an increasing function
of B, over interval [ (¢), B5 (¢)]. It follows that, for each fixed ¢ > max{t—,¢*}, p>
is a function of x over the interval [x~(¢),x"(¢)], and that so, therefore, are B, and
B3, where:

FE(t) = 2a(BY(0), By (1), B () + wa(BE(8), B3 (1), B (1)) - (3.29)
Thus, (2.18) can be solved for:

ﬁl = ﬁl(xat)’ ﬂZ - ﬂ2(x’t)9 /33 = ﬂ3(x>t)
within a region:
x7(2) < x < x¥(¢), fort> max{tr 1}, (3.30)

where x~ and x™ are given by (3.29).
Boundary conditions (2.2) and (2.3) can be checked easily. Therefore, we have
proved:

Theorem 3.10. Under the conditions of Lemma 3.1, the hodograph transform (2.18)
with w;’s given by (2.24) and (2.25) can be solved for By, B, and s as functions
of (x, t) within region (3.30) for all t > max{t~,t"}. Furthermore, these P, B,
and Bs3-satisfy boundary conditions (2.2) and (2.3).

Theorem 2.3 and Theorem 3.10 immediately give:

Theorem 3.11. Under the conditions of Lemma 3.1, the Whitham averaged sys-
tem has a solution (Bi(x,t), Ba(x,1), B3(x,t)) within region (3.30) for all t >
max{t,t*}, and this solution satisfies boundary conditions (2.2) and (2.3) on
the boundaries of the region.

Remark. Conditions of Lemma 3.1 are quite generic. For instance, it is easy to
check that these conditions are satisfied by decreasing initial data uy(x) with the
following asymptotes at the infinity:

1
uo(x)%b+|;|;, as x — +o0,

to(x) L as ‘
X)=Ra-— —z, X — —oc,
’ [P
where o, f§ > 0.

We conclude this section by considering the case when one or both of g and
b are infinite. In addition to the assumption that f’(u) < 0, we need to put extra
conditions at @ = +o0 or/and b = —oco. More precisely, we suppose
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f"(u) < 0, in the neighborhood of u = a if a = +o0,
limbf"(u) =400, ifb=-00. (3.31)
u—s

Under these conditions, it is easy to check that Lemma 3.1, 3.2 and 3.3 with
slightly different wording still hold when a = 400 ot/and b = —oo. Obviously, the
proof of Lemma 3.4-3.11 do not or only superficially depend on whether a or/and
b is infinite. Therefore, we have similar results in the case when the decreasing
initial data is not bounded at x = —oo or/and x = co.

Theorem 3.12. Consider a decreasing initial data x = f(u) defined over (b,a),
where a = +oo orland b = —oo. Suppose that in addition to (3.1) and the as-
sumption that f""(u) < 0 in the neighborhood of u = a and u = b, f(u) satisfies
(3.31). Then there exists a t* > 0 such that the Whitham averaged system has
a solution (B1(x,t), B2(x,1), B3(x,t)) within region (3.30) for all t > t*, and this
solution satisfies boundary conditions (2.2) and (2.3) on the boundaries of the
region,

As in Theorem 3.11, it is easy to see that the conditions of Theorem 3.12 are
also quite generic.

4. The Whitham Solution for Hump-like Initial Data

In this section, we consider the case of hump-like initial data. For convenience, we
assume the initial data to have a single extremum. We further normalize the initial
data such that
max  up(x) =up(0)=1.
—00 <X<+00
We denote f*(u) and f~(u) as the inverse functions of the decreasing and in-
creasing parts of u = up(x), respectively.

As in Sect. 2, the initial value problem is to solve the Whitham averaged system
for the multibranches f1,$, and f; from the initial curve u = up(x). Boundary
conditions (2.2) and (2.3) should also be satisfied on the trailing and leading edges.

The hodograph transform (2.18) when i = 1 after differentiation with respect to
x and use of Lemma 3.7 becomes:

_ O(Ast +wy)
B

Since the maximum of the initial curve is preserved along the horizontal motion,

the above equation indicates that (2.18) when i = 1 is singular at the maximum of

B1 (see Fig. 2.). A modification of the hodograph method is therefore necessary.
Instead of Bi, B, and B3, we introduce Xi(x,?)’s:

1 Pix -

Pi(x,t) = up(Xi(x,t)), i=1,23.

Later we will see that X;(x,¢)’s are monotone in x.
As a result, the Whitham averaged system (1.1) becomes:

)(l't + Ai(uo(xl )a uO(XZ), uO(x3))Xix = 07 i= 1!293 . (4'1)

The Burgers equation (2.1) becomes:
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Fig. 2.
X +6uy(X)X, =0. 4.2)
Figure 2 indicates that (X, X;,X3) should be restricted in the region:
STw(X2)) <X, fT(w(X3)) <X, X >0, and X3 > 0. (43)

Boundary conditions (2.2) and (2.3) are transformed to:

a) At the trailing edge:
X = the solution of (4.2) defined outside the multivalued region ,

Xo=X; >0. (44)
b) At the leading edge:
X=X >0,

X; = the solution of (4.2) defined outside the multivalued region. (4.5)

Therefore, the initial value problem of system (1.1) for the initial data u = uy(x)
becomes the initial value problem of the modified Whitham averaged system (4.1)
for the initial data X = x.

We want to use another version of Theorem 2.3 to solve system (4.1) for the
initial data X = x. Consider the hodograph transform:

x = li(uO(Xl )9 uO(X2)> uO(X3))t + PVi(Xl’)(ZaX3 )a i= 1,293 3 (46)
where Wi(X1,X2,X3)’s are determined by the linear overdetermined system:

oW, ' - e
é’f = aij(uO(Xl )’ uO(XZ), uO(X3))u{)(X})[HII - VV]]’ Lj= 1,29 33 i 4:.] s (4‘7)
J

and g;’s are given in (2.17).
We need to understand what kinds of boundary conditions should be imposed
on Wi(X1,X,X3)’s. The solution of (4.2) satisfies the characteristics equation:

x=6up(X)+X. (4.8)
By (2.12), (2.13), (44), (4.5), (4.6) and (4.8), we see that at the trailing edge:
WX, X3, X3) =X, X3 >0,
(X1, X3, %) = W3 (X1, X3, X3) . (4.9)
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Similar conditions hold at the leading edge:

WX, X1, X3) = Wa(X1, X1, XG), X1 >0,

W3(X1,X1,X:) =X . (4.10)

As a consequence, it is natural to consider system (4.7) with boundary conditions
(4.9) and (4.10). Similar to Theorem 2.4, we have:

Theorem 4.1. If O(X;,X;,X3) defined in region (4.3) is a solution of:

i’ a0 i}
X;0X; o X%

2[uo(X;) — uo(X;)] =

= , Lj=123i+j 4.11
P TTs ARETT A R Ts ALY Jj @1l

with boundary conditions:

QXX X)=X, forX>0, (4.12)
6Q(X£3}X§,X3)
2[ug(Xy) — uo(3)]—~— + OX1,. X3, X3) = X1, for X; <0,  (4.13)
ug(X1)
then (W1, W, W3) defined by:
VV,‘(XI,XE,X},)
1 9
= V{01, ), w0(83)) — 2o (0) + o) + o]

olAi

+ Q(XlaXZ:XE))a i= 1’233 (414)

solves the boundary value problem (4.7), (4.9) and (4.10).

Before we prove this theorem, we shall solve the boundary value problem
(4.11)—(4.13). This is carried out in the following theorem:

Theorem 4.2. System (4.11)~(4.13) has one and only one smooth solution in region
(4.3). The solution is symmetric with respect to X; and X, and is given by:

1 + (1=v 14y
X1, X, X3) = %.[;F(Xl’f ( 2 u(;(/fZ‘)};‘ 3 uo(X3)))

dv, (4.15)

where

FX,Y) =

1 [X SO

V(X)) —up(Y) {2\/%(5) — up(Y)
YT w) | 7 (5 + Bun)) du} |

2v2 V1i—u

Furthermore,
g}Q—l(Xl,Xz,Xﬂ
up(X1)

is also smooth in region (4.3).
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Proof. Under a change of variable:

£ ft (1—'—” 4 ”“uo(Y))

2
we obtain:
/T— ue(Y) fl fr (% 1+!‘u (Y))d _ 1}’ Eup(d) a¢
N T # # uo(8) — uo(T)
for Y > 0. This enables us to rewrite F(X,Y) of (4.15) as:
FOLY) - [ 7o) } 1
’ V(&) —ue(¥) | +/uoX) — uo(Y)

which under a new transform:

=t (1 B+ +”uo(Y))

becomes:

e (‘ Lty (X)) + 12 (Y))

J = dp
\/_ VIi—p

in the case that X = 0 and ¥ > 0. This allows us to write O(X1,X3,X3) as

FX,Y)=

0(X1,X2,X3)

LSt (B000) + 3 ) + S u0))
zfnflfl T-m(1-¥)

for X; = 0,X; > 0 and X3 > 0. Notice that (4.16) is exactly the same as

udv

(4.16)
(2.25)

in view of the transform f; = uo(X;) and the symmetry as stated in Theorem 2.5. It
immediately follows from (4.15) and (4.16) that O(X;,X3,X3) is smooth in region

(4.3). A simple calculation with (4.15) also shows that

%(XhXZaX:i)
uy(X1)

is smooth at X; = 0, and therefore it is also smooth in region (4.3).
We next rewrite Q(X;,X5,X3) as:

O, X, X3) = { 0 (uo(X1), uo(X2), uo(X3)), X1 < O
Q+(u0(X[),uQ(X2), uo(X3))’ X; >0

where

O*(B1, 2, Bs) = dv

fl G* (B1, 55262 + 1 Bs)
1 \/1 —v2

al-

(4.17)
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and

GH(a, B)

_ 1 A Euh(&) it +/1 (Tﬂ 1Tﬂﬂ)d
7| 4 e e

and A =4, —.
To prove that Q(X;,X;,X3) satisfies (4.11), it suffices to show that:
62 A d A 0 A
2Ap B = 2%
opiop; B 9p;

It is straightforward to use (4.17) to check that
02 v F.! A 0 )
2 —Pyo 2 = 0

0203 0B 0P

Since Q*(B1, B2, B3) is obviously symmetric with respect to 8, and fs, it is enough

(4.18)

to show that 200 -
Q" _90° o
2(pr - ﬁs)aﬁ Tl (4.19)
A simple calculation on (4.18) yields:
aZGi 6G’1 oG*
By (4.17), we have:
s — gy L1 12 855 (B 2B+ 28) 1 4 v
VT epieps  wl V-~ 2
2 A
2 fl [ﬁl — (1262 + 1328s) } Goag (B 152+ 15285) ¢ 4 v
N T V1—12 2
A
N lfl (B2 - ﬁ3)%igﬂ (B 32+ 1£28s) 1 - vzdv
T2y vV1—v2 2
A
1 (2% %) B 2h 8) 14y
N T2y V1-— v2 2
N lfl (B2 — ﬁ3)aaaﬂ(ﬁl5 228+ )1 32 5
Ty Vv1—+v2 2
o0h epr 11 &
R AL

, 1=y + I+v 2
E f 6a6ﬂ (.Bl i ﬁzvz 2 ﬁ3) 1 zv dv|(B2— B3), (421)
—1 vi—
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where we have used (4.20) in the third equality. Simply integrating by parts, we
can check that the last two terms of (4.21) cancel each other. This proves (4.19),
and therefore, system (4.11).

Boundary conditions can be checked as follows. At X, = X3, we have:

00 oF
o b}(Xl,Xs)

up(X1) p guj(£)
2(uo(Xl) - uo(X3))2 0 24/uo(&) — uo(Xs

N V1= up(X3) fl fr (“T" + 1%uo()fs))d N Xl (X7)
w2 Vi T 2luel) — uo(X3)]

which together with (4.15) yields (4.13). Boundary condition (4.12) immediately
follows from (4.16).

Finally, we want to prove the uniqueness of solution to the boundary value
problem (4.11)—(4.13). Suppose O(X1,X;,X3) and Q(Xl,Xz,X3) are two solutions.
Since the boundary value problem in question is a linear one, 0 = Q — O satisfies
(4.11) and boundary conditions (4.12) and (4.13) with homogenecous terms. In
the region X; > 0, X, > 0, X3 > 0, if we let X; = f(B1), Xo = f7(B2) and

= f*(B3), we have:

PO *(B1), fH(B2), fH(B3)) _ Q0 @ =123
0B;0p; op; o’ S

OU*(B). S (BLSH (B =0, i%/,
which by Theorem 2.5 implies:

2(B; — B))

0(X1,X,X3) =0, for X1,X,X; > 0. (4.22)

On the other hand, for X; < 0, condition (4.13) with a homogeneous term can

be rewritten as: 5
= [Vu(X) — u0(X)0(X1, X6, X3)] = 0
0x;
This and (4.22) at X; = 0 prove
0X1,X,X3)=0, forX; <0.
Using the notation X = f¥(B,) and X3 = f7(fs), by (4.11) we have:

PO, fT(Ba), fT(B3)) _ 80 20
0p20B3 B2 0B’

O, fH(B), f*(B)) =0, for X <0,
which by Lemma 3.4 of [12] gives:

2(B2 — B3)

OX1,X2,X;) =0, forX; <O0.

This and (4.22) proves the uniqueness, and the proof of Theorem 4.2 is completed.
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We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. For X;+0,1 = +,—, let

= fH B Xo = fH(B2). Xo = fT(By) - (4.23)
In this way, we write W;’s of (4.14) as:

Wi S (B, £ (B2, FT(B3)) =—[/11(ﬂ1,ﬁz,l33) 2(B1+ﬁz+ﬁ3)]aﬁ

+ QU MBS (B fT(B3)) -

In view of (4.11) and (4.23), Q(f*(B1), f(B2), fF(B3)) satisfies (2.22). By The-
orem 2.4, we obtain
ow;
ap;
which is equivalent to (4.7).
Boundary conditions can be checked as follows. The second condition of (4.9)
at the trailing edge follows from (2.12), (4.14) and the fact that Q(X;,X,,X;) is
symmetric with respect to X and X;. The first condition of (4.9) can be easily
verified using (2.12) and (4.13) in the case of X7 < 0. The part of the trailing
edge for X7 > 0 can be handled as follows.
It follows from (2.12) and (4.14) that

= aij(ﬂ1’ﬂ25ﬂ3)[VVi - I/Vj] »

aQ
Wi(X1,X5,X3) = 2[ug(X1) — uo(Xa)] (X ; + 0(X1,X3,X3) . (4.24)
L)
Differentiating this with respect to Xj yields:
AW (X1, X3, X3)
dX;
50 00 a0 dPo 4 bael

B 0%, | ax oK

X 1 2 X X 1042 1043

6X2+8 2uy(X3) o(X)+ [u0(X1) — w0 3)]———0()()

=0,

where we have used (4.11) in the last equation. #;(X7,X3,X5) is independent of
X;, and therefore, the first condition of (4.9) follows by substituting X3 = X; into
(4.24) and using (4.12). Boundary condition (4.10) can be checked in the same
way. This completes the proof of Theorem 4.1.

We now study the hodograph transform (4.6) with W;’s given by (4.14) and
(4.15). We shall show that transform (4.6) can be solved for X;,X, and X; as
functions of (x,¢) within a cusp in the x-¢ plane.

We make some assumption about the initial data. We suppose that the decreasing
part of the initial curve x = f*(u) has only one inflection point at u = u*, more
precisely,

ay=0; £ w) <0, foruku. (4.25)

Therefore, by Theorem 2.6 and 2.9, the hodograph transform (4.6) can be solved
within a cusp until a finite time 7 when the maximum of the initial curve hits the
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trailing edge. The main purpose of this section is to solve the hodograph transform
for time after T.
First, we simplify the hodograph transform. Eliminating x from (4.6), we obtain:

(At 4+ W)~ (Jat + W) =0,
(ot + W) — (st + W3) =0, (4.26)

which is equivalent to:

(At + W) ~ (At + W) —0
[0(X1) — uo(X2)]K(s) ’

(Aot + W2) — (Qat + W3)
ug(Xz) — up(Xz) 0 (427)

Similar to the equations above (3.10), this system becomes:

aQ(Xla,X3,X3) 5Q(XSX3,X3)

X X

6t + 1 +2 3 =0,
uy(X1) uy(X3)

2[uo(X1) — uo(XG)]

PO, X3, X3) 3 | 80(X), X3, X3)
_—) = + —
GOE 2 [ 2 ups)

X, 0%, ox; } —0 (4.28)

at the trailing edge X, = X;. Substituting the first equation into the second one, and
using {(4.11), we get

00X, X3, 43) 30Xy, X3, %3)

o~ aX; X
U(t,X1,X3) = 6t + ! +2 3 =0, 429
(-4, %) ) (%) (429)
PO, X, X3) PO, X3, X3)
V(X Xs) = ——208% R T (4.30)

o (X1 Jug(X3) fug(XG)P
In particular, as mentioned previously, when ¢ = T system (4.29) and (4.30) has
a solution (7,X; (T),X; (T)) with X;"(T)=0 and X, (T) > 0. To solve (4.29)
and (4.30) for X; and X3 for ¢ > T, we shall calculate partial derivatives of U and
V on the solution (#,X;,X3) of (4.30), where up(X7) > up(X3).
Integration by parts gives:

a0 ae)
0 [uo(€) — up(Xs)]2
X
=— ! 2 de (431)

Vuo(X1) — up(X3) - Of V(&) — up(X3)

and
[ (12 + Hu0)
-1 vi—u K
1+ Bug(x))

V-

1f+1 (
= [ug(X3) — 1]f1 (1—pdp. (432)
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Using (4.15) and the symmetry of Q about X, and X3, we rewrite U of
(4.29) as:

IF(X1,X3) 5;(:;(1,)(3)
~ X X2) = Xy X3
VX, 0) =60+ —rey + )
1’}1 dE
0 v/ [10(&) — uo(X3)I[uo(X1) — uo(X3)]

V2 1—up(X3) ! s <1 £+ 1Jr’luo()é))
* 4\ up(Xy) — uo(){})_‘[; Vi-u du ,(433)

where we have used (4.31) and (4.32) in the second equality. This gives:

a _

1
X 2uX) —u3)  2ug(X:) — w3

1 B uh(X1) 1% dé
up(&) — up(X3)

Vi (5 Brun))
+T 1- MO(X3)—‘/; m dﬂ

>0 forX; £0,

where we have used the assumption that #y(x) is increasing for x < 0 and decreas-
ing for x > 0.

Differentiating (4.11) when i =2 and j = 3 with respect to X3 yields

gXZ 2 ul(X3) 00 a;(az X: axazaX
3 o\A3 20X3 20X3

- = _3 ) X X- 0o
u(l)(X3) [u(l)(X3 )]2 6X3 u{)(X ) [uO( 2) uO( 3)] 5X uo( 2)“0(X3)

This becomes
0 _ w0 _, 0
0X; oxz uy(X3) X3 0X,0X3

when X, = Xj. Since Q(X;,X3,X3) is symmetric with respect to X, and X3, we get:
52Q ”(Xz)a_Q_ _3 aZQ 52Q _ aZQ

(4.34)

= = 435
6X ox2 u{)(Xz) 6X2 8X25X3 ’ 6X1 6X2 5X1 6X3 ( )
when X; = X;.
By (4.29), (4.34) and (4.35), we obtain:
& &
U 26X1£Y3 angg
ax up(X1)  up(Xs)
=0 (4.36)

on the solution (X;,X3,X3) of (4.30).
On the other hand, it follows from (4.30), (4.33) and (4.36) that
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1 o
VX, X —_—
X, X) = A
16 uo(Xl) —up(X3) 0 [40(&) — uo( X3 )]2

dg

2
* of V(8 — ) koXr) — wo(Xs )]

(4 + Bu))
24/ 1 — up(X; 1 d
+\F\/—uE(_3)_fl L+

Vi ~ uo(X0) Al (5 + Hru) dﬂ}
[uo(X1) — “0(X3 N1 —up(X3) 21 V1i-u '

(4.37)
Therefore, we obtain:
7 _ { 1
0X; mm [o(X1) — uo(X3)1?
1 up( Xy )d &
m Yuo(X1) — uo(Xa)J?
V2u(X1) A G ) J

" Tuo(Xr) — uo(Xa)] /1 — At JI-h .

(1 1
s D-wee) 47 (152 + o)) i
[0(X1) — uo(X3)IP /1 — uo(X3) -1 vVi-u
>0, for X; £ 0
on the solution (X1,X3) of (4.30) with ue(X7) > up(X3).
Similarly,
5V Up(X3) {Xl 3d¢

ox; = 16\/m 0 [uo() — uo(Xs)]3

dﬁ
+ f
0 [uo(&) — uo(X3 )]f[uo(Xl) ~ ug(X3)]
dé

2 1
T2 B —ae () — G )F

V2 1 — 2ug(X7) + up(X3) L (1%” + l+T”uo()@))

T Tt — w61V = mlh, J T—

L V20 w2 + w) - 3us)] | S (5 + ) du}
2 [uoCr) — uo(X)PIL — ue(6)]E 1 vi—p

(14 pdp

=
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) o 3a¢
16+/uo(X1) — uo(X3) | 0 [uo(&) — uo(X:)13

ug(X) )—up(X3)
¥ 2 —uo(Xs) dé

+ [
0 [uo(&) — uo(X3)]? [uo(X1) — uo(X3)]

X 1+2ug(X))—~3up(Xa)
1 1—ug(X3)

\/ uo(&) — uo( X3 )uo(X1) — uo(X3 )]2

o VEIL= T + u008) — dn6)] 1/ (1'—2“”+1_“5”“°<X3))d#}
2 ) — )P - w()lE —H
>0, for X; <0

]

on the solution (X7, X3) of (4.30) where we have used f + £ 0 in the first inequal-

ity, and replaced the integral involving f + by (4.30) and (4.37) in the equality.
All these imply that the Jacobian:

AU,YV)
0(X1,X3)

at the solution (X;,X3) of (4.30), where up(X1) > up(X3) for X; < 0. Since system
(4.29) and (4.30) hold for (7,X, (T),X, (T)), it follows from the Implicit Function
Theorem that system (4.29) and (4.30) can be solved for X; and X3 as functions of
t for ¢t in the neighborhood of T. Furthermore, it is easy to check that the solutions
X (¢) and X; (¢) are decreasing and increasing, respectively, as ¢ increases. Since
X, (T)=0, we have X (¢) £ 0 for ¢t = T. Equations (4.29) and (4.33) imply that
X[ (T) can not catch up with f~(uo(X; (¢))) in finite time. Using the Implicit
Function Theorem again, we see that X, (#) and X; (¢) can be further extended for
all ¢ = T. Therefore, we have established:

+0

Lemma 4.3 Consider a smooth initial data u = ug(x) with a single hump. Suppose
that uo(x) reaches its only maximum at x = 0, where the maximum is normalized
to be 1. If the inverse function f+(u) of the decreasing part of u = uo(x) satisfies
(4.25), system (4.27) has a unique solution (X (t),X, (¢),X; (¢t)) with X; (t) =
X, (t) for all t = T. Furthermore, we have ug(X; (t)) > ug(X; (t)) for t > T.

At the leading edge X7 =X, > 0, system (4.27), similar to (3.14), is equiva-

lent to:
1 55,000, X%,X5)
2 up(X1) -
1 2% 0%, X1, X3)
27 un) -

This system, under transform f; = uo(X;), becomes (3.14) with g(p, B2, f3) re-
placed by Q(f (1), f1(B2), f(B3)). Therefore, by Lemma 3.6 we have:

Lemma 4.4. Under conditions of Lemma 4.3, system (4.27) has a unique solution
X (@), X5 (), X5 (2)) with X;T(¢) = X5 (¢) for all t Z T. Furthermore, we have
uo()(2+(t)) > up(X;"(2)).
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For each ¢ > T, we want to solve (4.27) at X; = 0. Under a change of variable:
Xi=r1YB), Xo=f"(B), X=f () (4.38)

system (4.27) when X = 0 becomes (3.7) with f; =1 and ¢(p1, B2, B3) replaced
by Q(fT(B1), 1 (B2), £T(B5)). It follows from (3.9) and (3.17) that

oF 24 OF oF

=2 =0, =—=0
ot n’ 0 0B
oG oG oG
_— =6 - > 0, — 0
ar o o~
which implies the non-vanishing of the Jacobian:
AF,G)
a(t, Bs)

at (T, 1,uo(X, (T)),uo(X; (T'))). Hence, system (3.7) can be solved for 3 and ¢

as functions of f:
Bs =H(p2), t=L(B2)

in the neighborbood of uy(X; (T)).

Clearly, H(fB;) decreases as f, increases, and therefore, (1,f,52.83) =
(L(B2), 1, B2, H(f32)) satisfies system (3.7) for f, in the neighborhood of uo(X; (7))
and B, > uo(X; (T)).

Before continuing, we need a lemma whose proof will be given later.

Lemma 4.5. The following inequalities:

va(lzt + W) a(ﬂ3t + W3)
—_ >0, — <0
P2 B3

hold on the solution (1,1, Ba, fz) of (3.6) in the region s > pa.

By (2.14), Lemma 3.7 and Lemma 4.5, system (3.7) determines t = L(f,) as
an increasing functions of B,. Accordingly, f> is an increasing function of ¢, and
therefore, f; is a decreasing function of ¢ for + > T in the neighborhood of T.
Using Lemma 3.7, Lemma 4.5 and Implicit Function Theorem again, we see that
we can extend ¢ for all #+ > T. This together with (4.38) establishes:

Lemma 4.6. Under conditions of Lemma 4.3, system (4.27) when X1 =0 has
a unigue solution (1,0,X;(¢),X5'(¢)) for all t 2 T with X} (T)=X, (T) and
XH(T)=X; (T). Furthermore, X;(t) and X;(t) are decreasing and increasing
Jfunctions of t, respectively.

We now come back to prove Lemma 4.6.

Proof of Lemma 4.6. By (4.11) and (4.38), we have:

P9 80 40
2(131—52)%[3—2——(%—6—[}2.

Taking derivative with respect to fB; yields
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*Q &*Q Y
- =2 439
oBohs  Badhs O P apapan 439
Using (4.25) in (4.16), we find:
>0
—— < 0.
0P10p20ps
These two equations and inequalities give:
Fodo) - &0
0B10Bs  0B20Ps
at (T, Lug(X; (T)), uo(X5 (T))).
This together with (4.30) implies:
2 2
#Q Po

— <0,
3B10Bs 0P20Ps
at (T, 1,u0(X; (T)),uo(X; (T))). The symmetry of O with respect to f, and fs
gives:
0 Q0
= <0
0p10B,  3B10ps

at (Ta 15uO(X2—(T))9 uO(X3_(T)))'
We claim that

20 20 #0
Bk = ok " ok

on all the solutions (, 1, B2, B3) of (3.7) with B, > fs.
Suppose otherwise, for instance,

<0 (4.40)

*Q
0B20pBs

at some point (1, /}2,53) on the solution of (3.7) where Bz > 1§3. This when com-
bined with (4.11) gives:

=0

50 30
EB; = 3 (441)
at (1,B,, ;) where B, > B;.
Using (4.14) and (4.38), we write (4.26) as
(1)~ 20+ ot o) (14 352 )
~ Uy 20+ Bt (14352 ) . @a)

[a(1, o, B3) — 2(1 + B2 + B3)] <t+ ;gf?)

=) 20 +ha g (14552 ) @4
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By (2.14), (4.41) and (4.43), we have:

which together with (2.11) and (4.42) gives:

Therefore, by (4.11) we have

70  PQ 20 _
oi0ps  BadBs  oBidfs 4
at (1’52533)5 where BZ > BS'
On the other hand, we obtain from (4.16), (4.38) and (4.39) that
*Q P *Q
0p10Bs  P20Bs 0P10P20Ps
at (1,B,,B;) where f, > B,.

Equations (4.44) and (4.45) contradict each other, and the claim is justified.
It follows from (4.11), (4.38) and (4.40) that

00 09 _ a9
= < <
o1 0fs 9B’
which when combined with (2.11), (4.42) and (443) gives:

100 100 100
t+26ﬁ2 t+26ﬁ3>0>t+26ﬁ1 (4.46)

=2(Br — B2) 7577 7n <0 (445)

on the solution (1, £, f3) of (3.7) with 1 > B, > fs.
By (4.11) and (4.38), we have:

?0 _0 00
0B20fs 0B B3’

Differentiating this with respect to f, yields:

2(B2— Bs)

62g2 62g2 42
Using (4.11) and (4.38) in (4.43), we obtain:
o= ) [t 3 22| U2 = 2081+ o+ B0 2~ ) =0

which together with (4.47) gives:
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/12 A3 100 *Q
357 (1 550 ) + e =2 + o+ P15
33
— 2y — 2By + B+ B)](Ba — ﬁs)a—ﬂ%—a%
> 0, when ﬁ2 > ﬁg, (448)

where we have used (2.11), (4.16), (4.25) and (4.38) in the last inequality.
It follows from (4.14) and (4.38) that

et ) _ e (1 100 Lty gy 1+ p 22

op. 0P, ap3
J3 Ay — 3 140 *Q
2ﬁ2-ﬁ3 <t+§5ﬁ_3> [12_2(ﬁ1+ﬁ2+ﬁ3)]6ﬁ2
>0, when $, > B3,

where we have used Lemma 2.2 and (4.46) in the first inequality, and (4.48) in
the last one. This proves:

Ozt + W)
- >0
0p2
In the same way, we can show that
(st + W3)
- <0
0ps
This completes the proof of Lemma 4.6.
Next, we want to solve system (4.26) for X, and X5 as functions of X, at each
t > T when (#,X,X2,X;) is in the neighborhood of (7,0, X5 (T),X;(T)).
By (2.12) and (4.9), we have:
a(/llt + W)

=1 (4.49)

at (T,0,X, (T),X; (T)), where ug(x) reaches its maximum at x = 0.
It follows from (1.2), (2.4), (2.5), (2.8) and (2.9) that

0
é—ﬁ;j&(ﬂlaﬂzs ﬁ3)|ﬁ2=ﬂ3 =9.

This together with (2.12), (4.14) and (4.35) gives:

(At + W>)
1.6

| iQ— '
40 C) — (X)) { ok — L002) 00

Y
axz[+1 %

ax; W (Xy) W) O o,
= 9ul(X3) t+1 % + 12[up(Xs) — up(X1)] g
0L 2 u)(X) 0 uy(X%)
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at X = X;. Using (4.28) and the symmetry of Q about X; and JX; in the last
equation, we obtain: 5 )
2t + W)
b LA S 4.50
ol (4.50)
at (1,0,X, (T),X; (T)).
Equation (4.16) when combined with (4.25) gives
&9 &9
X2 0X; <0 Xy 0X7
[g(X)Pup(Xz) 7 up( X )up(X3)]?
at (T,0,X; (T),X; (T)). This together with (4.49) and (4.50) ailows us to choose
an ¢ > 0 such that

X - X7 (T) <& |X3()—X;(T) <& whente[T,T+g) (451)

<0

and that the following inequalities

o(Jat + Wy) >0 o(Jat + W>)
aX1 ’ aXZ

< l 0(Aqt + W)
2 0X;

ide) Fiig?)
dX2aX; <0 X0, <
o) Pup(Xz) 7 [up(X2)[ug(X3) 1

hold in a set S where

0 (4.52)

S={tX,%.X5)\T S t<T+seX| <elXa—X, (T)| <e

X3 — X, (T < e,and up(X;) > up(Xz) 2 uo(X3)} .
Following the proof of Lemma 4.5, we can use (4.40) and (4.52) to show that

0(dat + Wy) 0(Ast + W3)
x, 0 o, 0

hold on the solution (7, X7,X5,X3) of (4.27) whenever the solution is in § with
X £X;.
Lemma 3.7, (4.52) and (4.53) enable us to solve (4.27) for

X1 =m(X2), X3 =n(X2)

in the neighborhood of X;*(¢) for each ¢ € (T,T + ¢). Moreover, m(X;) and n(X>)
are decreasing functions of X5, and in particular, we have:

o (ot + W2)
E%U»ll‘—i- W)

(453)

m'(X;) = 4.54)

Using the Implicit Function Theorem again, we can extend m(X;) and n(X>) in the
positive X, direction so far as (¢, X7,X2,X3) is in § and X5 < X3.

By Lemma 4.6, X;*(¢) and X;*(¢) are decreasing and increasing functions of f,
respectively. Hence, we have X;'(t) < X; (T) =X, (T) < X;°(¢) for ¢t > T. Since
X; = n(X;) decreases as X increases, if we increase X, starting at X;*(¢), then by
(4.51) we find
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o -X; (T) <& [G—-X7(T) <e
for X; £ X;. Thus, to prove that (£,X1,X3,X3) € § before X; and n(X;) meet, it
suffices to show that —¢ < X7 < 0 during this extension.

It follows from m(X;(#))=0 and the fact that X; =m(X;) is a decreasing
function of X, that X; < 0. Using m(X;') = 0 again, we see

X

Xi= [ m'(&d¢

S 4{0)
1 %
> — 51— ()]
> —¢

for X; > X;(t), where we have also used (4.52) and (4.54) in the first inequality,
and (4.51) and |Xz(t) — X, (T)| < ¢ in the last one. Therefore, we have proved
that (¢£,X1,X5,X3) € S before X3 = n(X;) and X; meet.

As a consequence, we can extend m(X3) and n(X;) so long as m(Xz) < X; <
n(X3). Eventually, n(X;) and X; will meet at X; . Denote,

X7 =mX;), Xq =n(X;).

Obviously, (X (¢),X; (¢),X; (1)) satisfies (4.27) and therefore, X;™(¢)’s are given
in Lemma 4.3. Thus, we have proved:

Lemma 4.7. Under the conditions of Lemma 4.1, there exists an ¢ > 0 such that
(4.27) can be solved for

X1 = m(X;_),
Xy =X X (1),
X; = n(X2),

for each t € [T, T + ¢). Furthermore, m(X,) and n(X) are decreasing functions
Of Xz.

We are now ready to solve the hodograph transform (4.6) for X1, X, and X;
as functions of (x,¢) for a short time after 7. By Lemma 4.7, (4.27) determines
X1 =m(X;) and X5 = n(X;) for X, (t) < X, £ X;(¢t). We want to extend m(X;)
and n(X;) for X, < X;'(¢). The change of variables (4.38) allows us to transform
system (4.27) when X; = 0 into system (3.7). The method of Sect. 3 can be used to
show that (4.27) determines X; and X3 as decreasing functions of X, for X, () <
X; £ X;(¢), where X, (¢) is given in Lemma 4.4. Therefore, we have shown that
(4.27) determines X; and X; as decreasing functions of X, over [X;7(£),X; (#)].
Substituting X; = m(X;) and X3 = n(X;) into the hodograph transform (4.6), we

obtain
x = Jo(uo(m(X2)), uo(X2), uo(n(X3)))t
+ Wa(up(m(X2)), uo(X2), uo(n(Xz)))e ,
which by Lemma 3.7, Lemma 3.9, (4.52) and (4.53) determines x as a decreasing
function of X; over [X,7(#),X; (¢)]. This implies that X, is a function of (x,¢) for
x () <x <xV() and ¢t = T, where
xE(t) = Ip(uo(m(X;E (£))), uo (X5 (1)), uo(n (X5 (1))t
+ Wa(uo(m(XEE (1)), uo(X5E (), uo(n(X55()))) -
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In the same region, X; and X3 are, accordingly, functions of (x,¢).
Thus, (4.6) can be solved for

X =Xi(xt), X =X(x1), Xz=X(x1)

within a cusp for a short time after . Therefore, we have proved:

Theorem 4.8 Under conditions of Lemma 4.3, the hodograph transform (4.6) with
W; given by (4.14) and (4.15) can be solved for X1,X, and X3 as functions of (x,t)
within a cusp for a short time after T. Furthermore, boundary conditions (4.4)
and (4.5) are satisfied on the cusp.

Theorems 2.3, 4.8 and the transform f; = #o(X;) immediately establish the main
theorem of this section.

Theorem 4.9 Under conditions of Lemuma 4.3, the Whitham averaged system has
a solution (Bi(x, 1), B2(x,1), B3(x,t)) within a cusp for a short time after T. Fur-
thermore, the Whitham solution satisfies boundary conditions (2.2) and (2.3) on
the cusp.

Remark. Lemmas 4.1-4.6 are all time results. However, we did not succeed in
proving Theorems 4.8 and 4.9 for all time ¢t = T.

Acknowledgments. 1 thank C. David Levermore for several discussions.
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