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Abstract. We derive the torsion constraints for superspace versions of supergravity 
theories by means of the theory of G-structures. We also discuss superconformal 
geometry and superKiihler geometry. 

I. Introduction 

Supersymmetry is a now well established topic in quantum field theory [WB, 
GGRS]. The basic idea is that one can construct actions in ordinary spacetime 
which involve both even commuting fields and odd anticommuting fields, with a 
symmetry which mixes the two types of fields. These actions can then be interpreted 
as arising from actions in a superspace with both even and odd coordinates, upon 
doing a partial integration over the odd coordinates. A mathematical framework to 
handle the differential topology of supermanifolds, manifolds with even and odd 
coordinates, was developed by Berezin, Kostant and others. A very readable 
account of this theory is given in the book of Manin [Ma]. 

The right notion of differential geometry for supermanifolds is less clear. Such a 
geometry is necessary in order to write supergravity theories in superspace. One 
could construct a supergeometry by Z 2 grading what one usually does in (pseudo) 
Riemannian geometry, to have supermetrics, super Levi-Civit~ connections, etc. 
The local frame group which would take the place of  the orthogonal group in 
standard geometry would be the orthosymplectic group. However, it turns out that 
this would be physically undesirable. Such a program would give more fields than 
one needs for a minimal supergravity theory, i.e. the fields would give a reducible 
representation of the superLorentz group. In order to get around this problem, the 
approach of Wess and Zumino [WZ] is to use the standard orthogonal group as the 
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structure group, but to choose selected components of the torsion tensor which can 
be nonzero. One then uses the Bianchi identities to find the consequences of the 
choice. If the choice is too stringent, one only finds flat geometries. If the choice is 
too lax, one gets too many fields in the supergravity theory. It is a well-developed 
technique to find the right torsion choices, but the geometric meaning is obscure and 
the method remains somewhat of an art. 

To give an analogy, suppose that one has an almost complex manifold with a 
Hermitian structure. Let {ei} be a local unitary basis of the complexified tangent 
bundle. If one is told that a desirable set of torsion constraints is given by 

T~ j, = 0 ,  (1) 

Tijf= Tfi j -  Tfj~ , (2) 

the geometric meaning of the constraints may not be clear. In fact, they are saying 
that the manifold is a K/ihler manifold, which means that to first order around a 
point, the geometry of the manifold is the unitary geometry of IE". 

We wish to give a similar interpretation of the torsion constraints of 
supergravity theory. Our approach will be to use Cartan's theory of G-structures 
[St, Gu, Kob]. The idea of this theory is as follows. Given a subgroup G of the 
invertible endomorphisms of the tangent space and a reduction of the structure 
group of a manifold to G, one can ask whether the manifold is locally equivalent to a 
flat G-structure. Let us put a G-connection on the reduced frame bundle. Roughly 
speaking, the first-order flatness is measured by a combination of the components 
of the torsion tensor of the connection, which is constructed in such a way that the 
result is independent of the G-connection chosen. (For example, for (pseudo) 
Riemannian geometry this combination always vanishes, which gives Einstein's 
equivalence principle.) If one has first-order flatness, one can ask if there are higher 
order obstructions to flatness. These are given by the Spencer homology groups 
[Sp, Gu], which are an algebraic generalization of the Riemann curvature tensor 
and its covariant derivatives. By different choices of the group G, one obtains 
different geometries. 

Our approach to supergeometry is to find the groups G which give the torsion 
constraints of supergravity. We consider the geometries which come from these 
groups to be preferred, in that they do come from physics. We find that the 
appropriate groups have the following structure. If we locally decompose the 
tangent space into even and odd subspaces, then the group elements take the matrix 

f~  A) ~2(A )0 ) " Here A is an element ~ the spin gr~ 01(A) isi ts  

representation as an orthogonal matrix, 02 is a spinor representation and * lies in a 
Spin-invariant subspace 6 p of endomorphisms from the even subspace to the odd 
subspace. (Different choices of 6 e can give different geometries.) We will show 
explicitly that the torsion constraints for supergravity theories (at least those 
existing offshell) arise from the requirement of first-order flatness of such G 
structures. Such structures have previously occurred in the work of Rosly and 
Schwarz in four dimensions [RS] and Giddings and Nelson in two dimensions 
[GN]. We also look at the geometric structures underlying superconformal 
geometry and superKfihler geometry. 
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The outline of this paper is as follows: 
In Sect. II we collect the needed background on supermanifold theory. 
In Sect. III we give a digression on the physical interpretation of supermanifold 

theory. There seems to be some confusion as to whether the sheaf-theoretic 
description of supermanifolds is adequate to describe both classical and quantum 
supersymmetric field theories. We show by the specific example of supergeodesic 
motion that it is, when properly interpreted. Although this material may be known 
to some, we have not seen it in the literature, and so we have included it. 

In Sect. IV we define the model flat superspaces. We then define superRie- 
mannian structure bundles and superRiemannian geometries in terms of G-struc- 
tures. We work out the torsion conditions when the subspace 50 is the largest 
possible subspace. 

In Sect. V we show by explicit calculation that with the right choice of the 
subspace 50, the torsion conditions of Sect. IV, along with the Bianchi identities, 
give the supergravity theories in 2, 3, 4, and 6 dimensions. Our purpose here is not to 
repeat known expressions for the torsion and curvature tensors, but to show how 
they follow from the general framework. 

In Sect. VI we compute the Spencer homology groups when the subspace 5 ~ is 
the largest possible. 

Conformal structures have a greater role in supergeometry than in ordinary 
geometry. Conformal supergravity theories can be used as a technical tool to 
construct Lorentzian supergravity theories [GGRS]. Conformal groups also arise 
when one looks at the diffeomorphisms of the fiat space which preserve the flat 
space torsion tensor and the odd subspace of the tangent space. One finds that the 
corresponding Lie algebra is a subalgebra pc-1~| pc-1/2)| p~o) of the superconfor- 
mal algebra. This gives a strong analogy between superconformal geometry and the 
pseudoconformal geometry of CR manifolds, in which the flat-space torsion tensor 
is given by the Levi form of the sphere. In Sect. VII we find the curvature 
obstructions to superconformal flatness, in analogy to the work of Chern-Moser on 
CR geometry [CM]. 

Although the local geometry of supermanifolds of one complex dimension is 
well understood, it is not a priori clear how to generalize this to more complex 
dimensions. In Sect. VIII we look at one approach, which is to extend K/ihler 
geometry. This can be done following the above approach to superRiemannian 
geometry, and using the fact that the spinors have a natural description in terms of 
(p, 0) forms on a Ktihler manifold. We define three types of such structures, which 
we call superKtihler, C*-extended superKtihler and weak superKtihler structures. 
We show that in one complex dimension, superKtihler structures are always flat, 
and both I~*-extended superKtihler and weak superKtihler structures are equiva- 
lent to the superRiemannian geometry. In two complex dimensions we show that 
the reduced manifold for a superKtihler or C*-extended superKtihler structure is 
always a locally Hermitian symmetric space (although we do not claim that any such 
symmetric space is the reduced manifold for such a structure). We show that a weak 
superK/ihler structure is equivalent to an superRiemannian structure with an t t*  
internal symmetry group, for which the strictly even part of the curvature form is 
u(2) valued. However, our discussion here is incomplete. 

In Sect. IX and X we briefly discuss two related topics. In Sect. IX we discuss the 
constraints for supergauge theory, and give an example in Riemannian 4-space. In 
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Sect. X we discuss when the torsion constraints for superconformal geometry can be 
seen as arising from integrability conditions for the local embedding of the 
supermanifold in a flat complex or quaternionic superspace, as in the work of 
Ogievetsky-Sokatchev [OS] and Rosly-Schwarz [RS] for four-dimensional 
supergravity. 

Notation. We will follow the notation of [WB], in which letters from the beginning of the alphabet 
denote frame indices, letters from the middle of the alphabet denote coordinate indices, small 
Latin letters denote even indices, small Greek letters denote odd indices and capital letters denote 
even or odd indices. 

I wish to thank Dan Burns for helpful explanations of CR geometry, and Ofer Gabber for a 
helpful conversation. I thank M. Berger and the IHES for their hospitality while part of this 
research was performed. 

Note. Spencer homology groups have been previously computed in a supersymmetric case in 
[RS2]. I thank the referee for bringing this reference to my attention. 

II. Review of Supermanifold Theory 

We will assume a knowledge of superalgebra, as given in [Le] or [Ma]. The idea 
underlying supermanifold theory is that one can do much of ordinary topology and 
geometry by working with the ring of  functions on a manifold, instead of the points 
of the manifold. A supermanifold is defined by its "ring of functions," which is now 
generalized to be a supercommutative ring. Some conditions are put on this idea to 
make it workable. Let us recall the definition of  a supermanifold [Ma]. (The 
definition is the same whether one is working in the smooth, analytic or complex 
analytic categories, provided that one makes the obvious changes.) A super- 
manifold Xconsits of a pair (M, (gM) such that Mis  a smooth manifold, (9 M is a sheaf 
of supercommutative rings over M and certain conditions are satisfied. To give the 
conditions (.), we will need the following notation: 

Definition 1. Let (gg, 1 denote the sheaf of vector spaces formed by the odd part of 
(9M. Let J ~  denote the sheaf (9N. 1 + (92, a of  ideals of nilpotent elements. Then the 
conditions ( ,)  are 
1. (9~t/JM is the structure sheaf of M. 
2. J ~ / J ~  is a locally free sheaf of (gM/JM modules. 
3. (gM is locally isomorphic to the sheaf A*~/ t ,  . ( J ~ / j ~ )  of exterior algebras. 

We will call (gM the structure sheaf for X, (M, (g u / j u )  the reduced manifold of 
X, and the sections of (gM will be called the functions on X. 

The standard example of a supermanifold is constructed from a smooth vector 
bundle E over M. Define the sheaf (9~t by saying that over an open set U c  M, (gv is 
the ring of smooth sections of the Grassmannian bundle A*E]v. One can show that 
any smooth supermanifold arises from such a construction, although not 
canonically [Ga, Ba]. We will be concerned with smooth supermanifolds in this 
paper. For  a trivial IR~ bundle over IR p, we will denote the corresponding 
supermanifold by IR plq. 

A supermanifold has both even and odd local coordinates in the following sense. 
Let p be the dimension of M and let q be the dimension of the locally free sheaf 
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J~t/J~t. Then for any point n e M, we can find a neighborhood U of n with local 
coordinates {xm}V m =~ and sections {q"}g=t of (9 v such that any function f e O lv can 
be written as ~ f i(x)11 I, where I is an increasing multi-index from {1, 2 .... , q} and 
each fjr(x) is in C~ 

Much of the theory of differentiable manifolds goes over to the case of 
supermanifolds without trouble [Ma]. In order to fix notation, we will recall some of 
this. Let H(9 M denote the sheaf (9 M with the parities reversed. A locally free sheaf 
of rank r[s is a sheaf of graded (9 M modules which is locally isomorphic to 

r ig  r s (9 M = (9 M (~  ( / / ( 9  M)  . The sheaf of tangent vectors T X i s  the sheaf of local derivations 
of (9 M. It has rank plq, and has a basis of  local sections consisting of  the even 
derivatives {O~m}~=~ and the odd derivatives {gn,}~=~. The sheaf of  cotangent 
vectors T * X  is the dual of  TX,  and has rank Plq and local sections{dx"}~=l and 
{dr/U}~=a. The sheaf of differential forms A * X  is the exterior algebra of T ' X ,  and 
has the local relations 

dxm A dx" = - dx" A d x "  , (3) 

dx  m/x drl" = - drl u /x dx  m ' (4) 

d~" ^ d~  ~ =  d,7 ~ ^ d~" . (5)  

A*Xhas an even exterior derivative d. To follow the notation of [WB], we will let 
d act from the right, so that 

d ( o  A o.) = o ^ do- + ( - l)deg('~ d o  ^ o. , (6)  

where deg (a) is the degree of  o. as a differential form, and for f e C ~ (X), we have 
locally 

a f  = Z dzM aM f "  (7) 
M 

Let us note that there are some differences between integration on super- 
manifolds and integration of exterior forms on ordinary manifolds. On a 
supermanifold, one integrates sections of a rank one sheaf called the Berezinian (see 
[Ma]). 

A morphism �9 between a supermanifold X and a supermanifold X '  is a pair 
(~b, ~), where q~ is a smooth mapping from M t o  M '  and ~: (gM, ~ b ,  ((.0g) is an even 
morphism of  sheafs of rings which is local with respect to qS. If (x, r/) are local 
coordinates around a point n e M and (x' ,  r/') are local coordinates around 4~ (n) then 

is locally given by 

~ * ( x " ) =  ~ f l " ( x ) t l '  
I e v e n  

for smooth functions {f~(x)}  and 
f g  (x) = ~b* (x 'm). 

and ~*(t / 'u)= ~ 9~(x)tl  I (8) 
jr o d d  

{9~(x)} (where I is a multi-index) with 

One point of supermanifold theory which may not be familiar is the notion of a 
super Lie group. Recall [Ka] tha t a super Lie algebra ~ is given by an ordinary Lie 
algebra (over F.. or C) po and a finite dimensional vector space pa such that 
1. There is a representation 0 of  ~o on pa. 
2. There is a ~o-equivariant symmetric map d: S Z ( ~ l ) ~ p o  . 

3. V t/~, r/2 and t/3 E ~ ,  0 (d(th, t/2)) r/3 + 0 (d(th, th)) th + 0 (d(t/3, th)) r/2 = O. 
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The commutation relations are given by 
1'. IX, Y]e = [X, Yleo for X, Ye]o.  
2'. [X, Y]e=Q(x)Yfor  Xe]o ,  Yep l .  
3'. [X, Y]g=d(X, Y) for X, Yeel. 

One can define a super Lie group to be a supermanifold for which the space of 
"distributions of finite support" has a graded Hopf algebra structure with antipode 
[Kos]. Let us note that with this definition, what is sometimes called the general 
linear group of a graded vector space W, namely the invertible endomorphisms 
Aut (IV), is not a super Lie group, but instead gives coordinates for the super Lie 
group GL(W). One way to obtain super Lie groups is as follows. 

Proposition 1. Let G be a Lie group and let Q be a representation of  G on a finite 
dimensional vector space V. Suppose that there is a G-equivariant map d: S 2 V--*p 
which satisfies Condition 3 above. Let E be the triviaI vector bundle G x V and let X be 
the associated supermanifold, with reduced space G. Then X has a super Lie group 
structure. 

Proof. See [Kos]. 

HI. Relation of Supermanifold Theory to Physics 

There seems to be some confusion in the literature as to whether the above 
formalism can handle the supersymmetric theories of theoretical physics (see for 
example the discussion in [DS]). Let us give a simple example. The formal 
Lagrangian for an N=�89 supersymmetric theory of maps from IR 111 to F, is 

L=�89 S (x'2+iOO') d T ,  (9) 
1t  1 

where x is an even function and 0 is an odd function. One might wish to interpret x 
and 0 as functions on ~1 Ix, in which case 

x - f  (T) and O - g ( T ) q  (10) 

for functions ~geC~(IR1).  An immediate problem is that 0Of' would then be 
identically zero. 

There is a natural resolution of  this problem. Note that the space Mor (X, X')  of 
morphisms between two supermanifolds Xand  X' is a space, not a superspace. We 
want a superspace of maps from Pd I1 to ~ .  More generally, in analogy with the 
ordinary case, let us define a superspace Map (X, X') of maps between super- 
manifolds X and X' by requiring that 

Mor (Z, Map (X, X')) = Mor (Z x X, X')  (11) 

for all supermanifolds Z. In the case X =  IR 111 and X ' =  M' ,  an ordinary manifold, 
one finds by taking Z =  N ~176 that the base space of Map (IR m, M' )  is the infinite- 
dimensional ordinary space Map (IR1,M'). By taking Z =  111 ~ one finds that if 
Map (Fd I1, M ' )  comes from a vector bundle E over Map (1R 1, M ' )  then Emus t  be 
the (smooth) cotangent bundle of Map(IR1,M'), as defined in [Pal. In fact, 
Map(IRII1, M' )  is the superspace whose functions are differential forms on 
Map (IR 1, M' )  [Lo]. 
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Given an ordinary Riemannian metric ( , )  on M' ,  the Lagrangian 

L=�89 ~ ( ( x ' , x ' ) + i ( O ,  Vx, tp))dT (12) 
I !  1 

is actually a function on Map (IR 111, M'), namely the sum of  a zero-form and a two- 
form on Map (IR 1, M ' )  [At]. The quantum theory with Lagrangian L can be 
constructed by considering the vacuum expectation as a certain linear functional 
acting on functions on Map (IR all, M ' )  [Lo]. 

One can consider the classical theory with Lagrangian L either from the 
Hamiltonian viewpoint or the Lagrangian viewpoint. The Hamiltonian approach is 
to consider the supermanifold Y with reduced space T*M'  which is constructed 
from the vector bundle E=rc*T*M',  where rc: T * M ' ~ M '  is the projection map. 
Let {x m} be local coordinates for M' ,  let {e,} be a local orthonormal frame and let 
{ :}  be the dual coframe. Then there are local coordinates on T*M'  given by 

(m, p)~{xm(m), (p, e,)} . (13) 

There are local sections {r/'} of r~* T*M'  given by (m, p) ~ (m, p, : )  and so we have 
coordinates {x", Pa, r/~} for Y. It is convenient to define a new coordinate r~ by 

re, = p ,  -�89 . (14) 

Consider the local basis of T* Y given by 

{ v", D rc, - drc, - F k j rc k z j and Dr/" - dr/~ + F ~#a V" r/~ } . (15) 

Proposition 2. The two-form 

oa = Dg" A ~" + �89 Dr/~ +�88 R~abr/'r/Oz" A "c b 

is supersymplectic. 

We omit the proof. 
From co we derive a superPoisson algebra {o, ;}. There are functions Q = - i r f rc , ,  

the supercharge, and H=�89 z, the Hamiltonian, with {Q, Q} = 2ill. The time 
evolution of a function on Y is given by df/dt = - {H, f } .  

From the Lagrangian viewpoint, the equations of motion derived from L are 

Am( T)- (xm)"  + Fm,p(x")' (xP) ' -  �89 iRm.,~(x")' r/~r/#=O (16) 

and 
B~( T) - (r/~)' + F~pm(x")' r/~ = 0 . (17) 

In order to form the superspace cg of classical solutions, it is necessary to form the 
formal quotient of the space of functions on Map (IR 111, M ' )  by the ideal generated 
by {A"(T),B~(T)} . . . .  r .  In order to see the equivalence with the Hamiltonian 
approach, recall that in ordinary classical mechanics one can identify the space of 
solutions of  the equations of  motion with the phase space, by evaluating the 
solutions at a fixed time. There is a symplectic form on the space of solutions which 
becomes identified with the symplectic form on the phase space [Se, Sz, CW]. In our 
case one can convince oneself that given a fixed T, cg has the local coordinates x"(T),  
(xm) ' (T), and r/~ (T), which gives the identification with the superphase space of the 
Hamiltonian approach. Choosing a different value T '  of the time corresponds to a 
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different choice of  local coordinates of  cd, which is related to the original choice by 
the time evolution operator exp ( -  ( T ' -  T) {H, o}). 

We will be concerned in this paper with superspaces of geometrical structures on 
a supermanifold. The idea is to define these superspaces as universal objects with 
respect to some pullback property. (For a definition of superTeichmfiller space in 
this vein, see [LR].) For  example, in the ordinary case, one could define the space 
Met (M) of Riemannian metrics on M as a space such that for any manifold Z, 
the space Map (Z, Met (M)) is the space of vertical metrics on the fibered space 
M--,M x Z. Similarly, one can define the space Met (M)/Diff(M) as a space such 

Z 
that for any manifold Z, the space Map(Z, Met(M)/Diff(M)) is the space of 
fiber spaces M--*P with vertical Riemannian geometries, i.e. an element of  

Z 
Met (M)/Diff(M) on each fiber. 

In the super case, given a notion of a space of geometries on a supermanifold X, 
we will define a superspace Geom (X) by requiring that for all supermanifolds Z, 
Mor (Z, Geom (i")) is the space of vertical geometries on the fibered supermanifold 
X-~Xx  Z. 

Z 
Let Zrea denote the base space of Z and let Ube an open set in Zro d. Then the ring 

of functions of the pre-image of  U in (X x Z)rea will be (9 x (8)(gv. That is, to do local 
calculations we can deal with functions on X which take value in the superalgebra 
B = (9 v. If {x, tt} are local coordinates for X then the even functions have the form 
f = ~ f1(x)tf, where f l  (x) is an (even or odd) element of B if I is an (even or odd) 

I 

multi-index. In what follows, we will omit explicit mention of the algebra B, but all 
local calculations are to be understood in this way. 

IV. SuperRiemannian Structures 

Let us define the super Euclidean group. Let Z be the nondegenerate quadratic form 
on IRP=IR(P+)GIR(P-) given by 

(v•w,v ' |  v '>-<w, w'> . (18) 

For simplicity of notation, we will let SO (p +,p_) denote the connected component 
of the identity of the corresponding special orthogonal group. Let n denote the 
standard representation of SO(p+,p_) on IRP. Let Spin(p+,p_)  denote the spin 
group, a double cover of SO (p +, p _). Let V be a real vector space of dimension q on 
which Spin(p+,p_)  has a faithful spinor representation Q. That is, there are 
matrices {7,}~= l e End (V) which satisfy 

~. 7b + ~b ~ = 2 ;~b, ( T J  = X~ ~ �9 (19) 
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Put aab= [Ta, 7b]/4. Suppose that there is an invertible matrix C ~ E n d ( V )  which 
satisfies 

C~aC-1 = ~  r, Cr=c~C , (20) 

with ~ = _ 1. Then there is an Spin (p+,p_)  invariant charge conjugation operator 
on V given by ~ c = C - l ~ .  

Definition 2. The super Euclidean algebra e on IR p] V is the super Lie algebra with 
even part so (p +, p_)  @ RP and odd part V, with commutation relations 

[MGP,  M ' ( ~ P ' ] = [ M , M ' ] ( ~ ( r ~ ( M ) P ' - r c ( M ' ) P ) ( ~ O  , (21) 

[M•P,  Q] =0q~0GQ(M)Q , (22) 

[O, Q'] =O@QT ( r C - 1 ) Q '  @O . (23) 

In terms of components, 

[ Mu~, M~,] = ~ Mu~ - qu. M ~ -  ~l~ M ~  + rlu~ M ~  , (24) 

[M.~, P~] = ~/~ Pu - n.~ P~ , (25) 

[Mu~, a . ]  = (o-.~). b Qb , (26) 

[P., P~] = [Pu, Q.] = 0 , (27) 

[Qa, Qt,] = t/"v(yu c -  1)abP v . (28) 

The super Euclidean group g on IRV[ V is the corresponding super Lie group, as 
defined in Proposition 1, with reduced manifold Spin (p+ ,p_) ~ IR p. This acts on 
IR p] V, and the corresponding representation ofe by vector fields on P.Pl Vis given by 

Pu (x, r/) = c3 u , (29) 

Mu~ (x, rl) = x~ ~, - x ,  c3~ , (30) 

Qa (x, r/) = 0 a --}- 21-(yu C -1)a b i/b 0U . (31) 

We can define a model geometry on IRPl Vwith g as an automorphism group by 
writing IRPl V as g/Spin (p+ ,p_)  and using the decomposition 

e = spin (p +, p_)  @ (lg P �9 V) (32) 

to put a canonical connection on IRP[ V [KN]. To make this more explicit, let s be a 
global section of the frame bundle of IRP[ V given by 

s(x, t/) = (D~, D~) -= (~,, ~ - � 8 9  C - 1),6t/~,) , (33) 

and let P0 be the Spin (p+ ,p_)  subbundle of the frame bundle which includes the 
section s. Let rc denote the projection map from P0 to IRP[V. Let e) be the 
Spin (p+ ,p_) connection on Po which vanishes when pulled back to IR~[ V by s. 
Then one can verify that g acts by automorphisms on Po and preserves the 
connection co. 

In order to discuss when another Spin (p +, p _) structure is approximated by the 
model geometry, let us recall the notion of a torsion tensor for a G-structure [St]. Let 
M be a manifold whose tangent space at a point is isomorphic to a vector space W 
and let P be a reduction of the frame bundle of M to a group G. Let z denote the 
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canonical form of P, an W-valued horizontal 1-form on P. Given a connection co on 
P, the torsion T is an W-valued horizontal 2-form on P defined by 

T A = dz a + r B/x co A . (34) 

Let co' = o) + Aco be another G-connection on P, where Aco is a ~-valued equivariant 
horizontal 1-form on P. Then 

T 'a - T A = "c B A (Aco)B A =-- "C B A zC(Aco)CB a . (35) 

Let 3: W * |  W, W) be defined by 

6(w*, X)  (w,, w") = w* (w')  X(w ' )  - w* (w ' )X(w")  . (36) 

Let ~(1)denote K e r t .  Let H ~ denote Horn (W/x  W, W ) / I m 6 .  Then to each point 
p e P there is associated a class C(p) e H~ defined independently of  co. There is an 
action of  G on H ~ and i f  p9 -1 denotes a point in the same fiber of  P as p then 
C(p9 -1) differs f rom C(p) by a 9 action. 

Now suppose that there is a diffeomorphism q~: M ~ R " I V  for which the 
pushforward of the frame bundle induces a diffeomorphism q~, : P ~ P o .  Then it 
follows that for any po in tp  ~ P, C(p) must equal C(q5 (p)), which lies in the G-orbit 
of  C(s(rc(~b (p)))). Thus the G-orbit of  C(q~ (p)) gives an obstruction to the first-order 
flatness of  M. I f  C(p) equals C(q5 (p)) then we can choose a connection form co a tp  
so that the torsion of co a tp  equals the torsion of the model space at ~b (p). There is a 
freedom of ~ )  in determining co. 

In the supersymmetric case, if we write the torsion tensor in the form 

T A =�89 c A z B Tnc a , (37) 

then one finds that in the model geometry, along the section s, the only 
nonvanishing components of  the torsion tensor T o are 

(To)ctfla = (~a C -  1)~tfl . (38) 

In order to see the consequences of  first-order flatness, let us first look at the case 
of  the smallest possible structure group consistent with a Riemannian structure on 
the reduced space, mainly G =  Spin(p+,p_) .  

Proposition 3. For Sp in (p+ ,p_ )  actin 9 on W=IRPIV, y(1)=0. A tensor 

T e H o m ( W A  W, W)  lies in the same orbit o f  H ~ as 1 o i f  and only i f  

Tab~ = 0 , (39) 

r~pc =(~cc-1)~, (40) 

T~e~ =�88 c - T,c b - Tbc,) (aCb)p ' , (41) 

1 ca ~? 1 ca y T~t ~ = ~-T~a ~ ( a ) r  + ~ T~o c ( a ) ~  . (42) 

Proo f  Let M denote an element of  W* | ~, whose image in W* | (W* | W) we will 
write as (MA)B c. I f  S denotes the image of M in Horn (W/x W, W) then the 
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components of S are 

S~b c = ( M , ) r  - (Mb), c , (43) 

S J  = 0 , (44) 

S,a c = - (Mp) ,  c , (45) 

S,~ ~ = (M~)J , (46) 

S~a~ =0  , (47) 

S= e' = (M=) e' + (Ma) =' . (48) 

Because the representation 0 is assumed to be faithful, it follows from (45) and (46) 
that ~(1)=0. From (43), (M.)b c can be written in terms of S . { .  Using the fact that 

(Ma)~ = �89 (M.)b c (af)~ '  (49) 
and 

"/ 1 c b "y (M~)/~ =~-(M~) b (a c )a , (50) 

and the Spin (p+ , p _ )  invariance of the equations, the result follows. [] 

Proposition 4. Assume that the bundle P satisfies the torsion conditions o f  
Proposition 3, and choose a connection co so that the torsion T o f  co equals T o. Suppose 
that there is an invertible Spin (p +, p_ )-invariant operator D e End (V), such that f o r  

all X ~ s o ( p  + ,p_) ,  o ( X ) D  is symmetric .  ( I f  c~ of  (20) is - 1, we can take D = C - t . )  
Then co is f lat .  

P r o o f  From the Bianchi identities, we have 

d T  a + T b/x COb ~ = r /x f2b" , (51) 

dT~+ T p/x co~ =~P A f2~ ~ . (52) 
As 

T" =�89 ~ A r  (53) 

and the other components of T vanish, it follows that the left-hand sides of (51) and 
(52) vanish. Let hs write f2b ~ as 

f2b" = �89 A Cf2~b" + r A ~Q~b" + �89162 A Z~f2~b" , (54) 

and similarly for f2a ~. From (51) follows 

~'~cdb a -~ ~'~dbc a + ~?bcd a = 0 , ( 5 5 )  

f2~b" - f2bOc ~ = 0 , (56) 

~-~,6b a = 0 . (57) 
From (52) follows 

O ~ J  = 0 , (58) 

Oc~/+ O ~ j  = 0 . (59) 

Because Q is faithful, (58) implies that f2cdb" vanishes. 
Let us use D to lower the last index on f2~  ~. Then f 2 ~  is symmetric in/~ and e, 

and antisymmetric in 6 and/~. It follows that f2~a~ vanishes, and so co is flat. [] 
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For  four-dimensional Minkowski space, we have c~ = - 1. Proposition 4 shows 
that the assumption that P is a first-order flat Spin (p +,p_)  bundle is too restrictive, 
as one would like to deal with nonflat geometries. We will also want to allow for a 
larger structure group than Spin (p+ ,p_)  in order to deal with gauged extended 
supersymmetries. The correct assumption is as follows: 

Definition 3. Let Kbe a Lie group. Suppose that Vbreaks up as V =  V ' |  V" and that 

~ = Q |  : Spin (p+ ,p_)  x K ~ E n d  (V ' |  V") (60) 

is a tensor product representation. (K is the symmetry group for an extended 
supersymmetry.) Let 5 p be a subspace of End (IR p, V) which is Spin (p+, p_)  x K 
invariant. A superRiemannian structure bundle P is given by a reduction of the 
frame bundle of  X to the subgroup 

G = (Spin (p+, p_)  x K) ,q 5 a (61) 

which is first-order flat. 

The reduction of the frame bundle to the structure group G has the consequence 
that there is a well-defined subbundle T ~ of the tangent bundle, given by the odd 
directions. In this sense a superRiemannian structure is like a foliation of  an 
ordinary manifold. However, even for a flat superspace, instead of being integrable 
the distribution T ~ is maximally nonintegrable. The requirement of  first-order 
flatness has as a consequence that this will also be true for a supermanifold with a 
superRiemannian structure. 

For  simplicity, in the rest of  this section we will only consider the case of  
unextended supersymmetry, i.e. K =  {e}. The model G-geometry is given by the 
reduction (of the frame bundle of]RP[ Vto G) which contains the section s. At s, the 
torsion tensor again has only (To)~aa = (TaC-1)~ as a nonzero component. 

Proposition 5. For Spin (p +, p_  ) ;< 6e actin9 on W =  IR V[ V, ~(1) ~ ~ v | 6e. Necessary 
conditions for  a tensor T ~  Hom ( W  A W, W)  to lie in the same orbit in H ~ as To are 

T~pC = (TcC-1)~p, , (62) 

7 1 ca y 1 a ?__ Za~ - - 2 T ~ a c ( ~  )fl - - 2  Z~ac(  O'c )ct - -  - - ( ~ c c - 1 ) c t ~ X c ?  

+ �89 Xa ~' (7c C -  ~)~p, (aca)p ~ + � 8 9  J" (7~ C -  1)pa, (~a) r (63) 

f o r  some X s  5r 
I f  5 e = End (IR', V) then these are also sufficient conditions. 

Proof. With the notation of the proof  of Proposition 3, we have 

Sab c = (Ma)b c -  (Mb)a c , (64) 

Sab 7 = (Ma)b ~ - ( M  b)a 7 , (65) 

S~a c = - (Me)a ~ , (66) 

S a #  ~ = ( M  a)#~ - -  (Ma)a ~ , (67) 

s j = 0 ,  (68) 
S~p r = (M~)a r + (Ma), r . (69) 
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Suppose that M e f  (*). From (64), (M,)bc is symmetric in a and b, and 
antisymmetric in b and c, and so vanishes. Then (M,)a ~ also vanishes, and so from 
(67), (Mp), r vanishes. From (66), (Ma), c vanishes, and so (Mp), ~ vanishes. Thus 
M ~IR p | 5 e, and satisfies (M,)b ~ = (Mb) J .  

To show that (62) and (63) are necessary conditions it suffices to show that both 
{9" TO : g ~ G} and TO + I m  6 satisfy the conditions (62) and (63). For  T o + Im 3, this 
follows from (64-69). For  g. TO, the fact that 

(g" To),p ~ = (r  C -  a)~a (70) 

is satisfied follows from Spin (p+ ,p_)  invariance of (Tcc- l ) ,p .  It now suffices 
to consider g = ] 2 Z with Z e  5 e. If one writes out the left-hand side of  (63) for 
T =  g. To, one finds exactly the right-hand side of (63) with X =  Z. 

If 5 e = End (IR p, V) and the conditions (62) and (63) are satisfied, put g = 1 ~ X, 
where X is given on the right-hand side of (63). If we put 

S = T - g . T  O , (71) 

then S=p ~ and S=p ~ - }S=a~ (a ~ ) ~  - �89 (ac")= ~ vanish. It suffices to show S = 6 (M) 
for some 

M ~ W*  | (so (p +, p _ )  G End (IR p, V)) . (72) 
Take 

1 (M,)bc = ~- (So+~ - Sb,., + So,b) , (73) 

(Ma)p r = ~(M.)bc ( ~r~b)ar , (74) 

(M,) b' =�89 , (75) 

( M e ) a ' = ( M , ) a ' -  Sap' , (76) 

(Ma), ~= - S , a  c , (77) 

=~-(M~), (a c )~ [] (78) ( M / ~ ) J  1 c a ), . 

In the physics literature one does not talk about Spin (p+, p_)  ~ ~ structures, 
but instead about Spin (p +, p_)  structures. To make the comparison, suppose that 
we have a superRiemannian structure bundle. If we write the torsion equations, we 
can transfer the 5 p part of  the connection to the other side o f  the equation and 
consider that we have torsion equations for a Spin (p +, p_)  geometry, but now with 
a nonflat torsion. Thus the first-order flatness of a S p i n ( p §  5 e structure 
becomes translated into the nonvanishing of certain components of the torsion 
tensor of a Spin(p+,  p_)  structure. 

To formalize this, suppose that we have a superRiemannian structure bundle P. 
We can then find a local section a of P such that along G, Te  T0 + i m &  

Definition 4. A superRiemannian geometry is a reduction of P to a Spin (p§ p_)  
subbundle Q such that T~ To + Im 6 on Q. 

Proposition 6. There is a connection o) on Q for  which the only nonzero components o f  
the torsion T are 

T j = ( r  T~b ~ and T~ ~ . 

I f  these components are given then (n is unique. 
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P r o o f  We have that there is a G-connection 09' on P such that when restricted to Q, 

(To)" = dr" + t b A O)b a , (79) 

( T o T = d ~ + t  ~ A c o ~ + z  ~ ̂  co.'~ . (80) 

Define a Spin (p+, p_)  connection co by 

(D b a = (D ;a , (j.) flo'~ = CO ; o~ = (.o ;a ( f f  ab ) fl ,  . ( 8 1 )  

Then 
Z a = dza + ~b A O)b a = (TO)a , (82) 

T~ =dz~ + rfl A cofl~ =(To)~-- Za A COa ~ 

= ( T o ) O ~ _  ,ca A "~b(Dbaat-- ,~a A "Cfl(.O;a r . (83) 

The uniqueness of  co follows as in the analogous uniqueness of  the Levi-Civit~ 
connection. [] 

Proposition 7 (Dragon's  theorem [Dr]). Under the hypotheses o f  Proposition 4, the 
curvature I2 o f  co can be written explicit ly in terms o f  T and 17T. 

P r o o f  The left-hand side of  (51) and (52) can be written in terms of T and VT. The 
proposition follows from the proof  of  Proposition 4. [] 

V. Examples 

We will show that the above definition of a superRiemannian geometry gives the 
minimal supergravity theories in 2, 3, 4, and 6 dimensions. We will assume that we 
have a superRiemannian structure bundle for the group (Spin (p+ , p _ ) x  K),~ 5 e 
and find the consequences of  the torsion equations of  a supergeometry. We will 
do this by writing the torsion equations for a first-order flat (Spin (p +, p_ )  x K) 2 5~ 
structure in the form of torsion equations for a non-first-order flat 
Spin (p+, p _ ) x  K structure. We will also look at the different geometries which 
arise f rom different choices of the subspace 5 a. 

A. One Dimension 

Let V be lR 1. The torsion equations become 

dt x = - t o A -c o , (84) 

d-c ~ ~- T t  ~ A -c~ (85) 

for some even torsion component  T. Taking the exterior derivative of  (84) gives 

0 = - 2 Tz ~ A -co/~ z~ , (86) 

and so T =  0. By the super Poincar6 lemma [Ma], we can locally write z o as dr h where 
q is an odd 0-form. Then (84) becomes 

d(z ~ -  qdrl) = 0 , (87) 
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and so locally we can find an even 0-form z so that 

z X = d z  + q d q  , r e=d~ l  . (88) 

Thus, a one-dimensional supergeometry is locally equivalent to the flat super- 
geometry 

z X = d x  + O d O  , t ~  . (89) 

B.  T w o  D i m e n s i o n s  

L (1,0) S u p e r g e o m e t r y .  Let us take S O ( p + , p _ ) = S O ( 1 ,  1)~IR + and V=IR. (In 
the two-dimensional case we will define Spin(l ,  l) to be IR +, with the "double 
cover":  Spin( l ,  1 )~SO(1 ,  1) given by e ( x ) = x 2 . )  Let x + denote the light cone 

coordinates x + = (x~ x l ) / V ~  and let 0 denote the odd coordinate. Take 5e to be 
the subspace of End (/R p, V) which vanishes on 0~-, i.e. has the matrix form M +  ~ 

The torsion equations become 

d r++  t + AC~+ + = - t ~  ~ , (90) 

d r -  + t -  A o g _ -  = 0  , (91) 

dz  ~ + t ~ A COo ~ = ST +/x  t ~ + T r  + A z -  , (92) 

where S is an even function, T is an odd function and 

a)+ + = - co_  - =209o o (93) 

Propos i t ion  8. S = 0. 

P r o o f  The exterior derivatives of  (90) and (91) give 

t + AO+ + = t  + A ( 2 S t ~ 1 7 6 1 7 6  - )  , (94) 

t -  A f2_ - = 0 . (9 5) 

For  these to be consistent, S must vanish. [] 

Thus the above choice of  the subspace 6 a gives the heterotic geometry described 
by Moore and Nelson [MN]. The Bianchi identities give 

f20 ~ = 1 0 +  + = - T t  ~ t -  + ( V  o T)z + A t -  , (96) 
where 

V o T = e o T -  Tr ~ . (97) 

H. (1, 1) S u p e r s y m m e t r y .  Let us take S O ( p + , p _ ) = S O ( 2 )  and V = ] R  z with the 
spinor representation of Spin (2), the double covering of SO(2). Let both ]RP= IR 2 
and Vhave the standard complex structure, and let 5 e be the space of  complex-linear 
maps from ]R z to V. It  is convenient to complexify both ]R 2 and V, in which case the 
torsion equations become 

dz  z + z ~ A ( D z  z = - -  t 0 A "E 0 , 

d z ~  + t ~  ^ c o j =  - t ~ ^ t ~ , 

dz  ~ + t ~ A COo ~ = S z  ~ A t ~ + Tz'- A t g  + U t  z A t ~ , 

dz~ + z ~ A 0~  ~ = St~ A z~ + TZ~ A z~ + Uz  z A Z z , 

(98) 

(99) 

(loo) 

(101) 
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where v~is the complex conjugate o f t  ~, T is  the complex conjugate of T, etc., COz z is 
purely imaginary  and  

coj  = 2~o0 ~ . (102) 

Proposition 9. S = 0, T +  T =  0 a n d  U = V a T ,  w h e r e  

V a T =  e a T -  c o a j T  . (103) 

P r o o f .  The exterior derivative of (98) gives 

z z/x f 2 j  = t z/x (2St  ~ A t o + 2 T t  ~ A t ~ -  2 U t  ~ A t ~) , (104) 

and so 
f 2 J  = 2 S t  ~ A z o + 2 T t  ~ A t g -  2 U t  ~ A z~mod z z . (105) 

Similarly, 
O ~  = 2 S t  ~ ^ t ~  2 T t  ~ A t o - 2 0 z  ~ ^ t ~ m o d  z ~ . ( 1 0 6 )  

Because 
f2~ + f 2 ~ =  0 , (107) 

it follows that  S = 0 and  T +  T =  0. Using this informat ion,  the exterior derivative of 

(100) gives 

t o/x Oo ~ = t o ̂  [(17 o U -  TZ)t  ~ ̂  t r +  T t  ~ ̂  t ~ +  17o TtZ  

^ t ~ +  Ut~^  t o ] + ( V A T -  U ) t  ~ 

^ t o ̂  t o + ( 17a U -  17~T) t ~ ̂  t ~ ̂  t ~ . (108) 

Thus U = V a T .  [] 

Thus the restriction to the subspace 5 D gives the N =  1 supergeometry described 

by Howe [Hol] .  The Bianchi identities give 

f2o ~ = ( V  o V g T -  T2) t  ~ A z~+ T t  ~ A t ~  V o T t  z 

/x t ~  V ~ T t ~  ^ zo . (109) 

Suppose that  we take 5 # to be the space of all l inear maps from IR 2 to V. The 

torsion equat ions become 

dtz + t ~/x COz ~ = - t o/x z o , (110) 

d ~ +  t ~/x e ) ~ =  - t o ̂  t o , (111) 

d t  ~ + z ~ A 0% o = S t  ~ A z o + T t  ~ A f i +  Uv  ~ 

/x t r +  Qz ~ A t o + R t  ~ ,x t g , (112) 

d t ~  ~ A co ~  St~A t ~  Tt  ~ A t ~  Uz ~ 

/x t z + Q z  ~ /x z~  + R z  z / x  t ~ . (113) 

The exterior derivative of (110) gives 

z ~ A O~ ~ = z ~ A (2 S z  ~ A z ~ + 2 T z  ~ A t ~ -  2 U z  ~ A z ~) 

- 2 Q z  ~ A t ~  A z ~  ~  a . (114) 

Thus Q = R = 0, and we are back to the case ofoO ~ consisting of complex-l inear maps. 
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111. (2,0) Supersymmetry.  Let us take S O ( p §  V = C  and 

K = S O ( 2 ) .  Let x -+ denote the light cone coordinates  x +- = ( x ~  ~ and let 0 
denote the odd coordinate,  with complex conjugate ft. Take 6e to be the C 1 subspace 
o f  End (IR v, V) which vanishes on ~x-, i. e. has the fo rm M+ ~ The torsion equat ions 
become 

dz + + c  + A o9+ + = - c ~  c ~ , (115) 

d ~ - + c -  Aa~_-  = 0  , (116) 

dc~ + c~ /\ ogo~ R~ + /\ ~~ + Sc + /\ c~ + Tc + A c -  , (117) 

d c ~ 1 7 6  o g ~ = R c  + A c ~  + A ~ ~  + A c -  , (118) 

where R and S are even functions, T is an odd function and 

Re co0~189 + = - �89 - , co ~  (o90~ * . (119) 

/~ is the complex conjugate o f  R, etc. By using the freedom in Im 6 f rom redefining 
the connection,  we can assume that  S =  S. 

Proposition 10. R = S = 0 and VgT= O, where 

VgT= e ~ T -  Toggo ~ . (120) 

Proof. The exterior derivatives o f  (115) and (116) give 

c + A O+ + = c  + ^ (Re ~ A ~~176 ix c ~  ~ 

A c~+ T z -  ^ r~+ T z -  A c ~ (t21) 
and 

c - A O  - = 0  . (122) 

For  these to be consistent, R and S + S must  vanish. Thus 

R = S = 0  . (123) 

The exterior derivative o f  (117) gives 

c~ /\f2o~176 /\(VoTc + /\ c -  + Tc -  A c ~) 

+V~T~ + /~ c -  /~ c ~ . (124) 

Thus V~T must vanish. [] 

The curvature is given by 

f2o~ + A ~- + T~- /~ ~ff , (125) 

O0ff= (f20~ * , (126) 

f2+ + = - f2_ - = O0 ~ + f 2 j  . (127) 

IV. (2,1) Supersymmetry.  Let us take S O ( p + , p _ ) = S O ( 1 , 1 ) ,  V = C O I R  and 

K =  SO (2). Let x -+ denote the light cone coordinates x -+ = (x ~ + x l ) / V ~  and let 0 and 
a denote the odd coordinates,  where 0 has complex conjugate fT. Take 6 e to be the 
C I @ I R  subspace o f  End( lR p, V) which has the matrix form M + ~  ~. The 
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tors ion  equat ions  become 

d t  + + t  + a co+ + = - t ~  t ~ , (128) 

d r -  + t -  a co_ - = - t  ~ a t ~ , (129) 

d t ~ 1 7 6 1 7 6  + a t g + S t  + a t ~  + A t -  + U t  + A t  ~ , (130) 

d t g + t g a  r  A t ~  A t g +  T t +  a t -  + Or+ a t ~ , (131) 

d r ~ + t ~ a c o j = N t  - a t ~ + P t  - A t ~  - a t g + Q t  - A t  + , (132) 

where R, S, U, N, and  P are even funct ions,  T and  Q are odd  funct ions,  N =  N*, 
Q = Q *  and  

c%~=Reco0~189 + = - � 8 9  , co j= (e )o~  * . (133) 

As  for  the (2, 0) geometry ,  we can  assume Im S = 0. 

Proposit ion 11. R = N = S = O, Vo P = O, T =  - 2  V~ P,  U =  - 2_P, Q =  - ( Vo P + V ~ P ). 

Proof .  The exter ior  der ivat ives  o f  (128) and (129) give 

t +/~ f2+ + = t  + a ( R t  ~ A t ~  ~ A t ~  ~ A t g 

+ T t -  A t ~ + T t  - A t ~ 1 7 6  ~) (134) 
and 

t -  A l L -  = 2 t -  a ( N r ~ A t ~ + P t ~ a t ~ 1 7 6  +) . (135) 

F o r  these to be consistent ,  R, S +  S, U +  2 P and N m u s t  vansih.  Thus S = 0. We have 

f2+ + = I t -  A t g +  T r -  A t ~  ~ A t ~ - 2 P t  ~ A ,o 

- - 2 Q t ~ A t  + ( m o d t  + a t - )  . (136) 

The exter ior  der ivat ive o f  (130) gives 

r ~ A f 2 o ~  ~ a ( ( V o T - 2 P P ) t  + a t -  + I t -  a t O - 2  VoPt  + a t ~ 

- 2 P t "  a t g ) + ( V ~ T - 2 P z ) t +  A t -  a t  g 

+ ( V ~ T + 2 V _ P ) t ~  a t + A t - - - 2 V g P t ~  A vO a t + 

- ( 2 V ,  P +  T ) t  + a t ~  ~ . (137) 
Thus 

T = - 2 V,_P , V ~ P  = 0 , and  ( 138) 

f2o ~ = - (217o V , P +  2 P P ) t  + a t -  - 2  V, P t -  a t ~ 

- 2 V o P t  + a t ~ - 2 P t ~  a t ~ . (139) 

The complex  conjugate  o f  (139) gives 

f2 ~ = - ( 2  VoVr  + 2 P P ) t  + a t -  - 2  V r  a t o 

- 2  V ~ P t  + A t ~ - 2 P t  ~ a t ~ . (140) 

Using  the fact tha t  

f2+ + =f2o~ f2d  , (141) 
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we obtain 
Q = - (Ve P +  VoP) . 

The exterior derivative o f  (132) gives no further information.  

581 

(142) 

[] 

V. (2, 2) Supersymmetry .  Let us take S O  (p +, p _ )  = S O  (2), V =  t1~ 2, each (E with the 
spinor representation o f  Spin (2), the double covering of  S O  (2), and K =  112". Let 5 ~ 
be the space o f  complex-linear maps  from IR z to V. The torsion equations become 

d~ ~ + z ~/x m~ ~ = - ze, A zo~ , (143) 

&01 At._ T01 A (DoI O' = S l l  "c z A .~o~, ..[_ S12 ,.cz A "c Os -~- T l l  "c e 

A zg~ + Ttzz ~ A ~g~ + U 1 z ~ A z~ , (144) 

&o~ + zo: A COo~ ~ = Sz~ f ^ ~0' + Sz2 z: a ~o~ + T~ 1 z~ 

A Z ~-t -t- T22"c z A "Cgz -~ - U2 ~'~ A t'-- , (i45) 

along with the complex conjugates, where 

01 ~ f,~ 02 - -  f,~ Z co0~ w0~ - w ~  , co~z+~o~=0 �9 (146) 

In  this case we can use the f reedom in Im 6 [for the structure group Spin (2) x IE*] to 
set S~ ~ = $22- 

Proposition 12. 

S n  ~- $12 = $21 = $22 = 0 , (147) 

T22 -t- T l l  = T12 + T12 = T21 ~- T21 = 0  , (148) 

go2 T1 z = V~ Tl l = go, T22 = Vo , Tz a = 0  , (149) 

u~ = V ~ r l l  + v ~ r ~  , cr 2 = v ~ r =  + e ~ r ~  (15o) 

P r o o f  The exterior derivative o f  (143) gives 

"C z A ~'2~. z = Z z A ( S  21 "C01 A "C 01 -t- 822 r 01 A ,~02.31_ T21 ,.c01 

A r ot ~- T22"g O1 A T Oz At- U2 TZ-A ~.01 ..]_Sll,,Eo, 

A Z ~ + U 1 z~-a z ~ . (151) 

Along with the complex conjugate equation, and the fact that  ~ +  (~?j)* = 0, we 
obtain 

Sa 1 = $12 = Szl  = X22 = 0 , (152) 

~ + ~ = r,2 + r ~  = ~ + r ~  = o ,  (~ s3) 
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C21 = T21 z ~ ^ ~o~ _ Tu z ~ ^ ~o~ + Tu z ~ ^ z ~ 

+ T~2 zo~ ^ zo~ _ U1 zo~ ^ z ~ _  U2 ~o~ ̂  z~+ U1 v ~ ^ v ~ 

+ Uz z01 A zz (mod z~ ̂  ze) . (154) 

Using this information, the exterior derivative of  (144) gives 

~o, ^ 0 o o ,  =~o,  ^ [(Vo, U1 + Tu Tu + T~2 T~i)~ ̂ z~ 

+ Vo~ Tii ~z ^ zoO+ Vo, T ~ z  ~ ̂  ~ -  Ui z~ ^ z ~ 

.~_ T11 ,(02 A ,.~0-~.~ T12To2 A Z ~f2 ] -~- ([702 U 1 + Tl l  T12 - T12 Tll) 'E z A "~z A Z 02 

+ ( V ~ U ~  - V~Tu)z  ~ ̂  z~ ̂  z ~ + ( V ~ U ~  - V~T~z)z ^ z ^ 

+ Vo~ T~  z ~ ̂  z ~ ^ zo~ + 17o ~ T~ z ~ ̂  z ~ ^ z ~ + V ~  T~i z ~ ̂  zo-; ̂  z ~  

+ V ~ T ~ S  ^ zo~ ^ ~o~ 

+ (  - U~ + V ~ T  u + V ~ T ~ z ) z  ~ ̂  z ~ ^ z ~ (ls5) 

(156) 

(157) 

0s8) 

(159) 

Thus the restriction to the subspace 50 gives the N =  2 supergeometry described 
by Howe and Papadopoulos [HP]. 

Thus 
Vo~T~2= Vo~ ~ i  = V ~  Tu = V ~  T ~ = O  

and 
~ = V ~ T .  + V ~ T ~  . 

Similarly, the exterior derivative of (145) gives 

Vo~ T~ = Vo, T= = V ~  T~ = V ~  ~ i  =0 
and 

u~ = V ~  T~ + V ~  T~, . [] 

C. Three Dimensions  

Let us take S O ( p + , p _ ) = S O ( 2 , 1 ) ,  V = ] R  2 with the spinor representation of 
Spin(2, 1 )=SL(2 ,  N). Following the notation of [GGRS], we will denote the 
matrix representation of an element M of sl(2,1R) by (M) + + with Tr M = 0. Using 
the invariant symplectic form e on Vto raise and lower indices, we can consider M as 
an element of  S 2 (N2), i.e. of  the form M+ + with M ~  = Mp~. We will also identify 
sl(2, ]R) with the Minkowski 3-space, to write an element of  IR 3 in the form 
P s S 2 (IR2). 

Let us first take 5~ = End (IR 3, V). The torsion equations become 

dz~p + zTp ̂  co~ + z~ ^ c ,~ = _ z~ A z p , (160) 

dz~+z ~ ̂  o~ ~ =z~ /x  z~T~,~+�89 ~ ^ z~T~,~  ~ , (161) 

where o ,  p is sl(2, lR)-valued and To~,~ ~ H o m  (A2(S2(IR2)), IRZ). It is known that 
the Bianchi identities imply that one can express the torsion and curvature in terms 
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of a function R and a tensor G~pr which is totally symmetric in its indices [GGRS]. A 
calculation gives 

T~, ~ = R (e~ 6~ ~ + e~ 6~ ~) , (162) 

�9 1 T~,~ -~(~+~6~ V~R + ~6+~V~R + ~+~6:V~R + ~ + % R  

-%+tfl17~R -e~+6:17~R -~tfll7+R -~:6:V+R 

+ Gr + G~o%Or + Gr + G~r%r ) , (163) 

with the constraint 
V,G#r'+ V# VrR + Vr V#R =0  . (164) 

There are two SL(2, IR)-invariant subspaces of End (IR 3, V)= End (S2(V), V), 
namely 

,90, = {M e End (S 2 (V), V) : for all v e V, Tr M o = 0, where 

M v : V~  V is given by My (w) = M(v | w + w | v)} (165) 
and 

5e 2 = { M ~ End ( SZ ( V), V) : 3z e V* such that 

M (v, w) = z (v) w + z (w) v} . (166) 

Proposition 13. The supergeometry correspondin9 to 50, has vanishin9 R. 

Proof. In matrix form, 

5al = {Me End (S2(V), V) :M~# p = 0} . (161) 

Thus the torsions must be writable as 

T~,~'=(M~)or" and TO~,o~'=(Mo~)o~--(M~r)j, (168) 
where 

( M ~ ) j  = 0 and (Mo~)~, ~ = 0 . (169) 

The condition (T~)j  = 0 gives R = 0. Let us guess that (Mr has the form 

+ e4,~P~o ~ + e~P+~ (170) 

for some symmetric tensor P. This has the required symmetry that (M,,)6~ be 
symmetric in both (qSe) and (37cQ. Then 

Tr ~ = 2 e4, ~ P ~  + 2 e~ Pr + 2 ~6~ P ~  + 2 e~ P4,~ 

+ eo~P~6 ~ + e~P+~ - 8~,P~+~ - ~,P~+~ . (171) 

One can check that if P = G/5 this equals ~ ~(G o~e~ + G~er + G+~e~ + G~r~e+~ ). 
Note that G must still satisfy 17 Ga~=0.  [] 

Proposition 14. The supergeometry correspondin9 to 5ez is the same as the 
supergeometry corresponding to 5 ~ = End (lR 3, V). 

Proof. In matrix form 

~.,602 ~--- {Me End (S:(V),  V) :Mo~=Z~fr~+Z~5~ ~ for some Z} . (172) 
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Thus the torsions must be writable as 

T~, a~" = (Z~)o 6r" + (Z~)~ 6j' (173) 
and 

To~, ~ :  (Z+,)a 6r" + (Zo,)r 6a ~ - (Z~r)o 6," - (Z~)~ 6~ ~ . (174) 

We can do this by putting (Z~)a to be R~a and (Zo~)a to be -�89 V~R +%~ VoR) 
+ Go,~, thanks to the identity 

1 a a a ~(G~,~ ~ + G~ Q,~ + G~ ~o + G~%4~) = G~o 6~ ~ + G ~  6~ ~ 

- G ~ r  6~ ~ - G ~ 6 4 ,  ~. [ ]  ( 175 )  

D. Four Dimensions 

L N = I  Supersymmetry. Let us take S O ( p + , p _ ) = S O ( 3 , 1 ) ,  V=IR 4 with the 
spinor representation of Spin(3, 1)=SL(2,  ~). This representation is complex- 
equivalent to the representation o n  1 ~ 2 ( ~ 2  which is the direct sum of the 
fundamental representation of SL(2, C) and its complex conjugate�9 Following the 
notation of [WB], we will denote the matrix representation of an element M of 
sl(2, C) by (M),P O (M)a ~ with Tr M =  0 and (M)~ ~ = ((M)~) *. Using the invariant 
symplectic form e on C 2 to raise and lower indices, we can consider M as an element 
of S z (C2), i.e. of the form M,p with M , p -  Mp,. We will also identify 

Jt~= { P s M 2 ( C )  : P=  - P*} (176) 

with the Minkowski 4-space, to write an element of R4 in the form P,~ with 

Let us first take 5 a = End (R4, V). The torsion equations become 
�9 �9 , o 

d~P + z ~ A COf + ~ ~ A ~or~= - - ~  A ~P , (177) 
�9 . 

dz~ + ~ P A O~p~ = ~ A z~T~ ~ + z ~ A z~T~, ~ 

+�89 ~ A "c~r ,~r~' , (178) 

dza+ z ~ A ogp a= z rd A z~T~, ~a+  z~ A z~T~,ja 

+�89 ~ A "c~;T&,~ ~ , (179) 

where ~o,' is sl(2, C)-valued and T&, &~ s Horn (A 2 (jig), C2). 
It is well known that the Bianchi identities imply that one can express the torsion 

and curvature in terms of a complex function R, a hermitian tensor G,~ and a 
complex tensor W~,r which is totally symmetric in its indices. We refer to [WB] for 
the expressions for the components of the torsion tensor, as well as the constraints 
among R, G, and W. 

There are two SL(2, ~)-invariant subspaces of End(IR ~, V ) = E n d ( ~ ,  V), 
namely 

5el = {Ms  End ( ~ ,  V) :M,,~=0} and (180) 

992 = {Ms  End ( ~ ,  V) : SNs such that M,S ~ = 6~rN~} . (181) 

Proposition 15. The supergeometry corresponding to 5~ has vanishing R and G. 
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Proof. Using the notation of [WB], the torsions must be writable as 

T ~ , J = ( M o ) ~  ~ , T a , ~ = ( M ~ ) ~  ~ , (182) 
and 

T~a ' J = (Moa)~ ~ - ( M ~ ) j  , (183) 
where 

( M o ) ~ f l = 0 ,  (Ma) ,~ '=0  and (Mo~) ,~ '=0 .  (184) 

The condition T~,~ = 0 gives G = 0. The condition T$ ,~  = 0 gives R = 0. I f  we take 
(Moa)~" to be - e ~  W~ ~ then 

T ~ , j = ( M o a ) ~ ' - - ( M , ~ ) o f l  and (Moa)~f l=0.  [] (185) 

Proposition 16. The supergeometry corresponding to 5f 2 has vanishing G and W and 
constant R. 

Proof The torsions must satisfy 

Ta,,~" = Na. ~ 6~ ~ , (186) 

and 
Ta, J = No, ~ 6~ ~ (186') 

Taa,~= = Noa ' ~ 6~ = - N~, a rio = (187) 

for some NL~, N0, e and No$,~. Equation (186) is always satified. Equation (186') 
implies that 

s~, G0~ - 3 e0, G~ - 3 %, G,~ = e,,Hot (188) 

for some H. Contracting with ~= gives Ha~=Goe and so eo=Qe+%,G=~=O. 
Contracting with e ~ gives G = 0. Equation (187) gives 

- 2e,~ W6~ ~ = Noa,~6~ =- N~,a6o ~ . (189) 

Contracting with 5~ ~ gives N =  0, so W =  0. The constraints on R, G and Wgive that 
V,R= V~R=O, which implies that V~R=O. 

IL N =  2 Supersymmetry. Let us take SO(p+, p_)  = SO(4), V= 11( 8 with the spinor 
representation of Spin (4) = SU(2) x SU(2) and K=IH*  = IR + x SU(2). Thinking of 
V as 1H z, the representation of Spin (4) x K on V is given by 

q (g, g', k) (vl, V2) = (gV 1 k - !,  kv 2 (g ' ) -  1) , (190) 

where g and g'  are unit quaternions, ke lH*  and ( V I , U 2 ) ~ ' - I  2. The action of 
S p i n ( 4 ) x K  on IR4=II-I is given by v--+gv(g')-l.It is convenient to use the 
identification 

lI-I = {P+ Mz( r  : /~= -~Pe} (191) 

where e is a symplectic form on ~z. Using this identification, we will write an 
element M of su (2) �9 su (2) @ k as (M)~ ~ | (M)~ ~ @ ( M ) j  with (M)~ ~ = (m)~ ~ = 0. 
Similarly, we will write an element P of IR 4 as P ~  and an element Q of V as 
(Q)~i@(Q')i~. We will use the symplectic form e to raise and lower indices. 
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Let us first take 5" = End (IR 4, V). The torsion equations become 

dz'~# + z~ ~ A co## +co~ ~ A z~#= - z =  i A "fti ~ , (192) 

d'cai+(9~ # A T#i2t-T~t j A o)ji----- T? t{ A T#JTj#,tj?~ti-~-'f? ~ 
�9 . . �9 , . 

A z'j#Z##,lje~t-[-�89 A zJ'T4,~,,(= ' , (193) 
�9 . , 

d'c'i ~ + z'i # A 09# ~ + O)i j A T, tj ~ = T), z A "fflJTj fl, ~?i d 27 "f?J 
�9 . , . 

A z'##T# # a~i~+�89 ~ A zJ'T6~,~i~ . (194) 

The solution to the Bianchi identities is given in the Minkowski case in [Ho2]. In 
our case a tedious calculation shows that the solution is given by superfields U ~#, 
U'~#, T~j, T 'f#, W~ # , W'~ ~ , K),~ ~ and L#,~/. Here U, U', Tand  T'  are symmetric and W 
and W' are traceless. The fields satisfy the Hermiticity conditions 

(U~#) * = U~#, (U'~9)* = U '~ ,  (T~j)* = T i#, (T'i#) * = Z' i j  , 

(W~#) * = - W~#, (W'~#) * = - W'=#, (K/~#) * = KiJ#  and 

(L  # ~ *  - L  i ~ (195) i ~  / - -  j #  �9 

One finds 

T f  .j~ i = _ [Kj$#6~ ~ + L j i~6 ,  # ] , (196) 

T~ j, ~,~ = K/#~6$ ~ + L/3~6r ~ , (197) 

T#j, $~ai = ,~ji(~ ? U t ~  jl_ ejiF,~ Wtet? "4- el~ 4 T ' J i 6 J  , (198) 

Tj p, ~i ~ = e# 6~ ~ U ~ + e# e ~ W~ ~ + e p~ Tq 6~ ~ . (199) 

By the freedom in Im 6, we may assume that L vanishes. 
For future use, we will give the curvatures modulo z, ~. They are 

f2~ r = - z ,  i A Z j  (ejl U ~" + e~aTq) + �89 A z ' j#Kj ,  #~6, a 

--TaZ A c  j l~i 'l~ - - y Z  j /\'L i e. e.~lImtafl (200) 
�9 , , , . 

~"~d # = �89 A Tj~f i  e ~ Wd # - - T ~ i A  T ' j#g i  J, d'-I-�89 t 

A z ' j~K/ ,  ~=6a ~ + z ' / A  Z'i ~ (~Jiu ,~  + e,~ T 'O)  , (201) 

O~ = - ~J A Z#*(e** U ~ + ~#rT~,) - ~ ' /  A v,*K,#, ~" 

+ �89 k A z ' JKk  j, ~6 j - -Z~  k A z ' ,~L / ,  ,(  --zrJ 

A Z'k#Ki k, #r + z,i # A T,'k t (skJu'llJ + e@l ~ T Vk) . (202) 

The superfields will have to satisfy further first order differential equalities, 
which we will not bother to derive here (see Sect. VIII). 

E. S i x  Dimensions  

Let us take S O ( p + , p _ ) = S O ( 5 ,  1), V=IR s with the spinor representation of 
Spin (5, 1)= SL(2,1H). This representation is the fundamental representation of 
SL(2 ,1H)  on lit 2. Following [KT],  it turns out to be most convenient to use another 
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equivalent form of  Spin (5, 1), which is SU* (4). Let J be a real skew-symmetric 
operator on @r j 2_=_  1, and let e be a real skew-symmetric operator on C 2, 
e 2 = - 1. Then 

SU* (4) = {A e SL(4, tE) : JA = A J} . (203) 
Put 

V= {v ~ M(4, 2, IE) : z3 = Jw} . (204) 

Then SU*(4) acts on V by o(A)v=Av.  We can identify IR 6 with 

Jet~ = {B e M(4, tE) : J/~ = - B J, B T = _ B } , (205) 

with the SU* (4) action given by B ~ A B A  T. There is a map from S2(V) to • given 
by (v, Vt)"-9"U,su'T'J-1)',~U T, which gives a super Euclidean algebra on ]R6IV. 

Let us denote the components of A esu*(4) by Aa~, B e M ( 4 ,  IF,) by B ~a and 
v e M(4, 2, C) by v~'. 

Let us first take 5 a = End (IR 6, V). The torsion equations become 

d'P e +'r "r A o~f + z ~ r, r -eiJz]/x z~ , (206) 

a fl A T~ T j  a'-t-L"rra dz  i -4-z i A ~Oa ~ =  ZY'~ *~,ari - - 2 ~  A r~~ . (207) 

The solution for the Bianchi identities is given in terms of a tensor M a~ which is 
symmetric in fly and satisfies V~M ~ = 0  [ST]. Explicitly, 

T J , -  o ~t~,x J (208) 

T~, ~ = ~i3 [e ,~  VIM ~ - %~,, V~ M"" - e ~  V~ M ~" + e ~  U M '~'] . (209) 

There are two SU*(4)-invariant subspaces of End(JR 6, V)=End(Yg,  V), 
namely 

5P 1 = { M 6 E n d ( W ,  V):M~a/~=0} and , (210) 

5~2={M~End(W,V) :~N~,  such that M ~ = b ~ N ~ i - b o ~ N ~ i } .  (211) 

Ctearly the geometry corresponding to 5a a is the same as that corresponding to 5 ~. 
On the other hand, the geometry corresponding to 502 is easily seen to have 
vanishing M, and so is fiat. 

VI. Higher Order Obstructions to lntegrability 

The torsion tensor of a G-structure gives a first-order obstruction to the flatness of 
the G-structure. There are also higher order obstructions, which are given by the 
Spencer homology groups. An elegant exposition of  this theory is given in [Gu]. We 
will briefly review [Gu] in order to fix notation. (We will consider everything to be 
•2 graded, without writing so explicitly.) 

Given the Lie algebra y c g l ( W )  of G, define ~(1) c End (W, g) as in Sect. IV. 
Define y(k) inductively by 

p(k) = {Se End (W, ~(k-1))  : S ( w ) ( w  t) = S ( w t ) ( w )  for all w, w 'e  W} . (212) 

There is a Lie group f#k whose Lie algebra is p G p ~ l ) G . . . O p  ~k), with an 
appropriately defined bracket. Given a G-structure which is kth order flat, one can 
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define a principal bundle E k over M with structure group Nk. There is a canonically 
defined 1-form F k on E* with value in V G p @ . . . @ p  (k-~). We will denote its 
homogeneous parts by ~, coo,..., cnk-1. 

(In the special case k = 0, one has that (r = G, E ~ is the usual frame bundle and 
F ~ is the canonical 1-form z. The case k > 0 is a generalization of this.) 

Let us define 

T =  & +�89 o~ ~ + Ion0, ~]) (213) 

(2i=dooiq-�89 coi+l]+[foO, coi]+...+[aki+l,'c]) , 0 < i < k - 1  . (214) 

One can verify that for i < k -  l, dcJ is canonically given on E k, and so O ~ has the 
corresponding flat space value. On the other hand, dco k- 1 is not canonically given if 
the G-structure is not (k + l )  th order flat. Let us choose a fqk-equivariant horizontal 
f(k)-valued 1-form cok and define 

g2*-1 = d(o*-1 + �89 co g] + [coO, co k-l] + , . .  + [cot, z l) . (215) 

The exterior differentiation of 

f2 k-2 =do) k-z +�89 co k-l] + . . .  + [o k- 1, r]) (216) 

gives 
VOk-2=[~,ok-1] , (217) 

where Vf2*-2=d[2 k-z oH denotes the covariant exterior derivative. As f2 k-2 is 
canonically given, if Vg2 k-z vanishes in the fiat geometry then [z, O k-l] vanishes 
on E k. 

Let us define the chain group 

C k'z =g(k-1) |  . (218) 

There is a boundary map 

6:Ck 'Z~C k-l'z+l [Gu] . (219) 

Then given a choice of co k, the condition [z, O k - l ] = 0  implies 0 k-1 ~ Z  k,2. The 
freedom of choosing co k means that there is a well-defined element of H k'2 which 
gives an obstruction to the (k + l)th order flatness of the G-structure. The group H k'2 
is the Spencer homology group [Sp, Gu]. 

Let us consider the setup of Sect. IV with unextended supersymmetry. That is, 
the structure group G is Spin (p+, p_ )Y~ ,  where 5 e is a Spin (p +, p_)-invariant 
subspace of End (1R p, IT). 

Proposition 17. I f  k >  0 then p(k)= ( ~ | Sk ( (IR p ) ,  ) ) n (  V | Sk + I ((lRp),)). 

Proof. In components, an element M of y(k) can be written as a tensor MA1.." Ak+ 1B 
which is graded symmetric in (A 1 ..... Ak+l) and is such (Mal...Ak)Ak+~ B 
=Mal...Ak+ f denotes an element MAI...Ak of p. First suppose that B is an even 
index. For  (Ma .... A~)A~+ 1B to be nonzero, Ak+ 1 must also be an even index. By the 
symmetry in the lower indices, for (MA~ ...A~)a~ + n to be nonzero, each A i must be an 
even index. Then we are reduced to the case of so(p+, p_)(k), which is known to be 
zero if k > 0. 
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Now suppose that B is an odd index. I f  Ak+ 1 is an odd index then 

_ i ~M ~ b t a a ~ B (220) MA1...A~+IB=(MAI...Ak)Ak+I --E*, A 1 . . . a k l a  \ b ) a k + l  

vanishes. By the symmetry of the lower indices, for MAI ...Ak+ B to be nonzero, each 
A i must be an even index. [] 

In components,  an element of  C k'l has the form MCl...C,A~...A~ ~, where M is 
graded skew symmetric in the C indices and graded symmetric in the A indices. The 
boundary map 6 : c k ' Z ~ C  k-i ' l+l  is given by 

((~M)cl ...c . . . .  A l  . . . A k -  1 B = (M)[cl ...Ct,Cl + 1 ] a l  . . . A k - 1  B , (221) 

where [] denotes antisymmetrization. 
The group H ~ gives the torsion obstruction which we have already discussed. 

Proposition 18. I f  5 e = End (F.. p, V) then Hk '2= 0 for  k > 1. 

Proo f  H k'2 is the middle homology of the sequence 

�9 . . - ~ e k | 1 7 4 1 7 4  . . . .  (222) 

I f k  > 1 then by Proposition 17, k - i  = V|  Suppose that Mc~c2,a ~...a~ ~ 
denotes an element M of~  k- i | A 2 ( W , )  with 6M = 0. If  both Cindices are odd then 

Mc,c2,a,... Ak B - -  Mc:a~, c,... a~ n + MAlCl,Cz... Ak B = 0 , (223) 

which implies that Mc,c~,A . . . .  ak B vanishes. I f  C 1 is odd and C 2 is even then 

Mcic2, A . . . .  Ak B 21- M C 2 A 1 ,  C I . . .  At, B -~- MARC1, C2...  Ak B = 0 , (224) 

which implies 

M C I C 2 , A  . . . .  Ak B = MCIAI,C2... A~ B " (225) 

Then M = b N ,  where N e k ,  k |  *) is given by 

NC, ,A1 . . .AT ,+  i B =  M c 1 A 1 , A z . . . A k +  I B . (226) 

I f  C 1 and C z are both even then 

e c  1c2,  A I . . .  Ak B "3V M C z A 1 ,  C . . . .  Ak B "q- M A l C l ,  C2...  ak  B = 0 . (227) 

In this case one can show that M e  Im 6 by the same agument as is used to show that 
the Spencer homology vanishes for the group GL(n, IR). [] 

Proposition 19. I f 5 r  = End (JR p, V) then the homology group H i'2 is isomorphic to 
that o f  a usual SO  (p +, p _ )  Riemannian 9eometry. 

Proo f  The group H 1'2 is the middle homology of the sequence 

�9 . . - + k * l | 1 7 4  . . . .  (228) 
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If M E ~ |  *) then the component equations of 3M=O become 

ME~2,E~~176176 (229) 

ME1E2,o,~176176 , (230) 

M O ~ O 2 , E l ~  , (231) 

M o l o 2 , o a ~ 1 7 6  , 

M~IE2,~f~+M~2~,Ef~+ME3EI,~f~=O , 

(232) 

(233) 

MO1E2,EIE3--MoxE1,E2 E3=O , (234) 

Molo2,~.f ~ = 0 , (235) 

where E or O denotes an even or odd index. 
Note that because of the spinor representation of SO(p+,p_), Eq. (230) is 

related to Eq. (233), Eq. (231) is related to Eq. (234) and Eq. (232) is related to 
Eq. (235). Because 5 r = End (~P, V), as in the proof  of Proposition 18, Eq. (229) 
gives no contribution to H a'2. Equation (235) implies that Eq. (232) has no content. 
Equation (233) gives the same contribution to H 1'2 as  in ordinary Riemannian 
geometry, that is, a tensor with the symmetries of the Riemannian curvature tensor 
of an SO(p+, p_) geometry. Equation (230) implies that there is a tensor P such 
that 

MolE,,E2o2_ ! M E4t,, E3~ o2 .  p o2 (236) --  --4- EIE2,E3 \~g4 101 ~ a o 1 g l , E 2  

where P is symmetric in E 1 and E z. Then P lies in Im 3, and so Eq. (230) gives 
no new contribution to H 1'2. Because so(p+ ,p_)(1) vanishes, Eq. (234) implies 
MolEI,Ef~=O. Then Eq. (231) becomes Molo2,E93=O. [] 

Propostion 19 shows that flatness of a superRiemannian structure with no internal 
symmetry group is given by flatness of the reduced space, i.e. there is no new 
curvature in the odd directions. 

Let us now consider the case when G=Spin(p+,p_) and W = I R ' •  V. We 
know that when the hypotheses of Proposition 4 are satisfied, first order flatness 
implies second order flatness. Let us show more generally that there are no formal 
obstructions to flatness other than the torsion. 

Proposition 20. For G=Spin(p+,p_), actin9 faithfully on V, we have y(k)=o 
for k > 0 .  

Proof. This follows from the proof  of Proposition 17. [] 

Proposition 21. For G = S p i n ( p + ,  p_), acting faithfully on V, we have H k'2 =O for 
k > 0 .  

Proof Because ~(k) vanishes for k >  0, H k'2 automatically vanishes for k >  1. If 
3 : ~ | A 2 ( W* )--* W| A 3 ( W* ) is the boundary map then H I' 2 = Ker 3. Written in 
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components, this becomes 

MEIE2,0102=O , 

ME101,0203 +ME102,0103 = 0 , 

molo2,o3~176 , 

Me,E~, E~ E~ + ME~E~, el ~ + ME~E~, E~ E" = 0 , 

M O t E 2 , E t  E3 - -  Mo~E, ,E2 E3 : 0 

m o l o 2 , E a  E2 = 0 , 

where E or 0 denotes an even or odd index. 

591 

(237) 

(238) 

(239) 

(240) 

(241) 

(242) 

Equation (237) implies that Eq. (240) has no content, and Eq. (242) implies that 
Eq. (239) has no content. Because so (p +, p_ )(1) = 0, Eq. (241) implies M o 1~1, f 3  = O. 
Then Eq. (238) has no content. [] 

VII. Supereonformal Geometry 

The superconformal Lie algebras tend to be simple super Lie algebras (a 
classification of which is given in [Ka]). They have a filtration 

where 

and 

= ~(- 1) G r l/z) �9 ~7 (~ G ~(1/2) G y(1) , (243) 

kr p , (244) 

~/(- 1/2) = ~(i/2) = V (245) 

~(o) = so (p +, p_) • R �9 k , (246) 

with k being a Lie algebra which represents an additional symmetry. The even part 
o fp  is so(p+ + 1, p_  + 1) ~)k, which is the usual conformal Lie algebra plus k. The 
commutator of~ (- 1/2) and g(1/2) is nonzero in ~(o) and is given by the model torsion. 
This is similar to what happens in CR geometry, in which the nonzero torsion 
corresponds to a nondegenerate Levi form [CM]. 

We will need the superconformal Lie algebras for the following spacetimes, 
where N denotes the extended supersymmetry index: 

Signature Lie algebra k 

(+) ospR(N]I) sort(N) 
(+ +) ospe(N]l) soe(N) 
(+ + + +) slH(2IN) if N4=2 91H(N) 

s1~(212)/~ if N=2 s/r~ (2) 
( -  +) osprt (NLll)@osp~.(Na[l) so~ (NL)~)so~. (NR) 
( -  + +) ospF. (N]2) sor~(N) 
(-- + + +) su(N~2, 2) if N#:4 u(N) 

su(412, 2)/~, if N=4 su(4) 
( -  + + + + +) hosp (NI2) ho(N) 
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If we consider ~(- 1) to be the even tangent space and pc- 1/2) to be the odd tangent 
space, then the subspace ~(~ of y acts on y(-1)q~r by 

adr162 , ad~0):r162 and 

ad r : pc- 1)__.r 1/2) . (247) 

Let G denote a super Lie group with Lie algebra r and let G o denote a subgroup with 
Lie algebra 

~ 0  = ~(0)  I ~  r  ( ~  r  . (248) 

Note because the adj oint action of Go on ~ preserves r there is a representation 0 of 
G o into End (r162 Let G' denote the image o(G). 

The model spaces for a superconformal structure will be homogeneous spaces of 
the form G/G o. These will turn out to be Grassmannian manifolds or subspaces 
thereof on which a quadratic form vanishes. The reduced spaces will be conformal 
compactifications of the flat Lorentzian (or Euclidean) spaces. 

We will consider a superconformal geometry to be given by a Cartan connection 
[Kob] on a supermanifold Jr. That is to say, we have a c-valued connection co on a 
principal G o bundle such that 
1. co is G o equivariant. 
2. For  all X~ r co(Vx) =X, where Vx is the vertical vector field corresponding to X. 
3. co gives an isomorphism between the tangent space of a point in the bundle and 
the Lie algebra r 

Suppose that we can write r as the direct sum h @ k of two Lie subalgebras. 
[We will take h to be so (p+, p_)G 1R and k to be the additional symmetry group.] 
Suppose that we are given the r r and h parts of a putative Cartan 
connection, denoted by P, Q and M. We will want to be able to find the k, r and 
r parts to complete a Cartan connection co. The l-forms P, Q and M will have to 
satisfy some conditions, namely 
1'. For  all X~r P(Vx)=Q(Vx)=O and m(vx)=(X)h. 
2'. PGQq~M is G o equivariant, where G o acts on ~(-1)Or 
=r ~1)) via the adjoint action on r 
3'. A tangent vector V on the principal bundle is vertical if P ( V ) =  Q(V)=0. 
The idea is to find curvature obstructions to the conformal flatness of a space. To do 
so, we will find the curvature of some specified Cartan connection co. In order to 
specify co, we will want to put some conditions on its curvature E2. These conditions 
should be weak enough so that a superRiemannian geometry also has a 
superconformal structure. 

Given a G o principal bundle, the homomorphism Q gives a G'  principal bundle. 
G'  can be written as 

G'  = (Spin (p +, p_)  x IR + x K) ~ 6 e , (249) 

where the subspace 5 e of End (IR p, V) is given by 

m_ V *  = ~z (1/2) (250) 

Here the inclusion V* c End (IR v, V) is given by the Clifford multiplication of IR p 
on V*. The principal G'  bundle coming from a Go bundle will inherit the canonical 
forms P and Q. If we reduce a first order flat superRiemannian structure with 
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connection, having 5 ~ = End (IRP, V), to a superRiemannian structure with 50 = V*, 
then the induced Spin (p +, p _) ,~ V* connection will generally have nonzero torsion, 
which lies in Hom (A 2 ( ~ ) ,  V) • Horn (IRP @ V, V). Consequently, it would be too 
stringent to require first order flatness of the G' structure over X. In order to specify 
the Cartan connection, we will require that the pc-1) part of f2 vanishes, that the 
p(-1/2) part of f2 lies in a certain subspace of Hom (A 2 (]RV), V)1~ Hom (IR v @ V, V) 
and that the pro) part of f2 satisfy a tracelessness condition analogous to the 
vanishing of the Ricci part of a curvature tensor. These conditions must be invariant 
under the action of G o . As the super Lie groups change very much with the 
spacetime dimension, we will have to look at the cases individually. 

B. Two Dimensions 

As is well known, conformal flatness is somewhat different in two dimensions as 
compared to higher dimensions. We will only discuss case II of (1, 1) super- 
symmetry. The other two-dimensional cases are similar. The global superconformal 
algebra is ospc(l l l  ). The model space X is a supermanifold arising from a 
homogeneous Rz vector bundle over S 2. In the two-dimensional case it would be 
wrong to construct a Cartan connection with values in ospr as the Cartan 
connection is a local construction, and the local automorphism group p is much 
larger than ospr (111). In fact, p is a subalgebra of the 7Z �9 (2g + 1/2) graded Neveu- 
Schwarz superextension of the Virasoro algebra [NS], with even generators 
{Lm}~= odd generators (G t 1/2 and relations 

- -  o o ,  t - - r  J r =  - -  ~ +1/2 

[L m, L,] = (m - n )  Lm+, , (251) 

[Lm, Gr] = (m/2 - r )  G,+ r , (252) 

{G,, as} = 2Zr+ , .  (253) 

There is an induced grading 

P = p(- 1) G p(- 1/2)(~... (254) 

with p(m) generated by L_ m and p(~+t/2) generated by G-m-l/2. 
A p-valued Caftan connection can be written in the form 

where {co(~)}2= -1 are even rE-valued 1-forms and {co(~)}2=+1~/2 are odd ~E-valued 1- 
forms. Let us take h=tE and k=0 .  Here P is co(-a), Q is co (-1/2) and M is co (~ 

Proposition 22. Given P, Q and M satisfyin9 1 ', 2!, 3' and f2e=0, there is a Cartan 
connection co extendin9 P O Q G M  such that co is flat. 

Proof. First, let us take any Cartan connection co extending P O) Q �9 M. Writing the 
curvature E2 as 

f2(m))@~m 01/2 , (256) 
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we find 

Qlm) = dco(m) + Z 
p+q=m 

do) (") + 2 
p+ r = m 

The Bianchi identity is 

(-p+q)coCv)/xco(~)+2 ~ co~')/xco ~) for m s Z ,  
r+s=m 

( - p / 2 + r ) c o ( P ) ^ c o  ~) for m e Z + l / 2  . 

Tzz ~ + 2 T~o ~ = 0 , (259) 

T j  + Too ~ = 0 , (260) 

T~#~ + 2Tgo~ , (261) 

T~o ~ = T~o -~ = Tog ~ = TN -~ = T~O -~ = TN -~ = 0 , (262) 

Too z :  1 , (263) 

along with the complex conjugate equations. Suppose that these are satisfied. Let P 
and Q denote the canonical forms on the reduced frame bundle. Then by choosing a 
�9 03 C connection with flat space torsion, it follows from Proposition 22 that it is 
possible to extend the connection to a flat Cartan connection. Suppose on the other 
hand that we have a reduction of the frame bundle of  X to a subbundle with 
structure group C* which is not necessarily first-order flat, but satisfies the torsion 
conditions 

T~o z = T-w ~ = Tog z = T~ -~ = 0 , (264) 

TooZ= 1 , (265) 

for this are 

d~2(m)=2 ~ (--p+q)coIv)AQ(q)+4 ~ colr) A~2(s), m ~ Z  
p+ q= m r+s=m 

2 ~ ( - p / 2 + r ) ( c o ~ P ) ^ ~ l ' ) - ~ P ) ^ c o  r for m ~ Z + l / 2  . 
p+r=m 

By hypothesis, we have that Q(-  1) vanishes. For m s Z, m __> - 1, we will assume that 
~2 (-I), [2 ~-1/2) ..... ~2 (m) vanish and show that it is possible to modify co~m+3/2) and 
CO~m+2) SO that ~m+1/2) and Q<m+l) vanish. By the Bianchi identity, we have 

0 = 2 ( 2 §  <-1) A ~,'~(m+ 1)+ 4CO(-1/2) A ~t~(m+l/2) . (257) 

Thus oIm + 1/2) must be proport ionate to co I- 1) and so it is possible to modify corm + a/2) 
in order to make QI,,+I/z) vanish. By the Bianchi identity, we then have 

O = 2 ( m + 2 ) c o ~ - l ) A o ~ m + a / z ) + 2 ( m / 2 + l ) Q ( m + x ) / x c o  ~-1/2) . (258) 

Thus t2 (re+l) must be proport ionate to co~- 1) and so it is possible to modify CO(m+2) SO 
that Ql,,+l) vanishes. By induction, we can complete co so as to make ~ vanish. [] 

In order to clarify the question of superconformal structures in two dimensions, 
suppose that Xis a real supermanifold of  dimension 212 and that the frame bundle of  
X has a reduction to a subbundle with the structure group (IR+• Spin(2))~ 
= C* ~ C which is first-order flat. One can check [GN] that the torsion conditions 
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along with the complex conjugate equations. Let us choose a II;* connection M on 
the reduced frame bundle so that the torsion components Tze z, Tzo: and T~g z vanish 
(this can  always be done). Then by Proposition 22, it is still possible to extend 
P q ) Q @ M  to a flat Cartan connection. 

C. Three Dimensions 

The superconformal algebra for three dimensional Minkowski space is ospl~(t 12). 
The model space X is a supermanifold arising from a homogeneous R z vector 
bundle over 

M = {real 2-planes P in p4 :  the form dx ~ A dx z + dx  1/x dx a 

vanishes when pulled back to P} . (266) 

More specifically, X can be given by 

X =  {IR ~ planes P in 1Rll4: the quadratic form 

X2 -~- q0~2 - -~2q0  + ql  1"/3 - -  ?/3 ~1 

on IR 114 vanishes on P)  . (267) 

In order to construct a Cartan connection, let us take h = so (2, i) @ F, and k = 0. 
A Cartan connection can be written in the form 

co---- M , 
e -MT/  

where P and Kare  real symmetric even 2 x 2 matrices, Mis  an real even 2 x 2 matrix 
and Q and S are real odd 2 x 1 matrices. 

Proposition 23. Given P, Q and M satisfying 1 ', 2', 3' and 0 e = O, there are unique S 
and K such that f2Q=f2M=0. 

Proof. First let us take any Cartan connection c0 with the given P, Q and M. The 
curvature O = de)+ ~o/x co of co has components 

~ P = d P + Q  A Q r  + P  A M - M r  A p = o  , 

f 2 Q = d Q + P A S - M T  A Q  , 

f2 ~t = d M + S  A Q r  + M / x  M + K ^  P , 

f 2 s = d S +  M A S +  K A  Q , 

OK = d K - - S  A S T  + M A K - - K A M  r . 

The Bianchi identity gives 

0 = Q/x (QQ)T+p/x OM _OQ/x Q r  + (f2M)r A P , 

d Q Q = P  ix Q S _ M  r/x Qa+(QM)T/x Q . 

(268) 

(269) 

(270) 

(271) 

(272) 

(273) 

(274) 
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Let us write P as t ~ Q as t ~ and M as co, e. Then (268), (269), (270), (273), and (274) 
become 

0 = d t ' e + t  ~ A t a + t  ~ ^ ~ore- ogv ~ A t re , (275) 

(O~) ~ = d r ~  toe ~ t a + t  ~ S e , (276) 

(Om)o a = dogoe + S o A t e + C0~ ~ A cove + Ko~ A t ~e , (277) 

0 = t~ A ((2~)a + t ' ~  ^ ( ~ m ) ~ e - - ( ~ ) ~  ^ te  + (Ou)v" ^ t ~e , (278) 

d(f2~ ~ = z ~e ̂  (f2s)~ - co~ ~ ̂  (f2e) ~ + (f2m)e ~ A t e . (279) 

Let us write (f2a) ~ as 

( f ~ ) "  = � 8 9  ^ t ~ ( f ~ % , ; +  t ~ ^ t ~ ( ~ ) ~ , ~  ~ 

+�89 ~ ^ ~ ( O ~ ) ~ , ~ v  ~ . 

F r o m  (278) and (279) one can show that  f2 ~ has the fo rm 

(f2e)~,~a = 0  , 

((2Q)~,~~ R(~,~6~ + ~v6~~ + V~fr~ + V~r6~ ~ 

(280) 

(281) 

(282) 

for symmetric tensors R and V. One can redefine S so as to make  (f2Q),,nv ~ vanish. 
The general form for  (12Q),~,~v ~ is 

for some symmetric tensors D and G. As in the p r o o f  of  Proposi t ion  14, by  
redefining S we can make f2 e vanish. 

The Bianchi identity (273) now becomes 

O = P A f 2 m  +(f2m)r  A P  . 

In components ,  

(284) 

(285) 

(286) 

0 = t ~ A ( Q M )  p + ( f l M ) ~  A t ~e 

This gives 

t ~ A t ~ ̂  t ~ t e~ A t ~ A t ~ (~M)~,~, o =  0 ,  

which implies that  (Om)~,~,~ e vanishes. Also, 

t ~ A t ~ A t~(Om)~,~ , f  + t  ~ A t ~ /x  t~(f2m)~,~,~~ = 0 . (287) 

It can be verfied that  the most  general solution to (287) is of  the fo rm 

(f2 M)o, ~, e = Noro 6 f  + No~ fid e (288) 

for some tensor Nor a which is symmetric in the last two indices. F r o m  Eq. (277), 
K~,,~ can be redefined in order to make (f2M)~,~6, r e vanish. Finally, because the Weyl 
tensor vanishes in three dimensions, K~,,~ can be redefined in order to make 
(f2M)~,~Q,f vanish. [] 
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Note that the remaining curvature components, Qs and t? K are uniquely 
determined and generally nonvanishing. For  a superRiemannian geometry, they 
give the supersymmetric analog of the three-dimensional conformal tensor [Ei]. 

D. Four Dimensions 

The superconformal algebra for four dimensional Minkowski space is su(112, 2). 
The model space X is a supermanifold arising from a homogeneous IR 4 vector 
bundle over 

M =  {complex 2-planes P in (;4: the form 

dxo ^ dx 2 - d 2 2  A dxo + d21 ^ dx3 -d ,2  a A dx  1 

vanishes when pulled back to P} . (289) 

More specifically, X can be given by 

X =  {~ol2 planes P in C114: the quadratic form 

on •n4 vanishes on P} . (290) 

In order to construct a Cartan connection, let us take h=so(3 ,  1)~IR and 
k=u(1) .  A Cartan connection can be written in the form 

o) = * M* K* , 

P - M  

where A is imaginary, P and K are Hermitian even 2 x 2 matrices, M is a complex 
even 2 x 2 matrix and Q and S are complex odd 2 x 1 matrices. 

Proposition 24. Given P, Q and M satisfyin9 1 !, 2', 3' and f2 P = O, there are unique A, S 
and K such that f2 Q has the f o r m  

(DQ) ~= t ~ ^ z~dO$&~ ~ , (291.) 

where O$&r ~ is skew in ~ and 6, symmetric in e and 7 and O~,&~ ~ = O, and I2 m has the 
f o r m  

(f2~)~ ~ = t ~/x t~X~r~ + t ~$/x t~q~Z$&~~ , (292) 

where X~o,~ = O, Z~6~, p = - Z ~ @ J  and Z$~,~" = O. 

Proof. First let us take any Cartan connection o) with the given P, Q and M. The 
curvature f2 = do) + o)/x co of o) has components 

O e = d P + Q  / ~ Q * + P ^ M * - M  r A P = O  , 

f 2 Q = d Q + Q ^ A + P A S * - M r  A Q  , 

Q m = d M + S A Q r  + M A M + K A p r  , 

Q a = d A + Q t  A S * - S r  A Q  , 

f 2 s = d S + S A A * + M A S + K A Q  * , 

I2K = d K - S  A St  + M /x K -  K /x M "t . 

(293) 

(294) 

(295) 

(296) 

(297) 

(298) 
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The Bianchi identity gives 

0 = Q (x (f2e) * + P ^ (O~)  * - f2 e ^ Q* + ( o ~ ) r  ^ p , (299) 

d O a = Q ^ ~ 2 A + P ^ ( O s ) * - M r  ^ O a - f 2 a ^ A + ( f 2 ~ ) r  A Q  . (300) 

Let  us write P as v "~, Q as z ~ and M as o9, ~. Then (293), (294), (295), (299), and (300) 
become 

0 = d'c ~ + z ~ ̂  r d + ~ A o9~ d - o9~ ~ ̂  ~ d  , (301) 

(f2Q) ~ = d z  ~ - ~ % ~  ^ z~ + z ~ A A + z ~ ^ S~ , (302) 

((2~t)~," =dog~,P + S~, ^ "cP + ~ ~ ̂  og~t3 + K~,~ ̂  "c p~ , (303) 

0 = ~ ^ ((2~)~ + ~ ^ (f2M):~- (~a)~ ^ ~ + (f2~a)~ ^ z~  , (304) 

d(Oa)~ = ~:~ ̂  QA + ~ ^ (Os) l  J _ o~p, ^ (Qa)P _ ( O a ) ,  ^ A 

+ (I2M)t ~ ̂  zt~ . (305) 

Let  us write (f2a)" as 

+ � 8 9  A ~(f2~)~,~ ~ + ~ ^ ~(Oe)~.~r ~ + zr~ A "C~(f2a)~,& ~ 
�9 �9 

+�89 z r~ ^ z~(f2a)&,Sr~ (306) 

F r o m  (304) one can show 

(f2Q)~.~'=0 , (f2Q)~,, ~= V~6r and (12Q)~,a~= V~6,~+ V~fr" , (307) 

where (V~)* = - V~. Then by redefining A we can assume 

(a a)~, r = ( a  a )~ , ,  = ( a a L . ,  = 0 .  (308) 

The general forms for (f2~ ~ and (f2~ ~ are 

(f2 a)~, ~r" = H&r" +/ ,~ fir" + J~  6~ ~ (309) 
and 

(OQ)~,&'= T~,~6r~'+ U~3 r" , (310) 

where H&r ~ is symmetric in e and y and H&," = 0, and U ~ "  = 0. We can redefine S in 
order  to make l a n d  T vanish. We can redefine A to make  the skew-Hermitian par t  
of  J vanish. 

The general form for (Oa)~,3~" is 

(OQ)?oj~,~=B4,t~6 ~+Bd,~rO ~ + N 4 , & f ~ - N l o , ~ f ~ + O , h ~ r  ~ , (311) 

where B~t~ is skew in 4; and 3, N ~  is symmetric in 4; and 3, O ~ r "  is skew in 4; and 3, 
symmetric in e and 7 and O~&~ ~ = 0. By redefining S, we can make B and Nvanish .  A 
and S are now uniquely determined. 

The general forms for (f2M)~,,~,~ a and (~2M)~,,~r,~ a are 

(f2 M)~,,~, t~ = R~,j, c5~ ~ + V ~  ~ , (312) 

(f2M)~,$~J= W~&,6~t~ + X~,~, tJ , (313) 
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where Vd#,P = X~3p~ # = 0. By redefining K, we can make R and Wvanish. The general 
form for (Ota)4~,3~,, ~ is 

(Y2M)&, Sv, ~P = r~;8,~ 6 f  - r s ~  6 f  + z~8,r~ r , (314) 

where Z~8,r~P = - Zs~v~ ~ and Z~8~a~a = 0. By redefining K, we can make Y vanish. 
K is now uniquely determined. 

From the Bianchi identities (304) and (305) one finds that H, J, U a n d  Vvanish. 
Thus f2 Q and O M are as stated in the proposition. [] 

Let us note that using the Bianchi identities, X and Z can be given explicitly in 
terms of O (see [Ho2]). O is the super analog of  the Weyl tensor. 

E. S i x  Dimensions 

The superconformal algebra for six dimensional Minkowski space is hosp (1 [2). The 
model space 2" is a supermanifold arising from a homogeneous lt-I z vector bundle 
o v e r  

M =  {quaternionic 2-planes P in H 4" the form 

dx ~ dx 2 - dx 2/x dx ~ + dx 1 A dx 3 - dx  3/x dx  1 

vanishes when pulled back to P} . (3 t 5) 

More specifically, X can be given by 

X =  {lI-I ~ planes P in 1I-Ill4: the quadratic form 

2x+t lo  th -r /2 t/0 +t/1 r/3 - q 3  ~i on ~_pI4 vanishes on P} . (316) 

For  calculations, it is convenient to use an equivalent form ofhosp  (112). Let J b e  a 
real skew-symmetric operator on IL ~,  j 2  = _ 1 ,  and let e be a real skew-symmetric 
operator on C 2, 5 2 = - -  1. Let B and C be the operators 

B =  J and C =  0 

0 - I 

on ~2 • IU* �9 tL ~. Then 

hosp (112) ~ so* (218) = {M ~ 9 l ( ~  2Is) : M B  = B ~ I  and M r C  + C M  = 0} . (317) 

In order to construct a Cartan connection, let us take h = s o ( 5 ,  1)GIR and 
k = s u ( 2 ) .  A Cartan connection can be written in the form 

~ o =  M , 

p -MT/ 

where A is a skew-Hermitian 2 x 2 matrix, P and K are complex skew-symmetric 
even 4 x 4 matrices such that P J =  - J f i  and K J =  - J K ,  M i s  an complex even 4 x 4 
matrix such that M J =  J M ,  and Q and S are complex odd 4 x 2 matrices such that 
Qe = - J Q  and S~ = - JS. 
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Proposit ion 25. Given P, Q, and M satisfying 1!, 2', 3' and 0 e = O, there are unique A, 
S and K such that f2 ~ has the fo rm 

. ~ * o  ~ ( 3 1 8 )  

where N ~  ~ is skew in 267, 

N,e, ~' = 0  , (319) 

Rce~ i - -- R~r - - R4~er~i - - R~r4m and R ~  = 0 (320) 

and 0 u has the f o r m  

where 
+ z ~ A z ~ ' D ~ . ~  ~ , (321) 

T~, = T~o , (322) 

Z ~ , ]  ~ = - Z]~o~, a, Z~,~, ~ = 0 , (323) 

C+~, = - C~,~ = Co~,~ , (324) 

D e ~  a= - D ~ o ~ a =  - - D o ~ J - - -  - - D ~ , ~  a and D e , a J = 0 .  (325) 

Proo f  First let us take any  Car t an  connect ion co with the given P, Q and M. The 
curvature  O = do) + co A CO of  co has  componen t s  

O P = d P  + Q  /x ~QT + p A M - - M  r/x P = 0  , (326) 

O Q = d Q + Q ^ A + P A S - M  r ^ Q  , (327) 

O M = d M + S A  s Q T + M A  M + K A  P , (328) 

0 a = d A  + A / x  A + ~ Q r  ^ S + s S  r ^ Q ,  (329) 

OS = d S + S  A A  + M A S +  K ^  Q , (330) 

0 K = d K + S ^  e S T + M A  K - K A  M r . (331) 

The Bianchi identi ty gives 

0 = Q ^ e ( O a ) r + P  ^ 0 M -  0 e/x e Q r +  (oM)T/~ p ,  (332) 

d O e = Q / x O A - - O Q ^ A + P / x O S - - M T  / x O e + ( o M ) r  A Q  . (333) 

Let  us write P as r'~, Q as z~ and M as co, a. Then (326), (327), (328), (332), and  (333) 
become 

0 = d~ ctfl -~ siJT,~ A 27~ + "~ a~7 A (D~? fl - -  COT" A "C rfl , (334) 

(Oe)~ = dz~ + z~ A A t - coa = ̂  zf  + z ~p/~ Spi , (335) 

(oM)~ ~ = dco~ ~ + ei~S~i /x z~ + coJ A cot ~ + K~r /x z ~p , (336) 

+ ((2u)r ~ A z ra , (337) 

d(f2a)~ =27 A (oA)�88 -- (f2a) 7/x A ~ + z  ~ A (OS)a, 

-COa ~/x (OQ)fa+(oM)a~ ^ zfl . (338) 
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Let  us write ((2e)~ as 

+�89 z"O(F2e),,,6~ ~ . (339) 

[ o Q ' ~ k  fit F r o m  (337) one can show that  ~ ~, , i  has the fo rm 

(oQ~k j ~ _  ~kj  ~ 5+ ~kji~ 5 (340) 
oa )7,t~i - -  

where V~J i is symmetr ic  in k and j ,  and v~Jj = O. By redefining A, we can make  
( ( )  Q'~k jet ~ ~,~i vanish. 

The general fo rm for  {f)Q'~J 5 is kor., ) e ,6? i  

(('}Q]j 5 _ 6 j w ~ j  i ~ j 5 j 

5 j j 5 - 66 X ~  i (341) -k- M ~ , 6 ~ , i  , 

where 

Wa,ii= M~,6,~ M~,65~ = 0  , Ya~ = - Y~6 , 

j 5_  5 (342) M~,6~, , - - M J , , 6 i  . 

By redefining A and S, we m a y  assume that  W and X vanish. A is now uniquely 
determined.  F r o m  (337) and (338), one can show that  Y vanishes and that  

M j 5 _  Ar 5 ,~ j  (343) 
, 6 y i - - ~ ' e 6 7  ~" i 

for  some tensor  N~6y 5 which is completely  ant isymmetr ic  in e67 and satisfies 
N~6=~=0. 

The general fo rm for  ( ~ a ) ~ , a ~  is 

(O )0~,6~i - 6+ 0~6~i - a~ 0+6~i - 6~ 0~0  a + a s 06+~i 

where 
(344) 

By redefining S, we m a y  assume that  O vanishes. S is now uniquely determined.  One 
can show tha t  (337) and (338) give no further  condit ions on R. 

The general fo rm for  rc)MaJ P is ' v~  2e,67, i5 

( g ' ) M ' ~ j  fl - -  '7"J N fl J fl J fl _ J fl J fl "~ ~,6~,5 -~65~'~ -T~566  (346) + U~656~ U~566 + Z ~ 5  , 

where 
= - Z ~ 6 ,  Z~6~5 - 0  Z~a~5 , . (347) 

We can redefine K in order  to make  U vanish. 
The general  fo rm for  (OM)o,,ar,sa is 

(~  M)~, 6~, J~ = B,~566 p -- B~656~ t~ - Ba~56~ t~ + Ba~56~ r 

+ C~,~566 e - C+~65 aft  - Ca~sa~, e 

+ C6y~56~ ~ + Dr e , (348) 

+ R4,~6~[ , 

5 O~ 5 5 
0 ~ @  i = _ 0 ~ 6 i  , R 4 ~ i  - - -  R ~ r  - - R~,~6i = _ R a ~  i , 

R,~65 ~ = 0 . (345) 
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= - , - , 

D ~  ~ = - D ~ r ~  = - D ~  ~ = - D ~ J  , D~p~  ~ = 0 . (349) 

We redefine K in order to make B vanish. K is now uniquely defined. [] 

We note that using the Bianchi identities, T, Z, C, and D can be given in terms of 
N and R, although we do not bother to do so explicitly. 

VIII. SuperK~ihler Manifolds 

Suppose that we have a supermanifold X with a reduction of its frame bundle to a 
superRiemannian structure bundle. I f  we want to define a superK~hler structure on 
X, a reasonable necessary condition is that the reduced manifold M 2" should have a 
Kghler structure, that is, the frame bundle of  M should have a reduction to a first- 
order flat U(n) subbundle. Thus the structure group of a superK~ihler structure 
should be a subgroup of (Spin (2n) x K) ~ 5 a whose even part  is U(1) x SU(n) x K, 
the double cover of  U(n) x K. A natural such subgroup can be constructed by using 
the fact that the spinors on a K~hler manifold can be identified with twisted A *'~ 
forms [Hi]. The spinor representation 

O: U(1) x SU(n)~  End (AV'~ (350) 

is the tensor product of  the representation of U(I) on C given by ei~ 2(p-"/2)i~ 
and the representation of SU(n) o n  A p,~ which is derived from the representation 
on A 1"~ 

Let rc denote the standard representation of u(n) on r Let {e~}~"= 1 be the 
standard basis for r with dual basis {z'}~"=~. Let {r/,} be a standard basis for A*,~ 
where a runs over a set of  2" multi-indices. Given an element Q of A *'~ let us write it 

as Q= Z Q~qL 
a 

Definition 5. The superunitary algebra u on C "12" is the real super Lie algebra with 
even part  u(n)G C" and odd part  ~ 2 ,  with commutat ion relations 

[M| M ' @ P ' ] =  [M, M ' ] |  , (351) 

[M(~P, Q] = 0 0 0 0 0 ( M ) Q  , (352) 

[O, Q']  = 0 0  ~ E (Q~Q'~,^a+Q'aQ~^a)e~GO �9 (353) 
�9 ~ 1  a 

I f  we denote the corresponding superunitary Lie group by ~//then there is a 
model geometry on C "12" with q/as  an automorphism group. This geometry will be 
given by a reduction of the frame bundle to a U(1) • SU(n) subbundle, along with a 
flat connection on this subbundle, and can be written down explicitly as in Sect. IV. 

The spinor space A *'~ has a decomposition into its chiral subspaces A .. . . .  o and 
A ~176 ~* acts as automorphisms on u by the transformations 

O .... ~ z O  .... , OOaa~-lQOdd . (354) 
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Thus there is a natural extension ~* x q / o f  q/with even part tE* x U(1) x SU(n). 
The IE* can be thought of as an internal symmetry group which generates complex 
chiral transformations with respect to the decomposition of the spinor space. 

In analogy with the definition ofa  superRiemannian structure bundle, we define 
a superK/ihler structure bundle as follows. 

Definition 6. Let X be a real supermanifold of  dimension 2nl2 "+1. Let 5" be a 
subspace of End (IR 2n, ]R 2n+l) which is U(1) x SU(n) invariant. A superK~ihler 
structure bundle P is given by a reduction of the frame bundle of  X to the subgroup 
(U(1) x SU(n)) ;< 5e which is first-order flat. If 5 e is tE* x U(1) x SU(n) invariant 
then a tlS*-extended superK/ihIer structure bundle P is given by a reduction of the 
frame bundle of  X to the subgroup (C* x U(1) x SU(n)) Y< 5 e which is first-order 
flat. 

Given a superK~ihler structure bundle P, we can find local sections a of P such 
that along a, T~ T o + I m  c5. 

Definition 7. A (C*-extended) superK/ihler geometry is a reduction of P to a 
(ll;*• U ( I ) x  SU(n) subbundle Q such that T e  TO+Ira6 on Q. 

Note in particular that a superK/ihler structure is automatically a super- 
Riemannian structure, and that the reduced manifold is K/ihler. As calculations for 
superK/ihler structures rapidly become very complicated, we will only discuss the 
cases of  n = 1 and n = 2. 

A. One Complex Dimension 

Suppose that X is a real supermanifold of dimension 214 whose complexified 
cotangent bundle has a local coframe {~z, ~, ~0, z0, ~d~, zd~}. Let us put 

z01 = ~0 , ~02 = ~ . (355) 

Let us first consider a 112*-extended superK/ihler geometry with 5~ = End (11t 2, N4). 
The representation M" I1; @ u(1)--, End (~112) can be written in matrix form as Ma ~ 
where the nonzero components are Mz ~, Mol ~ and M02~ and 

Mo~176 z , M j + M ~ = 0  . (356) 

Let us assume that the torsion conditions are satisfied for a ~*-extended 
superK/ihler geometry (we will not work out these conditions, although it is 
straightforward to do so). The torsion equations become 

dr ~ + ~ A COz z = -- ~01/x Z02 , (357) 

dz ~ + z  ~ A cO0, ~ = S i l l  A r ~ + S ~ 2 f  A ~o~+ r l  I 7~z 

A T~~ AF T12 7JZ A Tj~ Ul zZ A 72~-~ Vll.g ~ 

A z~ V~zV~A z~ WltZ~A z ~ 

+ W12z~A ~o2 , (358) 
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dz ~ + z ~ A 0~0~ ~ = S21 z z A Z ~ + $22 z= A z ~ + T2i z z 

A ,[ffl .~_ T22Tz A Tff2-~ - W2g z A T~'q - V21T~ 

A T O1 -~- V22 T, ~ A Z 02 -~ W21 T E 

A z ~1 + W22Z~A z & . (359) 

We can use the freedom in Im 6 (for the structure group ~ * x  Spin (2)) to set 
Sll  =S2z and Vii = V22. 

Proposition 26. A ~*-ex tended  superKiihler geometry with 5 p = End (18. 2, IR 4) is 
equivalent to one with 5 a = E n d r  Cz). That is, 

Vii = Vlz = Vzl = Vz2 = Wli = Wlz = W2i = W22=0 �9 (360) 

Proo f  The exterior derivative of  (357) gives 

"r= A O/=dA (V21~ ~ A z~ + V22 z~ A ~o2 + Wzl.co, 

A z ~1 + 1"V22 z ~ A z ~ + V11 z ~ A z ~ + V12 T ~ 

A Z~ W l l  Zffl A Z~176 A 'C~  z ~) . (361) 

The proposi t ion follows. [] 

It follows f rom Proposi t ion 26 that  we have the geometry considered in 
Sect. V.B.V. On the other hand, unextended superK/ihler geometries are less 
interesting, as the next proposi t ion shows. 

Proposition 27. An unextended super K?ihler geometry has a f la t  connection, regardless 
o f  the U(1)-invariant subspace 6 e o f  End (IRZ, 1R4). 

Proo f  Let us consider the mos t  general possibility for 5 e, namely 5e = End  (Rz, IR4). 
We can consider an unextended superK~ihler geometry with connect ion to be an 
extended superK/ihler geometry with connection,  whose curvature will then have to 
satisfy 

s ~ o~ = s = 1/2 s z . (362) 

F r o m  Proposi t ion 26, we can assume that  6 e = End~: ({E, ~2). F r o m  the results o f  
Sect. V.B.V,, we have that  the relation s176 = s ~ implies 

(Vol UI + Tl l  T l l  + T12T21)'CZ A TZ-l-VolTll  ZZ A % ~' 

+ Vo: T12 z= A z & - U1 z ~ A d +  TI~ z ~ A z ~ 

+ 170~ T22 z ~ A z~ + Vo~ T21 z ~ A Z~l _ Uz zo~ A Z~ 

-t- T22 T O1 A T  ff2 + T21T O1A ~OI 

Thus 

and so 
Tll = TI: = T21 = T22 = 0 , 

U =  0 and f201 ~ = f20~ ~ = s = 0 . 

(363) 

(364) 

(365) 
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B. Two  Complex  Dimensions  

Suppose that X is a real supermanifold of  dimension 418 whose complexified 
cotangent bundle has a local coframe 

{:,, ~2, : , ,  :-L ~o, ~dz,, ,c~2 ~dz,A~2, : ,  d% d% , c ~ l a d ~ }  . 

Let us put 

.cO1 _~..C~J , ,C02 = ,cnzl . ,C03 = , c d z 2  , ,C04 _~_ , cdz lAdz2  . (366) 

Let us consider a C*-extended superKiihler geometry with 5 # = End (IR4, IRs). The 
representation M : C O u ( 1 ) @ s u ( 2 ) ~ E n d  (~214) can be written in matrix form as 
MAe where the nonzero components are {MzZa, Mo~ and 

M ~ a + M  z , - o  M o O 4 = M ~  ~, M o ~  ~2 

M o 6 ~ 1 7 6  ~ , M o n ~ 1 7 6  ~ , 

mo4~176176176 * = 0  . (361) 

Let us assume that the torsion conditions are satisfied for a ~*-extended 
superK~ihler geometry. The torsion equations become 

dzz, + ,z ,  =, z~ =, A f.Ozl + ' ~  A fOz2 

= _ (~g3/x z ~ +,c~ z ~ , (368) 

~2 Z2 z2 dr z~ + z z' A ~o z, + z A ooz2 

= -(,cg~ A ~o~ _ zoq A ~o~) , (369) 

d,O~ _�89 ^ (~Oz:, +co,:2_ Y3 

= ,cz, A S 1 3 71_ ..cz2 A S 2 3 .q_ ,c~-, A S ?  -q- 27 z-2 A S ~  , (370) 

d,O, + � 8 9  ^ (~%=, _ o~:~_ y) +,c0~ ̂  ~%=, 

= z  ~ A $14 + z z~ A $24 + z ~' A $ 4  + ,C ~ ^ S 4 , (371) 

&o~+,o, A c%=~+�89 ~ ^ ( -  O~z:' + COz: ~ -  Y) 

='c: '  A S l S  + ,Cz: A s z 5  + V ~' A S ~  + ,Ce2 A S ~  , (372) 

&o~ +�89 A (%: '  + %:~ + ~) 

= r  z' A S ~ 6 + z  z~ A $26 +,c ~' A $ 6 + , c  r~ A S 6 , (373) 

where Y represents the ~* part  of  the connection. 

Proposition 28. With the above torsion conditions, the reduced Kdhler  man i foM M is 
locally Hermi t ian  symmetr ic .  

Proof .  As the p roof  consists mostly of  tedious calculations, we will only give a 
sketch. As a C*-extended superK~ihler geometry is also a superRiemannian 
geometry, we can use the results of  Sect. V.D.II.  In particular, the torsion equations 
for a 112*-extended superK/ihler geometry are the same as those of  a superRie- 
mannian structure with co~ # a diagonal matrix and co/a  diagonal matrix. Then f2a # 
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and f2j will also be diagonal. The condition that f2~ ~ be diagonal gives 

W~ ~ = W~ ~ = K =  U'U = U ' ~  = T '  = 0 . (374) 

The condition that I2j be diagonal gives 

U=  T n = T22 = U' = 0  . (375) 

Thus the possible nonzero superfields are Tlz = T21, W~ ~ = - W~ and W'. To be 
slightly more general for a moment, let us consider the consequences of  the Bianchi 
identities for the superRiemannian geometry of  Sect. V.D.II, under the assumption 
K =  0. One finds 

V4,k W$ a = 0 , (376) 

Vk d, W'~ r = 0 , (377) 

V/; W J  = ~ ;  W~ ~ , (378) 

V~kW'~ Q = VQk W'~ ~ , (379) 

Vk~U'tl$=O , (380) 

Vki, T ' iJ=O , (381) 

170aT,(bcea) a = 0 , (382) 

VcokUO~ =O , (383) 

V, ~W$a=O , (384) 

V,~T~j = 0 , (385) 

Vat T(bced) a = 0 . (386) 

We now use that U=  U '=0 .  If we use the fact that the only nonvanishing 
component of Tis T12, (386) implies that T12 is covariantly constant. Similarly, (378) 
implies that W is covariantly constant. One finds from further Bianchi identities 
that W '  must be covariantly constant. Then the T* . . . .  /x T* . . . .  part of the 
curvature will be quadratic in the covariantly constant fields T, W and W' and so 
will be covariantly constant. Thus the reduced space is a locally symmetric 
space. [] 

Proposition 28 shows that the assumption of a first-order flat 112*-extended 
superK/ihler structure is too strong to have interesting geometries. A similar 
situation is known to occur for N > 2  extended supergravity theories in four 
dimensions [Ho2]. There it is found that it is necessary to allow a torsion T with 
respect to the structure group (Spin(3, 1)x K ) 2  5 P which is different from the 
model space torsion To, in order to write the corresponding supergravity theory. 

In analogy, let us allow for a torsion with respect to the structure group (11;* 
x U ( 1 ) x S U ( n ) ) ~ <  5P which is different from the model space torsion. One 

condition on the torsion is that we want the torsion of the reduced space to vanish. 
That is, letting V denote 1122" and W denote I1~"[ V, we will want to allow the tor- 
sion T to lie in a subspace of Horn (WA W, W) which has zero intersection with 
Hom(<E" A IE", II?"). The following definition seems to be appropriate. 
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Defini t ion 8. A weak superK/ihler geometry is given by the definitions 6 and 7, where 
the subspace 5 p is now a U(1)• S U ( n )  invariant subspace of End (W, V). 

(We do not consider C*-extended weak superKiihler geometries because by 
writing out the torsion equations, one can see that a C*-extended weak superK~ihler 
geometry would be the same as an unextended weak superK/~hler geometry.) 

We will look at weak superKiihler geometries in one and two complex 
dimensions. 

C. One Complex  Dimension 

Proposition 29. A weak  superKdhler geometry  in one complex  dimension is equivalent 
to a C*-ex t ended  superKdhler geometry  in one complex  dimension. 

Proof .  The torsion equations for a weak superK/~hler geometry can be written in the 
form 

dz~ + z ~ /x ooJ = - z ~ /x z ~ . (387) 

01 : . , ~ z  dz~ + z~ ^ O~ol A A l  + zZ A Bl  + z~ ^ Tll + z ~ 

/x T2a + z ~ /x T ~  + z ~ A T ~  , (388) 

(~ ~  A A 2  + zZ /xB2 + z~ ^ T12 + z ~ dzO2._~,~O2 A 02 - -  

A T22--~-z 01 A T 2 + z  ~ A T 2 , (389) 

where ~ Z  is imaginary and 

~Oo1~ = ~o02~ =�89 z (390) 

Without loss of generality we may assume that each T term has no z z or z ~ 
component. Modulo zz and zz, the exterior derivative of (387) gives 

0 = -z~  (z0,^ T12+ z02/x T22+ z ~ A T 2 + z ~ T 2 )  

+ (z  ~ TIa + z  ~ ix T2 a + z  ~ T ~  + z  ~ T ~ ) / x  zo~ . (391) 

As the T's have no z z or z%omponents,  it follows that (391) is also true without the 

congruence condition. Taking (391) modulo z ~ gives that z ~  ~ A Tr 2 

+zo2 ^ T Z is proportionate to z0~. Similarly, z~ Tzl+Z ~ ^ T t l + z  ~ T~ 1 is 
proportionate to z ~ Thus we can write the torsion equations in the form 

dzZ + z z/x c% z = - z ~ z ~ , (392) 

- -  z z  + "r 01 dz~ + z~ /X a)ol ~  /x A l  + z~ /x B1 /x C 1 , (393) 

dz ~ + z ~ A COo~~ -- z~ /x A 2 + ~ /x B 2 + z ~ /x C 2 . (394) 

Equation (391) becomes 

0 --- _z01A z ~ (C 1 + C2) . (395) 
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Thus  C1 + C2 = 0. W e  can now change the connec t ion  so tha t  the to rs ion  equat ions  
become 

dT= + z = A o92:~ = - z ~ A z ~ , (396) 

dzOl+zol ol 2: Am01 = Z  A A , + v ~ A B ,  , (397) 

r,, 02 __ .Ca d* ~ + z ~ A wo2 - A A 2 + z" A B 2 , (398) 

where ~Ool ~ + O9o2 o2 = c% z. These are exact ly  the tors ion  equa t ions  for  a C*-ex tended  
superK~ihler geometry .  [] 

D. T w o  C o m p l e x  Dimens ions  

Proposi t ion 30. A w e a k  superKiihler 9eometry  in two comp lex  dimensions is 

equivalent to a superRiemannian  9eome t ry  in the sense o f  Sect .  V . D . I I  in which o9~ ~ is a 

diagonal mat r i x .  

Proof .  The to r s ion  equat ions  for a weak  superK~ihler geomet ry  in two complex  
d imensions  are 

dzZl .J[_,~2:1 A O,)z1 Z1 -~-Z Z2 A (J)z2 z l  

= - ( ' c  g3 A Z~ Z ~ A Z ~ , (399) 

dzZ2 + zzl A (~2:12:2 -{- "]72:2 A (~Z2 2:2 

= - (z g3 A "c os - ' c * '  A z ~ , (400) 

d~O~_�89162 A (~o,12:1 + ~ % z O  

a 2:2^ S ? + ~ 2 A &  = ' ~ z l  A $ 1  "~'C , �9 $ 2 3  .-~- Tzl  A 

+ z ~ A T3 3 + ~o. A T4 a + z ~ A T5 3 +'c ~ A T6 3 

+ zo~ A T~3 + z ~ A T~3 + z ~ A T~3 + z ~ A T63 , (401) 

d,~ + �89 ~ ^ (~%2:' - % 2 z o  + z ~ A ~z2 ~1 

=,~1 A $14+~  z~ A $24 + ~ 1  A S i 4 + z  22 A S~ 4 

+~o~ A T34+* ~ A T44+~ ~ A T s * + r  ~ A T64 

+ zo~ A T ~  + z ~ A Tg 4 + 7 ~ A T~ 4 + z06 A T~ 4 , (402) 

r,~ Z2 -d-L"C05 ^ / *  . . . .  z2 --{- (jJz2z2) d ' c ~ 1 7 6  ~ 2  " ' k  ~ z l  

= z  2:1 A SA 5 + z  ~2/x S :  5 + z  ~ / ~  Sr  5 + z  ~2 A S~ ~ 

+ z ~ A Ta s + z ~ A T, 5 + z ~ A Ts 5 + z ~ A T6 s 

+ r ~ A T~ 5 + z ~ A Tg 5 + z ~ A T~ 5 +'~~ A Tg ~ , (403) 
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d'c~ +�89 ~ A (09zl ~' +~Oz2 z2) 

='Czl /k 516 ..~_'Cz2 A 526 "}-r ~-1 A 8[ .6 ..~_ 'CF2 A S.~ 6 -t-- 'c 03 A T36 

+ "c04 A T46 -4- ,.cos A T56 -4- "co, A T66 3!- 'c03 A Zg 6 

-q- z 04 A Z~ 6 -t- 'cos A Z~ -6 -t- 'c0, A Zg 6 . (404) 

Without loss of generality, we may assume that each Tterm has no 'c~', 'c~2, 'c~-, or 'cz-~ 
component. Taking the exterior derivatives of (399) and (400) and using congru- 
ences shows that we may assume that the only nonzero entries of Tare T33, Tg 3, T4 r 
T 4 ,  1"55, Tg 5, T66, and T~ 6, where we no longer assume that T~b~= Tb, c. The exterior 
derivatives of (399) and (400) then give 

0 = ' C  ~3 A ,CO, A (T44 --~ T3 3 ) ..~_ 'C03 A 'C0~- /~ (7,4+ Zg6) 

+'c0, A "c o` A (Tg 3 + TZ 5 ) +'c~ ^ rffs A (T6 6 -}- T5 5 ) (405) 

and 
_ m _ _  

0 = "C 03 A 'C05 A (T55 "Jr- T33 ) + 'c03 A 'C04 A (Z~. 5 --  Zj  6 ) 

+'c~176  - T r  ~ A'c~ A (-- T66- T4 r . (406) 

From (405) it follows that there are functions V, W, X, and Y such that 

T4r + 7,33 = "c~ X + "c~ y , (407) 

T~4 + T~6 = _ . c o , x +  'c06 W , (408) 

Tg3 + TzS = _'co3 y +  "cos V ,  (409) 

T66 + TsS = _ 'co3 W -  'co, V . (410) 

Similarly, it follows from (406) that there are functions A, B, C and D such that 

I"55 + 7'33 = "C~ + z~  , 

Tg 5 - T~ 6 = _ rOsA + z ~  

Tg 3 - I " 4  = _ ,d3 B + z ~  D , 

T 6 6  + T 4 4  : T f f a C . . ] -  rOsD . 

It follows from (407) and (411) that 

T44 - T5 s = zffsX + v o, y -  r g  A - zO6B , 

and from (410) and (414) that 

T55 _ 7"4r = _ "CG W -  "co, V -  "CGC- z~ . 

(411) 

(412) 

(413) 

(414) 

(415) 

(416) 
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Then from (415) and (416) we have that X - / ) = 0 ,  Y - B = O ,  A + V = 0  and 
W +  C = 0. I f  we put 

T '44  = T 4 4 -  z ~  , (417) 

T'33 = T33 - z  ~ Y ,  (418) 

T '~  4 = T$ 4 + z ~  , (415) 

T 'g 6 = T~ 6 - z ~ W , (420) 

T'g3 = Tg3 + zo3 ~ , (421) 

T ' g  5 = Tz~ 5 - z ~ V , (422) 

T ' 6  6 = T6 6 --]- 17 if3 W , (423) 

T '5  s = T55 + z  ~ ~" , (424) 

then we have 

and 

T ' 3 3 = - T ' 4 4 = - T ' s S = T ' 6 6  (425) 

T ' 4  = - T'g 6 = - T'g 5 = T'g 3 . (426) 

One can check that replacing T by T '  does not change the torsion Eqs. (399)-(404). 
After moving the T '  terms to the left-hand side of  the torsion equations, on can 
check that the torsion equations become equivalent to those of  Sect. V.D.II,  
provided that m~  is diagonal matrix. [] 

We have not analyzed the consequences of  the Bianchi identities for a weak 
superK~/hler geometry in two complex dimensions. However, the following seems 
reasonable: 

C o n j e c t u r e .  There are solutions of  the Bianchi identities for a weak superK~ihler 
geometry in two complex dimensions which give a non-covariantly-constant- 
curvature reduced space. 

IX. Gauge Theory 

In order to give a space of superconnections suitable for gauge theory, it is necessary 
to put some constraints on the curvature of  a connection. From the discussion of 
Sect. IV, we know that if Xis  a supermanifold with a reduction of the frame bundle 
to the group G = (Spin (p +, p_)  x K) ,q 6f then there is a well defined odd subbundle 
Tod a X of T X  with an action of Spin (p § p_)  x K via the representation 6. Let H be 
an ordinary Lie group and let A be an H-connection on a vector bundle over X. 
The curvature constraints can be summarized by saying that the curvature F of A 
vanishes on some subspace V of ToddX/X ToddX which is Spin(p+ , p _ ) x  K in- 
variant. We must admit that we do not have any general way to determine the 
appropriate V, a maximal subspace such that F is  not implied to vanish identically. 
(For example, for N = 4  gauge theory in four dimensions, there is a self-duality 
condition on the curvature [So], which does not occur for N < 4 .  This condition 
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exists because the internal symmetry group of the superconformal group for N =  4 
is SU(4) rather than U(4).) The curvature constraints for extended supergauge 
theory in four-dimensional Minkowski space can be found in [So]. Let us note that 
it is often the case that there is a subspace W of TodaX (or ToddX| ~) such that 
W ^ W c  V (or V| ~). Then A[ wcan be locally written in the form g-  1 dg[ w, where g 
takes value in H (or He). The field g is the prepotential in physics [GGRS]. Let us 
also note that it seems to be necessary to have at least a superconformal structure on 
X, i.e. a reduction of the frame bundle of X to (]R + x Spin (p+, p _ ) x  K ) ~  5:, in 
order to define the space of connections for a supergauge theory. 

As an example, let H be a Lie group and consider a gauge theory on Euclidean 
IR 4/8 with structure group H. The Yang-Mills action was given in components in 
[Zu] as 

Z = ~ [�89 - �89 2 +�89 CI z 
rg" 

+ �89 q,, rU(Da)u~ ) + (7~'(DA)u ~, ~b )) 

- i(~, [B-  Ys C, ~0])- �89 C]lq �9 (427) 

Here A is an H-connection on IR 4, B and C are cross-sections of the ad (H) bundle, 
is a cross-section of the S |  (H) bundle (where S denotes the complex spinor 

bundle) and 7s is the Hermitian chirality matrix. 
In order to write the superspace version, let us note that the representation of 

Spin (4) on ~ s  is quaternionic. Let R4/s =1[_i 11z have quaternionic coordinates x, 0 
and 0'. Let Q denote dO, Q' denote dO' and P denote 1 , t , dx+~OdO - idO0. Let A be an 
H-connection on ]R 4/8 and let Fdenote  its curvature. The right constraints for F tu rn  
out to be 

F--- Re (W'O ^ Q + WO' ^ O ') (mod P)  (428) 

for some h-valued superfunctions W and W'. Let D~ denote the H-valued 
differential operator 

DQ = Doo + iD oi +jDo2 + kD oa , (429) 

and similarly for DQ,. The Bianchi identities imply that 

DeW'=DQ, FV=O and DQDQW--DQ, DQ, W'=O , (430) 

and that F can be completely expressed in terms of  W and W' by 

F =  Re ( W ' 0  A Q+ WQ' ^ Q'-2QDQ, W' ^JP 

- 2 Q ' D  Q W^P--�88 DQ, W'-P ^ P  

- �88 e WP ^ if) . (431) 

The Yang-Mills equations become 

D o DQ W= Dt2,D Q, W' = 0 . (432) 

Self-dual solutions correspond to W' = 0 and anti-self-dual solutions correspond to 
W= 0. One could also work out the superspace Yang-Mills equations for a gauge 
theory on a general superRiemannian manifold of dimension 418, the geometry of 
which was given in Sect. V.D.II. 
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X. Supergeometries as Submanifolds 

We will briefly sketch the relationship between the present paper and the work of 
[OS, RS, Ma]. We have seen that an important feature of a superRiemannian or 
superconformal geometry is the existence of an well-defined odd subspace of the 
tangent space. One way to construct supermanifolds with such subspaces is the 
following. Suppose that X is a real submanifold of a complex (or quaternionic) 
affine superspace Y. Then the tangent space to X will inherit a subspace which is 
invariant under the complex (or quaternionic) structure. If this subspace is an odd 
subspace of maximal dimension then one has a candidate for a superconformal 
structure on X. (One also needs a nondegeneracy condition on the commutator of 
the subspace.) Conversely, given an odd subspace with a complex (or quaternionic) 
structure on a general superconformal .manifold X, the appropriate integrability 
conditions will give necessary conditions for X to be locally realizable as a 
submanifold of an affine space. The torsion equations for a superconformal 
structure can be interpreted as the integrability conditions for the complex (or 
quaternionic) subspace of the tangent space, in analogy to what happens for CR 
manifolds. This was shown for N =  1 supergravity in Minkowski 4-space in [RS]. (A 
superRiemannian geometry can be considered to be the analogue of the pseudo- 
Hermitian geometry of Webster [We].) 

When we have such an extrinsic description of conformal supergeometry, one 
can ask which submanifold corresponds to the model geometry. It turns out that the 
model submanifold is given locally as the zero set of a set of real quadratic equations 
in the complex (or quaternionic) affine superspace. Thus the superconformal 
curvature tensor measures whether a given submanifold X is locally equivalent to 
the model submanifold with respect to complex-analytic (or quaternionic-analytic) 
maps of the affine superspace. 

One finds such a description of the model supermanifold when it is given as the 
subspace of a complex (or quaternionic) Grassmannian supermanifold on which a 
quadratic form vanishes. We find in particular the following cases. 

I. (2, 2) Supersymmetry in Minkowski 2-Space 

The model space is 

X =  {tE ~ planes P in ~112: the quadratic form ffx+r  h r/z - r  h r h 

on ~112 vanishes on P} • {C ~ planes Q in Cllz: 

the quadratic form ~x + r/1 r/2- r/z r/1 on C 112 vanishes on Q } . (433) 

If we parametrize a subspace of X by 

P = span ((c, I, a)) , Q = span ((d, 1, b)) (434) 

then X is locally described as 

{(a, c, b, d) ~ ~111 x ~1 I1 : a-- ~ = -- ?C, b -  b=  - d d }  . (435) 
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11. N =  2 Supersymmetry in Euclidean 3-Space 

The model space is 

X =  {IH q~ planes P in ][{212. the quadratic form �9 

Xl X2 +X2Xl -I-/71 ;72 --r12 ~1 on  ~-1212 

vanishes on P} . 

If  we parametrize a subspace of X by 

P = span ((1, a, b, c)) , 

then X is locally described as 

{(a,b, c)e]Hll2: a + d + 6 c - g b = O }  . 
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(436) 

(437) 

(438) 

111. N =  I Supersymmetry in Minkowski 4-Space 

The model space is 

X =  {IE ~ planes P in ~114: the quadratic form 

~'X'-~-/~0/']2--~2/']0-~/71~3--~3~]i on C TM 

vanishes on P} . 

If  we parametrize a subspace of X by 

P = span ((x, a, b, 1,0), (y, c, d, 0, 1)) , 

then X is locally described as 

{ ( a , b , c , d , x , y ) ~ 1 2 :  8 - a = 2 x ,  - c + 6 = ~ y ,  d - d = ~ y }  . 

(439) 

(440) 

(441) 

IV. N =  1 Supersymmetry in Minkowski 6-Space 

The model space is 

X =  {~I ~ planes P in IH 114: the quadratic form 

XX-~-?~0I/2--?]2//O--~-~I/'13--~3~1 on ]H ~14 

vanishes on P} . 

If  we parametrize a subspace of  X by 

P = span ((x, a, b, 1, 0), (y, c, d, 0, 1)) , 

then X is locally described as 

{(a,b,c,d,x,y)~]H412: ~ - a = ~ x ,  - c  +b=s d - d = ~ y }  . 

(442) 

(443) 

(444) 
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