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Abstract.

The inference problem for data dependencies in relational databases is the problem of deciding whether
a set of data dependencies logically implies another data dependency. For join dependencies (JDs), the
inference problem has been extensively studied by utilising the well-known chase procedure. We
generalise JDs to null join dependencies (NJDs) that hold in relations which may contain null values. In
our model for incomplete information we allow only a single unmarked null value denoted by null. This
allows us to solve the inference problem for NJDs by extending the chase procedure to the or-chase
procedure. In order to define the or-chase procedure we generalise relations with nulls to or-relations
which contain a limited form of disjunctive information. The main result of the paper shows that the
inference problem for NJDs, including embedded NJDs (which are a special case of NJDs), is decidable;
this is realised via the or-chase procedure.
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1. Introduction.

We address the problem of making inferences by using integrity constraints that
must be enforced in a database. Herein we assume a relational database, which may
be incomplete, and deal with a subclass of integrity constraints called data depend-
encies [3, 6,21]. Our model for incomplete information contains a single unmarked
null value, null. This model of unmarked nulls is a special case of the more general
model of incomplete information based on multiple marked nulls [9, 107], wherein
null values are marked with a distinguishing index and are allowed to be equal if
their indexes are aqual. We generalise the class of join dependencies (JDs) [2, 19] so as
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to hold in relations which may contain null; such relations are called null-relations
and the JDs that hold therein are called null join dependencies (NJDs).

The inference problem for data dependencies is the problem of deciding whether
a set of data dependencies logically implies another data dependency. An inference
procedurefor a class of data dependencies is said to be sound if all the inferences made
by this procedure are always true, and is said to be complete if all possible inferences
that are true are made by this procedure. Although no sound and complete set of
inference rules has been shown for JDs, an inference procedure, called the chase
procedure [1,3,6,16,20], has been shown to be sound for JDs and complete for full
JDs, i.e. JDs whose context is the universal set of attributes, U, On the other hand,
the chase procedure is not complete for embedded JDs, i.e. JDs whose context is
aproper subset W < U, since, in general, their inference problem is known to be only
partially decidable [3,6,17]. We extend the chase procedure to the or-chase pro-
cedure in order to solve the inference problem for NJDs. Before doing so, we
generalise null-relations to or-relations, which allow a limited form of disjunctive
information [7, 10, 15]. The or-chase procedure is then defined in order to make
inferences from an or-relation with respect to a set of NJ¥Ds. The main result of the
paper shows that the or-chase procedure is a sound and complete inference pro-
cedure for NJDs. Thus, in our formalism the inference problem for embedded NJDs
(as well as full NJDs) is decidable. Our stronger result is due to the use of a single
unmarked null (cf. [1,20]) as opposed to the use of multiple marked nulls as was
done in previous formalisms for embedded data dependencies [3,6,16,19]. The
or-chase procedure can also be utilised for testing the satisfaction of a set of NJDs in
a null-relation. Finally, our formalism is more general than the one presented in
[11], since we make no assumptions about the acyclicity or cyclicity of the database
scheme.

The rest of the paper is organised as follows. In Section 2 we define our underlying
model for incomplete information. In Section 3 we introduce NJDs and present their
inference problem. In Section 4 we solve the inference problem for NJDs by defining
the or-chase procedure which is applied to or-relations with respect to a set of NJDs.
In Section 5 we give our concluding remarks.

2. The single unmarked null model for incomplete information.

In this section we introduce our model for incomplete information by including
a single unmarked null value, null, in attribute domains, leading to the definition of
null-relations. We then define a partial ordering on tuples in null-relations and
generalise it to the Hoare powerdomain ordering [18] on null-relations. This allows
us to formalise the notion of the relative information content of tuples and null-
relations. In our semantics of null values we define the inequality rule for nulls which
states that null # null. Finally, we introduce a more general class of relations, termed
or-relations, which allow a limited form of disjunctive information. The motivation
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for defining or-relations is to obtain a compact representation of a set of null-
relations. This is utilised in Section 4 in order to solve the inference problem for
NIDs.

Let D be a countable flat domain comprising atomic values (also referred to as
total values) and a bottom element 1. We define a partial order < on D as follows:
Vv, v;eD,v; <v;ifand only if v; = v;or v; = L [18].

We interpret the bottom element as being the unmarked null value, null, in the
sense that null (1) contains less information than any other value in D. Thus, in our
formalism we consider only one null value, null, which will be a member of all the
available domains. We observe that our formalism can accommodate the inclusion
of several particular unmarked null types in attribute domains, such as: value
unknown [4,9], value does not exist [4,12], and no information [22]. This could be
done by considering a semi-lattice domain of null values [18].

Let U = {4, A,,...,A4,} be the universal set of attributes. We associate with
each attribute A4; of the universe U a countable flat domain consisting of atomic
values together with null. Each such domain is denoted by DOM(4,). For simplicity
we assume that the domains DOM(A;) — {null} are pairwise disjoint.

A relation scheme R is a subset of U. We extend an atomic domain DOM(A), where
AeU, to a domain over a relation scheme R € U, where R = {4,4,,...,4,},
n < p, as follows:

DOM(R) = {null} + (DOM(4,) x DOM(4,) x ... x DOM(4,))

where + is the disjoint union operator and x is the Cartesian product operator.

We define a null-relation, r, over a relation scheme R < U, to be an element of
P(DOM(R)), where P is the finite powerset operator. A tuple over R is now defined
to be an element of a null-relation over R. If r = {null} then we consider r to be
undefined.

ExamPLE 2.1. Let R = {STUDENT, DEPT, MAJOR, CLASS, EXAM, PRO-
JECT} = U be a relation scheme with the following semantics: a STUDENT is
enrolled in a department DEPT and MAJORs in a subject within the department. In
addition, a STUDENT attends several CLASSes, each CLASS having several
EXAMs during the academic year and one or more PROJECTS. In Figure 2.1 we
show a null-relation, r, over R. We note that we do not attach any specific meaning
to null appearing in r. Thus, null for PROJECT, in the fifth tuple, could mean that
there does not exist a PROJECT for this null STUDENT in the programming
CLASS, or it could mean that this null STUDENT’s PROJECT for this CLASS is
unknown.

Let r be a null-relation over R. We define projection of a tuple rer onto Y < R,
denoted by t[ Y], to be the restriction of ¢ to Y. We also refer to t[ Y] as the Y-value of
t. We extend the definition of projection to r as follows: r[Y] = {t[ Y]] ter}.
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STUDENT DEPT MAJOR CLASS EXAM | PROJECT
Iris CS computing | databases mid INF
Iris CS computing | databases null NEF2
Iris Cs computing | databases mid NF2
Iris CS computing databases null INF
null CS computing | programming | final null

David philosophy logic first-order mid prolog
David null null null final parlog
David null null first-order mid prolog
David philosophy logic null final parlog
null philosophy null null final null
null philosophy null first-order null functions

Fig. 2.1. The null-relation r.

DErINITION 2.1. We say that a tuple teris Y-total,if Y € Rand VAe Y, t[A4] is
a total value, i.e. t{{A]e(DOM(A) — {null}). We extend the definition of Y-total to
r as follows: r is Y-total if Vter, t is Y-total. We call an R-total null-relation over
R a total-relation (or simply a relation).

ExampLE 2.2. For the null-relation r shown in Figure 2.1, the first tuple is R-total
and the fifth tuple is {DEPT, MAJOR, CLASS, EXAM}-total.

We define a database scheme over W U asaset R = {R(,R,,...,R,} such that
UL {R;} = W.Inthe context of this paper we view a null-database as being induced
by a null-relation, r, over U. In particular, a null-database, d, over a database scheme
R, over W = U, is defined by d = {r[R;]|R;e R}.

ExampLE 2.3. Let R = {{STUDENT, DEPT, MAJOR}, {STUDENT, CLASS,
EXAM}, {STUDENT, CLASS, PROJECT}} be a database scheme over R of
Example 2.1. Then we can view the null-relation r shown in Figure 2.1 as inducing
the null-database d = {r[{STUDENT, DEPT, MAJOR}], r[{STUDENT, CLASS,
EXAM}], r[{STUDENT, CLASS, PROJECT}1}.

Next we extend the definition of the partial order < to tuples and then define the
Hoare powerdomain ordering [18], denoted by [, on null-relations over R < U.

DermNITION 2.2. Let R © U be a relation scheme, then
(1) for any tuple tover R, null <tandt < t.
(2) for any two tuples t, and ¢, over R, t; < t,ifand onlyif VAeR, t,[A] < t,[A]
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If t; < t, then we say that t, is less informative than t, (or equivalently that ¢, is
more informative than t,). A null-relation r;y over R is less informative than a null-
relationr, over R (or equivalentlyr, is more informative thanr ), denoted by r, [ 5,
ifand only if Vt,er, 3¢, 67, such that t; < t,.

We say that a tuple ¢, over R is information-wise equivalent to a tuple t, over R,
denoted by t; = t,, if and only if t; < ¢, and ¢, < t;. Correspondingly, we say that
a null-relation r; over R is information-wise equivalent to a null-relation r, over R,
also denoted by r; @ ry, ifand onlyif r; [ r,and ry [ ry.

EXAMPLE 2.4. Let ty,t,,13, 1, be the first four tuples in the null-relation, r, shown
in Figure 2.1. Then, t, < t; and t, < t,. It therefore follows that (r — {t,,t4}) _ r
and r [ (r — {t3,t4}). Thus, r = (r = {£5,14}) holds.

For the rest of the paper we do not distinguish between members in each of the
equivalence classes of = with respect to null-relations. The justification for this
approach is that we consider the information content of ail null-relations in an
equivalence class to be the same.

Next we define the inequality rule for nulls and justify our definition.

DermutioN 2.3. Two values v, and v, are equal, i.e. v, = v,, if and only if both v,
and v, are total values.

The above choice of the inequality rule for nulls can be justified as follows: when
two null values appearing in a null-relation are updated they may be replaced by two
distinct non-null values. We note that due to the inequality rule for nulls our model
of a single unmarked null is a special case of the more general model of incomplete
information based on multiple marked nulls [9, 10]. In the latter model two null
values are considered to be equal if their distinguishing indexes are equal.

We next introduce a more general class of relations, called or-relations, which
allow a limited form of disjunctive information. Informally, an or-relation over
R = U contains tuples ¢ such that for some A€ R, t[A] = v; v null, v; being a total
value; such an A-value is termed an A-or value. Our motivation for introducing A-or
values is rather different from that in [7, 10, 157, wherein an A-value is extended to
a set of possible total values, one of which is the “true” value. A-or values in
or-relations will allow us to equate two A4-or values by promoting them to equal total
values, thus overcoming the limitation of the inequality rule for nulls (see Section 4).

DEFINITION 2.4. We define an A-or value to be a disjunction of the form, v; v null,
where v;e (DOM(A) — {null}). We now let DOM(4) be extended to include A-or
values, VA € R. Thus, an or-relation r, over a relation scheme R < U, is defined to be
an element of P(DOM(R)).
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STUDENT DEPT MAJOR CLASS EXAM | PROIECT
David philosophy logic first-order mid prolog
Raymond v null | philosophy | math v aull | higher-order v null final nudl
Raymond v null | philosophy | math v null first-order null functions

Fig. 2.2. The or-relation r'.

ExaMPLE2.5. Let R be therelation scheme given in Example 2.1, An or-relation '
over R is shown in Figure 2.2. We observe that the CLASS-or value, higher-
order v null (for example), induces two sets of null-relations, one in which CLASS is
higher-order and the other in which CLASS is null. That is, we view the presence of
higher-order v null in #' as a compact representation of the information present in
the induced null-relations.

We extend the inequality rule for nulls to include or-values, i.e. two values v; and
v, (which may be or-values, null values or total values) are equal if and only if both v,
and v, are total values. We also extend [ to or-relations, where an A-total value, v;,
is taken to be less informative than an 4-or value, v; v null, i.e. null < v; < v; v null
(and v; v null <v; v null). The reason we choose v; < v; v null is that we view v as
union and < as set containment. This interpretation of or-values conforms to the
Hoare powerdomain ordering. Thus, an A-or value v; v null appearing in an
or-relation, r, contains the information that such a value in r represents two sets of
null-relations, one which contains v; and the other which contains null (see Example
2.5). It follows that if r contains n distinct or-values, then r is a compact representa-
tion of 2" induced null-relations. :

We conclude this section with a straightforward proposition, which establishes
the connection between the three classes of relations: relations, null-relations and
or-relations.

ProOPOSITION 2.1. Let REL(R) be the set of all {total) relations over R < U,
NULL-REL(R) be the set of all null-relations over R and OR-REL(R) be the set of
all or-relations over R, Then

REL(R) « NULL-REL(R) = OR-REL(R).

3. Null join dependencies and their satisfaction.

In this section, we generalise JDs that hold in (total) relations to null join
dependencies (NJDs) that hold in null-relations. As a special case of an NJD we have
the null multivalued dependency (NMVD) [11,14] when the cardinality of the
decomposition is two. We then give the definition of the inference problem for NJDs
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and formally define when an inference procedure for solving the inference problem
for NIDs is sound and when it is complete.

Herein we employ the following useful notation for database schemes found in
[2]. Let R and S be two database schemes over W = U. We say that S covers R, if for
every relation scheme, R; € R, there exists a relation scheme, §;¢ S, such that R, < S,
The set of all database schemes that cover R is denoted by COVER(R). In addition,
let Q = {Q4,05,...,Q;} be a database scheme such that Q « R. We say that Q is
a connected subset of R if and only if there exists a permutation, say g, of Q such that
a(@)na(@isy) # T 1 <i<k.

The database scheme, S, is a covering subset of the database scheme, R, if each
relation scheme, S;€ S, is a set of attributes over a connected subset, say §;, of R and
such that R = U, S,. We denote the set of all covering subset database schemes of R by
SUBSET(R). We note thatif §€ SUBSET(R), then §€ COVER(R), but the converse
is, in general, faise.

Let MANY (R) denote the set of attributes that appear in at least two relation
schemes in a database scheme R and let |R| denote the cardinality of R.

In the following two definitions we refer to the database schemes, R =
{Ry,R;,..., Ry} and §={8,,S,,...,5,} over Wc U, with n<m, and let
MANY(S) == X.

DErINITION 3.1. Let r be a null-relation over U. We say that n not necessarily
distinct tuples, ¢y, t,,. .., 1, €r, are joinable on S with the resulting tuple, ¢, over U, if
the following conditions are true:

O SN X1=1[Sin X1, 1 <i<n,te t[X]is X-total;
(2) t[Sl - X] = ti[Si - X],l <i<m and
(3) t{U — W] = null.

We now define the satisfaction of the NJD, <[ R], over W & U, in a null-relation
rover U.

DerFmaTioN 3.2. The NJD, <t [R], holds in r if and only if whenever 3n not
necessarily distinct tuples, £,¢,,...,t,€r, that are joinable on a covering subset,
§ e SUBSET(R), with the resulting tuple, ¢, over U, then 3¢ er such that t < ¢ holds.

The NJD, o<t{R], is said to be a trivial NJD if m = 1, otherwise it is said to be
a non-trivial NJD. An NJD, o<[R], over W < U,isafull NJD if W = U and is an
embedded NIDif W < U.

It can easily be seen that the NM VD is a special case of the NJD, i.e. whenm = 2.
Also, it can easily be verified that for (total) relations, Definition 3.2 reduces to the
standard definition of the JD.

Examrie 3.1. Let R be the database scheme of Example 2.3 and r be the

null-relation shown in Figure 2.1. Then it can easily be verified that r satisfies
> [R].
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We now define the notion of implication for a set of NJDs. Let D be a set of NJDs,
and let SAT(D) denote the set of null-relations, over U, that satisfy D. We say that
D logically implies a single NJID, d;, written in the form D|=d; if and only if
SAT(D) = SAT(,).

DErFINITION 3.3, The inference problem for NJDs is defined as follows: given a set
of NJDs, D, and a single NJID, d;, does D |= d;?

An inference procedure (for NJDs), P, is a (decidable) algorithm for solving the
inference problem (for NJDs); P takes as input a set of NJDs, D, and a single NJD, d,,
and returns true or false. Symbolically P(D, d;) returns true or false.

DEerFINITION 3.4. An inference procedure P is said to be sound if whenever P(D, d;)
returns true then D }= d;; P is said to be complete if whenever D |= d; then P(D, d;)
returns true.

We close this section with a brief discussion on whether the sound inference rules
for JDs, given in [2], are also sound inference rules for NJDs.

It can be verified that the covering and projection rules for JDs given in [2] (which
are sound for JDs) are also sound for NJDs over null-relations due to Definition 3.2.
We note that we can formally show that the covering rule for NJDs holds by using
aresult from [2], wherein it was shown that a database scheme, S, covers a database
scheme R if and only if § can be obtained from R by repetitively, either adding
a relation scheme to R, or by adding an attribute to a relation scheme already in R.

On the other hand, the substitution rule for JDs also given in [2] (which is sound
for JDs) is not, in general, sound for NJDs, since, as is the case with NMVDs,
transitivity of NJDs may not hold in the presence of null [ 11, 14]. A simple example
illustrates this:let D = {4B —»— C|D, 4 —— B|CD} be a set of NMVDs (using the
standard notation for NMVDs) and r = {<a;,null, ¢,,d, >, {ay,null,c;,d,>}. It can
casily be verified that re SAT(D) but r does not satisfy 4 —— C, which would be
inferred by using the substitution rule. In [13] we present a special case of the
substitution rule, called the non-split substitution rule, which is sound for NJDs and
is sufficient for many practical cases.

4. The or-chase procedure for solving the inference problem for NJDs.

In this section we define the or-chase procedure as an inference procedure for
solving the inference problem for NJDs and as a procedure for testing satisfaction of
NJDs in null-relations. The or-chase procedure is an extension of the classical chase
procedure, which is an inference procedure for solving the inference problem for IDs
and a procedure for testing satisfaction of JDs in (total) relations. We denote the
result of applying the or-chase procedure to an or-relation, r, with respect to a set of
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NIDs, D, as ORCHASEy(r). We show that the standard results regarding the
classical chase procedure also hold for the or-chase, i.e. ORCHASEy{r) is finite and
unique, and if r is a null-relation then ORCH ASE(r) results in a null-relation that
satisfies D. The main result of the paper is then presented, showing that the or-chase
procedure is a sound and complete inference procedure for solving the inference
problem for NJDs. As a byproduct of our approach the or-chase is also a sound and
complete inference procedure for solving the inference problem of embedded NJDs,
i.e. the said inference problem is decidable. This is in contrast to the inference
problem for embedded JDs which, in general, is known to be only partially decid-
able. Our stronger resultis due to the use of a single unmarked null as opposed to the
use of multiple marked nulls in previous formalisms for embedded data depend-
encies.

We now define the operator TOTAL, which promotes A-or values to A-total
values.

DEerFINITION 4.1. If t[A] = null or t[A] = v; then TOTAL(t[A]) = t[ 4], other-
wise if tf{A] & v; v null then TOTAL([A]) = v,.

TOTAL is extended to X-values, where X = {4,,4,,...,4,}, as follows:

TOTAL(t[X]) = (TOTAL(t[A,]), TOTAL(t[4,]),..., TOTAL(t[4,]).

If t[ 4] is the A-or value, v; v null, then we say that t[A] is promoted to v; by
TOTAL([X .

Again in the following two definitions we refer to the database schemes, R =
{R,R,,...,R,} and §=1{8,,8,,...,8,} over W U, with n<m, and let
MANY(S) = X.

Next we define or-joinable tuples in an or-relation, r, over U, thus generalising the
concept of joinable tuples in a null-relation r over U.

DEFINITION 4.2. Let 7 be an or-relation over U. We say that n not necessarily
distinct tuples, t1,1,,. . ., t,€r, are or-joinable on S with the resulting tuple, t, over U,
if the following conditions are true:

(1) t[S;in X] = TOTAL(t[S: " X]).1 <i < n,ie. t[X]is X-totaland VA &(S; N X),
t;[ 4] is either an A-total value or an A-or value;

@ e[S, — XJ=4[Si— X, 1 <i<nand

3) LU — W] = null.

If r is a null-relation then Definition 4.2 reduces to Definition 3.1.
We now define the inference rule (or simply the rule) associated with an NJD,

>[R] e D, where D is a set of NJDs, applied to an or-relation r over U this rule is
denoted by RULE (7).

DEFINITION 4.3. Let t,,t5,...,t,&7 be n not necessarily distinct tuples that are
or-joinable on a covering subset, S e SUBSET(R), with the resulting tuple, ¢, over U.
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Then the rule associated with the NJD < [R] applied to r is given by:
RULE ,qm(r) = ru {t|t is the resulting tuple of n or-joinable tuples as defined
above}.

Before we define the or-chase of an or-relation; r, over U, with respect to a set of
NIJDs, D, we define the effect on r of invoking all possible applications to r of the rules
associated with the NJDs in D. Thus, we let

RULEy(r) = {RULE,(r)|d;e D},

i.e. we invoke all possible applications to r of the rules associated with the NJDs
d;e D in parallel, since no ordering is assumed when applying these rules. We note
that RULEp(r) is, by definition, unique.

We next define a transformation function T, with respect to a set of NJDs, D,
which operates on an or-relation, 7, as follows:

Tp(r) = U {¥ | e RULEy(r)}.
Successive applications of T, to r yield:

Ty =r;
Ty () = To(Tpr) v Tp(r) with i = 0,1,2,...

Finally, we define the or-chase of r with respect to a set of NJDs, D, denoted by
ORCHASE,(r) {or simply ORCHASE(r) when D is understood from context), as
being information-wise equivalent to the fixpoint of r with respect to 7, namely

ORCHASE(r) = U2 o T5 ().

We note that ORCH ASE is an inflationary fixpoint operator { 8], since it can easily
be verified that for any or-relation, v, over U, ¥ [Z Tp(r'). The motivation for using
inflationary semantics is that the uniqueness of the or-chase follows directly from its
parallel semantics rather than by a standard laborious proof as in [13, 16].

In what follows we refer to a state of ORCHASE(r) as an intermediate state
thereof, between rand ORCH ASE(r), during the computation of ORCHASE(r). The
following results establish the fundamental properties of the or-chase procedure

(cf. [16]).

LEMMA 4.1. Let r be an or-relation over U and let D be a set of NJDs. Then
ORCHASE(r) is finite and unique.

PrOOF. We first prove that ORCHASE(r) is finite. By definition each application
of a rule to a state of ORCHASE(r) incorporates more informative tuples into it,
otherwise ORCHASE(r) terminates. Now, let ATOMIC(r) be the finite set of all
values in r together with null. We note that rules do not add new values to
ATOMIC(#). Thus; it suffices to show that ORCH ASE(r) does not loop forever. Let
r, be the state of ORCH ASE(r) after applying some rules to 7, and let r; be the state of
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ORCH ASE(r) after applying some further rules to r;. The result now follows, since
r;[= r;and —(r; = r;) can only occur a finite number of times and it is also true that
—(r; = r;) unless we have r; = ORCHASE(r).

We conclude the proof by showing that ORCHASE(r) is unique. The result now
follows since Tp(r) is unique by the definition of RULE(r), and ORCHASE(r)
results from successively applying the transformation function 7}, to the current
state of ORCHASE(r). n

THEOREM 4.2. Let r be a null-relation over U and let D be a set of NJDs. Then
ORCHASE(r) satisfies D.

Proor. ORCHASE(r)satisfies the NJDs in D, since the inference rules detect any
violation of an NJD in D (see Definition 3.2). It follows that ORCH ASE(r) satisfies
D, otherwise, by the said argument, we can apply one of the rules to ORCHASE(r),
thus leading to a contradiction. ]

The following corollary establishes the fact that the or-chase procedure has
complete deductive capabilities with respect to NJDs. That is, all possible tuples
(and only those tuples) that can be inferred from a null-relation, r, with respect to
a set of NJDs, D, are deduced by ORCHASE,(r).

COROLLARY 4.3. Let r be a null-relation over U and let D be a set of NJDs. Then
reSAT (D) if and only if ORCHASEp (1) = .

Proof. The result follows from Theorem 4.2 and the definition of the or-
chase. [ |

In the following we let ;e DOM(4;) be a distinguished total value (cf. distin-
guished variable [19]) associated with the attribute 4;e U, je{1,2,..., p}. We now
define a tableau for an NJD, ><[R], thus generalising the notion of a tableau
[2, 16, 19] to or-relations.

DEerINITION 4.4. The tableau for the NJD, ><i[R], denoted by TABLE(R), is an
or-relation, over U, comprising the set of tuples {t1.t5,...,t,} such that ¢,
1 <i < m,is constructed as follows (where MANY(R) = X):

(1) VA;e(R;n X),t;[A;] = a; v null
(@) VA;e(R; — X),t;[A;] = a;; and
(3) VAJE(U - Ri)’ t,[AJ] =~ null,

ExampLE 4.1. Let R = {ABC, ABD, AE}, then the tableau for R, TABLE(R), is
shown in Figure 4.1. Also, let R’ = {AB,BCD,CE}, then the tableau for R,
TABLE(R'), is shown in Figure 4.2.
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A B C D E

a,vaull | ay vaul | az | null | null
ayvuull | ay vl (null] a, | null
a; v null null null | null | as

Fig. 4.1. TABLE ({ABC,ABD, AE}).

A B C D E
a, | a,v null null null | null
null { a, vuull | ayvnull | a, | null
null null as v oaull | null | as

Fig. 4.2. TABLE ({AB, BCD,CE}).

Next we define the valuation [3, 16,19] of a tableau.

DEerFINITION 4.5. Let ¢ be a mapping (called a valuation), which maps a tableau
into a set of null-relations over U as follows: ¢ maps atotal value g; to a;, maps null to
null and maps an or-value, g; v null, either to a; or to null. Correspondingly for
a tuple {vy,v3,...,v,> we have: (v, va,...,vp0) = (P(v1), (v2),.. ., P(v,)); @ is
extended to a tableau T as follows: ¢(T) = {¢(t)|te T}.

The set of null-relations induced by the mappings ¢, denoted as NULL(T), is
defined by: NULL(T) = {r|3 ¢ such that ¢(T) = r}. The set of valuations induced
by NULL(T), denoted as &(T), is defined by: &(T) = {¢ | ¢(T)e NULL(T)}. We
observe that if T contains n distinct or-values then the cardinality of NULL(T) and
therefore O(T) is 2"

In the results that follow we utilise the five abbreviations of the expressions
numbered (1) to (5) given below; R is a database scheme over W < U, D is a set of
NIDs and ¢ € ¢(TABLE(R)).

(1) ORCHASE ,(¢(TABLE(RY))) is abbreviated to OR,(¢(T)).

(2) ORCHASE ,oaimy ($(TABLE(R))) is abbreviated to OR g (¢(T)).
(3) $(ORCHASE(TABLE(R))) is abbreviated to ¢(ORp(T)).

(4) ORCHASEL(TABLE(R)) is abbreviated to ORp(T).

(5) ORCHASE p_pamy(TABLE(R)) is abbreviated to OR g (T).

The following lemma shows what happens when a valuation, ¢, is interchanged
with the or-chase procedure.
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LemMa 4.4. Let R be a database scheme over W < U and let D be a set of NJDs.
Then V¢ € B(TABLE(R)), ORp(¢(T)) = ¢(ORp(T)).

Proor. Let ¢ € ®(TABLE(R)) be a valuation. We prove the result by induction
on the application of the rules during the successive applications of T, to
$(TABLE(R)) and TABLE(R).

Basis. Consider any tuple ted(TABLE(R)), then teORp(¢(T)) and also
3t € ¢(ORp(T)) such that t < t', trivially.

INDUCTION. Let 7, be anintermediate state of the tableau during the computation
of ORp(¢(T)) and let 7, be an intermediate state of the tablean during the computa-
tion of ORp(T) such that 7, [ ¢(F,). Now, ift,,t,,...,t,€# arejoinable tuples over
acovering subset database scheme S of R with the resulting tuple t € ORp(¢(T)), then
by inductive hypothesis there must exist tuples t', 15, . . , £, € 7,, such that t; < ¢(t}),
ty < Pth),.. ..ty < @(t,). Since ty, t,,...,t, are joinable on § then so are
o(t}), 9(t),. .., ¢(t,) with the resulting tuple ¢(t'); consequently t,t5,...,t, are
or-joinable on S with the resulting tuple ¢’ € OR,(T) and thus ¢(t') € $(OR,(T)). The
result now follows that t < ¢(¢') as required, since or-joinability is a monotone
mapping. n

We note that the reverse of Lemma 4.4,1.e. $(ORp(T)) = ORy(¢(T))is, in general,
false. For example, let D = {><1[R]} where R = {ABC,ABD, AE} as in Example
4.1,and let ¢ mapa; v nulltoa; and a, v null to nuil. Then, it can easily be verified
that the tuple, {ay, a,, as,a4,as), is in @(OR,(T)) but not in ORp(p(T)).

The following lemma establishes the relationship between the or-chase of a tab-
leau, say T (which is an or-relation), and the or-chase of its set of corresponding
null-relations, NULL(T).

LEMMA 4.5. Let R be a database scheme over W < U and let D be a set of NJDs.
Then ORp(T)= ORp &(T) if and only if Ve ®(TABLE(R)), OR,((T)) =
ORp p(&(T)).

PROOF. (IF): Let ¢ € D(TABLE(R)) be a valuation. We prove the result by
contradiction to the fact that V¢e ®(TABLE(R)); ORpo(¢(T)) = ORp(¢(T)).
Now, since ORp(T) = ORpx(T) holds trivially we assume that —(ORpx(T) =
ORp(T)). Thus, there must exist a tuple, ¢, such that t e OR,, x(T) and there does not
exist a tuple ¢, where ¢t <t and t[MANY(R)] = ¢*[MANY(R)], such that
t' € ORy(T).

We can now choose a valuation ¢ € #(TABLE(R)) such that ¢ promotes an A-or
value, a; v null, to an A-total value g; if and only if t is A-total and 4e MANY(R).
Let 7, be an intermediate state during the computation of OR,,x(T) and let 7, be an
intermediate state during the computation of ORpg(¢(T)). By the choice of ¢ we
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observe that t e ORp, g{T) implies ¢(t) € ORp g(¢(T)). This is due to the fact that if
37, such that t,t,,...,t,€#, are or-joinable tuples over a covering subset database
scheme S of R with the resulting tuple te ORp g(T), then 37, such that
o(ty), ft2),. .., o(t,)eF, are joinable tuples over § with the resulting tuple
¢(t) e ORp r(¢p(T)) (this can be proved by induction). Similarly, t'¢ ORp(T) implies
O(t") ¢ ORL(P(T)), since if 475, an intermediate state during the computation of
ORp(T), such that a set of or-joinable tuples in #; would result in the tuple
t' € ORp(T), then 7 #,, an intermediate state during the computation of ORp(¢(T)),
such that a corresponding set of joinable tuples in 7, would result in the tuple
d(t')e ORy(¢(T)). From the above we obtain a contradiction to the fact that
ORp,p(H(T)) [Z ORp{(¢(T)), thus proving the result.

(ONLY IF): We prove the result by contradiction to the fact that ORp(T)[Z
OR, r(T). Now, since ORp(¢(T)) = ORp_r(¢(T)) holds trivially we assume that
—(ORp, g(¢(T)) = ORp(¢(T))). Thus, there must exist a valuation ¢ € §(TABLE(R))
and a tuple, u, such that ue ORp_x(¢(T)) and there does not exist a tuple, v/, where
u < o and u[ MANY(R)] = «'[MANY(R}], such that ' e ORp{(¢(T)).

We can now choose a tuple t& ORp g(T) such that t[ 4] is an A-or value or an
A-total value if and only if u = ¢(t) is A-total and 4e MANY/(R). By the choice of
t we conclude using an argument similar to that in the if part that ¢(t) € ORp g (¢(T))
implies te ORp g(T). Similarly, ' = ¢(t') ¢ ORp{(¢(T)) implies t' ¢ ORp(T). From
the above we obtain a contradiction to the fact that ORp & (T) = OR)(T), thus
proving the result. ]

The ensuing theorem establishes the main result of the paper, namely that the
or-chase procedure solves the inference problem for NJDs.

THEOREM 4.6. Let D be a set of NJDs and let ><1[R] be a single NJD. Then D |=
<1 [R] if and only if ORp(T) = ORp p(T).

PROOF. (IF): If ORK(T) = ORp &(T) then by the only if part of Lemma 4.5, V¢ €
@(TABLE(R)), OR(¢(T)) = ORp g(¢(T)). Now, let re SAT(D) be a null-relation
over U and let 5,t,,...,t,€r be joinable tuples over a covering subset database
scheme S of R, with the resulting tuple, ¢, over U. We now define a mapping é for the
tuplest;, 1 <1< n,asfollows: ¢ maps null to null and maps a total value t[4;] to the
distinguished total value a;e DOM(4;) for each A4; € U. From the definition of dit
follows that 3¢ e #(TABLE(R)) such that f; < q&(tl) where ;€ ORp(¢(T)) and
t[MANY(R)] = ¢(t:[MANY(R)]), 1 <i < n. Now, since t; are joinable over S,
then, 1 < i < n, are also joinable over S with the resulting tuple ¢'¢ OR,H((T)). It
follows that ter since ¢ < ¢(t) and ORp(¢(T)) = ORp, g(¢(T)), implying that
reSAT(D u {<[R]}) as required.

(ONLYIF): If D|= o<i[R] then SAT(D v {><[R1}) = SAT(D). Thus, Vre
NULL(TABLE(R)), ORCHASE(r)e SAT(D U {>a[R]}), since by Theorem 4.2
ORCHASE(r)e SAT(D). Tt follows from Lemma 4.1 and Corollary 4.3 that
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Vr e NULL(TABLE(R)), ORCHASE(r) = ORCH ASE y(pagy (7). Thus, the result
follows by the if part of Lemma 4.5. |

We note that the above results are also obtained for embedded NJDs, since in our
formalism embedded NJDs are a special case of NIDs, i.e. when W U. It is
interesting to observe that, when using marked nulls, testing implication for embed-
ded data dependencies (embedded JDs being a special case) is, in general, known to
be only partially decidable. As a consequence of Theorem 4.6, in our context, the
or-chase procedure is decidable for embedded NJDs as well as for NJDs.

The following corollary follows directly from Theorem 4.6.

COROLLARY 4.7. Let P be an inference procedure for NJDs, which returns true if
and only if ORp(T) = ORp #(T). Then P is a sound and complete inference procedure
for NJDs.

ExampLE 4.2. Let R = {ABC,ABD,AE} and D = {p<[{ABC,ABDE}], <
[{ABD,AE}]}. Then it can be verified that —(ORCHASE,(TABLE(R))
ORCHASEp, pamy(TABLE(R))), where ORCH ASE .oy (TABLE(R)) is shown
in Figure 4.3, since the tuple t = {ay,a, v null, as, null,asy e ORCHASEp,(paqry,
(TABLE(R)) but ¢ ¢ ORCHASE,(TABLE(R)), implying D | ><[R].

Example 4.2 illustrates the fact that unlike the classical chase procedure, in the
or-chase procedure a tuple of distinguished total values does not necessarily indicate
NIJD implication.

ExampLE 4.3. Let R’ = {AB,BCD,CE} and D = {<i[{AB, BCDE}], o<[{CE,
ABCD}]}. Then it can be verified that ORCHASE,(TABLE(R)) =~
ORCHASEp, (vapry(TABLE(R)), as shown in Figure 4.4, implying D |= p<a[R'].

Some of the tuples, which are less informative than the tuples appearing in Figures
4.3 and 4.4, respectively, are omitted. This does not affect the result, since we do not
distinguish between members in each of the equivalence classes induced by 2.

5. Concluding remarks.

We have defined a class of data dependencies, namely NJDs, which hold in
null-relations, and have shown that the or-chase is a sound and complete inference
procedure for NJDs. In order to prove this result we generalised null-relations to
or-relations by allowing them to contain a limited form of disjunctive information.
This result implies that the inference problem for NJDs is decidable; this is due to the
fact that in our model for incomplete information we include only a single unmarked
null value, i.e. null. A further implication of our result is: if » contains n distinct
or-values then ORCH ASE(r)is equivalent to applying the or-chase procedure to the
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A B C D E

ay vaull | ap v null 1 oas | null | null
agvuull | ayvoaull | nul | a, | null

aq v null null null | null | as
a; a, as ay | null
a; a null | a, as
aq G, as | a, | as
a, ay vaull | null | a, | as
a; ay vuull | ay | null | as

Fig. 4.3. ORCHASE . oamy(TABLE(R)).

A B C D E
a, | a; v null null null | null
null | ay voull | ayvull | ay | null
null null as v null | null | as
a, a, as v null | a, | null
a; a, as a, | as
null | as v null as a, | as

Fig. 44. ORCHASE,(TABLE(R') = ORCHASEp,raizy(TABLE(R)).

2" null-relations induced by r.

Finally, our results are more general than the ones presented in [11], since we
make no assumptions about the acyclicity or cyclicity of the database scheme as is
the case therein, where only y-acyclic database schemes [5] are considered.
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