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1. We consider the following propositions:

T. The topological product of any number of bicompact Hausdorff spa-
ces is bicompact.?

T*. The topological product of any number of non-empty bicompact
Hausdorff spaces is non-empty and bicompact.

I. In every Boolean algebra A there is a maximal ideal different from A.
R. Every Boolean algebra is isomorphic to a field of sets.
M. Every consistent elementary theory has a model?

T.. The topological product af any number of Hausdorff spaces, each
having exactly n points, is non-empty and bicompact.*

S.. Let M be any set of disjoint sets each having exactly n elements
and R(x,y) is a symmetric relation defined between the elements belonging
to different elements of M. Suppose that for any finite set FS M there exists
an f EXEPFX such that R(f(X), f(X;)) holds for any X,, X;€ F. Then there

exists an f€ P X such that R(f(X,), f(X;)) holds for any Xi, X, € M?
XeM

P,. Every graph, each finite subgraph of which can be coloured with
n colours, can be coloured with n colours.’
~ C,.. The Cartesian product of any number of sets, each having exactly
n elements, is non-empty.
It is known that the axiom of choice implies each of the above propo-

1 This is a lecture delivered on the Colloquium on the Theory of Graphs in Dobogo-
k6, 22 October 1959.

2 Here and farther any number means any positive finite or infinite cardinal number.

8 We do not suppose that the number of symbols and statements of the theories
is denumerable. ‘

4 Here and farther n is running over positive integers.

5 P denotes the Cartesian product operator.

6 A colouring of a graph with n colours is a partition of the set of vertices into n
classes such that no two vertices in one class are joint by an edge.
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sitions, but the following logical relations can be proved without the use o
this axiom:

(1) T«>T*«>1«>R<+>M~+>T,,«>S, for m=2,3,..., n=4,5,...;
(2) S,—S;—S;;

3 S,—»P,—-C, for n=2,3,...;

4) Pu1—P, for n=23,...;

(5) P2<——>Cg. ’

It would be interesting to know any further implication between these
propositions. Some implications and independences between the propositions
C, are known, e.g. C,«>C,, C,.— C, and others (see [8], [10], [11]). The
equivalences (1) and implications (2) are proved in the papers [4], [5], [6], [T].
Other interesting propositions which may be added to the equivalences (1)
are given in [9].

Let us prove (3), (4) and (5):

S.— P, is obvious (compare the proof of P, given in [2]).

P.— C,. Let K be a set of disjoint n-element sets. We treat | X as a
Xex

set of vertices of a graph, two vertices being joint if and only if they belong
to the same X. By P, it is easy to see that this graph can be coloured with
n colours. Take all the vertices of one colour, this clearly defines a selection
from K as required in C,.

P..1—P.. Let G be a graph each finite subgraph of which can be
coloured with n colours. We add a new vertex and join it to all vertices of G.
Using P.,: we easily see that the new graph can be coloured with n1
colours. Removing the additional vertex we obtain n-colourings of G as
needed in P,.

P, <> C,. Owing to (3) it remains to prove C,—P,. If G is a connect-
ed graph, each finite subgraph of which can be coloured with 2 colours,
then it is easy to see that, putting two vertices in the same class if and only
if there exists a path from one to the other with an odd number of edges,
we obtain a two-colouring of G. Now if G is not connected, using C, we
select one of these classes for each component of G. We consider the parti-
tion of the vertices of G into 2 classes: the union of the selected classes and
the remaining vertices. It-is easy to see that it is a two-colouring of G.

REMARK (due to C. RyLL-NARDzEwskI). The proposition P, restricted to
denumerable graphs can be proved without using the axiom of choice.

2. We consider the following properties of a graph G (by a graph we
mean here a one-dimensional simplicial complex with the natural topology,
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we do not suppose that it is locally finite and the cardinality of the set of

vertices of G is arbitrary):
(i) G does not contain topologically any one of KURATOWSKI's two

graphs (Fig. 1).
e

/

Fig. 1

(ii) Every finite subgraph of G is homeomorphically imbeddable in the
plane K2

(iii) There exists a system of homeomorphisms {/ir(x)} where F runs
over all finite subgraphs of G such that s maps homeomorphically F into
R? and for any F, and F,

(%) hr|Fin F, is homotopical to &z |FinF,.7

(iv) One can define for every circuit C of G a partition of the set
|GINC|*® into two classes Int (C), Ext (C) such that two vertices belonging
to different classes are not joint by an edge and

if |C]c|Glulnt (Gy), then Int (C) |Gl U Int (Cy);
it |G| |G| UExt(Cy), then Ext(C)) < |G| UEt(Cy).

THEOREM. The properties (i), (ii), (iii), (iv) are equivalent.

PROOF. (i) — (ii) by the well-known theorem of KURATOWSKI [3].
(ii) — (iii). We denote by Sr the set of homotopy types of homeomor-
phical applications of F into R* (F runs over the finite subgraphs of G).
Sy is finite; we treat it as a discrete topological space. By the statement T
(Section 1 of this paper) the topological product PSr is bicompact.
F

For any f, ¢ Sr, and £, € S, we put £, ~ £ if and only if (%) holds for
some hp of type # and hg, of type t,. Let F, ..., F be any finite set of

" flX denotes the mapping f with domain restricted to X.
8 |H| denotes the set of vertices of the graph H.\ denotes the set-theoretical dif-
ference. )
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finite subgraphs of G. We put Kw,..,r ={f:f€PSr, f(F)~f(F) for
ra
i,j=1,...,m}. Of course, the sets Ky, .. r are closed subsets of PSw.
F

They are also non-empty, since if F is a finite subgraph of G such that

F,...,F, are subgraphs of F and hr is a homeomorphism hy:F— R

(it exists by (ii)), then one can take for f€ K, ..,» any function f€ P Sy
ra

such that f(F;) is the homotopy type of Ay|F;. The finite intersections of the
sets K, ., » are also non-empty, since

K, ., p0 N Kp?,  p@DKp®),  oh p® . pO,

It follows that there exists an f, such that
s3]
heN ﬂF Ky, .., r,

and clearly eny system {hr}, such that the hcmotopy type of hr is f(F)
satisfies (iii); q. e. d.

(iii) — (iv). A system {hr} being given, for every circuit C and every
vertex v € |G|\ |C| we put v¢€lInt(C) if the homeomorphism hey, maps v
inside the domain bounded by the image of C and v € Ext(C) in the other
case. It is easy to verify that our definition satisfies (iv).

(iv)— (i). Clearly a subgraph of a graph satisfying (iv) satisfies (iv)
One can prove by a direct verification that no one of the Kuratowski graphs
satisfies (iv); and our implication follows.

COROLLARY. (DIRAC and SCHUSTER [1}.) A denumerable graph satisfying
(i) has a continuous 1—1 mapping info K.

PROOF. By the theorem the graph satisfies (iii) and one can construct
the mapping by an easy induction.

REMARK. The equivalence (ii) <~ (iii) remains valid if one replaces in
these statements R® by any bicompact 2-manifold. '

PrROBLEM. Does there exist a finite set of finite graphs such that any
finite graph G can not be homeomorphically imbedded in a given bicompact
2-manifold (e. g. the projective plane) if and only if G contains a subgraph
homeomorphic to one of them?
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