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A method is proposed for the treatment of data from
a kinetic system comprising two irreversible first
order consecutive reactions (A » B > C). It is based
on the solving of contrary propositions for an or-

dinary differential equation.

llpeanoxeH MeTOA O6PAGOTKUM KHHETUYECKUX [A3HHHX CHUCTEMH AOBYX
HeOo6paTHUMHX  [IOCNEeZoBaTeJIbHHX  peaklLMd [epBOro  nopsiaxa
(A > B » C). OH ocHOBaH Ha pENIEHWM NPOTUBONONOXHHX ACNYMEeHMH

O6HYHOI'O ANGPEPEHLHAJLHOIO ypaBHEeHMs.

INTRODUCTION

Alcock et al. [1] have described a compouter program for

least-squares analysis of spectrophotometric data from a ki-

netic system comprising two irreversible first order consecu-

tive reactions. It is based on the nonlinear Gauss-—Newton
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method. Nevertheless, as pointed out by these authors, to
perform the treatment successfully, it is essential that the
initial estimates of parameters must not be too far from the
correct values; otherwise the least-squares refinement may os-
cillate rather than converge (this difficulty can be allevi-
ated but not eliminated by using Marquardt's algorithm [2]).
;f k1 and k2 are nearly equal, the least~squares refinement
may oscillate between two solutions and never converge.
Jackson et al. [3] have also considered the general problem
of determining rate constants for consecutive reactions. Re-
cently, Casado et al. [4] described a method for the treat-
ment of data from a kinetic system comprising two irreversi-
ble first order consecutive reactions by using an optimiza-
tion procedure. However, these methods are only applicable
to the case of kl # k2, and the initial estimates of param-
eters still need to be assumed.

In this paper, a new computational algorithm is into-
duced. It is based on the solving of contrary propositions
for an ordinary differential equation [5]. This analytical
method circumvents the need for iterative operations, and no
assumptions have been made concerning the initial estimates

of the rate parameters.

THEORETICAL CONSIDERATIONS

Consider a kinetic system comprising two irreversible

first order consecutive reactions

The kinetic equation is given be

C =2 [1+k; expl-kyt) - k, exp(-kqt)1/(k, - kq) (1)
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where Ao is the initial concentration of A, and we assume that

B=C=0 when t = 0. If k, =k

1 eg. 1 is indeterminate and

2’
must be replaced by

C = AO [1 ~ (kt - 1) exp (-kt)] (2)

here k = k. = k2. The 1th and 2th derivatives of C with re-

spect to t can be obtained from eq. 1

0
il

-A_[k;k, exp(-k,t) =~ kk, exp(-k t)1/(k, = k;) (3)

C" = A_ [kjkZ exp(~kyt) - k’k, exp(-k;t)1/(k, - k;)  (4)

Let o = kl + k2, 8 = k1 + k2,

ordinary differential equation

and we can write the following

c" + aC' + B(C - Ao) =0 (5)

where o and B are unknown constants that must be determined
from the nature of the experiment, that is, they are only
determined by experimental data (Ci,ti), ty =t + ih, i =
0,1,2,...,n + 1, and to is the initial sampling time, h is
sample step. Thus, for determination of the kinetic parame-
ters k1 and k2, it is necessary to solve eq. 5, which is
contrary proposition for an ordinary differential equations.
Let us take discretization for the ordinary differential

2 =
-cC A°c, ;= cC 2c; + ¢y 4,

i+l i-1’ i-1 i+l
thus o and B can be determined by the following overdetermined

equation: let ACi = C

linear equation set

+ ohac, /% + gr?(c, ~a) =0, i=1,2 n (6)
i i o 14 r&gp ey

i-1
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The overdetermined linear egquation set is most easily solved
in terms of the least-squares method, that is, the following
equation holds

0,8 = I (s, | +onac;/2 + en’(cy -an? =min (M

Let (3Q/%x) =0, {3Q/38) =0 and solve the simultaneous edqua-
tions, so o and B8 can be determined., From the definition of o
and B, the rate constants, kl and k2, may be determined direct-
ly. _

From eq. 5 and the definition of a and B one can see that
eq. 2 is also a solution for this ordinary differential equa-
tion (in this situation, k=kl=k2, a=2k and B=k2). Thus, the
new algorithm still applies for the case of k1=k2 and other
methods would diverge for this situation.

Alternatively, the kinetic equation can be put into the
form (let B=C=0, A=l when t=0 and k1¢k2):

B = k; Lexp(-k,t) - exp(-k;t)1/(ky = k,) (8)

or in terms of the variable D representing the variations in

optical density of the solution in a given time [1]

D = (ep —sc) exp(-k;t) + kl(eB-—ec) (exp(~k,t} -
exp(-klt))/(kl— ky + eq (9)
where €pr Egr ¢ are the molar extinction coefficients of A, B

and C, respectively. Under these circumstances, one might ob-
tain B“+(k1+k2)B'+klk2(B-1)=0 and D"+(k1+k2)D'+k1k2(D—ec)=0,
they are again of the same form has equation 5, the preceding
discussion again applies. In principle, so long as the kinetic
equation has an exponential form, this analytical method be-

comes operative, and the rate constants k1 and k2 can be de-
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termined.

RESULTS AND DISCUSSION

According to this algorithm, a computer program that
treats experimental data is readily written. We use the simu-
lated data obtained with the arbitrary parameters to caiculate
the rate constants for consecutive reactions by this qomputérr
program. Results of the calculations are compared with theo- .
retical values in Table 1. It may be seen that the agreement

is quite good.

Table 1

Comparison of calculated results with theoretical values

theoretical calculated results

*® ® = ® o 2 =

k7 L9 kg (k,-k7) /k7100% Kk, (ky=k5) /k5100%
500 5 500.8 0.16 4,992 ~-0.16
5 0.1 4,973 -0.55 0.100 -
0.05 0.01 0.04999 ~-0.02 0.0100 -
0.02 0.5 0.01999 -0.05 0.50003 0.006
5 5 4,997 ~0.07 4,997 ~-0.07
0.005 0.005 0.004999 -0.02 0.004999 ~-0.02
0.045 0.05 0.04515 0.34 0.0498 -0.40

To obtain kJl and k2, it is necessary to calculate the
value of (a2—48) /2 yhen this computer program is used for

data processing. Since a2—483(kl—k2)2, it must be true that

a§—46 z 0. However, if kl and k2 are nearly equal, the case of
2“~4g <0 may appear to take account of the error (for example,
error of measurement or error of calculation). In program de-
sign, the problem can be solved to any desired accuracy. Tab-

les 2 and 3 show the effect of the sample size (n) and the
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sample step (h) on the analytical results from the new algo-

rithm (assuming that the change in concentration of B is meas-

ured and let k? = 0.05 s_l, k; = 0.2 s—l).
Table 2

Effect of sample size (n) on the results (let h=0.01 s)

® b % %*

n k1 (kl—kl)/kllOO% k2 (kz—kz)/kzloo%
5 0.05299 6 0.0944 -6
7 0.04968 -0.64 0.1006 0.64
9 0.05023 0.46 0.09954 -0.47

15 0.04993 -0.14 0.10013 0.14

21 0.04998 ~-0.04 0.10004 0.04

Table 3

Effect of sample step (h) on the results (let n=9)

h/s ky (k,-k7) /k]100% k, (kz-kg)/k§100%
0.01 0.05023 0.47 0.09954 -0.47
0.05 0.05001 0.02 0.09999 -0.01
0.10 0.049999 -0.002 0.10000 -

1.0 0.05005 0.10 0.09967 -0.33
10.0 0.05148 3 0.09187 -8

It may be seen that the algorithmic reliability is clear-
ly quite good and n or h can be judiciously chosen so that
better results should be obtained.
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