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An Algorithm and rortran-iv Program for Large-Scale
(0-Mode Factor Analysis and Calculation of Factor Scores'

J. E. Klovan? and J. Imbrie?

An algorithm and YORTRAN-IV computer prograni, CABFAC, for Q-mode factor analvsis is described. The
program will accept up 1o 1500 items and 50 variables on a moderate-size computer. KeY wWORDS: factor
analysis, principal components analysis.

INTRODUCTION

O-mode factor analysis is a multivariate procedure useful for studying relationships
among items. The technique has been recently applied to geologic problems (Imbrie
and Van Andel, 1964; Harbaugh and Demirmen, 1964; Klovan, 1966) and programs
for its implementation are readily available (Manson and Imbrie, 1964; Klovan, 1968
Ondrick and Srivastava, 1970; Imbrie and Kipp, 1970). Because the method usually
involves the computation of an N x N similarity matrix (where N equals the number
of items in the study) and N is, in most studies, usually arge, these programs can only
be run on large computers. A practical limit of 200 items is usually encountered even
on large machines.

The present program, CABFAC, Calgary and Brown Factor Analysis, is designed
to accommodate up to 1500 items on a moderate-sized computer, such as an 1BM
360/50. This is made possible by making use of certain properties of the matrices used
in the analysis: rather than factoring an N x N matrix of similarity coefficients an
nxn matrix of cross products is factored, where # is the number of variables used.

DEFINITION OF MATRICES
The following notation will be used:

X is the N x n raw-data matrix, where N is the number of items (rows) and » is
the number of variables (columns).
D is an N x N diagonal matrix containing the row-sum squares of X.
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W = D-'/2X is the row-normalized data matrix, that is, each item in W has unit

vector length.

S = WW’ is the Nx N cosine-theta matrix, that is, the degree of proportional

similarity between each pair of items.
P = W’'W is the n x n matrix of cross products among the » variables.
A is the diagonal matrix of nonzero eigenvalues of S,
U is the columnwise orthonormal matrix of eigenvectors associated with .\
Q is the principal factor-loadings matrix.
F, is the principal factor-score matrix, columnwise-orthonormal.
F, is the scaled, principal factor-score matrix.
V is the varimax factor-loadings matrix.
F, is the varimax factor-score matrix.
F,, is the scaled, varimax factor-score matrix.

PROCEDURE

The usual solution to a O-mode factor analysis consists of the following steps:

(1) W = QF,, the basic factor equation (Harman, 1967).
(2) WW' = §, the cosine-theta matrix {Imbrie and Purdy, 1962).

Q, the factor matrix associated with S, is computed such that:

(3) 00O’ = S, conditional on:
() Q'O = A\, and
(S)F,F, =1

[t is also true that:
(6) U'SU = A, and 1t follows that:
(7)Y 0 = UYL
The factor score matrix may be found from:
W = QF, and Q'W = \F,.

7

(8) F, = W'QA-".

The procedure followed in CABFAC takes advantage of certain properties of these
matrices to achieve the same results but with less stringent storage requirements. The

steps in this procedure are:

(%) W'W = P, the nxn cross-products matrix.

We also define:

(10) U'PU = A. where U and A are the eigenvectors and eigenvalues associated

with P, thatis, P = UAU’.

Here, note the order of P is equal to the number of columns of X, whereas the

order of § is equal to the number of rows of X.
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1t is known from matrix theory that the nonzeroelementsof A, which are the eigen-
values of W’ W, are equal to the nonzero elements of A, the eigenvalues of WH",
Thus:

(I A = A,

Because U is orthonormal we may write the equation in step{2)as S = WH' = W[}U w’
or
(12) S = Wuwuy.

Because of (11) we may write \ = UPUor\ = U'W WU or

(13) \ = (WUYWU.
Comparing (3) with (12) and (4) with (13) we see:
(14) 00’ = § = WU(WUY and
(15) 00 = \ = (WUYWU.
We may therefore write:
(16) Q = WU.
The principal factor-score matrix becomes F, = W QA-! = W WUA-! = PUA-!
(17) = UAU'OA-" = U,
Thus, instead of having to store and diagonalize the N x N matrix S, we can achieve

the same results by diagonalizing the nx#n matrix P and perform simple matrix
multiplication to arrive at the desired matrix Q.

FACTOR SCORES PROCEDURE

As noted above in (17), the factor scores, which are an estimate of the “composition™
of the factors, are obtained directly by the procedure outlined here. Because the size
of the numbers obtained in F, is in part a reflection of the number of variables used in
the analysis, the present program, in addition to the factor scores above, adjusts, or
scales, the factor scores by multiplying each of them by the square root of the number
of variables. The resulting matrix F,, makes possible the comparison of factor scores
between studies in which different numbers of variables have been used. If all variables
in a study are equally important in a factor, then each scaled score equals unity. The
minimum absolute value a factor score can attain is zero, indicating that a variable
contributes nothing to a factor. The maximum possible absolute value. occurring
when other variables have zero scores, is 4/ n.

ROTATIONAL PROCEDURE

The principal factor matrix is rotated to satisfy the varimax criterion using the well-
known method of Kaiser (1958).
Varimax factor scores are obtained from the expression:

(18) F, = F,T
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where T is the varimax transformation matrix and F, is the varimax factor-score
matrix. The scaled, varimax factor scores F,; also are computed, as is the varimax
factor-loadings matrix V.

EXTENSION OF A FACTOR ANALYSIS TO ANOTHER DATA SET

After performing a factor analysis on one set of data from a universe of inquiry there
are occasions when it is desirable or necessary to extend these results directly to another
data set from the same universe without the usual algebraic manipulation. After
factoring foraminiferal data obtained from samples widely distributed over the Atlantic
sea bottom, for example, Imbrie and Kipp (1970) wished to describe fossii assemblages
from one deep-sea core in terms of the varimax factors gained from the sea-bottom
study. Because the same species occur in both sets of data this objective is possible,
using the procedure described below and options available in caBrac. The resuits
achieved are, in this example, considerably different than would be achieved by factor-
ing directly the fossil assemblages from each core. The sea-bottom factors describe
the fauna in terms of ecologic variation patterns characteristic of the entire Atlantic
ocean, whereas factors obtained by the usual analysis of the core data would describe
the faunal variations in terms of ecologic changes occurring at one particular site and
representing a much narrower range of variation. By extending the sea-bottom factors
to the core samples it is possible to interpret the factor analysis of the fossil record
directly in terms of the modern ocean.

Consider a factor analysis of a set of data X in terms of the varimax solution:

W.=V.F’
where W, is the normalized data matrix corresponding to X, and ¥, is the correspond-

ing varimax loadings matrix. Because F,’ is columnwise orthonormal, we can solve the
equation for ¥, by writing

Ve= W.F,
and view F. as an operator analyzing any normalized data matrix into varimax
components by postmultiplication. Thus, given another set of data Y from the same
universe of inquiry, and a corresponding normalized data matrix W,, we can resolve
it into the original varimax components by postmultiplication:

V, = W,F,
Options in CABFAC provide punched output for F,. and W,. Thus, given F, from a data

set X, one can factor data set ¥ simply by obtaining W, and performing the appro-
priate matrix multiplication.

PROGRAM DESCRIPTION

This program has been designed with four objectives in mind: (1) solution of large
data matrices: (2) minimizing the size of core requirements; (3) ease of use; and (4)
maximizing the useful output.
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As presented here the program will handle a maximum of 1500 items (rows of
data matrix) and 50 variables (columns). It will extract a maximum of 10 factors. These
restrictions can be expanded by changing the appropriate DIMENSION statements.

To ensure ease of use, the control cards required to run the program have been
kept simple. The penalty for this is that only a few options are included. It is felt that
individual users may want to add their own options for their particular needs.

The program is designed to do multiple jobs; several sets of data may be stacked
for one machine pass.

In many studies it is not possible to specify in advance the optimum number of
factors. Our program overcomes this problem as follows. First, the user decides how
much of the total information, in terms of sums of squares, he wants to retain. In
situations where little is known about the data it is suggested that one should be
generous and ask for 99 percent. The program will extract and rotate the number of
factors necessary to account for this percentage or a maximum of 10 factors, whichever
occurs first. It also will ignore any factors whose eigenvalue falls below 0.0001.

Determining the number of factors in this manner does not, however, insure
that all of them will be useful when rotated. In order to avoid several reruns, the follow-
ing rotational procedure has been adopted. First, all the factors extracted according
to the above criterion are rotated. Then, the least significant factor is deleted and the
rotation is done again. This process continues until two factors have been rotated, or
until less than 75 percent of the total information remains. In this manner the user can
see all possible varimax rotations after one pass and select the appropriate one. Factor
scores also are computed for each set of rotated factors. Whenever three or two factors
are rotated, the varimax matrix is recalculated and printed in row-normalized form
so that each row adds up to 1.0, This is for convenience in plotting on a triangular
diagram.

If the user knows the number of factors to be rotated prior to the run, he may
specify this number on the control card and only one varimax matrix and associated
factor scores will be calculated.

PROGRAM INPUT
Control Card 1

Columns 1-2—the number of separate jobs to be run. For each job, control cards 2-6
are necessary and precede each data deck.

Control Card 2
Columns 1-80—alphanumeric title of the job.

Control Card 3

Columns 1-2—NV—the number of variables (columns) of the data matrix (maximum

of 50).
Columns 3-6—NS—the number of items (rows) of the data matrix (maximum of

1500).
E
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Columns 7-11—QUIT—the stopping criterion, that is, the total percent of
information (sums of squares) to be explained by the factors. For exampie, 99.9
(a decimal point must be punched) means that factors are to be extracted until they
account for 99.9 percent of the information in the data matrix.

Columns 12-13—NROT-—the number of factors to be rotated in the varimax
rotation (maximum of 10). If this is left blank the number rotated is taken to be that
number required to give the percent information required as specified by QUIT. Then
the last factor is deleted and the rotation is repeated. This process continues until only
two factors are rotated.

Column 14—IPUN—a one causes the row-normalized data matrix, the principal
factor matrix, and the unscaled, principal factor scores to be punched. If NROT and
IPUN are both nonzero, the desired varimax factor matrix and associated scores
also will be punched.

Column 15—ITRANS—a blank or zero results in factoring of the data as read
in; a one transforms each variable to a percent of its maximum value; a two trans-
forms each variable to a percent of its range.

Control Cards 4 and 5

Input data format cards. Their form is discussed in the following section, If all the
necessary information can be placed on one card, a second blank card must follow,

DATA CARDS

The data matrix should be punched rowwise, that is, variables for each item are
contained on one or more cards.

The first 12 columns of the first data card for each item are reserved for alpha-
numeric identification of the item. Thus, the input format card should a/ivays begin with
3A4. For example, if 15 variables {columns) are present in the data matrix, data
cards might be punched up as follows.

The first 12 columns of the data card would contain the name of the item, the
first six variables might take up the rest of the card in fields of 10 digits, and the re-
maining nine variables might be on a second card in fields of eight digits. The format
statement to be punched on CARD 4-5 would be (3A4,6F10.3/9F8.2).

MACHINE REQUIREMENTS

The version presented here runs successfully on an 1BM 360/50. It uses approximately
170 k bytes of memory.
The card reader, printer, and punch have been assigned variable names. The
numeric values of these units may be changed in the first few cards of the main program.
In addition, two scratch tapes or working areas on disc are required. Again, these
are assigned variable names and may be changed to suit a particular system.
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APPENDIX
Listing of CABFAC in FORTRAN-1V
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DO 10 Is1,NV
00 16 J = I,NV
Rty 1= RUL, I}

Al{ls1) = ALLYID/SH

Al241) = SQRTIALZ, 1) /SN ~a{ 1, [)*x2)
WRITE(KT3,1C05) [4AULT3,A02,01, AL341)4AC4 1)
FORMATLIT 14F15.4)

TRACE = TRACE ¢ Rtl,1}

Catl THE EIGENVALUE ROUTINE

CALL HOIAG {HyVelehsl Xd

RUI,1) CONTAINS THE ESIGENVALUES
A CONTAINS THE EIGENVECTOR

NOW DETERMINE THE RIGHT NUM3ER NF ELSEUVALULS

WRITE(KT3,15)

FORMAT(IMO, *fJ.  CIGDNVALUE  CUR. VARL',7/)
EVSUM = O.

B0 L1 1 = LRV
NF o=
EVSUM = EVSUMs {R{1,1} *160. / THACE}
WRITEAKT 3, 1430, 001,13, £YSUM
FORMAT(IH ,1242%,FL10.0 y3Xy FT.2)
IF(NF=10) 18,13413

IF(RET, 1) = 0.C0ul) 13,12,12

EFLEVSUM = QUIT) 11,213,123
CUNT {NUE

TRANSFER EIGENVECTORS 70 £5; EIGENVALUES Tu 2

DO 50 J = 148F
Qidr = RUJ N
00 50 I = 14N
FS{I+d) = ALl )
WRITE(KT3,1CJ7) TiTLE
WRITEAKT,1012) (Jyd = 1,0F)
FURMAT (1HO, ¢ PRAIMCIPAL FACTOR LINIT0L P/ /0L 4
L CCMML* (To D13, /)

DO 19 1 5 14AF
VAR{LY = O.
DY 20 K= 148§
READIKT4) {XC1Y D=1, 8V]
DO 24 J=1,.4F

FixsJd} .

DO 24 =1,V

FIKyJ) = XULI#F3LL,d) +F(KeJ)

COMAL = 3.
00 25 J = |¢4F

COMAL = CCMAL & FILK, 1% FIK,J)
VAR(J) = VARIJI) ¢ FIK,J) ¢ FIK,y)

WRITE(KTS) (FIK, L)y 1 = 1,3F)
WRITEAKT 34 LODSHINAYEIR 3 )y J= 10304 l0MALLFIR 1), 1 = 1,10)
FORMATEIM 4 344.1178,.4}

IFLIPUNIZO,20,21
WRITEIKTZ100%) (HAMS{r,dYs 3 = 1a338F {nglde 1 = 1:W7)
FORMATI 344, 101 6.3

EXPRESS COL Sd4§ OF SIUAFES AS A T OF TUTAL SJis ¥ sulldecn,

D0 26 ! NF
}

= 1
VARLL) = VAR([)/TRACE * 100.
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X{1} = VAR(L)
DA 27 J = 2,NF
K =J4-1
27 X{d) = XIK} + VAR{J}
WRITEIKT3,1015) {VAR({I}, [ = 1.,NF}

1015 FORMATU{LIHO, 'VARIANCE *,8X%,10F8.21}
WRITE{KT3,1016} {X(1], = 1,NF}

1016 FORMATIIH ,*CUM. VARIANCE L 10F8.2Y

COMPUTE PRINCIPAL FACTOR SCORES

[aNaNaNaRalyl

WRITEAKT3,1C07} TITLE
WRITE(KT3,1030) (J,J=1,NF}

1030 FORMAT(1HO, * PRINCIPAL FACTOR SCORE HATRIX'

1 //74L1% VAR, 5X, 101847/}
c COMPUTE VARIMAX F. SCUORE MATRIX
DO 51 I = L.NV
S1 WRITE(KT3,1031) T,(FS{Isd)ed = LoNF)
1031 FORMAT(LH +12X,[2,6X, LOF8.7)

COMPUTE SCALED PRINCIPAL FACTGR SCORE MATRIX

[xXaXaXal

WRITE{KF3,1CC7) FITLE
WRITE(KT3I,1032) (Jed = 1 NFY
1032 FORMAT{IHO, * SCALED PRINCIPAL FACTOR SCORE MATRIX®,
L Z/: 11K PVARLT, 55X 101844/
DO S5 1 = 1.AV
00 56 J = 1iWF
56 XX{d} = FSi1,43 ¢ Svn
1FLIPUNT 55,5%,57
57 WRITE{KT2,103331 1,1FS{1,3),J0 = 1,8F)
1033 FORMAT(12, 8X,10F7.64)
55 WRITE(KT3,10311 L,4XxtJ)y J = 1,HF}

c
c e o e e e
c

NFE= NF

IF{NROT.GE. 1) NF= NROT

38 CUNT INUE
c
£ B e = e e
c
c CALL VARIMAX PUTATICM PROCEDURE
c
CALL YARMAXLNF, NS NV TITLE Fy T ,COMyNAML,NSOT, 1PUH)

c
c - -
[
4 COMPUTE VARIAX FACTOR SCURE HaTRIX
PR RSN mmnn
<

62 WRITE{KT3,10C7} TITLF
HRITE{KT3,1001) {Jy J = LNF}
1061 FURMATILIHO, ' VARIMAX FACTOR SCORE MATRIX*,
1 7/7¢11X VAR, SX, 1018,/7)
DO 69 K = 1NV
DO 68 1 = 1,nF

xxtl) =0.
DO 68 J = 1. NF
68 XX{I} = FSIK, JIeTL, 1) ¢ XXLT}
[
C COMPUTE SCALLD VARIMAY FACTUR SCORE MATRIX
[
c
DO 67 J = 1.NF
67 AlK,J) = XX{J) * SVN
C
c PUNCH VARINMAX FACTC® SCORE MATRIX IF NECUED
TFLIPUNY 69469,71
Tt IFINROF)I69,69,72
72 WRITELKTZ2,10331 Ky (X404} J = 1,0F)
69 WRITE(KT3,1031) Ky XXU{J}s J = 1sNF)
[
C
< WRITE SCALED vakImax FACTOR SCOBF MATRIX
£ ettt ——————— e ——————— e e
C

WRITELKT3, 10071 TIILE
WRITEL(KT3,10621 {J ,J = LiNF)
1062 FORMATELHO, *SCALED VAR I4AX FACTOR SCORCS®
1 77,11X, ' VAR, 95Xy 1018,//)
BO 70 1 = 1.hv
70 WRITE(KY3,1C310 [,1ALL,J)y J = L,NF)

[aXakal

71
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19 J=J-1
80 CUNMTINUE
RETURN
END
SUBROUT INE EIGVEC(LPyNMIRyAyBE4V,P,Q)
DIHENSIOH R{25001,V(2500),A(50)4B(50),P(50},0{(50)
X 1)-&
Y=H{2)
LPl=LP-1
DO 10 I=1,LPL
IR0 ABS{X)I~= aBS{B(I+1))14+6,8
4 PI1I=BUI+L)
QUII=A(I+))-E
VIT)=B({1+2}
Z==X/P(1})
X=7%x0{ 1) +Y
TF{LP1-1})541045
5 y=2=vVil)
GO T 1V
6 TF{X}8,748
7 X=1.0E-10
8 P{I}=X
Q(1)=Y
V{1)=0.0
X=A(I+1)-(B(I+1)/X*Y+E)
Y=B{1+2})
10 CONT INUE
20 IF{X)21428,21
21 VILP)=1.0/X
22 I=LPl
VI =(1.0=GLE)EVILP) Y /P(T)
A=V{LP 1)
25 1=1-1 )
IF(1)26 26 )
26 V(Ii=(1 QUIYHVII+L)+VIL)=V(I+2)) ) /P(T)
X=X+V1(1 :
GO TQ 2
28 ViLP)=1 4]
GO TO 22
30 X= SORT
No 31 1 P
31 viI)=v(
J=LPLEN
K=Lp
GU TO 42
32 K=K-1
J=J-nr
Y=0.,0
DO 35 I=K,LP
L=J+1
35 Y=Y+VIII=ER(L)
DO 40 [=K,LP
L=J+1
40 V{1)=V(I)=Y%R(L)
42 1F0J)32444432
44 RETURND
EMD
SUBROUT ITME VARMAX [MAXF ¢MAXT oNVyTITLE +& 4 T4 COMy MAME 3 NROT, TPUM)
VARIMAX SaTRIX ROTATION
OIMENSTON F(h()(),l()) 2COMILS00) s VAR(LU) ,CUIMILG) TITLE e )y
1 NAME(IS 3)
DIneEns Lt 1 {10,10)
MAXT H0. OF SaupLES, MS = MO AP ST S G AU
COMMON KT13KTZ3KT3,KTA4 KI5
1 FORMAT{Z214)
2 FORMAT{4Y
DO sUl
DY %01
IF{I-J) &
802 T(T,J)=
GO 10 ¢
203 T(IyJ)
g0 ColT LaE
EPS = U.06993
150 DO 103 W = 1, MAXT
Cinitn) = 0.0
UU 102 # = 1y MAXF
102 COM(N) = COM(N} + FiMyd) = Fldye)

5
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