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oo n 
Let  L~(R  n) denote  the comple t ion  of the C O ( R )  space  of all  inf ini te ly  d i f fe ren t iab le  funct ions  in R n 

with c o m p a c t  c a r r i e r s  in the n o r m  I[/I L~ ~R%I[ = lt g I Lp <a,)[I, where  g = (1 + [ s [ 2) ~/2~, .7 is the F o u r i e r  t r a n s -  

f o r m  of the funct ion f ,  Isl~=~,l"kl ~- For  an e l l ip t ic  po lynomia l  A(s) one se t s  E~t= f ~(s)e -i<',~> ds. 

OO 

Fo r  which p a r a m e t e r s  {~, p; B, q; n and A} fo r  any funct ions  ~v, eft C O (R n) a re  the o p e r a t o r s  

¢ ~  (,.): L; (n~) --, L~ (n,,) (*) 

bounded un i fo rmly  in X ? 

A s imple  n e c e s s a r y  condi t ion:  ~_>/~. Since for  all  p one has  1 < p < 0% the s a m e  o p e r a t o r  ( l - A )  ~/2, 
which can  be r e g a r d e d  as a f r a c t i o n a l  power  of the Lap lace  o p e r a t o r ,  r e a l i z e s  the shif t  in the s u p e r s c r i p t  in 
the b i sca l e  of LI~ (see [1], Chap. 9); to answer  the ques t ion  only the d i f f e rence  a - / ?  i s e s se n t i a l ;  thus the 
p rob lem has  to be solved only for  B = 0. 

THEOREM 1. Let  one of the fol lowing th r ee  r e l a t i o n s  be sa t i s f i ed :  

- - -~ ->  max  q ' 2 - - ' 2 n - -  ' n - I  ~ < q ~ < o o ;  

} 2n 2n a t I , 0 ~<q~ ; 
b) "~-" > max P q ' n + i  n - - i  

= l !  ! A_ } z. C) - ¥ - > m a X ( p  - -  2 -- 2~ ;0 , i ~q~<  n + i  ' 

a l so  n = 2 o r  n > 2 but  a > 1/n 2. Then for  any ¢, ¢ ¢ C~(R n) the o p e r a t o r s  (*) f r o m  L ~ ( R  n) in Lq(R n) gen-  
e r a t e d  by an e l l ip t ic  polynomia l  A(s) a r e  un i fo rmly  bounded in ~,. 

This  p ropos i t i on  is  a d i r e c t  c o r o l l a r y  (using the in te rpo la t ion  t h e o r e m  of Stein [21) of the r e s u l t s  of 
A. G. Kos tyuchenko  and of the au thor  [31 r e f e r r i n g  to the case  q = 0o as well  a s  of the r e s u l t s  of C a r l e s o n  
and Sj51in [41 which r e f e r  to  the case  A(s) = s] + s~, q = p, n = 2, 4 /3  _< p _< 4 and the i r  ex tens ions  to the case  
of any e l l ip t ic  po lynomia l  A (P. SjSlin, n = 2; V. Z. Meshkov,  n > 2 and a > l/n2). 

THEOREM 2. Le t  one of the fol lowing th r ee  r e l a t i ons  be sa t i s f i ed :  

a {1 1 1 t + }  2n 
a) -'n - < m a x  p q ' -2"--'2"~-n -- ; ~ . % q . . < o ¢ ;  
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b)  a 1 1 2n 2n 2n 
- f f - < 7 - T ;  n + i  "-<q~< n-- I  , t . .<p< n ~ - t ;  

C) ~ I I I 2n 2n 
- ~ - < - ~ - - T - ~ - ;  t~<q~< n + l  t~<p< 

.... Then f o r  any function ~E C~(R n) not vanishingident ical ly  w i t h ~  -~v the .operators  (*) f rom L~(R n) 
: into Lq(R n) a re  not uni formly  bounded in the p a r a m e t e r  k. 

'~aese  nega t i ve r e su l t s  h a v e p r e v i o u s l y b e e n  mentioned f o n s e p a r a t e  limiting c a s e s  (q = ~ [3]~ q = p 
[5] and the improved r e su l t  of C. Fef fe rman [6, 7]; p ~ q, ~ ~ 0[8]) .  The t h e o r e m o f  Stein and Nikishin on 
maximal  (invariant) opera tors  ([2] Theorem;  t9], Theorem 2) as well as the negative resu l t s  for  the l imit-  
ing case p "-- q a re  taken as a basis  for  Theorem 2, s imi la r ly  as in [8] (Theorem 2). 

Theorems  1 and 2 can be extended to multiple Four ie r  se r i e s  which cor respond to spect ra l  expansions 
genera ted  by ell iptic differential  opera tors  with periodic boundary conditions. For  the cases  of a rb i t r a ry  
spec t ra l  expansions,  however ,  (compare [3] and L8]) additional problems would have to be solved (the analy-  
sis  of the difference E k - E ~  in the corresponding pairs  of Sobolev spaces) ,  

l~ne author is deeply grateful  to A. G. Kostyuchenko, E. M. Nikishin, and L. HSrmander  for  discussing 
individual p roblems  of convergence of spec t ra l  expansions and of multiple t r igonometr ic  s e r i e s .  
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