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CONVERGENCE OF SPECTRAL METHOD
IN TIME FOR BURGERS’ EQUATION
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Abstract

For solving Burgers’ equation with periodic boundary conditions, this paper presents a
fully spectral discretization method: Fourier Galerkin approximation in the spatial direction and
Chebyshev pseudospectral approximation in the time direction. The expansion coefficients are
determined by means of minimizing an object functional, and rapid convergence of the method

is proved.
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1. Introduction

The classical spectral methods for Burgers’ equation
Uy +UU;, —vUze = f

usually discretize the time direction with finite difference method!!! so that the order of
convergence in the t-direction is lower than that in the z-direction which is discretized
with spectral method. Therefore, to obtain integral high order of convergence, we may
also apply spectral method to the t-direction. Such a trial can be found in [2], where
some numerical results were given by using the tau method in time, but convergence of the
method is not proved theoretically. As we shall find in paragraph 2, if we just approximate
the equation and its initial condition with standard spectral discretization, the derived
system of algebraic equations of the expansion coefficients will be overdetermined, or say,
unsolvable. To overcome the difficulty, we shall construct an object functional and determine
the expansion coefficients by minimizing it. In paragraph 3, we prove the convergence of
this method.

2. Algorithm

Let
I={z:0<2z<2r}, T={t: -1<t<1}, Q=IxT.
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We consider the following problem:

{DU.=_Ut+UU¢—VUu=f, in £,

Uz, -1) = p(=), in I, (2.1)

where f, ¢ are of period 27 with respect to z. B-L. Guo proved the existence and uniqueness
of the solution U(x,t) of (2.1) in [3]. Obviously we have

U(z,t) = U(z + 2m,t), vte[-1,1].

Since Chebyshev polynomials are orthogonal with respect to the weight function

w(t)=1/v1—-1t2 te(-1,1),

we introduce the weight norms for a function £(t) as:

1 2 dig 2
2 _ 2 2 ez 4+ |07 4. || 28
lelg= [ woe@a 1= e+ S+ |5
We define two finite dimensional spaces:
Fur = Span {*** : |k| < M}, Cny =Span{Tj(t): 0 < j < N},

where Tj(t) is Chebyshev polynomial of degree j. And we denote by Pjs the orthogonal
projection from L2(I) to Fy, and by Iy, the interpolation from C(T) to Cy, i.e. for all
n(t) € C(T), IInn € Cy satisfies

HNﬂ(tﬁv)=77(t5v), .7=071! 7N’

where tf' , 7=0,--+, N are the extreme points of Chebyshev polynomial T (t) within the
interval [~1,1], i.e.
t;-v=cos(j7r/N), j=0,1,---,N.

According to the idea of spectral method, we naturally hope to find

u(z,t) = > upTj(t)e™™ € On ® Fu
0<jSN
|ki<M
such that
(we(t) + wtNua(t) = vueo(tY), v) = (f(t]), v), VvE€Fu, 0SSN,

and
(w(-1), v) = (¢, v), Vv € Fup.

Unfortunately, this brings us (2M +1) x (N +2) independent equations for merely (2M +1) x
(N +1) unknowns {u;}. Such an overdetermined system of equations is usually unsolvable.
In order to determine {u;x}, let us first construct an object functional Ep,n : Cn ®
Fy — IR*. For all
w= Y wipT;(t)e,
0<i<N
lkl<M
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let

2N
T 1 2
Eun(w) = [w(=1) = Purllf + 555 > 7 IDw@™) = P fED - (22)
j=0 1

where {t2V} are the extreme points of Ton (),

d_{1, 1<j<2N-1;
7712  j=0,2N.

Proposition 2.1. There exists a minimum for Ep n(w) in Cy ® Far.
Proof. In fact, Ep n(w) can be regarded as a nonnegative multivariate function
mapping {wjx} to Epn(w). For any j and k, we have

Ep,n(w) — +o0, as |wjk| — +o0.
Therefore, there exists a positive number R, such that for all w satisfying
> wh> R
0<iSN

Jkl<M

the following inequality holds:
EM,N(w) > EM,N(O).

On the other hand, Ep n(w) can reach its minimum in Bpr because the closed ball By is
compact in Euclidean space RZM+1)x(N+1)  Thys the proposition is proved.

Numerical methods for minimizing Ep n(w) have been well discussed in the literature.
See [4].

3. Convergence Theorem
Theorem 3.1. Suppose the solution U(z,t) of (2.1) is sufficiently smooth and let

u € Cy @ Fp be a minimal solution of Ep n(w) in Cn ® Far. For any 7 > 0 and M, N
sufficiently large, we have the following estimation:

lut) -U@®|, =0M"+N"), Vte[-1,1].
To prove the convergence theorem, we need two results from approximation theory.

Lemma 3.25], Suppose function £(t) is sufficiently smooth. For 0 < ¢ < %s, there
exists a positive constant ¢ independent of N and £, such that

ITINg = Ellg < eNT7* ]l 1.

Lemma 3.36]. Suppose periodic function 7(z) is sufficiently smooth. For 0 < ¢ < p,
there exists a positive constant ¢ independent of M and 7, such that

|Prn = nllq,1 < cMI™Pin|, ;.

From the lemmas above, it is not difficult to obtain the following corollaries.
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Corollary 3.4. Let v(z,t) be fixed and sufficiently smooth. For any r > 0 and M, N
sufficiently large, we have

1
/_1 w(t) | D iy Pao(t) — v(t))||2 dt = O(M 2 + N727),

where |a| < 2.
Corollary 3.5. Let v(z,t) be fixed and sufficiently smooth. The following estimate
holds:

sup |TInPuu(z,t) — v(z,t)| < ¢,
(z,t)EQ

where ¢ is a positive constant.
Proof. By Sobolev’s embedding theorem, H2(Q2) — C°(Q). It follows that

sup fHNPMv(a:,t) - v(a:,t){ < HnPuv —vlza
{z,t)eQ

1 1/2
< (/ w(t) Z (D"‘(HNPMv(t)—v(t))ﬁdt) .

- lal<2

By Lemma 3.2 and Lemma 3.3, the proof can be finished.
The next lemma will show that the functional Eas n(w) is essentially equivalent to

1
w(=1) — Puell? + / 1 w(2)||Dw(t) — Dan Par F(B)|| dt.

Lemma 3.6/°]. Let £(t) be a polynomial of degree N. We have

' 2 Tl 204N ! 2(4) dt
[ egewas xS ree <2 [ woene

i=0 "7 -

where
c; =

2, j=0,N.

Lemma 3.7 (Gronwall’s inequality(”)). Let v(t) > 0 be continuous on [tg, T}. If there
are constants ¢ and L, such that
¢
v(t)<c+L | v(s)ds, vt € [to,T),

to

then the following Gronwall inequality holds:
v(t) < cektt),
Now we prove the convergence theorem. Let Au = u — U. We have, by (2.1}, that

Auy + (uuy — UUL) ~ vAugy = Du— f,
Auy — vAUge = Du ~ f — (uuy — UU,) = Du ~ f — (Ulu, + Uz Au + Auldug).
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Forming inner products of L?(I) with Au on both sides, we obtain

(Aue(t), Au(t)) — v(Auga(t), Ault))
=(Du(t) - £(t), du(t)) — [(U(t) Auz(t), Lu(t))
+ (U (t)Au(t), Au(t)) + (Au(t)Aua(t), Au(t))]. (3.1)

Since U(t) and Au(t) are of period 27, it is easy to prove, by means of integration by parts,
that

(Augs(t), Du(t)) = -—lAu(t)li,, (Au(t) Aug(t), Au(t)) =0,
(U=(t) Au(t), Au(t)) = —2(U(t)Aua(t), Au(t)).

Thus (3.1) is simplified as
(Awy(t), Au(t)) + v|Adu(®)3 ; = (Du(t) - F(), Du(t)) + (U(t)Dus(t), Lu(t)).

We suppose sup |U (z,t)l = By. It follows from above that
(z,t)eR

(Auy(t), Au(t)) +v]Au);
<D — O + 1 2uol) + 3 (5|l + B aueyi).

Therefore
(Bu(t), ud) < 5IDu) - 7@} + 52}, (32)

where a = 1 + B?/v. Integrating (3.2), we obtain
1 2 o 1 [ 2 a f* 2
5 (au@F - llu(-DI7) < 5 / Npue) = @) de+ 5 [ [l au@]f; dz,

or

18901 < 180D + [ w}ute) - £}t +a [ Noutolar
By Lemma 3.7, we have the following estimate:
8w} < (1au-vi + [ 11 w(t)|[Du(t) - FB)]|7 dt)e. (33)
Since
[au(=D)[I7 = lu(-1) = @lI} < 2(lu(~1) = Parell? + [|Pace - 0l13),
[ woiout - s e

1 1
<2( [ o) 10u() - DawPuse O+ [ (6 | TawPase ) - S0 ),
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it follows, by Lemma 3.2 and Corollary 3.4, that

1
[ou(-1)|2 + | w(@)||Dult) - £@)|dt
1

1
<2(jlut=1) - Puel} + [ (@) |Pute) ~ TanPase (0] )
+O(M™* 4 N7y, (3.4)

Let u* = Iy Py U. We can make a series of estimations as follows:

Jut-1) = Pucel}+ [ o) |Dute) - T Pase £

<Eumn(u) < Epmn(u™)

2N
1
=IPyU(-1) = Pupll} - 5 x 3 7 |1Dw* (™) = P SN
J

3=0

1
SZ/ @) [Dur(r) - Tlan Pose f(8)|[7 dt

1 1 2
54( [ o 10w - sl de+ [ o) [HanPases 0 - £ dt)

1
=4 / . w(t) |Du*(t) - f(t)ﬂf. dt + O(M™% + N™%r). (3.5)

Now we estimate ff_l w(t) ||Du*(t) - f(t)}li dt. By (2.1), we have

1 1
[ wolpwo- = [ woowo-puo);e

33( /:: w(t) H -3% (‘u.* ®) - U(t)) ”j dt + v? /11 w(t) ” 56?;25 (u*(t) _ U(t)) “j gt

1
+ [ v @uo - veuol;«)

1
=3 / . w(t) ||u*(t)us(t) — U(t)Um(t)||§ dt + O(M~2% + N~%n), (3.6)

The term fil w(t) lu*(@us(t) - U (t)Uz(t)ﬂi dt in (3.6) indicates the error caused by the
nonlinear term of Burgers equation. We estimate it as follows:

i
/ (0 [ (Ouse) - UL ) e

! 1
<a( [ ol -t e+ [ oo lvoeo-vo);e

1
+ [ 1m(t) | (w*(t) = U®)) (ux(t) - Uz(t))”idt).
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Suppose sup IU,(a:,t)I = Bj, and suppose sup |u"'(9:, t)y-U (a:,t)| = Bj by Corollary
(z,t)eN (z,t)eQ
3.5. We eventually have

[ wlo) v @uze) - v o a

1 1
53(33 / wlt) () - Ua(0)} e+ B} / o)) - vt

2 ! w * - 2
+ B? [ ) (®) lus(t) - U (0)|; dt)
=0(M~% + N~?), (3.7)
By (3.3)-(3.7), we conclude that

lut) -U@®|, =0M~"+N"), Vie[-1,1].
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