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Abstract

Models are presented for locating a firm’s production facilities and determining
production levels at these facilities so as to maximize the firm’s profit. These models
take into account the changes in price at each of the spatially separated markets
that would result from the increase in supply provided by the new facilities and
also from the response of competing firms. Two different models of spatial com-
petition are presented to represent the competitive market situation in which the
firm’s production facilities are being located. These models are formulated as vari-
ational inequalities; recent sensitivity analysis results for variational inequalities
are used to develop derivatives of the prices at each of the spatially separated
markets with respect to the production levels at each of the new facilities. These
derivatives are used to develop a linear approximation of the implicit function
relating prices to productions. A heuristic solution procedure making use of this
approximation is proposed.
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1. Introduction and notation

In this paper we are concerned with locating a firm’s production facilities and
determining production levels at these facilities so as to maximize the firm’s profits,
taking into account the effect the firm’s production will have on market prices. We
assume that competition exists among all firms and, in particular, between the locat-
ing firm and those already in place. Furthermore, we restrict the possible locations to
a subset of nodes of a graph representing the transportation network and require that
movements of the commodity produced and resulting prices correspond to a com-
petitive equilibrium.

Most formulations for optimally locating production facilities assume a fixed
demand at the markets to be served and that the prices at these markets will not be
changed by the introduction of the new production. Exceptions to this are formula-
tions presented by Hansen and Thisse [4] and by Erlenkotter [2]. In both of these
formulations, although the market price is related to the locating firm’s production,
there is no interaction among firms, since these authors consider a spatial monopo-
list. The models presented here take into account the changes in prices at each of the
spatially separated markets that would result from the increase in supply provided by
the new facilities and also from the response of the competing firms.

In sect. 2, two different models of spatial competition are presented to repre-
sent the competitive market situation in which the firm’s production facilities are
being located. For both of these models, it is shown how they can be represented as
variational inequalities. In sect. 3, a profit maximization location model is formulated
assuming the firm is locating facilities in a competitive spatial equilibrium. In sect. 4,
sensitivity analysis results for variational inequalities are presented and applied to the
models of spatial competition to obtain derivatives of the prices at each of the spatially
separated markets with respect to the production levels at each of the new facilities.
In sect. 5, these derivatives are used to develop a linear approximation of the implicit
function relating prices to productions and a heuristic solution procedure using this
approximation is proposed.

The following notation will be used throughout the paper:

a denotes an arc of the network

j/ denotes a path of the network

Lm,i denotes nodes of the network

T®) is the set of arcs leaving node £

H(®) is the set of arcs entering node 2

P is the full set of paths

P, is the set of paths connecting origin-destination pair (2, m)
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is an element of the arc-path incidence matrix; & =1 if arc a be-
longs to path p, 0 otherwise

is the flow (of a single commodity) on path p

=(oihy, )

is the flow (of a single commodity) on arc @; note f, = %, §,, 4,
is the flow on arc a originating at node £

= (o)

is the unit cost of transportation on arc « as a function of flow
=(....,c,(f)--2)

is the unit cost of transportation on path p as a function of flow;
note cp(h) =245 ¢

a“ap “a
is the demand (for the single commodity) at node £

is the demand at node € for the commodity originating at node k

=(...,Dg,...)

is the inverse demand function at node £
=(...,00(D),...)

is the supply (of the single commodity) at node ¢
= (...,SQ,...)

is the inverse supply function at node £

= (o, 9(S), )

is the (single commodity) price at £

is a discrete location decision variable; y, = 1 if a production facility
is located at node £, 0 otherwise

denotes the set of all nodes of the network

denotes those nodes at which the firm of interest may locate
denotes those nodes at which there is a demand

denotes those nodes at which there is a supply

is the fixed cost of establishing a production facility at £

is the maximum amount of new production which may be established
is the production level of the firm of interest at node 2 € N,

is the production capacity of the facility located at RE N,

is a large number, greater than any nodal supply level anticipated

51
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Vo(Qg)  is the total variable cost of producing g, at node £
L{k) is the set of nodes at which firm % has production facilities

A\R is the set of elements of 4 which are not contained in B.

Note that in the above notation we have assumed a single commodity supply
and single commodity demand functions. It is now well understood that multi-
commodity spatial price equilibrium problems may be handled in a mathematically
rigorous fashion using variational inequalities, and can be solved through the use of
diagonalization/relaxation algorithms (Dafermos {1], Friesz et al. [3]). For this reason,
we may treat only the single commodity case without loss of generality.

2. Spatial competition models

A prerequisite to building the desired location models are models for deter-
mining a network spatial competition equilibrium. The first of these is a model for
determining spatial price equilibrium.

2.1 SPATIAL PRICE EQUILIBRIUM

Such an equilibrium is described by the following conditions:

(i) nonnegative flows, demand and supplies:
hD,S>0 0]
(i) trivial flows when delivered price exceeds local price:
ﬂ9+cp>ﬂm,p€Pgm->hp=0 )
(iii) equality of delivered price and local price for nontrivial flow:
hp>0,p€P2m->1rQ+cp=1rm 3)
@iv) conservation of flow at all nodes. 4

These equilibrium conditions may be expressed as a variational inequality as follows
(see appendix A):

(f* D*, S*)is an equilibrium flow if and only if

(U= - 6(D")(D-D*) + Y(S*)(S-5*) >0 (5)



R.L. Tobin, T.L. Friesz, Spatial competition facility location models

53

for all (f, D, S) that satisfy the following flow conservation and nonnegativity con-

straints

D, - 8, * 2 f = 2 5=

aET(R) acH(®) °

D+ 2 fi- 2 f=0

a a
a€ET(Y) a€H(L)

~Sgt 2 fi- 2 [=0

aET(R) a€H(R)

2 L= 2 f£=0

aET(R) aEH(R)

DS =>0.

VQGNSﬁND

Ve € N\ N

V2 € N\,

Ve € M\(WNg U Ny)

©

Q)

@®)

©)

(10)

For notational simplicity, in the subsequent exposition we will let = {f, D, S:
(6)—(10) are satisfied }. This formulation of the spatial price equilibrium is similar to
that in [3] except in this formualtion, supply and demand functions are not required

at every node; some nodes are not market nodes but serve as transshipment nodes.

If it is required to explicitly keep track of path flows, the constraint set £ can

be modified to require

Bi-s Fof B

2aET(R) aEH(R)

m
pDr o+ 3 fm- 2 fm=0
aET(R) aEH(R)
=S, v 2 fi- 2 fl=0
aET(R) aEH(R)

z j;m — z f‘-lm = 0
aceT(Q) a€H(Q)

VeE N, NN,

VR EN,,
Vm € Ng, m# %

Ve € N\N,

Ve € N\N,.,
Vmé& Ny, m# 2

(11)

(12)
13)

(14)
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f, = i Ya€ A4 (15)

D, = 2 DI Ve e N, (16)
m ENS

™ >0 Va€d, VmeN, (17)

D >0 V2 EN,, Vme N (18)

S, =0 A\ N= Ny - (19)

Again, for notational simplicity, we will let Q' = f, D, §:(11)—(19) are satisfied ,
where it is understood that Q' replaces £ when it is required to explicitly keep track
of path flows. The number of arc flow variables and the number of demand variables
are both increased by a factor of | Nglin this formulation. However, in general, this
formulation will require fewer variables than a formulation using path flow variables.
Also, since shortest path routines generally find shortest path trees from one origin
to all destinations, this formulation is computationally easy to implement.

The equivalence of these variational inequalities and the equilibrium conditions
are demonstrated in appendix A.

22. COURNOT-NASH OLIGOPOLISTIC EQUILIBRIUM

A second model of spatial competition is a Cournot-Nash oligopolistic model
in which a few firms are competing in spatially separated markets. The approach taken
here is motivated by that shown by Harker [5,6]. In this case, each of the firms wants
to maximize its profits. This profit maximization can be expressed for each firm &
which has production facilities at L (k) as follows

maximize . aQ( 2 D;"> > D

REN, mENg i€L (k)
- 2 K- 3 ca< 2 f;"> 2 £ (20)
i€L(k) aEA mENS i€L(k)

subjectto Df =S, + 2. fi- X f2=0 VYREL®)NN, QI
aET(Q) aEH(Q)
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Db+ 2 fl- Y fl=o0 Vee N,
aET(Y) aEH(Q)
VieLk), i+ % 22)
S, + 2 ff- 2 ff=o0 VeE LUNN, 23)
a&eT(Q) ac€H(2)
2 fl- 2 fi=o0 Vee MW,
aceT(R) acH (L)
Vie L), i #2 24
>0 Vae 4, i€L(k) (25
Di >0 VeeN, €Lk (26)
S, =0 Vee Lk). (27)
Let
k= 2.1 Vo€ 4 (28)
i€L{k)
pt= 2. D} Yee N, (29)
i€L(k)
Sy =5, Ve e L) (30)

and let 7% D* and S* be the vectors of f,¥, D¥ and 5§, respectively. Let
A¥ = { f*k Dk §k. (21)—(27) are satisfied } . (31)

Furthermore, since

f = Z f: VQEA
*  ieng
D, = 2. D} Vee N,
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the profit maximiazation problem for each firm k can be written

minimize 2. V,(5%) + 2. ¢ (f)F¥ - 2 6,(D,)D~

i€ L(k) acA REN,

subject to  (f¥, D¥, §¥) € A¥.

(32)

(33)

If the objectlve functlon in (32) is convex, then (f Fr* D" SK* ) is a minimum
if and only if (f Fx* D¥* §%* ) also minimizes the hneanzed objective function at
(f e D" S )- That is,if and only if (f Fr Dk S+ ) minimizes the following linear

programming problem

minimize 2. VHS)SF + 2 [V, (£ + o (£ FF

i€ L(k) ac4

- 2. [Ve,)D" + 0,(D%)) D
2€E N,

subject to  (f%, D*, §*) € A¥,

where

e 2t 2

€L (k) IENG\L(k)

pDi= 2 b+ 2 D,

IEL(K) i€Ng\L(k)

and therefore if and only if (F*", D**, §%") is such that

2. VI(E¥)@EF - 5K

i€L (k)

2 VUM + e, (FF - FF)

ac 4

- 2 [V6,0HDK + 6,01 BF - D¥') > 0
2EN),

(34)

(3%)

(36)
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for all (f%, D* §%) € AX. This is an equivalent variational inequality formulation.
In order to find a Cournot-Nash equilibrium, the profit must be maximized simultane-
ously for all firms & This can be accomplished by solving the following variational
inequality: Find (f¥, D*¥', §¥7) for all k such that

Y 2 VK@) EF -5
k  i€L(k) !

+ 2 2 Ve, (UNFE + UM (FF - £ (37)
k

aecA

2. [V8,DHDE + 6,0 (DF - DF) = 0
RENp

r
=M

for all (F%, D¥ §%) & A forall k. Clearly, if (36) is satisfied for all &, then (37) will
be satisfied. To see that solving (37) implies that (34), (35) is solved for each &, note
that the objective value of the dual linear program to (34), (35) is zero, since the right-
hand sides of the constraints forming A¥ are zero. Therefore, the minimum value of
(34) is zero for any feasible value of f i* §i* Di* for i € Ng\L(k). Therefore, the
sum of the objective functions (34) over all k is also zero. This implies that the sum of
terms for each k in (37) is nonnegative. Since (0, 0, 0) € AF for all k, if (37) is satis-
fied, then the sum of terms for each k is zero when (0, 0, 0) is substituted for
(¥, D* S*). However, for each k, this sum of terms is equivalent to (34). Therefore,
if (37) is satisfied, the value of (34) for each k will be zero and hence, optimal. If each
V; is strictly convex, each ¢, strictly convex and monotonically increasing, and each
8, strictly concave and monotonically decreasing and, in addition, each D, can be
bounded so that A = U, A¥ is compact, then a unique solution exists for variational
inequality (37) (see Kinderlehrer and Stampacchia [7]).

3. The location models

The models presented here locate a firm’s production facilities and determine
production levels at these facilities so as to maximize the firm’s profit. These models
account for the changes in prices at each of the spatially separated markets that would
result from the increase in supply provided by the new facilities and also from the
responses of the competing firms.

Either of the two different models of spatial competition presented in sect. 2
can be used to represent the competitive market situation in which the firm’s pro-
duction facilities are being located. In the case of the spatial price equilibrium model,
it is assumed that the locating firm is a large firm entering an industry with a large
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number of small firms. In this case and in the case of the Cournot-Nash oligopoly
model, the entrant knows that its policy will have an impact on market prices. There-
fore, the locating firm anticipates the reaction of the incumbents before choosing its
optimal policy. This means that the locating firm behaves like the leader of a Stackel-
berg game, while the established firms are the followers.

It is assumed that the firm of interest wishes to establish production facilities
at a set of eligible nodes N, so as to maximize its profits. The firm’s profit at a node
LE N, is

Z, =m0y~ V(@) - Fy, (38)

where m, is the market price at £, Q, is the production level of the facility located at
£, ¥o(Qy) is the total variable cost of production at €, and F, is the fixed cost of
locating at 2. Note that using the market price m, to determine revenue does not
require that all the production @, is sold at £. If some is sold at a remote market, it
is assumed that the selling price at that market will be increased by the transportation
costs. The costs of supplying that market will also increase by the transportation
costs, so the profit is the same. The strategy of the firm is to determine the locations
£in N, and production levels Q, which will maximize their profits taking into account
the impact that these production levels will have on the spatial competitive equili-
brium and hence on the price m,. The firm’s location problem can be stated as

maximize Z(y, Q, ﬂ') = z {ﬂQ QQ - VQ(QQ) - )’Q FQ] (39)
REN,
subject to @, < @, ¥, Veen, (40)
2. 0, <0 (41)
QENO
Q, >0 Vee N, (42)
¥, = (0,1) VeEN, 43)
T = ¢(Q). (44)

Constraint (40) requires the production level at £ to be less than the capacity Q, if
the facility is located at £ (o = 1) or zero if not (y, = 0). Constraint (41) imposes
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a limitation on the total level of production, constraints (42) require the production
variables to be nonnegative, and constraints (43) require choice variables y, to be zero
or one. Additionally, itis required that the market is in an equilibrium given production
levels Q, for all £ € N, and the resulting equilibrium price is 7,. The implicit relation-
ship between the market prices and production levels Q is given by (44).

Let

I'(y) = {Q: (40)—(42) are satisfied } . 45)

For any given 7 > 0, I'(¥) is a non-empty convex set. The location problem is then
given as

maximize Z(y, Q, m) (46)
subjectto Q € I'(y) 47
m = ¢(Q) (48)

y azero-one vector.

We refer to the optimization problem (46)—(48) as the discrete spatial competition
location model.

One major difficulty with this formulation is that the constraint (48) is not
known explicitly, but is implicit in the spatial competition model. The only way to
determine a price vector 7 given a production vector ( is to solve the spatial com-
petition model. However, given a solution to the spatial competition model, sensi-
tivity analysis methods can be used to relate changes in production to changes in
price. This relationship can then be used to determine which locations are likely to
produce the greatest profits.

4. Sensitivity analysis of spatial competition

Recent results on sensitivity analysis for variational inequalities provide a
means to relate changes in production to changes in price in the above models by
determining the derivatives of prices with respect to production.
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4.1. SENSITIVITY ANALYSIS OF VARIATIONAL INEQUALITIES

The following results are from Tobin [9].
Let F:R"™ - R"™ be continuous, g:R" - R™ be differentiable, and let

h:R™ - RP be linear affine. Define
K ={x€R"g(x) > 0, h(x) = 0}. (49)
We then want to find a solution x™ to the variational inequality

Fx* ) (x-x*) > 0 forall x€ K. (50)

THEOREM 1 (Necessary conditions for solution)

If the vector x* € K is a solution to the variational inequality (50) and the
gradients Vg;(x*) for i such that g;(x*) =0 and Vh(x*)fori=1,...,p are linearly
independent, then there exists A€ R™, u € RP such that

F(x*) = Vg(x®)' A = Va(x*) u =0 (51)
Ag(x*) = 0 (52)
A>0. (53)

Proof: See [9] O

THEOREM 2 (Sufficient conditions for solution)

If g;(x) for i =1,..., m are concave and x* € K, \* € R™ and p* € RP
satisfy (51), (52) and (53), then x™ is a solution to the variational inequality (50).

Proof: See [9] O

THEOREM 3  (Sufficient conditions for a locally unique solution)

If the conditions of theorem 2 hold and in addition if F is differentiable and

yTVF(x*)y > 0 forall y # 0 (54)
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such that
Ve, (x")y = 0 forall i such that g(x*) = 0 (55)
vg,(x")y =0 forall i suchthat A7 > 0 (56)
Vh(x*)y =0 fori=1,...,p, 57

then x* is a locally unique solution to variational inequality (50).
Proof: See [9] O

Let F(x) be once continuously differentiable, g(x) be concave and twice
continuously differentiable, and h(x) linear affine. Define

K(e) = {x:g(x) 2 0, h(x) + € = 0}, (58)
where € = [e,, ... ,ep} ! We then say x* € K (¢) is a solution to VI(e) if
F(x* (x-x*) >  forall x€ K(e). (59)

The following result is a special case of a more general sensitivity analysis result. Here,
it is specialized to right-hand side perturbations of the equality constraints only.

THEOREM 4 (Implicit function)

Let x* be a solution to VI(0) with the gradients vg;(x*) for i such that
g;(x*)=0,and Wzi(x") for i = 1,...,p linearly independent, with the conditions
of theorem 3 satisfied and, in addition, the strict complementary slackness condition

X; > 0 when gi(x*) = 0.
Then A* and p* are unique, and in a neighborhood of € = 0 there exists a differentiable
function [x(e), A\(e), u(e)}, where x(e) is a locally unique solution to VI(e) and
A(€), u(e) are the unique associated multipliers satisfying strict complementarity and
with
[x(e), Me), u(e)] = [x*, N, "]

Proof: See [9] O
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Fore =0and (x, \, u) = (x*, X*, u*) by theorem 1

m p
F(x) =2 N Vg (0)T = 3 u, VA x)T =0 (60)
i=1 i=1
P\ig'.(x) =0 fori=1,...,m 61)
h(x)+ e=0 fori=1,...,p. 62)

Let ¢ represent the left-hand side of (60). Then the Jacobian matrix of the system
(60), (61), (62) with respect to x, A, uis

Vo - Vg(x) - Vh(x)
Ty = diag (A,) Vg(x)  diag (g,(x)) 0 . (63)
Vh(x) 0 0

The Jacobian matrix of the same system with respect to € is

0
J=]o]. (64)

€

We then have the following:

COROLLARY 1 (First-order approximation of solution to VI(¢) for € near 0)
Under the assumptions of theorem 4, a first-order approximation of [x(e),

A(e), u(e)] in a neighborhood of € = 0 is given by

x(€) x*

AMe) | =1 N —J;l.lee. (65)

u(e) o
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4.2. SENSITIVITY ANALYSIS OF SPATIAL PRICE EQUILIBRIUM

We need to slightly modify the spatial price equilibrium models described in
subsect. 2.1 to put them in a form required by the location models of sect. 3. In
particular, the equilibrium model must include the production vector Q. The con-
straints (6)—(9) have the form

h(f,D,5) =0 forall € V. (66)
These are replaced by

Q;2 if L€ N,
h(f,D,S) = (67)
0  otherwise.

In the following, we assume that a solution to the equilibrium model satisfies the
conditions of theorem 4. The system of equations equivalent to the system (60)—(62)
for the spatial price equilibrium variational inequality (5) over §2(Q) where

Q(Q) = {f, D, S:(67) s satisfied }
are

c(f) - A, -ATu =0

~0D) = A, —Efu =0 (68)
V(S)-Ag +EJu =0

diag (7\f)f = 0

diag (\,)D =0 (69)

diag (\) S =0

Af+.E_D-ESS—Q = 0, (70)

where A, is the vector of multipliers associated with the nonnegativity constraints on
£, and similarly for A, and Ag; 4 is the node-arc incidence matrix; E, is the demand/
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node incidence matrix and Eg the supply/node incidence matrix, and Q is a node
vector with entries equal to Q, for £ € N, and zero elsewhere. The Jacobian matrix
of the system (68), (69) and (70) with respectto f, D, S, A, uis

[ ve(f) 0 0 -1 0 0 -47]
- _gT
0 -V6(D) 0 0 1 0 E]
_ T
0 0 v(Ss) 0 0 I + Eg
diag ()\f) 0 0 diag (f) 0 0 0 =J. (71)
0 diag (A D) 0 0 diag (D) 0 0
0 0 diag (Ag) 0 0 diag (S) 0
| 4 E, - E 0 0 0 0

Since non-binding constraints do not affect the solution, the system (69) can
be reduced to include only binding constraints. Let If, I p and IS be the matrices
remaining when columns corresponding to non-binding nonnegativity constraints
are deleted from the identity matrices of order |f|, |D|and |S |, respectively. The
reduced Jacobian can then be written (note that the remaining entries of diag(f),
diag (D) and diag (S) are zero)

" ve(f) 0 0 —ff 0 0 —4T]
0 -V6(D) 0 0 -1, o -£f
0 0 ¥(S) 0 0 ~I, +E]
fdeiag()\f) 0 0 0 0 0 0]=7. 72
0 IFdiag(A,) 0 0 0 0 0
0 0 ifdiag(ng) 0 0 0 0
| 4 E, - Eg 0 0 0 0 _

This matrix can be written as a product 11Z, where
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" Ve(f) 0 0 —ff 0 0
0 - V6(D) 0 0 -1, 0
0 0 ¥(Es) o 0 -
— _ITr
Z = f 0 0 0 0 0
7T
0 5 0 0 0 0
7T
0 0 i 0 0 0
| -4 ~E, Eg 0 0 0
and
-] 0 0 0 0 0
0 I 0 0 0 0
0 0 I 0 0 0
= 0 0 0 —diag()xf) 0 0
0 0 0 0 ~diag(Ay) O
0 0 0 0 0 -—diag(Ay)
0 0 0 0 0 0
N
Let
Ve(f) 0 0
Vo = 0 -ve(p) O
0 0 Vy(S)
and
- _ AT 0 "
If 0
5 T
0 -1, 0
M = 0 0 —fST
. —A4 —ED ES -

65
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(74

(75)

(76)
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Then
ve MT
M 0
Suppose
-1 B, Blz
B,, B,,

and that V¢! exists. (This will be the case if f, — 6, and V¥ are strictly monotone.
Strict monotonicity of these functions also guarantees that the solution to the spatial
price equilibrium variational inequality is globally unique.) It is easily shown that

B, = V¢ [I-MT[MVe ' MT]" MVg'] (79)
B, = V¢ 'MT[Mve M7} (80)
B, = [MV¢'MT]' MV (81)
B,, = - [MvV¢'MT]™" . (82)

The matrix [MV¢~' MT]"! exists since by the conditions of theorem 3, the rows of
M are linearly independent.
The Jacobian of (68), (69), (70) with respect to Q, for R € N, is

-0 T
0
0
=1 o (83)
0
0
|~ BN,
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where Ep, is the diagonal matrix with diagonal entries of one corresponding to
2 € N, and zero elsewhere. Let

0
. 0
ENo = 0 (84)
_ENO
and
y = /L DT ST N, W], (85)
Then
B, B, I 0 0
VQy = A1 n ’ (86)
B, B, 0 1 EN0
where
[ — diag (1/2,) 0 0 0]
0 — diag (l/AD) 0 0
nt = (87)
i 0 0 0 -1
Therefore,
Vof
= 1 88
VoD | = B, En (88)
VQS

or
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v, f
Wo|= MM ¢ MT) T Ey (89)

Az S

It can be seen from (68) that, in this case, u is the spatial price equilibrium price vector.
Therefore, the derivative of price with respect to Q can be calculated as

Vo i
= B, Ey (90)
N—VQ“—
or
VoA
@ = - [Mve 'MT]™! H-IENG (91)
Vo

43. SENSITIVITY ANALYSIS OF COURNOT-NASH OLIGOPOLISTIC EQUILBRIUM

The Cournot-Nash oligopolistic equilibrium mode! described in subsect. 2.2
also needs to be modified to put it in a form required by the location model. In
particular, the representation of the firm making the location decisions is different
from the other firms. Let this firm be k. The objective function (32) for k is modified
to be

minimize ). ¢ (f)[* -~ ¥ 6(D,)D (92)
ac A QEND

and constraints (21) and (23) are modified as follows

D+ 2 ff- % =0, VeEL®NN, (93)
aET(Y) aEH(Q)
2. - 2 ffe=g, YREL(®\N,. (94)

acsT(®R) aE€ H(R)
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Therefore, the firm & is maximizing profit given that production levels Q, for £ € L&)
are fixed. Let the modified constraint set be denoted as A*(Q). The variational in-
equality (36) for £ is to find F** and DF* such that

S Ve, NEF + e UM FF - 7Y

aE€A
- 2 [V8,0pDE" + 8,0 D-D§) > 0 05)

for all f* D¥ € A¥. This variational inequality can be combined with the variational
inequalities for the other firms for simultaneous solution as in (37).

The sensitivity of the solution to changes in @ can be determined using
theorem 4 and corollary 1. However, in this case, it is not as straightforward to deter-
mine the sensitivity of prices to changes in Q. As in the previous case, Vo f, VoD and
VoS can be calculated. Using this information, the prices can be computed. The
revenue atnode i € L(£)is

2. 6,00, - 2 c(£)f. (96)

2E€ENp acA

Therefore,

. . .
VoR' = 2 [,(D)D} YDy + 6,(D;) VpD;]
2EeNp

DI HOATAA N AVAL /N AP ©7)

acA

where " 7 " denotes the derivative with respect to the argument. The revenue at / is
equal to Q,m,, where m; is the price at i. Therefore,

Yo

F = 98
R =em + QV,m,, (98)
where ¢, is a vector of length | Q| with a one in the ith position and zeros elsewhere.
Then

v

0™ = (VQRi - ¢m)Q;, 99)
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where
m. = RY/Q,. (100)
These equations provide the information required by the location models.

5. Solution of the discrete spatial competition location model

5.1 A HEURISTIC SOLUTION ALGORITHM

The following heuristic solution approach uses the results of sect. 4 to deter-
mine the sensitivity of profits to production changes and uses this information to
select locations and production levels likely to maximize total profits. The com-
petitive equilibrium model can be either the spatial equilibrium or the Cournot-Nash
oligopolistic equilibrium model. The algorithm is as follows:

Step 0

Set j=0,0/=0,y/=0.
Step 1

Solve the competltlve equilibrium model for Q = Q. Denote the resulting
prices m, for § € N, as mj. Evaluate Z/ = (y/, @/, #/).1f j=0orif Z/ > Zi"! | go to
step 2. Otherwise, take y’ ! and Q/"! as a solution to the location model — stop.
Step 2

Obtain the matrix Vo m and the linear constraints

™= V,nQ = nl (101)
using the results of sect. 4. Substitute these linear constraints for (48) in the discrete

spatial competition location model given by (46)—(48) in sect. 3. Solve the resulting
linearly constrained, nonlinear integer programming problem

maximize Z(y, Q, )
subjectto Q € I'(y)
T - VQﬂQ = gl

Y azero-one vector.
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Let the solution be denoted as /**, Q/*! n/*! Set j=j+ 1 and go to step 1.

In step 1, the spatial competitive equilibrium model, represented as a variational
inequality, can be solved by any of the many solution methods for variational in-
equalities (see [3,1,8]). Once asolution vector (f * §* D*)tothe spatial competitive
equilibrium model is found, the system of equations (60)—(62) can be solved for X*
and u*. Then the appropriate Jacobian matrices can be evaluated at the point (f*, S*,
D™, \*, u™) and the derivatives of prices with respect to productions calculated.

The integer programming problem to be solved in step 2 is still a difficult
problem to optimize. It has a nonlinear objective function with linear and integer
constraints. However, the number of locations under consideration, and therefore
the number of integer variables y will not, in general, be very large in comparison
to the number of variables f, S, and D.

This problem is a special type of capacitated plant location problem and in
many cases, the efficient solution methods that have been developed for simple or
capacitated plant location problems can be adapted to solve this problem. In general,
this problem can be solved by using exact integer programming methods such as
branch and bound generalized Bender’s decomposition or cutting plane techniques, or
by using heuristic methods. Since the overall solution method is a heuristic method,
the effort of finding exact optimal solutions to the integer programming sub-problems
may or may not prove worth the effort in terms of the resulting quality of the solution
of the location model. Which type of solution method is most effective will depend on
the size of the fixed costs relative to the variable costs, and whether or not the variable
costs are convex Or concave.
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Appendix A

EQUIVALENCE BETWEEN SPATIAL PRICE EQUILIBRIUM CONDITIONS
AND VARIATIONAL INEQUALITY FORMULATION

First, to show that variational inequality (5) with constraint set £ is a neces-
sary condition for equilibrium conditions (1)—(4), note that conditions (1) and (4)
are equivalent to the definition of §2, using the relatlonsth L=Z Gap h, . Therefore,
it needs to be shown that (2) and (3) imply (5). Let A*, 7* satlsfy (1) (4) From (2)
and (3), ¢, (n*) = ﬂk—TTQ forpEP,Z and if A% > 0, then ¢ (h* ) = m, — m, for
p € Py, Therefore, ¢, (h*) (h, ~ k3) > (n* — 1) (b ~ h )f%r (h,m) € Q. (Note
that if (h - h ) < 0 then hp > 0 and ¢, (h*) = 7r* - nQ .) If this inequality is
summed over all paths from supply nodes to dernand nodes

2 2 2 qUNh,mENE 2 2 X @ -1 (h,— k).

iENg jENp pEFR; zENs JENp pEE;

The left-hand side may be written

2 2 2 T ek, -

i€Ng jENp pE€ER; a

P

hy = 2 o (FU -

The right-hand side becomes

DD IR (R EID D WD WE A

i€ Ng JENp pEP i€ENg jENp pEP

or

2m 2 2 (k- 2w 3 3 (-,

JENp i€ENg pEPll iENg JENp pE};I
which is equivalent to

2. m(D,-DF) = 2 m(S,~S").

JENp iENg

Since 7, = Hi(D*) and m, = y;,(S™), the right-hand side becomes
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8(D*)(D-D*) - ¥(S*)(S-5%)
and therefore, the inequality is equivalent to
c(fY-") - 6@ D-D*) - Y(S*)(S-S") =0
forall(f, D, S) € Q.

To show necessity for the case in which path flows are kept track of, note that

2= Z Zah

and
L= 2 ffs 2 2 2 b,k
Similarly
DX = 2 h
P EPkg
and
D,= 2 Dk= 2 2 h

k ENg kENg pEPg

Therefore, the relationships between f and D, and A are the same as in the previous
case, and the same argument follows.

To show sufficiency of (5), note that (5) implies that (f* D* §*)is an
optimal solution to the linear program

minimize c¢(f*)f — 6(D*)D + ¥(S™)S

subjectto (f,D,S) € Q. (m)
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The dual is
maximize -0
mom < c(ff)  Va@=G7pD) ()
-1, < - 6(D%) Vee N, Dy)
< Y(S*) Vee N, (S,)

7 unrestricted.

By complementary slackness, if f = 0, then ¢, ( ™= m o, if D; > 0, then

me = 6(D*), and if S§ > 0, then my = Y(S™). Therefore for a path p € P, for
k € Ng and mENp, with h, > 0, it follows that

¢, (h*) = 3 8,c,(f") =m —m =0, (%) - Y ().
Equivalently, if
¢, (1) > 6, (D) = ¥,(5)

then kf = 0. Therefore, (2) and (3) are satisfied, and (1) and (4) are satisfied since
(f*, D* SHe Q.

For the case using Q', the argument is the same. In this case, the dual variables
are m = 5] for k € Ng and 2 € N. The dual is

maximize w-0

subject to ,"—Trf <c(f') Vaand k€N (5
-k < -6(D") VREN, and kEN, (©DF
m < Y(S™) Vo e N () -

By complementary slackness, if f" > 0, then ¢, ( M= 11] - 1r , if D"C > 0, then

m§ = 0,(D*), and if S > 0, then 7§ = Yo (S*). Therefore for a path p € P, with
h.>0
b

¢, (") = T 8,¢,(f") = 7k K = 6 (D*) - U, (5%).



