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1. Attempting to extend the theorems of the geometry of the triangle 
to three and more dimensions it is known by experience that  sCrict analogies 
exist only in the case of an orthoccntric tetrahedron or simplex, i. e., such one 
whose altitudes have a point in common. 

Actually it has been recognized rather long ago that  the Feuerbach- 
circle (or nine-point circle) has no analogon in the case of a general tetra- 
hedron, but if the tetrahedron is orthocentric then there are two spheres (the 
, , twelve-point"  spheres), each of which can be regarded as the three dimensional 
extension of the Feuerbach-circle. 

Recent researches ~ have shown that  with an orthocentric simplex in 
n -  1 dimensions n spheres may be associated so that  the k-th sphere 
contains the orthocenters and the barycenters os all the /c -- 1 dimensional 
partial simplices. Consequently, in n -  1 dimensions there are n extensions 
of the Feuerbach-circle. These Feuerbach-spheres belong to the pencil which is 
determined by the circumsphere and the polarsphere. 

I t  is well known that  the discussion of the Fcuerbach-figure is rather 
asymmetrical and cumbersome if one uses Cartesian coordinates. Therefore 
several writers, when dealing with the Feuerbach-circle, made use of triangular 
coordinates. The discussion in Cartesian coordinates becomes evea more 
clumsy in the case of three and more dimensions. 

In the present paper we wish to show that  the Feuerbach-figure in any 
dimension is capable of a symmetrical and very intuitive analytic represen- 
tation by means of an orthocentric system os coordinates. 

The orthocentric system of coordinates is a barycentric system whose 
fundamental simplex (tetrahedron) is orthocentric. In order to simplify the 
discussion of metric questions, the barycentric coordinates can be normalized 
in such a way that  their sum should be equal to 1. 

1 E. EGEnvs On Orthocentric Simplexes, Acta. Scient. Mat h. Szeged., 9 (1940), 
pp. 218--226. 
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These orthocentric coordinates proved to be a very useful instrument 
in the treatment of some metric questions 2. Their application to the investiga- 
tion of the Feuerbach-figure is particularly suggested by  their close connection 
with the poly(penta)spherical coordinates. 

2. The l%uerbach-circle possesses the following characteristic pro- 
perties: 

I. I t  is a Carnot-conic of the fundamental  triangle belonging to the 
orthocenter and the barycenter. 

II. I t  is a pedal-conic of the fundamental triangle belonging to the 
orthocenter and the circumcenter. 

I I I .  I t  touches each of  the four tangent-circles of the fundamental 
triangle. 

I shall show first that  a simplex in n -- 1 dimensions being given, one 
can associate with any pair of points n quadrics each of which is an extension 
of  the Carnot-conic. 

In  agreement with this interpretation, the Feuerbach-spheres ~(1), 
q~(2) . . . .  , ~(,) of an orthocentric simplex appear as the Carnot-quadrics 
belonging to the orthocenter and the barycenter. 

Moreover I prove that  the Feuerbach-sphere ~(~) is the pedal-quadric 
of the orthocenter and of its symmetric with respect to the-~center of @(), 
i. e., it passes through the orthogonal projections of these points on the lc-- 1 

dimensional partial simplices. 
Before entering into the discussion of the Feuerbach-figure we give 

a short summary of the properties of the orthocentric system of coordinates. 

I. The orthocentric system of coordinates 

1. I f  in the space of n--1 dimensions a fixed set of N ( ~  n) points 
P1, P2, . . . ,  Ply (containing at least one non-degenerate n - - ]  dimensional 
simplex) is given, then any point X may be represented as the barycenter of 
masses ~i placed in the points Pi (i = 1, 2 , . . . ,  N). Using the notation of 
GI~ASSMA~, a point X can be represented in the form 

(1) X 

and the (real) numbers ~i are the homogeneous (and in the case N > n super- 
numerary} barycentric coordinates of the point X. When dealing with metric 
problems it is convenient to use normal baryeentrie coordinates submitted 

N 

to the restriction ~ ,  ~i = 1 (with the exception of points at infinity). 
1 

2See e. g. E .  EGERVs U b e r  e in  r t iuml iches  A n a l o g e n  des Sehnenv ie recks ,  
Journ. ]. Math., 182 (1940) :pp. 122--128.  
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The distance of two points X = 2~iP i  and Y = ~Y~]iPi is given by  

N N N 

( 2 )  x f  : - - (b_ - 2 ,  = _ Y  = i .  
i , j = l  i i 
(i >j)  

2. A general simplex of n points P1P2 . . .  P ,  in n - -  l dimensions is 

determined by  n ( n -  1) independent paraw~ers,  e. g. by }he lengths of 
2 

its edges Pi Pi. I f  the simplex is orthocentric, i. e. if its altitudes meet in one 
n (n -- 3) 

point P0 (the orthocenter), then its parameters have to satisfy 
2 

equations. In order to avoid the necessity of having regard continually to 
these equations of condition it seems to be desirable to determine an ortho- 
centric simplex by a minimal number of independent and symmetrical para- 
meters. 

In one of my previous papers1 1 have shown that  an orthocentric sim- 
plex P I P 2 . . .  P ,  in n -  1 dimensions can be determined by n independent 
and symmetrical parameters in such a way, that  the measure (length, volume) 
of its/c -- 1 dimensional partial simplices (k = 1, 2, . . . ,  n -- 1) is immediately 
given by the elementary symmetric functions of the parameters in the form 

(3) (/c - -  1)! 2 PYl P J 2  " " " P)2k = ~"]1 X J 2 "  " " Z]k ~ -~- ;~j~ -~- ' " " @ " 

In  particular 
( 3 ' )  Pj Pk" = )~i - ~  )4, �9 

From this representation it is obvious that  any partial simplex of 
an orthocentric simplex is orthocentric too. 

For some purposes it is more convenient to consider the set of n -~ 1 points: 
the orthocenter P0 and the vertices P1. P2, �9 �9 �9 , P,  as a whole, called an ortho- 
centric set of n ~- 1 points in the n -- 1 dimensional space, each point of the 
set being the orthocenter of the simplex formed by the others. 

The mutual distances P~ Pj of the points of an orthocentric set can be 
expressed in the same way by n q- 1 symmetric parameters )~i (i = O; 1, .... n) 

(3") PiP~ = Zi -P Z1 

but the n-dimensional measure of the simplex formed by the points Po P I . . .  P ,  
of t h e n  -- 1 dimensional space is equal to 0, consequently; ~ the parameters 
;ti are restricted by the relations 

1 1 1 
(4) - - - [ - - -  @ . . .  @ - - = -  0, ()~i@~j> 0). 

According to this there is always one and only one negative value 
amongst the parameters ).i, or, what is the same thing, one and only one 
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point of the set P o P 1 . . .  P,, is contained in the interior of the convex cover 
of the set. 

The consideration of the n -- 1 dimensional volumes of the simplices 
contained in the orthocentrie set PUP1. . .  P,~ shows immediately that  if 

1 
the masses - are placed in the points Pi: (i = O, 1,  . . . .  n), then each point 

2i 
is the barycenter of the masses placed in the others. In other words, the 

mass-points Po, P1,...,P__~ satisfy the equations 
,Ij ii ,!n 

P~o +P_A + . . .  _}_P~ = O, 1 + 1  + . . .  _[_1 = 0 ,  

20 i l  I~ ~o 11 Z~ 

i. e. they constitute an indifferent mass-system. 
3. In general we shall use in this paper the barycentric simplex-coordina- 

tes x I x 2 . . . Xn referring to the basic orthoeentric simplex PI P2 �9 �9 �9 Pn. But, 
for the sake of simplicity and symmetry, at the beginning we shall develop 
the most important metric relations in terms of the supernumerary baryeen- 

~: tric coordinates -~0 ~i~2.. _~n referring to the orthocen~ric set PoPIP2. .P/2. 

Afterwards we arrive by specialisation at the corresponding relations in terms 

of the simplex coordinates. 
Let -~0-~1~2..- _~n be a system of supernumerary baryeentric,coordinates 

n ~ , n 
of a point X, i.e., X i ~ ~i, ~ ~i r 0. Then, from the fact that  the 

0 

mass-system Pi/),i is indifferent, we infer immediately that  the most general 
system of supernumerary coordinates belonging to the same point X is 
given by 

n 12 

(5) ~, ._~.  e ( i = O ,  ], . n); X - -  o o 
~ t  - -  ~.T - ~  S - - '  , " " '  - - n  "~- - - n  

U u 

where (~ denotes an arbitrary real parameter. 

Applying the expression (2) of the distance of two points and having 
regard to the relations (3"), we find immediately that  the expression for the 
distance in terms of the coordinates ~i is given by 

X Y  2 -  ~ ,  . ~  PiPj~ ( ~ - -  ,]i) (~j-- ~]j) = ~ Z~ (~,-- ~li)2; 
U 

0 0 

I should not miss here to draw the attention to the analogy between 
the orthogonal Cartesian coordinates and the orthocentric coordinates. For 
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both system of coordinates (and only i n these cases) the expression for the 
squared distance reduces to a sum of squares. 

n 

4. The equation of any sphere, having the center C = , ~ 7 i P i  ; 

. ,~ 7i = 1 and the radius r 2 = hi 7~, may be derived immediately from (6) 
0 0 

0 0 0 o 0 

or in homogeneous form 

(7) ~Y zi ~ - 2 zi r i  , ,  ~ ~; = o. 
0 u 0 

We infer from this that  the n q- 1 spheres JPk having their centers in the 

vertices Pk = , ~  $~i Pi ($ki = 0 for k ~- i, &k l) and their radii r~ = ~k 
are represented by the equations 

~2 
(8)  F.~ ~ k _~i - 2 Zk _~k ~ _~ = 0,  (k = 0, 1, 2 . . . . .  n ) .  

0 o 

Any two of these spheres are orthogonal to each other in consequence of the 

equations r~ + r~ - P~fi~P~ ~ Z:, + Zh --  (Zk + Zh) = O. 
Comparing (7) with (8) we see tha t  the equation of any sphere (point, 

plane) m a y  be written as a homogeneous, linear combination of the forms 1'~: 

(9)  ~ ) ' i  Xi ~ - -  2 )~i 7i  ~i ~i ~ ~ r i  F i  = 0 
0 0 O O O 

and in the case of this representation of a sphere the supernumerary coordina- 
tes of its center are proportional to the coefficients 7i, while the radius is 

given by r 2 =  ~i 7 ~ / ( ~  7i) 2- 
0 0 

The plane resp. the point are obviously characterised by the relations 

, ~  7i = 0 resp. ~.i 7~ = 0. 
0 0 

�9 ~ )  5. In order to pass from the supernumerary coordinates (~0_1~. .  
to the simplex-coordinates ( X l X ~ . . .  xn) referring to one of the simplices, 
e. g. to P 1 P 2 . . .  P~, we have only to impose on the supernumerary coordina- 
tes the restriction that  the point P0 is deprived of mass�9 This involves that; the 
arbitrary parameter o in the expression (5) of the supernumerary coordinates 
must be chosen so that  x 0 = ~ -- P/~0 = 0, i. e. ~ = ~0 ~0- Hence the passage 
from ~i to x i is mediated by the equations (and similarly the p~ssage from 
yi to c i) 

( l o )  x~ = ~j - 7 ,  ~.o (~ = ~, ~ . . . . .  ~) .  
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By means of these equations , , ~  ),i ( ~ i -  7i) ~ will ~ be t ransformed into 
0 

~ 2 ~ Xj (x i - -  cj) and similarly , ~  ~., ~. into xj ; consequently,  the general 
• 0 0 

equat ion of a sphere in orthoeentric ~simplex-coordinates takes the homoge- 
neous  form 

~.,  2~ i x~ - 2 ~ aj x i . ~  x i - -  
1 • 1 

with arbi t rary  coefficients a i. 
Comparing this with (9), excluding the case of a plane and assuming 

~.  1, get for the supernumerary  coordinates 7i and the radius r of the ~ , r  ~ i  = w e  
o 

sphere the following expressions: 

(12) yo 1 "~J. .s; r ~ =  ~.y~=~o ~ _  + ~ .  
= - -  , 7J ).j 1 i ~.j I )'i 

The corresponding formulae in terms of the orthocentric simplex-coordi- 
nates x i follow from here immediately by subst i tut ing these values in the 
equations (]0). 

II. Representation of the Feuerbaeh-spheres as Carnot-quadrics 

1. Two points 

U =  u l P 1  ~ - u ~ P e  ~ - u 3 P a  and V =  v l P 1  ~ v 2 P ~  ~ v s P s  

ul + u2 + us vl + v2 + v3 

in the plane of the basic-triangle P 1 P 2 P s  should be projected from the vertices 
on the opposite sides. According to a theorem of CAnnOT, these projections 
(0 u2us) (u I 0 us) (u lu  ~ 0); (0 VeV3) (v I 0 vs) (v:tv 2 0) lie on a conic represented 
by  the equat ion 

2 -x~ § x~_~ § x~ _ xl § + x8 'xl §  § = 0 .  
[,U 1 V 1 U 2 V 2 U s V3)  U 2 V 2 

Consider now two points U, V in the n --  1 dimensional space, whose 
barycentr ic  coordinates are (u I u e . . .  u,) resp. (v 1 v ~ . . .  v,). 

These points U, V can now he projected from any n -- k -- 1 dimensio- 
nal  part ial  simplex P ~ . + I P k + 2 . . . P n  on the k -  1 dimensional comple- 
men ta ry  part ial  simplex P 1 P e . . .  P~. The projection of U (being tile point of 
intersection of the n -  k dimensional plane P : ~ + I P k + ~ . . . P ,  U with the 
]c -- 1 dimensional plane P1 P 2 . . .  Pk) has the coordinates 

(ul u2 �9 �9 �9 uk-1 u~ 0 0 . . .  0) 
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and the coordinates of the projection of V are 

(V l v  2 . . . Vk__ l v k  0 0 . . . 0 ) .  

Obviously all these projections of the pair of points U, V on the k -- 1 

dimensional partial simplices lie on a quadric ~hose  equation is easily found 
to be 

(13) k ~ x2 , ~ x j x ~ ,  . . =  0. 
1 u i v j  i v j '~T ' vj  

Consequently, with any pair of points and with an n -- 1 dimensional 
(genera]) simplex n quudrics may be associated each of which can be inter- 
preted as an extension of the Carnot-conic, i. e., the quadrics given by  (13) 
for the values k ---- 1, 2 , . . . ,  n. 

2. Let us now assume that  the basic simplex P 1 P 2 . . .  P ,  is an ortho- 
centric one, specified by  the parameters )~1, ),2 . . . . .  ~, and consider the Carnot- 
quadrics ~(1), 4(2) . . . . .  ~b(,) associated with the orthocenter 0 ~-- P0 --~ 

P j /  1 and the barycenter B - - - - - ~ P i .  
lb 1 

Their equation follows at once from (t3): 

t 1 t 

and comparing this equation with (11) we notice that  they represent n sphe- 
res belonging to the pencil which is determined by the polarsphere (k ~ ~ )  
~nd the circumsphere (k ~ 1). But the projections of 0 and B are obviously 
identical with the orthocenters and barycenters of the partial simplices, con- 
sequently, each of the spheres ~(1), r . . . .  ~5(,) can be interpreted as an 
n -- 1 dimensional extension of the Feuerbach-circle. The sphere r (/c ---- 2, 
3 . . . . .  n -  1) passes through the orthocenters and barycenters of all the 
k -  1 dimensional partial simplices, r  is the circumsphere; r is the 
orthocentroidal sphere, because it has the join of the orthocenter 0 and bary- 
center B as diameter. 

Applying (12) we get for the radius r(~) and the s u p e r n u m e r a r y  coordina- 
tes y~ ~) of the center C(k) of the Feuerbach-sphere q~(k) 

y(0 k) ~ 1 n . __1 . 
- 2-~' r}~) = 2 ~ (i = 1, 2 , . . . ,  ~) 

05) 
r(k) = Y (n - -  2 k)  2 "~o + ~,~ + �9 �9 �9 ~ , / 2  k.  

According to (15) the center C(~) of q~(k) is given by  

- n (B - o)  (2k n)  O + n B ~- 0 + -~--~ 
(16) C(~) = 2 k ) 

i. e., C(k) is collinear with 0 and B and coincides with the terminal-point of the 
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v e c t o r -  O B  issuing from O. Thus all the centers lie on the , Euler-line" 
2k  

joining 0 and B. 
3. Having regard to the following discussions it is convenient to distri- 

bute the Feuerbach-spheres into complementary pairs q)('o, ~(n-,0 (which 
coincide only for n = 2m, k = m). The radii of a complementary pair are 
connected by the simple relation 

lc r( 0 = (n - -  k)  r( ,_v),  

while their centers satisfy the equations 

2/cCc, ) = n B 4 -  ( 2 k - - n )  O; 2 ( n - - k )  C ( , _ 7 , ) = n B - -  (21c- -n )  O, 

i. e., the barycenter B, the orthocenter 0 and the centers C(k), C(n-:)  of a 
pair of complementary Feuerbach-spheres form a harmonic quadruple of  
points. 

Particularly in the case of the orthocentric tetrahedron (r~ -- 4) we get 
from (15) 

C(1 ) = 2 B -- O, T(1 ) = V4)~O -~ ~1 -~ ~2 -~ )'3 @- ~4/2 (circumsphere) 

C(~) = B , f(?) = VZi  + [2  -~- )'3 -~-~4/4 (first twelve-point-sphere) 

3 C(a ) = 2 B 4- O, r(a ) = V4 )~0 4- )tl 4- ~2 q- )~a 4- )~/6 (~econd twelve-point- 
sphere) 

in agreement with the well known results in the geometry of the tetrahedron. 
I t  has been observed that  the four circumcircles, resp. the four Feuer- 

bach-circles of triangles e0ntained in a planar orthoeentric quadruple of  
points are equal, while in the  three dimensional space no such relations exist. 
The expression (15) of r(a) shows clearly that  similar relations exist only in a 
space of an even number of dimensions. In the case of 2 m dimensions we have 
from 05) 

r( ) = V)~o 4- )~1 4- . . .  4- Z2m+ l /2  k (k - -  m ,  m 4- 1), 

i. e., the Feuerbach-spheres ~b(~) resp. q~(~+l) of the orthocentric simplices 
contained in an orthocentric set of 2 m 4- 1 points in 2 m dimensions are equal. 

III. Representation of the Feuerbaeh-spheres as pedal quadrics 

I. An other characteristic feature of the Fenerbach-circle is that it 
passes through the orthogonal projections of the orthocenter and circum- 
center on the sides of the basic triangle (it is the pedal-circle of 0 and C(O ). 

In order to establish the corresponding property of the Fenerbach- 
spheres in n -- 1 dimensions let us consider the intersection of the Feuerbach- 
sphere 

11 n 

1 1 1 
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with one of  ,,its" partial-simplices, e. g. with 

This intersection 
X k  + l ---- X k  + 2 ~ �9 �9 �9 -~: X a  ~ O.  

k k k 

, b * -  ;,jx  - x j =  o 
1 1 1 

s obvioasly the orthocentroidal-sphere of the partial-simplex P I P 2  . . . P k .  

According to one of our former results (II. 2.)-tho-ce, n.tor C* of ~* is collinear 
with and equidistant t o  the orthocenter O* and the barycenter B* of the 
partial simplex P1 P2 �9 �9 �9 Pk. 

Erect now through 0" ,  C* and B* n -- k -- ] dimensional planes which 
are perpendicular to the ]c -- 1 dimensional plane of P 1 . . .  Pk. These parallel 
planes meet the Euler-line of the basic orthocentric simplex in O, C(a) and in 
a point B(k), this latter being obviously the symmetric of O with respect to C(k). 

Starting with any other k -- ] dimensional partial-simplex, we arrive 
evidently at the same point ~B(~). Hence we have the theorem: 

The Feuerbach-sphere q~(k) is the pedal-sphere of the orthocenter 0 and 
of its symmetric B(~;) with respect to the center C(k) of O(k). In other words, 
~(k) passes through the orthogonal projections of 0 and B(k)on all the lc --  1 
dimensional partial-simplices. 

The point B(~), being th e symmetric of O with.-respeet to C(n), is represen- 
ted by  

n 
B(~) = 2 C(~) -- 0 = 0 §  (B -- 0), 

i. e., B(k) coincides with the terminal-point of the vector n --~ - OB issuing from O. 
k 

All these  centers of projection ]lie cn the Euler-line, moreover C(2k) coincides 

with Be). 

IV. On the intersections of the Feuerbaeh-spheres and the altitudes 

1. In the case of three and more dimensions the notion of the altitude 
may be viewed from a more general point of view, i. e., as the common per- 
pendicular of a pair of complementary partial-simplices. This extension is 
justified by  the fact that  the normal-transversal of any pair of complemen- 
tary  partiat-simplices passes through the orthocenter O as well as through the 
orthocenters O(~) and 0(,_~) of the complementary partial-simplices. 

Indeed, the orthoeenteT of P 1 P ~ . - . P ,  is 0 = ~ P1/~i: i 1/;q, the 
1 

k k 

orthocenters of P~.P2...P~: resp.  P~:+IP~:4,.,..P~ are 0{.~) = ,~Pj/~q:,~. 1/3. 
i 1 
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n n 

resp. O(n--k) = ~ PJ/~'i : ~ 1/~4. Hence 
k + l  k + l  

k 

1 k + I  1 

i. e., O, O(k), O(n--k) are collinear. 
We have further 00(~) .1. P I P 2 . . . P ~  and O-O(,-~)• consequently 

the altitude O(k) Oi,+k) belonging to P 1 P 2 . . . P k  and P k + I P ~ + e . . . P ,  
is the normal-transversal of these pai~ial-sinlplices. 

In this wider sense the number of the altitudes of an orthocentric sim- 
plex P1 P2 . �9 �9 Pn in the n -- 1 dimensional space is obviously 

1(7t 22m -- 1 for n - - 2 m +  1 and 22m-1 + 2  -- 1 for n = 2 m .  

We shall prove that the products of the segments, into which any of  
these altitudes is divided by  the orthocenter, has the same value, this com- 
mon value being equal to 140I. 

The segment OO(k) is the altitude (in the narrower sense) of the partial- 
simplex P o P 1 . . . P g ,  therefore i ts  length is given by  

OOi~) ---- k 2 P ~  " " " P~ and similarly'O--O~,_k) = (n - -  It) ~ P o P k + l  . . . p2 
P1 P2 . . . .  P~. P k + l . . .  P')~ 

Applying (3) we get from here 

0 0 ~ )  - -  2 �9 O 0 ( , - k )  = 

4o4  41 4o4k+  4, + 

.Z 1 . .  §  
41" " k (-~11 § " --~k) 4k"['l"''~rt (~1~1 § -~n) 

or, having regard to ~ 1/4i = O, 
0 

�9 O0(,_k)= 4 o + ~ + .  . §  1 Z o §  + . §  1 --z~, 
\ 41 Zk+l 

q . e . d .  

2. The denomination , ,n ine-point  circle" is justified by the fact, that  
this circle passes not only through the projections of O and B on the sides, 
but  it passes also through the middle-point of the , , upper"  segments of the 
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altitudes. A corresponding theorem is known in the case of an orthocentrie 
tetrahedron, i. e., the sphere which contains the orthocenters and b~rycenters 
of the faces, ally.ides the ,,upper" segments of the altitudes in the ratio 1 : 2. 

These statements can be generalised as fol]ows~ Each extremity of an 
altitude is lying on a Feuerbach-sphere. E. g. the extremities of an altitude of 
type O~k) O(,--k) (belonging to a k -  1 dimensional and to an n - - k -  1 
dimensional partial-simplex) are lying on ~)(k) and ~(~-k). Using our former 
results we can easily determine the second point of intersection of a Feuer- 
bach-sphere with its corresponding altitude. 

Retaining the previously used notations and denoting the second point 
of intersection of r with its altitude O(k)O(,-k) by  01~ ) , we inquire after 
the value of the ratio 

O0~k) 00~) �9 O0(k) 
- -  o 

:O0(~_k)  - -  O 0 ( , _ k )  �9 O0(k) 

It  has been previously proved that  O0(k) �9 O0(n-k) : ~o, thus we have 
only to calculate 00~k) �9 OO(~), i .e . ,  the power of the orthocenter 0 with 
respect to the Feuerbach-sphere r Using our former results (].5) we have 

O0~k) 00(~)  OC~k) 2 n ~ 2 2 n - lc - - o  

�9 ~ - -  r(k)  ~ - ~  r ( , )  - -  r ( k ) ~  )~o k 

Hence we infer that  O0(~) : 00~n,k~ -~ (n -- k) : k and this result can be 
stated as follows. 

Each altitude of the type 0(k)0(~-k) joins a point 0(k) of  the Feuer- 
bach-sphere ~(k) to a poin t  O(~_~) of the complementary Feuerbaeh,sphere 
@C,-~). Consequently, this altitude cuts both of ~(k), 4~(.-k) once more, 
and the positions of these intersections O~k), O~,-k) are determined by  the 

ratios 
O0~k) _n--k. O0~-k~_ k 

O0(n-k) k ' O 0 r  n - -  k 

This theorem contains the above mentioned results in the geometry of  
the triangle, resp. of the tetrahedron, ff we adopt the  circumcircle, resp. 
sphere as the first member ~(1) in the Feuerbach-sequenee. 

I f  n ----- 2 m and k ~ m, then the two complementary Feuerbach-spheres 
coincide. This is realized in three dimensions (n = 4) for k ~ 2, i. e., in the 
case of the first twelve-point sphere. 

(_Received 8 M a y  1950) 



16 E. EGE~V~RY: O~ T~E ~E~E~A~-SP~ERES 

IIIAPbI d~E[IEPBAXA OPTOII~EHTPIItIHOFO CI4MIIAEICCA 

E. OI~EPBAPH (Byaa1~em~) 

(Peawa~e) 

Ecau pe6pa cn~tgae~ca P ~ _ P 2 . . .  P ,  paa~epnocTn n - - 1  ),orFr 6 m s  s~pameus~ c uo- 
- - 2  

a, om~,m n napa~eTpo~ u ~nae P i  P1 = ai + J,j~ TO cnmme~c aBMIeTC~I OpTO~e~puuum( ~ 
o~nocameficn ~ He~y 6apuaen~p~nof i  cuc~e~e =oopauna~ (Xl, 955,...,Xn)I'~oopRHHaT~[ OpTO- 

~tenTpa CyTb JU' ) ' ~ ' ' ' "  U o6~aee )'pasHeune mapa 6yaeT 

Tb ~b n 
2 O o ~ i x  i -- ~ a i x i  ~ x i = O .  

1 1 1 

YpaRHen~m 

1 1 l 

HoayCm~onteecz Ha COOTBeI'CTByD1Refi mleltnaanaaanu Itoe~p{)nRueuTos a o a ~ . . .  a n oanayaev ~'aKofi 

nlap~ ROTOp~Ifi co;~ep~nT OpTO~teuTpr, I ti 6apnaesTpu Bcex ~aCT~RX c~mu[e~con P'vl Pv,a' '"Pvk 

~cex pa3~epHocTefi k - -  1, TO eCTL Bce nxapL, C00TBeTcTByio]RUe /C = 1~ 2 , . . . ,  n MOryT ~3g!4TaThC~'t 
oSo6n~el~ue~ oicpy~itOCTU r ]/IcnoaLaoBa~e~ sHmenpHue~teuuoro ),paBueuua mapoB 
,Defiepgaxa ~a~orne Teope)lH Tpurono~eTpnU U reo)[eTlaHH TeTpaaapOB o6o6ma~oTc~ ]m OpTORenT- 
pn*in~le C~M[LT[eIcc~,L 


