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Abstract
In this paper, we introduce the concept of € -chainable PM-space, and give several
Sfixed point theorems of one-valued and multivalued local contraction mapping on the kind

of spaces.
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I. Introduction

In (1], Sehgal and Bharucha-Reid proved a fixed point theorem for one-valued local
contraction mapping on (e, 4)-chainable PM-spaces. Later, an important generalization of the
theorem was given by Cain, Jr. and Kasriel??. However, the restrictive conditions of the theorems
given in [1] and [2] are too strong for -norm 4 , where they all require that A satisfy the condition
4 @)= Itis easy to show that there is only one r-norm satisfying the above condition, i.e.
A=min. Therefore, the results have bigger limitations. In this paper, we introduce the concept of

e-chainable PM- -space, which is a strengthemng form of the definition of (e,4)-chainable PM-
space. We only require that t-norm 4 satisfy 0535 A(t, 1)=1 , Under the condition we give
several fixed point theorems for one-valued and muiti-valued local contraction mappings on the
kind of spaces, which are the generalizations of the fixed point theorems of local contraction
mappings on metric spaces given in [3,4)].

II. Preliminaries

Throughout this paper, let R=(—oo0, o), R*=[0, o) , Z* be the set of all positive
integers. We denote by & the set of all (left continuous) distribution functions. For the
definitions, symbols and related terminologies on probabilistic metric space (for short PM-space)
and Menger probabilistic metric space (for short Menger space) one can see [5] or [6].

Let (X.F.4) be a Menger space. Schweizer, Sklar and Thorp® pointed that if r-norm 4
satisfies “5(1‘191 4(t, t)=1 ,then (X,F,4)is a HausdorfY topological space and for each pEX

7,={U, (e, A):e>0, A€(0, 1)}

is a base of neighborhoods of point p, where
Uye, A)={q€X:F,, (e)>1-4}
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We denote by .7 the above topology on X and it is called the (&, A)-topology of (X,F,4). Thus we
can induce a series of concepts in (X,F, 1) for the topology -, such as_g~-convergence, .7 -Cauchy
sequence and I -complete etc.
In the following, we always assume that f-norm 4 satisfies sup (¥, t)=1 , unless
otherwise mentioned. pard
Proposition1 Let (X,F,4) be a Menger space and & be a given number in (0,1]. For each
A€(0, 8)» we define a function d,: X x X~ R+ as follows:

dy(%, y)=inf{t>0:F,,,()>1-4} (2.1)

Then {d,:A€(0, 6)} have the following properties:
(1) di(x, y)<t ifand only if F,,,(#)>1—4
(2 dy(x, y)=0, VA€E(0, d) ifand onlyif x=y;
(B di(x, y)=di(y.%) ;
@ If A, u€e(o, 8), p</1 , then d,(x, y)<dp(x, Y)s VX, yGX :
(5) For any jg(o, &) , there exists u€(0, Al , such that
di(%, 2)<du(%, §)+ds(y; 2)» vx, y, 2€X (2.2)

{d :A€(0, O)} defined by (2.1) is called the family of L-pseudo metrics on X induced by the
Menger space (X,F, 4). :
Remark 1 By (4) and (5), we can extend the generalized triangle inequality, i.e. (2.2) as:
(6) For any peZ+ and any A€(0, O) , there exists u€(0, AJ such that

n-1
di( 2y, %)< da(%ss Zia1) (2.2)
i=1 '

where x,, x,, ..., x, are arbitrary » points in X.
Proposition2 Let {d,:A€(0, )} bethe family of L-pseudo metrics induced by Menger
space (X,F,d4), {x,}c=X, %x€X , Then

() gL x e Fay,u(t)>1, VES0&3dy(%as %)>0, VAEW0, )3

(i) {x,} is a #"-Cauchy sequence
&> F oy xa(t)—>1 (n, m>o0), V>0
@da(xi,x-)_’o (”9 m_)°°), VAE(O, 6).

Definition 1 Let (X.F,4) be a Menger space, 4—X and x€X  The probabilistic
distance F, , between point x and set A4 is defined as:

F.,A(f)=supF.,,(t), VieR.
v@4

We denote by CB(X) the family of nonempty 7~ -closed probabilistically bounded sets and
define a mapping. §.C B(X)XCB(X)»92 as follows (we denote ¥ (4,B) by Fa,5 ):

Fapa()=supdCinf sup Fann(e)s igf, g Fenn(o))

vA, BECB(X), t€ER
F 4, pis called the Menger-Hausdorff metric induced by F17,
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Remark 2 In [7], F_, is the function defeind by
Fo u(t)=sup supF,,,(s), V>0
2<t yed

It is not difficult to show that
sup supF,,,(s)=supF.,,,(1)
A . 94

8<¢ PE.

So the definition of F_, in this paper coincides with the definition in [7].
Thus from Proposition 1.3 in [7] we have
Proposition 3 Let (X,F, ) be a Menger space, Ac—Xand x, y€X . Then
() Fa,a(t)=1, V>0 if and only if x€A ;
() Faalti+8)>A(Fyf(t1)s Fyoa(t2)), Vi, 1220,
(iii) for any 4, BECB(X) and wx€A we have

F, s()>=F4,8(1), V0.

, Proposition 419 Let (X,F,4) be a Menger space, and 4, BECB(X) . For each
A€(0, 1)we define
D,(A, B)=inf{t>>0:F4,8(1)>1—4}
Then
(i) Di(A4, B)<t and onlyif Fu,s(f)>1—4 ;
(ii) for any A€(0, 1) , we have
di(%x, B)XD,(A4, B), v x€A

where di(%, B)=inld,(x, y)

Definition 2 The PM-space (X ,F) is said to be e-chainable if for given & >0 and any
%, y€X, there is a finite set of points in X: x=x,, x,, ..., x,=Y such that Fyx_, x(e)=1
i=1,2,---,n.

Definition 8 The function @D(¢):R*->R* issaid to satisfy the condition (@), if (1) is

- -]
strictly increasing, and the series Y, P*(#) is convergent for any >0, wheregp(f) denotes the n-

a=l
th iteration of @ (¥).
Proposition 5 If the function ¢(¢):R+-»> R+ satisfies the condition (@), then

&(t)<t, V>0 and ¢(0)=0.
Proof The conclusion of Proposition 5 follows from Lemma in {11].

III. The Fixed Point Theorems of Multi-Valued Local Contraction Mappings

Theorem 1 Let (X,F,4) be an ¢ -chainable (for some & >0) and 9" -complete Menger
space. Let T:X->CB(X) be a mapping satisfying the following conditions:
(i) For any number f>1 and any x, y€X, u€Tx , there exists v€Ty such that

Fu:v(ﬂt)>pl'n!:(t)9 Vt€R+ (3.1)

(ii) There exists a right continuous function @(¢) satisfying the condition (®)and a€(0, 1)

such that
F!’-,!’,(¢(’))>Flu(t) (3-2)
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whenever Fe1g(€)%0 and F,, (3) >l—a Then T has a fixed point, i.e. there exists
%4€X such that x,E€Tx,
Proof First we prove that (3.1) can be deduced

d;.(“: U)<ﬂDA(T-"9 Ty)3 VAG(O’ 1) (3.1),
and (3.2) can be deduced
D,(Tx, Ty)<®(d.(%, y)), v A€(0, a] (3.,2)

whenever F,,,(e)+#0 .

Let Dy(Tx, Ty)=t. Then for any s>1, by Proposition 4 we have Frnn(s)>1 -4 .

Hence from (3.1) it follows that F,,,(Bs)>1—4 . According to Proposition 1 we haved,(u,
v)< Bs . By the arbitrariness of s we get (3.1},

Suppose F.,,(¢)+0 and d,(x,y)=t, A€(0, @] . By Proposition 1 for any s>t we
have F.,,(s)>1—A>1—a , and from condition (i) it follows that F5,,p,(®D(s))>1—4 .
According to Proposition 4 we have D,(Tx, Ty)<®P(s) . By the right continuity of @(r) and
letting s->1 it gets (3.2

Next we arbitrarily take x{€X and x; €T x:" | Since (X,F,_1)isan ¢-chainable, there
exists a finite set of points in X: x;0 , x§), <, x™=x{" such that Fx;i—n 'x;n(e)=1 ,
i=12,---n

Take &,>¢€,£.€(e,6,) and &a €. Since wa‘. x;,“(s)=1 , we have d\(x2,
xV)<e,V 1€(0.1) - !

Putting  do(x4%, x“))—}.:gpnd 2 (267, %) | obviously we have do(x(¥,

%P )<e<e;. Hence p(dy (x5, %)) <P(ey) - Faked; >0 suchthat ICREL (s)fjs?)))_i_al
>1. By condition (i) and (3.1), we know that for x{” €T x{® there exists x{P€T x{¥ such that

le2]
da(-"{”, x(l))\ (p(do(x (D)(e )él)))'l'a

From (3.2) any noting @(d,(x{”, xP))KP(d (%, %)) we get

dy(x{”, x{V)<P(e1), v A€(0, al.
Similarly, from F o ,@(e)=1 and x{V€Tx{"" weknow that there exists x Y ET
such that

.D, (Tx®, Tx®)

(2)

di(x(V, 2{*)<D(e), v A€(0, al,

Continuing in this way we can obtain a finite set of points: %{®, x{?, .., x{® =x{® such that
%(PETx{ and

d‘(xf‘-”9 xi‘))<¢(81), (i=1, 2, ") V/IG(Oa a].
Since d,(x{”, %{V)<P(e), VAE(0, @], we have

do(%®, %)= sup dy(x(®, x)SP(e)<P(e2).

Hence ®(do(x(" ,x{*’))<P*(e:) .Take §;>>0 such that
D(es) ->1.

D(dofx™, x(V))+6
By 3.1y and (3.2), for x{?€Tx{¥ there exists x{V€Tx{!” such that
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dy (280, M<K D*(&4) cD (T, TxV)
TR TP ) ET N

P* ,
<TG ey Q0 #)<Pe) VA, L

Continuing in this way we can get a finite set of points: %, x{!’, -, x{™=x{" suchthatx{"’€
Tx{® and

d“(x’("-”’ xi‘))<¢z(€2) (i=13 2, -, ") VAE (0, al.

Using the mathematical induction, it is not difficult to show that for any natural number m,
there exists a finite set of points: %%, x, «+, xw’=x%), suchthat x§'€Tx{?, and

dl(x;‘-l)’ x:))<¢m(€’")<¢'(£°) (i=1’ 29 cety ") VAE(O, a,]o

Now we prove that {x;”}a.; is a7 -Cauchy sequence of X.
Forany i, j€Z*, i<j and A€(0, a] .ByRemarkl,thereexists u€(0, AJ] suchthat

J-1
d,,(x}"’», x§°))<z d,(xﬂ”, xfuo.)n .

me=f

Similarly, for the above 4 there exists »€(0, p] such that

d,(x,(,?), x,‘,?l;) =d,(x,‘,°’, x!(n.))

<L d(297Y, 20)<nd™(s,),
i=1

Thus we have

-1
dy (27, 2P)<nY ] O™(&), v A€(0, a],
Mmeg

Letting j—>oco and noting that the series } | @™(¢,) is convergent, we have d,(x{, %)
m=1

>0, VA€(0. aJ .Therefore from Proposition 2 we know that {x®}m.1 isa -Cauchy
sequence in X. Since (X,F, ) is 9 -complete, there exists x4€X such that xﬁ"i_, Xy

Lastly, we prove that xs is a fixed point of T, i.e. x,€ET xy.

Since x® 2, x, ,wehave Fx®, % (t)>1, V#>0 . Hence for any r>0 there exists
N€Z* such that Fx®, x,(e)#£0 and Fy®», . (#)>1~a, whenever m>N. Thus from
condition (ii) it follows that

Foo Ta(@)SFx® 20 ()1 (m>e0), VE>0

Noting &d(t)<t , from the above expression we have
FTx'(nu).T-"I(f)_)l (m-—)oo), Vi>0

Since x® =x,€TxM, =TxY, , by Proposition 3 we get
Fxy, Tx($)ZA(F 24,52 (£/2), Fx® Txy(2/2))

>d (Fx..x&”(t/z)oFTsﬂoll"Txg (f/Z)) (3.3)
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Letting m—>oc on the right of (3.3) and noting that /(1,1) is continuous at ¢ = 1, since the t-norm
4 satisfies sup A(t, t)=1 ,wehave Fu,, Tx,(#)=1, V>0 ,andtherefore x4€Tx, by
0<Ce¢l

Proposition 3. This completes the proof.

In Theorem 1 taking @(¢)=~kt, 0<Ck<1 , we have the following result.

Corollary 1 Let (X,F,4) be an &-chainable and .7 -complete Menger space. Let the
mapping T: X—>CB(X) satisfy condition (i) and the following condition:

(i1 Y there exists a positive number R<1 and a@€(0, 1) such that

Froory(kt)>F ., (1) (3.4)

whenever F,,,(e)+0 and F,,,(t)>1—a .Then T has a fixed point.

In the following, we shall use Theorem 1 to prove the fixed point theorem for multi-valued local
contraction mapping on metric spaces. :

Let & be a positive number. The metric space (X,d) is said to be e-chainable if for any two
points x and ¥ in X, there exists a finite set of points in X: x=x,, x,, ---,x, =y such that d(%i.15%¢)
Le ,for i=1, 2, -, n.

Lemmal Let(X,d)be a metric space. We define the mapping F: X x X - 2 as follows (we
denote F(x,y) by F.,,,):

F,,,(t)=H(f—d(x, ¥)) V%, yeX (3;5)

and take ./ = min. Then (X,F,4) is a Menger space and the topology.7; on X induced by d coincides
with the(e, A)-topology g~ of (X,F.4). (X,F,4) will be called the Menger space induced by (X,d).

Proof From Theorem 3in [1]we know that (X,F,min) is a Menger space. By (3.5) it is easy to
show that for any £>0 and any A€(0, 1)

d(x, Y)<e&e>F,,(e)=1<=>F.,,(e)>1—-A

Therefore 94 and . are coincident.

Lemma 2 Let (X,F,4) be a Menger space induced by the metric space (X,d). Then

(i) (X,d) is complete if and only if (X,F,4) is 9 -complete.

(ii) 4 is a bounded closed set in (X,d) if and only if A4 is a probabilistically bounded #--closed set
in (X,F,21).

Hence, we may also denote the family of all nonempty bounded closed sets in X by CB(X),

Lemma 3 Let(X,F,4)bea Menger space induced by the metric space (X,d). Then for any
A, BeECB(X),

F.,5(t)=H(t—D(A, B)) (3.6)

where D(A, B)=inf {r: A=S(B, r), and BS(4, r)} isaHausdorffmetric between A
and B, S(A4, r)={x€X:d(x, A)<r}
Proof By (3.5) it is easy to show that

ACS(B, r)<infsup F,,,(r)=1<>iaf sup F,,,(r)>0.
3cA y@B TcA yQB

From the conclusion we can prove that if D(A4,B)<¢, then

F4,5(t)=sup min{inf supF, i =1,
4, 8(1) “p‘ {364 y‘g’ vi(8), I‘naiingny(s)}— 1,
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if D(4,B)>1, then F,,s(¢t)=0 . The former is obvious. In ordér to prove the latter, we suppose
F4,5(1)>0, then there exists r€(0, t) such that

inf supF:.,(")>0 and inf supF,,,(r)> 0,

seA ye 3gB y

so that D(A, B)<r<t . This is a contradiction. Hence (3.6) is proved.

Theorem 2 Let (X,d) be an e -chainable and completé metric space. Let the mapping T
X - CB(X)satisfy the following condition: there exists a right continuous function @(¢) satisfying
the condition (¢p), such that

D(Tx, Ty)<®(d(%, y)), (3.7)

whenever d(x, y)<e - Then T has a fixed point.

Proof Suppose that (X,F,min) is a Menger space induced by (X,d). Since (X,d)isan ¢-
chainable and complete metric space, by Lemma 2 and (3.5), it is easy for us know that (X,F,min) is
e-chainable and .#--complete Menger space.

In the following, we only need to show that T satisfies conditions (i) and (i) of Theorem 1.

(iYforany f>1landany x, y€X, u€Tx ,byNadler Lemmal'?, thereexists v€Ty such
that

d(u, v)<BD(Tx, Ty)

From the above expression we can prove that (3.1) is true. In fact, we might as well suppose
Fre,ry(£)>0. By (3.6) we have D( T'x,Ty)<t, so thatd (u, v)<Bt. It follows from (3.5) that
Fu,o(Bt)=1 Hence F,, (Bt)>Frec,rs(t)

(ii) Suppose F',,,(¢)#0 and F,,,(t)>1—a .Thenby(3.5)wehave d(x, y)<e and
d(x, y)<t Hence

D(Tx, Ty)<P(d(x, y))<D(t).
It follows from (3.6) that
F!’lﬂ'y(¢(t))=l>F8vl(t)'

All the conditions of Theorem 1 are satisfied, and therefore T has a fixed point.
Remark 3 Theorem 1 in [4] and Theorem 5.4.5 in [8] are all the special cases of Theorem 2.

IV. The Fixed Point Theorems of One-Valued Local Contraction Mappings

Theorem 3 Let (X,F,4) be an e-chainable and .9~ -complete Menger space. Let the
mapping T: X - X satisfy the following condition: there exists a 3€(p, 1) , so that for each
a€(0, &) thereis a function @,(¢) satisfying the condition (@) such that

Frc,r,(¢¢(f))>F,,,(f) (4'1)

whenever F,,,(e)#0 and F,,,(#)>1—a . Then T has a unique fixed point Xy in X and
T'xg—‘7——>x* for any x%,€X .
Proof Forany x,€X ,wemightaswellsuppose T x,% x, . Since (X,F,4)is e-chainable,
there exists a finite set of points in X: x,, x,, --- ,x, = Tx,, such that F (e)=1,i=12,.-.,n
Hence by the condition of Theorem 3, we have

Frems(Pue))=1 (=1, 2, . 1) Va€(s, 3),

X1 Xi
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Using the mathematical induction, it is easy to prove that for any m€Z* ,

Formeoma(@3())=1  (i=1, 2, =, ), Va€(0, 9),

hence it follows from Proposition 1 that
do(T™x% T®x%)P3(2) (i=1, 2, -, n) Va€(o, 3),

Definez =T"x,(m=1,2,---). Forany i, j€Z*, i< j andany a€((, &8) ,byRemarkl,
there exists A€(0, a] such that

j-1

da(Zi,2;)<Z d1(Zms Zm+1)
meid

Also, for the given A there exists u€(0, 47 such that
da(zm: zﬂl+l)=d,g(meo, men)

<Y AT, T™x)<n®@i(e)

Thus

J-1
da(2¢, 2,)nS_ Pi(e), v a€(o, 3)

mei

Note that the series 2 @73 (e) isconvergent, we have d.(z, z;)->0(i->o0), Ya€(y, J)-
mel

Hence {z,} is a 9 -Cauchy sequence by Proposition 2. As (X.F,./) is #~-complete, 2. EARN
x4€X .

Now we prove that' x, is a fixed point of T. Since zmi—»x* , for any 1>0 and any
a€(0, d)wehave F., xy(e)#0 and F, x,(t)>1—a ,whenever mis big enough. Hence
by the condition of the theorem we get

Fo, Tae (Pa(1))>F 2, x(t)
Owing to @,(#)<t and Fz,.x(t)->1(m->0c0), we have
Fop, Tz, ($)>1 (m>00), V>0,
Note that 4(1,r) is continuous at 7= 1. Therefore ’
Fay, Txa(1) 2 A(F 2, 20(1/2), Fz,.Txg (1/2))>1 .(m—>o0),

This implies that T'x,=x, , i.e. x4 is a fixed point of T.

Lastly we prove that x is the unique fixed point of 7. Suppose y,€X isalso a fixed point of
T,ie. Tyx=yx and Xx#Y« .Since (X,F,4)is e-chainable, there exists a finite set of points in
X2=Yo, Y1, ***s Y=Yy, such that Fy, .. (e)=1, i=1,2,--.,p. By (4.1), for any meZ+
we have

Froyy 1oy (P2(eN)=1  (i=1, 2, -, p) va€(0, &)

Hence

do(T™yioy, Try)<Pi(e) (i

I

1, 2, -, .p) VQE(O, a)
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For any a€(0, 0) there exists A€(0, a] such that
da(%xs Yu)=da(T"xx, T™yy)

» 14
< d(TPyiaTmy)< 1 Pi(e)>0 (m—>oo)
i=1 i=1
This implies that da(Xx, yx)=0, VY c€(0, &) .Thus xy=ys ,a contradiction. Therefore
the fixed point of T is unique.
Corollary 2 Let (X,F,4) be an ¢ -chainable and .9~ -complete Menger space. Let T be a
mapping of X onto itself having the property that there exists §€(0, 1) , so that for each
a€(0, J) there is a corresponding positive nunmber k,€(0,1) such that

Fq-.,r,(k,f)}F.,,(f) (42)

whenever F,,,(e)#¢0 and F.,,(1)>1—a . Then T has a unique fixed point x, in X and

T*x, I -»>x, forany x,€X . _
Theorem 4 Let (X,d) be an ¢ -chainable and complete metric space. Let T be a mapping of
X onto itself. If there exists a function (1) satisfying the condition (@), such that

d(Tx, Ty)<S<P(d(x,y)), (4.3)

d -»>xy forany

whenever d(x, y)<e,then Thasa unique fixed point x, inXand 7 "%,
x,€X. ‘

Proof Suppose (X,F,min) is a Menger space reduced by (X,d). Then (X ,Fmin) is e-
chainable and g~ -complete. Arbitrarily take  S€(g, 1) and set @,(#)=®P(¢) , for any
a€(0, 8). Suppose F,,,(e)#0 and F.,,(t)>1—a , then by (3.5) we have d(=x, y)
<e and d(x, y)<t . Hence it follows from (4.3) that

d(Tx, Ty)<P.(d(x, y))<Pa(?)
sothat Fp., 2,(@Pa(t))=1>F,,,(t) . This implies that all the conditions of Theorem 3 are

satisfied. This completes the proof.
Remark 4 The fixed point theorem given in [3] is a special case of Theorem 4.
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