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Results on the representation of functions by terms over systems of functions are basic 

in the theory of Boolean functions [i]. Canonical expansions are of special interest. For 

example, the following polynomial expansion of Boolean functions is well known: 

. . . .  • . . . .  , ( 1 )  

where the summation is carried over all the sets (~+ .... ~m). Let us observe that this expan- 

sion is obtained from the Shennon expansion by the simple replacement of disjunction by 

addition module 2. A survey of the results, based on this polynomial expansion, is given 

in [2]. 

~) "~ ,X n) of ~-~) number of variables, de- Let us recall that the function Ix~,._~( s,"" 

fined by the equation 

f{m? 

4...ze(z, ..... N / { z ,  ..... 

where the summation is carried over all the sets (61~,.,,~m). is called the mixed derivative 

of the Boolean function ~(2, ..... Yn) with respect to the variables X{, .... ,X~ I/~...~%~) . 

Further, for brevity, we will call a mixed derivative simply a derivative. 

~(n) 
We call a function degenerate if -- -- ~m,_.~ (m,,'",~)=0 and nondegenerate in the contrary 

case. It is obvious that the derivatives preserve (non)degeneracy. 

We will say that a Boolean function /(~,,.,~) has a polynomial expansion with re- 

spect to a Boolean function ](~I,,,,,~,~) for f71~ if the following equation is valid: 

(2) 
P ( ~  .... , - ~ , - ~ L ~  , ' " ,  ~ ,  ,m~+~...,, 

where T=]~.x{~,...,x~,I),__ and the summation is carried over all the sets (~,,,,,~) and 

(~'" ' '  % ) , for which 5 #(~ ~ 

THEOREM 1 (on the Polynomial Expansions of Functions). Each Boolean function 

/(~# ..... ~5 has a polynomial expansion with respect to the Boolean function ~(~ .... ,~m,~)~ 

i7Z~ , if and only if the function ~(~,,..,X=,~) is nondegenerate. 
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Proof. Let the function ~(~,,,,,~,~J be nondegenerate. By expansion (1), we have 

~,,,,.,~.,,, ~=7,?¢~,...,~.., O~?.?C~ .... ,~,,,,o), 

By virtue of this equation, we transform the sum in the right-hand side of (2): 

z ,~  ~'--  ~ ,  z,.+~,... , ~  D = ~ (  ...,~#', i (~, .... , 

= ~ (p c~, , , , , ,~ . , , .%+, , . . . ,~; .7~,~,?; . . , . r . ,$  '', ~)~ 

- ~  ~ ,  ~ 0))= < ~ / ( ~ , , . . . , ~ , . , , . % , , , , . , . ~ , ~  ;.~>(' , ,  .. . ,  ~,., , 

:m ¢;'¢~,,,..,~,~,~,,+,,:..,:~.~14',...,~2", ~)~ ~(~,~...,<'~ o). 
On each s e t  I~,,...,~'~> t h e r e  e x i s t  an odd number o f  s e t s  iO, .... ,~.,) such th=t  ~ 7 ~ , ~ , . , , ~ , ~ / )  

u 

since this derivative is a nondegenerate function. Therefore, 

,!t~(~,~,,...,~.,::o) = ~ ;<~,,...,.~ ,o). 

Here in the left-hand side of the equation the summation is carried over the sets (~,,,.~) 

S//Z~' ~fa~)=/, and the summation in the right-hand side is car- and I~,...,d~) , such that ?f~ ..... ~ , . 

ried only over all the sets (~ .... ,~'~). Further, since the summation in the right-hand side 

is carried over all the sets (~,0 ,,0,~), it is independent of ~,,..,2~ and therefore the 

following chain of equations holds: 

I ~ , , . . . , ~ , o )  = ~ ~ ( ~ , . . . , ~ , o )  = 

= g,~' ~. ( ~ , ,  . . . .  ~, . ,o)  = a  `'') t~,,.. . , .%,,i)~ t=  ~.. 

We continue transformation of the right-hand side of Eq. (2): 

~ , I / ' ~ , ,  .... ~ ~. ' .  ' ~ ~" ~.~. ' m "~ y , ? @  E = ,z. ,+. .... ~; ~.<_,,  .... . , ,  

= ~ .  ; ~ .  ,~ ,~  _, , . ) . F ~  ~ ' ~  
s "' nt.~ '" ~/. I .  _¢~ ! *" (~,,...,~,~ ~ .(%...,s-.,~ , .  

where the first sum is carried over all the sets (O1,...,~m), 

over those 

and the second one is carried 

~-I,,~(~,"°~'-)' for which ~ [01-f'''JI-~ .,@~)-_/__ for a fixed set (01, .... d.~), 

We prove the equality 

where the summation is carried over all the sets (~,,,,~) _, ,=~, , = r ~ . , ) .  I for which ~y l~j,...~'.i ' ~  " 
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right-hand side of (3) is equal to i for ,Z)t ' '~f , ~E~/, .... /'/l.j . Since the function ~('~,,..,,Z'm, 
~) is nondegenerate, the sum in the left-hand side is also equal to i. Let the right-hand 

side be equal to 0. Then ~f=O~, for a certain ~ (without loss of generality, we can as- 

sume that ~=! and for the remaining variables) If there are no sets (~ .... ,~) 

such that £~'t .... , m,y~-~: ..... ~ ,~)=/, then the left-hand side of Eq. (3) is a sum of 

, ~ ~ ~-~-~ fr'_zer°s" In the contrary case, for a set ~";.,~. ' l l)  .,' l,--- _ _ w i t h  the property ~y (i~/t...,~=,~) =~(~:,,o.., 
~=";~)=I the set  ~ . . . ,~=J  s a t i s f i e s  the equation ~# ;~_ . ,~  ~ = , .  Consequently. we carry 

out the summation over it. Thus, the sum over these two sets is equal to zero. Therefore, 

the left-hand side of (3) is equal to zero. 

Considering the obtained equation, we transform the right-hand side as follows: 

.~,.,+,,. ,., .~,., ),,z., " . . . . ,  z~"',~ ~ - -  

- (/' : 

(~ , . . . . ,o~)  " "  

- .~  P ( ~ , , . . . . , ~ , ~ ,  . . . .  ~'~).~'°{ ~ 
• . . . x i i ,  (~ ..... ~ )  

The last equality follows from (i), which completes the proof of the existence of expansion 

(2). 

In the reverse direction, the proof of the theorem follows from the degeneracy of a sum 

of degenerate functions. 

We will say that a Boolean function ~(~,,,,~a ) has canonical polynomial form with re- 

spect to a Boolean function ~(~,.,,,~) if it can be represented uniquely (up to permuta- 

tion of terms) in the form 

P(~1~"',~a ) = ' ~ ( X I ~ ' ' ' , " ~  )~ (4) 

where the summation is carried over all the sets (~+,,,~) , for which the function 

,,~a )'IC$1~"',~a ) is nondegenerate. 

COROLLARY (on Canonical Polynomial Forms). Each Boolean function ;(~,...,~)~O has 

a canonical polynomial form with respect to a Boolean function ~t~,..*~) if and only if 

~C~,.,,,Xa) is a nondegenerate function. 

Proof. By virtue of Theorem i, we have the expansion of i(~,,,.,~a) with respect to 

the nondegenerate function ~(~,,,,,X~,~)=~(~,,,,,~)o~ in the form 

where the summation is carried over all the sets (@i,.o.,~=) and(~,...,~), 
, 

condi t ion  ~(~,...,~.,~)=! and 

that satisfy the 

By the definition of a derivative, ~ is 
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computed immediately: 

¢'=~,lg,,..,s,~,t) = ~ ( ~ ,  .... <%).I=/, 

where the summation is carried over all the sets ~d/ . . . .  ,~). Let us observe that 

i~~ c<,...,% , ~i):qco, E...,6, ~ ) . o s q ~ , ~ . . . , ~  )./, 

Thus, we get the canonical polynomial form 

I(~, ~)=,~ ~.(.~, K ~), 
in which the summation is carried over all the sets ( ~ , , , , , ~ g ) ,  for which there exist an odd 

number of sets (~,, .... ~n) such that J(67:~.,,~ ~" )=/ and ~(@;,,,,~%)=/. This is equivalent 

to the equation 

~ q l ~ ,  . . . .  , <C ) . / ( ~ , , . . . ,  ~,~) = 1, 

where the summation is carried over all the sets C~,,,,~), which is equivalent to the non- 

degeneracy of the function ~(~i~ .... ~)'f(~i .... ,~)" 

The uniqueness of form (4) follows from the equality of the number of different func- 

tions and different canonical forms in the same number of variables. 

The proof of the corollary in the reverse direction is as simple as that of the theorem. 

We often need specification of Boolean functions by terms over fixed systems of func- 

tions. In this case, for the application of the decompositions theorem the term presenta- 

tion of nondegenerate functions is useful. 

We call a term ~(~I . . . .  ,~) complete if each variable ~f occurs at least once in its 

expression and elementary if it occurs at most once, and, moreover, constants do not occur 

in its composition. 

THEOREM 2 (Term Presentation of Nondesenerate Functions). The Boolean function 

~ .... ~) , defined by a term ~(~ ..... ~) over a system of functions S, is nondegenerate 

if Y(~7,,,,,~) has the form 

Z~v 

. . . . .  = . ,  

(5) 

where ~C~I, .... ~e) are complete elementary terms over nondegenerate functions from $ , and 

~7(~ .... ,~) are incomplete terms over 

Conversely, each nondegenerate Boolean function fi~,,,,,~=) can be represented over 

the system ~ , containing only one nondegenerate function of at least two (exactly two) 

variables, in the form 
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7~(CO~,.. . ,  6Cl )=~(.]C~,. . . , U?.n ) ~ ~ l  i~d. (..'C~, . . . ~C~ ) ,  ( 6 )  
i . .  # 

where ~(~,..,£~) is a complete (complete elementary) term over a nondegenerate function from 

8 and ~/I~,.,,,~) are incomplete terms over 8 

Proof. Each complete elementary term over nondegenerate functions defines a nondegen- 

crate function. Indeed, nondegeneracy of the functions ~Z~,,,.,~) and LP(~,,,,,~)E~/) 
implies the nondegeneracy of the function 

~-¢~,,..., ~+~_,): - E~,,..., ~;, ~-~+,,..,, ~.+,D >,~+~, , , . . ,~- ,~ ,  

since, by virtue of (i), we get 

Hence 

~ f ~ ,  . . . .  ,< ,+p_,)= ~c~;+,,..,, ~;+,<,>~(~,..,,~,.,4-+~+,,.-.,-~-,) <~ 

~ ( m ~ . ,  , , , ,  h + p  ) " ~ (m, ,  , , , ,m.,  I, m;+,,:,++, . . .  ,m. ~+i,_ ~ ) = 

: ~ , . . . , ~ , + l . ~  c~,,. . . ,~,. ,~,~,, .. ., ~,~_, ~ ~, , . . .~, . ,  , ~ + , . . . ~ .  . 

• . . e + p .  C~,, . . . .  x e + p _ ~ )  = 

,~ ,e, ,  ~+p_l ) 

~ l~ , , . . , , ~ i , o ,~ .p "  .... ,%_,~]  = ~, [~{~.  .... .  c~.+.)~ 
c~.+v,..,~ ~ )  

' ° h + ~ ' "  °e~p -<) 

2 a -I 

=u- <~.+,,..., ;+,:j. ~, f-~, ..... i .7,~i+,;+,  ..... ~e+<,-,) ~a= 
fZ's 

=~¢°>(Z..,.,,.Z'p)'u- (ms .... ,a:e)=i.i=i, 

To prove the theorem in forward direction, we observe that each sum of two (non)degen- 

erate functions is (non)degenerate and each sum of a nondegenerate function and a degenerate 

function is nondegenerate. Therefore, the term in the right-hand side of (5) is a nondegen- 

crate function. 
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We show that the converse state is also valid. By the substitution of x and x (or 

constants) in a nondegenerate function of more than two variables, we can obtain a nondegen- 

prate function of two variables ]C~,~)- By what we have proved above, the complete elemen- 

tary term ~(~I~.,,,£#) over this function defines a nondegenerate function. We represent 

~I .... ,X~ ) by the canonical polynomial form (4) with respect to the function corresponding 

to this term, and the terms in this form are odd in number since ~ is nondegenerate. Fur- 

ther, we transform the terms containing the variable ~f by the formula 

. . . .  . . . .  . . . .  

Applying this transformation the necessary number of times and then cancelling pairs of identi- 

cal terms, we get the desired expansion (6). 

An obvious corollary characterizes nondegenerate functions in terms of the Zhegalkin 

polynomial. 

COROLLARY. Precisely those functions are nondegenerate Boolean functions whose Zhegal- 

kin polynomial contains a complete elementary conjunction. 

In conclusion we give an application of the obtained results for the determination of 

canonical forms in the propositional algebra, which can however be obtained immediately. 

For the formulation we use ~he logical terminology, adopted in propositional algebra. As 

usual, the operations ~A,V~-*, and = are defined in the propositional algebra. We call a 

formula qb(~ r ..... ~a) simple if the expression =- does not occur in it, and all variables 

occur just once. A formula of the form 

. . . .  , . . . . .  

where ~(/ is either X]" or X]" and all c/O(~! ..... ~;z) are different, that is equivalent to 

a formula 4UIXl,~,,~a ) is called the canonical normal form of ~Z)(X I ..... ~zg ) with respect to 

c~o(X I ..... ~) ; moreover, this form is unique up to the associativity -. 

THEOREM 3 (on Canonical Normal Forms of the Propositional Algebra). For each formula 

~IX~,,.,X~) , not identically equal to zero, of the propositional algebra, there exists canoni- 

cal normal forms with respect to each simple formula ~b(XI~,,,,X~)o 
Proof. This theorem follows immediately from the statements on the canonical poly- 

nomial forms and the term presentation of nondegenerate Boolean functions if we note that 

7 . A , V. and ~ are nondegenerate Boolean functions and - is dual to ~ . 
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