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REMARK ON A PAPER OF C. H. DOWKER 

by 

G. FEJES T()Tt{ and L. FEJES TOTlt (Budapest) 

To Pro/essor P. ERDSS on his sixtieth birthday 

Let  an be the  m a x i m u m  of  the  areas of  all n-gons inscribed in a convex 
domain  d, and  An the  min imum of  the  areas of  all n-gons circmnseribed a b o u t  
d. D o w ~ E ~  [1] p roved  the  impor t an t  facts --  previously  conjec tured  by  
~ E I ~ S t I N E I ~  - -  t h a t  the  sequence a3, at . . . .  is concave and the  sequence 

As, At . . . .  is convex.  
The m e thod  used by  DOW~:ER in the  p roof  of  these theorems enabled 

him to p rove  two fu r the r  theorems.  

THEOREM A. Among  the 2n-gon8 (n = 2, 3 . . . .  ) of m~x ima l  area inscribed 

in a eentro-symmetrie convex domain there is one which has central symmetry,  

T~Eom~M B. Among  the 2n-gon8 (n = 2, 3, . . . ) of m in ima l  area circum- 
scribed about a centro-symmetric convex domain there is one which has central 

symmetry .  

The  above  theorems,  which t u rned  out  to be fundamen ta l  in cer ta in  
packing and  covering problems [2], [3], [4], s t a r t ed  fu r the r  inves t iga t ions .  
I t  has been observed  t h a t  these theorems cont inue  to hold in non-Eucl idean  
geomelr ies  as well as in the  case when we replace the  word " a r ea"  by  "per-  
ime t e r "  [5, 6]. A modif ied p roof  can be found in [7]. F u r t h e r  Dowker - type  
theorems  are con ta ined  in [8]. 

The two last lheorems of  Dowker  are far  f rom being tr ivial .  This is clearly 
shown by  the  fact ,  to  be p roved  later,  t h a t  analogous s t a tements  do not  hold 
for bi la teral  s y m m e t r y  ins tead of  cenlral  sy m m et ry .  Therefore  it  is interest ing 
to observe t h a t  the  theorems under  considerat ion can be generalized as follows. 

THEOrEmS. Among  the polygons with ]on side~ (]C = 2, 3 . . . .  ; n = 1, 2, 

. . .  ; kn  > 2) of max ima l  ( m i n i m a l )  area or perimeter inscribed in (circum- 
scribed abo~tt) a convex domain of ]c-fold rotatory symmetry  there is one which 
has ]c-fold rotatory symmetry .  

This theorem contains four  s ta tements .  Because of the  s imilar i ty  of  the  
proofs we restr ic t  ourselves to inscribed polygons of  m a x i m a l  per imeter .  
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Let  p = A B . . .  A and q = L M ,  . . L be two m-gon s both inscribed in a 
convex domain d�9 I n t h e  following investigation the case of coinciding vertices 
can be considered as the limiting case of distinct vertices. Therefore, for the 
sake of simplicity, we assume tha t  no two vertices of p and q coincide�9 

Assigning in the plane a positive direction of rotation, with each side 

X Y  of a polygon a unique arc X Y  of the boundary of d can be associated, 

Suppose tha t  the are A B  contains the arc L M .  Then we say that  the side L M  

of q is enclosed by the side A B  of p. Replacing the sides A B  and L M  by A M  

and L B ,  the polygons p and q will unite in one double-polygon s = A M . . .  

L B . . . A .  The name double-polygon refers to the fact tha t  the arcs belonging 
to the sides of.s cover the boundary ofdtwice .  Since A M  47 L B  ~ A B  47 L M ,  

the  total  length A of the sides has not decreased by the above operation (Fig, 1). 

' L 

Fig, 1 

Changing the notat ion of the vertices of s, we write s = A B  . . .  L M  

�9 . . A ,  and assume tha t  among the sides of s there is one, say L M ,  which is 
enclosed by another side of s, say by A B .  Replacing again AB and L M  by 
A M and L B ,  the double-polygon s will decompose into two convex polygons 
A M . . .  A and L B . . .  L with a value of A not less than tha t  of s. 

Continuing this process the number of sides enclosed by another decreases 
in each step, Therefore we finally obtain either a pair of convex polygons 
or a double-polygon in which no side is enclosed by another. Consequently, 
the resulting figure arises by uniting the vertices of p and q, and joining cycli- 
cally every second vertex.  Since the total  number of vertices is an even num- 
ber, namely 2m, this figure consists of two ~n-gons. Since in no step of the above 
process has A decreased, the total  perimeter of these m-gons is not less than  

tha t  of p and g. 
Now we suppose tha t  d has/c-fold ro ta tory  symmetry ,  Let  P0 be a con- 

vex polygon with m = ~n sides inscribed in d. We shall construct an m-gon 
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with k-fold ro ta tory  symmetry  inscribed in d whose perimeter is not less than 

tha t  of P0. 

The rotations through 2~/~, . . . ,  (~--l)2n/Ic carrying d into itself 
t ransform P0 into Pl . . . . .  Pk-1. Let  t be the total  number of those sides of 
Pc, Pl . . . .  , Pk-1 which are enclosed by one or more sides of these polygons, 
counting each side with the multiplicity of the sides which enclose it. 

Suppose tha t  t ~ 0. Then there are two m-gons such that  one of them 
has a side enclosed by a side of the other. We replace these two polygons by 
the two m-gons obtained as a result of the above process. Obviously, in each 
step of this process t decreases I f  for the two new and the/c 2 original m-gons 
we still have t ~ 0, then we repeat the above operation. Continuing this pro- 
cess, we finally obtain ~ convex m-gons with t ---- 0. I t  is e~sily seen that  these 
m-gons arise by uniting the ~m vertices of P0, Pl, �9 , , Pk-1 and joining cycli- 
cally every /~th vertex. Since the set  of the /cm vertices has /c-fold ro ta tory  
symmetry,  the same holds for the /c new m-gons. Since, furthermore, the 
total  perimeter of the/~ new m-gons is not less than that  of P0, Pl . . . . .  Pk-1, 
there is among the new m-gons one whose perimeter is not less than tha t  of p0. 

This completes the proof. 

We still show tha t  the theorems of Dowker concerning centro-symmetric 
domains  sto p to hold for bilateral symmetry.  

Among the quadrangles of maximal area inscribed in an ellipse e there 
are exactly two quadrangles with bilateral symmetry:  a rhombus and a rec-  
tangle. Let  P be a point on the boundary of e other than the vertices of these 
quadrangles. Let  p be the quadrangle of maximal area inscribed in e having 
P as a vertex. Let  Q be a point near to P outside e, P ' ,  p '  and Q' the images of 
P,  p and Q reflected in one of the axes of e, and h the convex hull of e, Q and 
Q' (Fig. 2). Let  s be t h e  set of the quadrangles of maximal area inscribed in  h. 
For  Q -* P s converges to 'the set consisting of p and p ' .  Therefore, if Q is 

0 

Q , 

Fig. 2 
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suff icient ly near  to P ,  no quadrangle  of  m a x i m a l  a rea  inscr ibed in h has b i la t -  

eral  s y m m e t r y .  

A s imilar  eoun te r example  can be g iven for c i rcumscr ibed  polygons .  

We  still ph rase  two fu r the r  theorems .  Le t  U and  V be two  convex  do-  
mains.  The  area  (per imeter)  dev ia t ion  of  U and  V is de f ined  to be  the  differ- 

enee be tween  the  areas (per imeters)  of  the  union and  the  in te rsec t ion  of  U 

and  V. 
A m o n g  the  polygons  wi th  kn sides (k = 2, 3 . . . .  ; n = 1, 2 . . . .  ; kn ~ 2) 

hav ing  min ima l  a rea  (per imeter)  dev ia t ion  f rom a convex  d o m a i n  of  k-fold 

r o t a t o r y  s y m m e t r y  there  is one which has k-fold r o t a t o r y  s y m m e t r y .  
The p roo f  of: the  t h e o r e m  concerning the  area  dev ia t ion  rests  on r a t h e r  

in t r ica te  considerat ions  used b y  EGGLESTO~ [8]. The  t h e o r e m  concerning the  
pe r ime te r  dev ia t ion  is an i m m e d i a t e  consequence of our  f i r s t  t h e o r e m  and  the  
fact  obse rved  by  EGGLESTO~r [8] t h a t  the  n-gon h a v i n g  min ima l  pe r ime te r  

dev ia t ion  f rom a convex  dom a i n  is inscrib ~5 in the  domain .  
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