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ON A CONJECTURE OF FEJES TOTH

by
V. CHVATAL (Montreal)

Fejes Téta [1] made the following conjecture. “If in a packing of trans-
lates of a square each square has at least six neighbours then the density of
the packing is at least 11/15 ” Here a “square” is, for instance, the square
0<z<1,0<y<1,a “packing” is a nonempty family of pairwise disjoint
sets and, fmally, two sets are said to be ¢ ‘neighbours” if their closures have
a nonempty intersection. FEsEs TOTH has constructed a packing of density
11/15 which satisfies his requirements (see Fig.1) and observed that every
packing satisfying his requirements has density at least 2/3. It is not difficult
to show [2] that in the investigation of this problem we can restrict ourselves
to squares forming a grid, i.e., a set of squares joining along whole sides and
filling the plane completely. For grids, HANANT improved the lower bound
into 5/7 and restated the conjecture as follows. “In the planar square grid,
color the squares blue and red, so that (a) there is at least one blue square and
(b) each blue square has at least six blue neighbours. Then the density of the
set of blue squares is at least 11/15.” We shall prove this conjecture.

By the order of a square § we shall mean the number of the neighbours
of 8§ having the same color as S. By (b), there are no blue squares of order
smaller than six. Moreover, there are no red squares of order greater than three.
(This has been also observed by Hanani.) Let B; (resp. R;) be the set of all
the blue (resp. red) squares of order i; let b; (resp. ;) be the density of B;
(resp. R;)."Then evidently -

ro 411 + 12 + 13 —}—bﬁ —]—b +b; = 1.
Moreover, counting the red-blue connections we obtani
87y 4 Try -+ 6ry + 5ry = 2b; + b,
Now, Hanani’s bound follows since
(g + by +bg) = —3ry — 21y — 1y + Thy + 6b, + 5b, =
=5(ro +7, + 15 415 40y 4By 4B —
— (875 4 Try + 6ry + 5rg — 2b; — b)) = 5.
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Fig. 1
To prove by - b, + by = 11/15, it will be enough to show that
(*) rs < drg + 2y + 2B, + 4bg,
for then
15(bg - b, + bg) == —ro — 7, — 7y -+ 15bg -+ 15b, + 15, =

= 1(rq +r + 72+ 73 + b +b; +by) —

— 2(8ry + Try + 61y - 5r3 — 2b; — b,) +

4 (dry + 2r, — 15 + 20, 4 4bg) = 11

as desired.

To prove (*), we first observe that the red squares of order three come in
two by two quadruples. Let @ denote the set of these quadruples; set ¢ = 73/4.
It will suffice to construct a bipartite graph @ together with disjoint subsets
S, T of R, such that
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(i) the bipartition of @ consists of @ in one part and R,USUTU
UB,UBy in the other,

(ii) each element of SUB,UB, has degree at most one in @, each
element of R UT has degree at most two in &, ’

(iii) if some 4 with 4 € Q is adjacent to g, elements of R, to ¢ elements
of 8, to 7 elements of 7', to 8, elements of B, and to f; elements of
By then C

1 1 1 1

St ot Tk =1,

290“"2 Ty '257_}_58? .

(iv) if some 4 with 4 €@ is adjacent to w thén w comes from the 8 x 8
square centered at A.

Suppose for the moment that we have constructed G. Assign to each edge
of G the weight

1 if the edge has an endpoint in B,
1/2. if the edge has an endpoint in B,USU B,,
1/4 if the edge has an endpoint in 7.

Then, for every 4 with 4 €@, the sum of the weights of edges incident with
4 is at least one. The corresponding sum for each element of B,UB; is at
most one and, for each element of R,UB,, the sum is at most 1/2. Counting
now the weights of the edges of G, we obtain

1 1
<r —r —b b
g<r+ 2 1+ 2 2 + bg
and (*) follows.
It remains to construct G.

Step 1. If a quadruple is a part of one of the five configurations in Figure 2
(or its image under a rotation), join it (by an edge of G) to the element
of By indicated by the arrow. (Do this whenever applicable, then go
on to the next step.)

Step 2. Call a quadruple available if it is adjacent to no element of Bg. If an
available quadruple is a part of one of the three configurations in
Figure 3 (or its image under a rotation), join it to the element of B,
indicated by the star.

Step 3. If an available quadruple is a part of the configuration in Figure 4
{or its image under a rotation), join it to the element of R indicated
by the star.
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Step 4. If an available quadruple is a part of one of the three configurations
in Figuré 5 (or its image under a rotation), join it to the element of R,
indicated by the star and put this element into-S.

Step 5. If an available quadruple is a part of one of the three configurations
in Figure 6 (or its image under a rotation), join it to the two elements
of B, indicated by the stars and put these two elements into 7'
It is a little messy, but manageable, to show that the resulting graph
has all of the required properties. The proof is finished.
Note that (*) actually implies that every optimal coloring has ry =r; =
== 1, = 0. Under this assumption, an argument similar to the above (but much
simpler) yields r3 < 2b, + bs. Then '

15(b; + b, + by) — 3bg = 15b, + 155, + 12b, =
= 11(7'3 —I‘ bﬁ +b7 + bs) — 2(57‘3 - 2b5 o b7) — (73 — 2b7 —_ bB) 2 11 .
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Hence every optimal coloring satisfies ry =17 = r,=bg=0, r3,= 4/15,
b, = 2/15 and b, = 9/15. Now, it follows that Fejes Téth’s coloring is unique
in a sense. : ‘

I thank Professor Haim Hanani for stimulating conversations.
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