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Summary - -  I n  th is  p a p e r  a general  a n d . e x a c t  expression of t h e  g rav i t a t iona l  at- 
t r ac t ion  of  a r i g h t  ver t ica l  circular  cyl inder  a t  points  ex te rna l  to i t  is  developed.  This 
expression is der ived in  t e rms  of complete  elliptic integrals  o f  the  first and  second k ind  
and  the  N e u m a n n ' s  L a m b d a  funct ion.  Since the  solution involves  only t a b u l a t e d  func- 
t ions,  i t  is well sui ted for rap id  desk calculat ions  wi th  any  degree of accuracy at  any 
points ,  including the  poin ts  in  t he  p lane  of the  cyl inder  (outcroping cylinder).  For  th is  
case, the  corresponding mas te r  curve is given. Final ly ,  a re la t ion  be tween  the  abscissa 
of the  inflexion po in t  of the  Ag curve and  the  dep th  of the  cyl inder  is established.  

List of Symbols. 

r, q~, z = polar  coordinates,  

R = the  radius of the  cylinder,  

a 0 = the  dep th  of the  cylinder,  

a 0  
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x 0 = the  hor izon ta l  dis tance be tween  the  axis of the  cyhnder  and the  point  of 
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n 2  - -  2x 0 _ 2x i 
d o - -  x 0 d - -  x 

2x 0 _ 2x i = parameters of the elliptic integrals of the third kind, 

! 
d o + x 0 d + x , 

K ( k ) =  complete elliptic integral  of the first kind, 

E (k) = complete elliptic integral  of the second kind, 

I I  (7- n 2, k) and I I  (rn 2, k) = complete elliptic integrals of the third kind, 

A 0 (~, k) ----- ~ e u m a n n ' s  Lambda  function, 

G = universal gravi ta t ional  constant,  

= density of the cylinder. 

Introduction. 

F r e q u e n t l y ,  e i ther  for  exp la in ing  observed  anomal ies  or  for app ly ing  correc- 
t ions  to t hem,  an  e s t ima te  of  t he  g r a v i t a t i o n a l  a t t r a c t i o n  o f  a r igh t  ve r t i ca l  cy l inder  
a t  po in t s  ex t e rna l  to i t  is needed.  B u t ,  a t  t h e  p resen t  m o m e n t ,  in spi te  o f  t he  ap-  
p a r e n t  s impl ic i ty ,  th is  p r o b l e m  a t  leas t  as we k n o w  i t  has  n o t  a genera l  exac t  
solut ion.  

e P (x~ X 

I 
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Fig. 1 - Notation used to obtain the attraction of  a vertical cylinder. 

Recen t ly ,  G r a v i t y  Prospec tors  t u r n e d  the i r  a t t e n t i o n  to  a p a p e r  publ i shed  
by  D . S .  PARAS~IS (1) wh ich  deve loped  a new express ion,  u n d e r  t he  fo rm of  an  
infinite series, for  the  ca lcu la t ion  of  t he  g r a v i t a t i o n a l  a t t r a c t i o n  of  a ve r t i ca l  cy- 
l inder ,  i nd ica t ing  a t  t h e  same t ime  the  errors m a d e  in app ly ing  the  exis t ing  approx-  
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ima t ive  formulae.  Unfor tunate ly ,  on t h e  one hand,  the Ag expression due to 
PARA$~IS does not  represent  correct ly the  s i tuat ion at  a = 0 and for small  values 
of  (( a )) (cases often met  in practice) and,  on the  other  hand,  the  calculations are 
laborious,  especially when a great  accuracy is needed. 

In  this paper ,  a general  and exact  solution, in finite form, of  the  grav i ta t iona l  
a t t r ac t ion  of a Tight ver t ica l  cyl inder  a t  points  external  to i t  is developed in terms 
of  complete  elliptic integrals of the first and second k ind  and the Nv.uM~/~'s  
L a m b d a  function. Since the solution involves only t abu la t ed  functions, the  calcul- 
at ions can be rap id ly  made wi th  any degree of  accuracy and at  any  poin t ,  inclu- 
ding the points  in the  plane of the  cylinder. 

Solution of the Problem. 

In  cylindrical  coordinates,  wi th  the symbols used in Fig. 1, and tak ing  into 
account  the  relat ion 

C O S  ~ = X 0 C O S  

the  grav i ta t iona l  a t t rac t ion  of a ver t ical  seminfinite cyl inder a t  the point  P (x0, 
0, 0,) is 

Ag = G~ " [r 2 + p~ - -  2rXo cos ~]3/~ 
O O 

a 0 

After  a first in tegra t ion  with  respect  to z and a second in tegrat ion wi th  respect 
to r, and  af ter  applying the subs t i tu t ion  

~ = = + 2 ~  

it  results  

(O 
fJ { 

Ag = 4G~ V ~  Jr d 2 ~- 2Rxo cos 2[~ - -  
0 

0 

- - d  o + x ocos2[31n 
do + Xo cos 2[3 -} d[3 

V R2 § d2 + 2Rxo cos 2~ + R + Xo cos 2~ 
0 

o r  

(2) 

where 

Ag = 4G~ -~-  do -F 11 + I~ -F Is 

. / 2  

11 = f 1/R2-~ d2o ~- 2Rx~ c~ 2[3 d[3 
O'  

~ / 2  

I s ] x 0 cos 2~ In [d o ~- x 0 cos 2[3] d~ 
0 ~ 

. / 2  

13 = - -  fl x 0 c o s % l n [ ] / R  2 • d 2 q- 2Rx ocos2S _L R - -  x 0cos2~] d~ 
0 ~ " 

0 ~ 
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a) The calculation of the integral 11. 

""/~ - -  2 V Rxo E (k) . 

o 

b) The calculation of the integral 12. 

{ I [/2 ].,/.2 sin z 2~ d~} = 
(4) I~ = x  o ~ - s i n 2 ~ l n ( d  o + x  ocos2~) + x~ d o + x 0cos2~ 

o' 

Y~ 
= ~ -  (do - -  a o ) .  

c) The calculation of the integral I a- 

I f  we in t roduce  the  abb rev i a t i on  R 2 -{- d02 +- 2Rx 0 cos 2~ ~ A, the  in tegra l  I 3 
becomes 

Ia = - - x ~  [ 2 s i n 2 ~ l n [ l / A  -? R + x ocos2~] o + 

+ ~o si.~ 2~ I / ~ ( V ~  + R + ~o cos 2,~) 
0' 

By t ak ing  in to  accoun t  t h a t  ( ~ A  q- R -? x o cos 2~) ( f A  - -  R - -  x 0 cos 2~) = 
d02 - -  Xo2 cos 2 2~ i t  resul ts  

,hi2 

0 ~ 

(5) 

, ~ + ~xo cos 2~ - V A x 0  co~ 2~ 

(. A~(a'- o ~ x l  cos ~Z~) a~ = 

�9 si .~ 2~ W~ + R x .  cos 2~1 

because 

:.'2 s in22~,  cos 23 d~ = 0 .  
d 2 - -  x ~ cos ~ 2~ 

0* 0 0 

The expression (5) af ter  calcula t ions  t h a t  do no t  p resen t  any  difficulty, be- 

comes 

f ~ / 2  d; -~  R x  0 c o s  2~ ] j ; /2  2 (6) I a = a z f d ~ - -  I do-- RXo COS 2~ 
Oo. l/-s x~o cos 2~) 0' ~ 1 / ~  d~ = 
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(6) 

1 d o + R  f~,/z d~ 
= aS (1 ._L n s sin ~ ~) ~ -  -}- o 2 d o - -  Xo o 

+ 2 do + ~Oo 0 - -  .~s ~i.s ~) g-X --o. 1/-x 

1 { 
-- 2k V-R~0 [2Rx~ - -  k~d2--o k2Rx~ K (k) - -  2RxoE (k) + 

k~ } 
+ - ~  [(do + R) (do + xo) n ( - -  ,~, k) + (,to - -  R) (do - -  ~o) H ( ~ ,  k)] . 

Adding  now the  expressions (3), (4) an d  (6) and  i n t roduc ing  the  va lues  x and  
a ,  the  expression (2) becomes 

(7) 

2G3R ~ ( 2 - - k  2) x -  ksd 2 
Ag 

k l / x  

2V - 
K (k) + E (~) + 

k 

+ k V ~-  + ~ r~ ( -  ~ ,  k) + - -  r~ ( ~ ,  k) - ~ 
ll'l, s /2 ~ 

By expressing the  elliptic in tegra ls  of  the  th i rd  k ind  in  te rms  of N E ~ N ' s  
L a m b d a  func t ion  (circular  cases)(2): 

k 2 ~ ~ / - -  
n ( - - n 2 ,  k ) - -  k s + n ~  K ( k )  + y A o ( $ , k )  

a n d  

n s 1 

nS + kS V 1 + n s 

7~ ~ m 2 
H (m ~, k) = ~ -  A0 (0, k) m s __ k s 

1 

~ / 1 - -  m 2 

m s - -  k ~ 

a n d  b y  t a k i n g  in to  account  the  add i t ion  formula  for L a m b d a  func t ion  

2 
A 0(~,k)  + A  0(0,k)  = A  0(~,k)  + - - ( 1 - - k  s) sin ~ sin 0 sin ~ K  (k) 

w i th  

cos ~ cos 0 - -  sin ~ . s i n 0 V ( 1 - - k  '2sin s ~ ) ( 1 - k  ' ss in  s0) 
cos~ = (k ' ~ = l - k  s) 

1 - -  k '2 sin e 0 sin 2 



- -  50  - -  

the  express ion (7) f inal ly  becomes (*) 

I -- x ~ 
(8) Ag = 2G~R V(1 + x )  ~ ~ - a  2 K (k) + V' (1 + ~)~ + a~ E (tO + 

-~ ~ -  aA0 (9, k) - -  7:a 

~ ' h e r e  

a 

s i n ~ =  ~ / ( l _ _ x )  2 -ba~  

For  x = 0 [A 0 (~, 0 ) - ~  sin q~] the  fo rmula  (8) gives 

Aglx=o = 2~G~R (VI  -4- a 2 --- a) = 2~G8 (V R2 ~- a 2 - -  %) 
0 

the  well known expression of the  grav i ta t iona l  a t t rac t ion  on the  axis of the cylin- 
( ]e r .  

For  a = 0 (outcropping cylinder) 

(9) Ag]a=0 = 2G~R { ( 1 - -  x) K (k) + (1 § x) E (k)}. 

This  expression appears  for the  first t ime,  to our  knowledge,  in  the  pub l ica t ions  
of appl ied  geophysics. 

The  mas t e r  curve  for this  case is shown in  Fig.  2 and  the  cor responding  n u -  
mer ica l  va lues  are g iven  in  the  t ab le  1. 

ao.O 
Zi ~5" 

O7 112" 

Og 0 
0 

. . . . . . . .  ~ ~ '~ 's ,'~ ,'~ 

Fig. 2 - Master curve for an outcropping vertical cylinder. 

(*) For  numerical  computat ions,  one must  note the relations 
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TABLE 1. 

x o 

R 

0 
1/19 
1/9 
3/17 
1/4 
1/3 
3/7 
7/13 
2/3 
9/11 

k s 

0.00 
0.19 
0.36 
0.51 
0.64 
0.75 
0.84 
0.91 
0.96 
0.99 

Ag/Agmax 

1.000000 
0.999305 
0.996905 
0.992165 
0.984185 
0.971612 
0.952364 
0.923003 
0.877325 
0.801886 

~ 0  
)g ~ u 

R 

1 
11/9 

3/2 
13/7 

7/3 
3 
4 

17/3 
9 

19 

k s 

1.00 
0.99 
0.96 
0.91 
0.84 
0.75 
0.64 
0.51 
0.36 
0.19 

AglAgmax 

0.636619 
0.457258 
0.355930 
O.28O246 
0.219579 
0.169083 
0.125999 

�9 0.088579 
0.055641 
0.02632l 

Fur ther  it  is easy to calculate the first and the second derivatives of the 
expression (8). I t  results 

(Ag) -~ 2G~R ~ "  1 -~-x s ~- a S V (1 -~ x) 2-~- a 2 
~ -Z-  t x 1/(1 + x)s + a~ K (k) + ~ - -  E (k) J 

and 

~2 (Ag) 2GSR 
(10) ~x~ -- x2 [(! - -  x) s + aS] ~/(1 + x) 2 § a 2 {(1 + a ~) [(1 ,-~ x) ~ + a~l K ( k ) - -  

- - [ ( a  ~ + 1) ~ + x  ~(a s - 1 ) l E ( k ) } .  

This last expression gives a relation between the abscissa of the inflexion 
point  of the Ag curve and the depth a of the cylinder by means of the equation 

(1 + a  s ) [ ( i - x )  2 - ~ a  s]K(k)  = [ ( a  S +  1) s - ~ x  =(a s - 1 ) ] E ( k ) .  

In  a next  paper, the master  curves for a right vertical circular cylinder for 
0 ~ x _<_< 20 and 0 ~< a ~ 20 will be given and the expression (8) will be discussed 
from the point  of view of  the second derivative. 
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