
THE NUCLEI OF NATURAL CLOUD FORMATION 
PART II: THE SUPERSATURATION 

IN NATURAL CLOUDS AND THE VARIATION 
OF CLOUD DROPLET CONCENTRATION 

by  S. TWOMEY (*) 

S u m m a r y  - -  Calculations are performed to determine the time variation of su- 
persaturation during cloud formation. I t  is shown that  a simple expression can be 
used to obtain the maximun supersaturation (and hence the number of nuclei acti- 
vated) as a function of updraught velocity and nucleus spectra insert omitted portion 
of copy reported in Par t  1 and it isshown that  they lead to cloud droplet concentra- 
tions which agree with those actually observed. 

1. In t roduc t ion  - -  The importance of the  supersa tura t ion  spectra  of conden- 
sat ion nuclei, pa r t i cu la r ly  of the  pa r t  of the  spect rum below 1% supersatura t ion,  
was discussed in P a r t  I of this  paper .  In  this  pa r t  the  relat ionship between nucleus 
spectrum, supersa tura t ion  and cloud droplet  concentrat ion will be discussed 
quant i ta t ive ly ,  and computa t ions  made to determine the probable  range of maxi-  
mum supersa tura t ion  in na tu ra l  clouds, and hence the  number  of droplets  formed 
when condensat ion occurs on nuclei wi th  supersa tura t ion  spectra  similar to those 
described in P a r t  I.  

2. T i m e  Var ia t ion  o f  Super sa t u ra t i on  - -  The var ia t ion  with t ime of the  super- 
sa tura t ion  in a volume of air ascending at  uniform speed, or being cooled adiaba-  
t ica l ly  at  a uniform ra te ,  is de termined by  two opposing factors:  first the effect 
of cooling, which tends uniformly to increse the saturat ion,  and secondly the  effect 
of  condensat ion,  which abst racts  water  vapour  and therefore tends to reduce the  
supersatura t ion.  The ra te  of growth b y  condensat ion of a single droplet  is propor-  
t ional  to the  supersa tura t ion  and to the  radius  of  the  droplet .  Providing the dro- 
p l e t s  are large enough for capi l la r i ty  and solute effects on vapour  pregsure to be 
neglected, the equat ion obeyed b y  the supersa tura t ion  is of the  form (1) : 

dS 
(1) dt : a - - b S E r .  

(*) Dr. S. TWOMEY, C.S.I.R.O., Division of Radiophysics, University Grounds, 
Sydney,  N . S . W .  (Australia). 
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In  this equation and throughout  the theoretical derivation, the supersatu- 
ration S is measured in oC (elevation of the dew point); r is the droplet radius 
(cm) ; the summation is carried out over all the droplets in unit volume; for tem- 
perature 10 ~ C, pressure 800 rob, ~ = 7 .93 .10  -5 V, b = 3.38, V being the rate 
of ascent (cm sec-X). The radius of a droplet is determined by  the equation (1) : 

dr 
(2) r - - =  6.6. 10 - s S .  

dt 

I f  the number  of nuclei in unit  volume with critical supersaturation between 
and ~ + A~ is v(~) A~, then combination of equations (1) and (2) gives 

S t 

(3) dt = a - -  ~S v(r Sdt dz 

where ~ = 3.63 �9 10 -4. b = 1.23 . i0 -3, and S = r at t = ~. From a physical point 
of  view, ~ represents the initial rate of rise of supersaturation, while the negative 
factor on the right hand side of equation (3) represents the increasing effect of 
condensation in removing water vapour  (which slows down, and eventually revers 
the rise in S). In  the absence of condensation supersaturation would increase 
linearly with time, following the line S = at in Figure i. When condensation 
occurs, the supersaturation curve deviates increasingly from the linear, following 
a curve similar to tha t  shown in the figure. Equation (3), which determines the 
course of the curve, cannot be solved except by  tedious stepwise numerical com- 
putat ion;  however by  making certain approximations solutions can be obtained 
which give upper and lower bounds for the supersaturation. In  Figure 1 it is 
readily seen that  for any point P on the supersaturation curve, the following ine- 
quality is satisfied: 

t 

Area O X Y  >/sat 
0 

From this it is readily deduced tha t :  

t 

(4) ~ 1  ~ ( t~ ~ x2) > ~l Sdt 

> Area P X Z .  

1 
> ~ ( s ~ -  ~ ) .  

Overestimation of fSdt  in equation (3) is equivalent to overestimation of  the 
effect of  condensation and hence to underestimation of S in the final solution. 
I t  therefore �89 ~ (t 2 - -  ~2) is substituted for this integral in equat ion (3) to obtain 
an approximate solution S', then this solution will underest imate  the supersatu- 
ration; similarly, a solution S" obtained by substitution of (S 2 - -  ~2)/2~ will over- 
estimate the supersaturation; thus S" > S > S'. 

(i) Derivation o f  S':  Many observed nucleus spectra were close to logarith- 
mic distributions; the number  of  nuclei active at supersaturation ~ will therefore 
be taken to be N(~) = c~k; the function v(~) then becomes kc ~ 1 .  Inserting this 

t 

distribution function into equation (3) and putt ing f S d t  = �89 2) and 
T 
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r : ~z, one obtains an equation for S' :  

t 
dS' 2-1/2 ~Jc+l/~ S' f "r2) 1/2 

- -  ~ - -  ck z ~-1 (t  ~ -  d z  
dt o 

1 2 k12-I 
----- - -  2--3/2 ~tO~ ~+1/2 C~ St t ~+1 f (  T I ( 1 - -  T2 1/2 

: ~T-: " 

o 

thence 

dS' k+x 
(5) d-~- = 6~ ~ AS'  t 

where A = 2-a/2 ~+1/2 ~ck B (3/2, k/2) and B is the complete Beta-function. The 

( t  ,s)  

Fig. 1 - Time variation of su- 

persaturation. 

x T i m e  ( t )  - 

required solution of equat ion (5) is 

t 

(6) S' = ~ e x p (  A t~+2 dt k+2 ) f e x P ( k ~ 2  t~+~) 
o 

which can be expressed also in series form: 

[ am m a 2m2 2m 
S ' = ~ t  1 t q- 

m ~- 1 (m q- 1)(2m q- 1) t - -  
(7) 

I - -  aam3 3m ] 
(m q- 1) (2m q- 1) (3m q- 1) t + . . . . .  
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where m = k + 2, a = A / m .  In  (7), therefore, ~ is proportional to the rate of  
ascent; m is determined by  the distribution index k, and a is a function of  the 
distribution constants c and k (which determine the supersaturation spectrum of 
the nuclei), and of the upward velocity 1I. The full expression for a is: 

a - - -4 .35"  10 .4 [7.93. 10 .5 k+2 B , �9 

For a given distribution, equation (7) is used to find S', which provides a lower 
bound for .the supersaturation. Since the maximum supersaturation determines 
the number  of droplets formed, computat ion of S'  need not be continued beyond 
the maximum. 

(ii) Derivation o f S " :  The equation for S"  is obtained by  substituting 1/2~ (S 2 - -  
t 

_ _  ~2) for f Sdt in equation (3). The resulting equation is: 
"7 

s 
dS" / 
dt = 0~ - -  ( 2 ~ )  -1/2 ~ c k  S t '  ( in-1 ( 3  2 - -  (~2)1/2 de 

0 

Hence 

1 

ck  ( S " )  ~+~ (z2 /S~)  ~/z-~ - -  z~ / s~ )  ~/~ = ~ - -  ( 8 ~ ) - ~ / ~  ~ fo (1 d (~/S~). 

dS'" (S,,)Ic+~ 
( 8 )  - -  = ~ -  c . 

dt 

Here C = (8~)-1/2~ ek B (3/2, k/2), B again being the complete Beta function-, 
An integral or series solution for equation (8) can readily be obtained, as the varia- 
bles are separable. However, the maximum attained by  S"  can be derived from 
(8) without solving the equation. The maximum is evidently 

(9) S"ma~ = (~/C) ~/~+2 

or, substituting for ~ and C, and put t ing ~ -= 1 .23 .10  -a as before 

l 

(10) S",nax = ckB (3/2, k/2) 

I t  can now be predicted that  the maximum supersaturation attained when a 
given distribution of  nuclei act as condensatibn centres in air at 800 mb and 10 ~ C, 
ascending at V cm sec -1, will lie between S'r~ax and S"max," the number  of nuclei 
activated and the number  of cloud droplets formed (N) will be between N '  and N" ,  
w h e r e  

' ~ N "  = > N > c (S'raaz) ~ N '  = c (S max) and c (S" max) ~ i.e. c (S"max) z 

When various pairs of  values for c and k were inserted in equations (7) and 
(10) for rates of ascent 10 cm scc -x, 100 cm sec -1 and 1000 cm sec -1, it was found 
tha t  the upper and lower bounds of  the supersaturation never differed by  more 
than 30%. I t  follows tha t  equation (10) can be used to obtain the maximum 
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supersa tura t ion  to be t t e r  t han  30% accuracy;  the  number  of  droplets,  being pro- 
por t ional  to the max imum supersa tura t ion  to power  k, where for observed spectra 
k usual ly  lay  in the range 0.2 - 0.5, are given to be t t e r  t han  15% accuracy b y  the 
re la t ion  

~ [ 63• ] ~ 
(11) N = c (S"max) = L k B  (3/2, k/2) " 

3. A p p l i c a t i o n  to observed spectra - -  As described in P a r t  I ,  observed spectra 
showed a very  wide range in number  and shape,  bu t  i t  was found t ha t  in the  ab- 
sence of  r a iny  conditions,  spectra  general ly  fell into three  types ,  one of which 
( type C) was found only in cont inenta l  air  masses,  and  two other  types ,  A and B, 
which were found bo th  in mar i t ime (souther ly  or easter ly)  air  and in modified 
mar i t ime  (southwesterly) air. These spec t rum types  gave the  following median 
concentrat ions  a t  the supersa tura t ions  i nd i ca t e d :  

TABLE 1 - Numbers  of  nuclei active at various supersaturatlons. 

S p e c t r u m  

Type A . . . . . . . . . . . . . . . . . .  
(maritime or rood. mar.) 

Type B . . . . . . . . . . . . . . . . . . .  
(maritime or mod. mar.) 

Type C . . . . . . . . . . . . . . . . . . .  
(continental) 

S 

0.01 o C 

25 

48 

33O 

0.05 ~ 

3 

6. 

56( 

0.1 o 

4 

9 

":2 

0.2 ~ 

9( 

0,5 o 

8 

60 

140 

1 ~ 

1: 

12, 

20 

The distr ibut ions of types  A or C are not  ve ry  different to the logari thmic,  
and reasonably  close approximat ions  to the  median  spectra  are obta ined b y  tak ing  
the dis t r ibut ion constants  c ~--2000,  k = 0.4 for t y p e  C and c - ~  125, k = l / a  
for type  A. Type  B curves deviate  considerably from the logari thmic,  owing to the  
inflexion of  these curves. Up to about  0.15 o C supersa tura t ion ,  an approximat ion  
to the  median type  B dis t r ibut ion can be obta ined  b y  tak ing  c = 160, k----1/8, 
hu t  i f  the  max imum supersa tura t ion  exceeds 0.15 o C, the increased numbers  of 
nuclei a t  higher supersatura t ions  should be allowed for. 

Inser t ing these values of c and k in equations (7) and (10), the upper  hounds S"  
and the lower bound S'  for the  m a x i m u m  supersa tura t ion  were calculated,  and 
f rom these the l imits of cloud drople t  concentra t ion N '  and N" .  The values ob- 
ta ined  for updraught  velocities 10 cm sec -1, i00 cm sec -1 and 1000 cm sec -1 are 
set  out  in Table 2. These updraugh t  velocit ies are p robab ly  typ ica l  of s t ra t i form 
clouds,  small  cumuli  and cumulonimbus clouds, respect ively.  

(The values marked  with  an as ter isk  are those for which the supersa tura t ion  
was too high to jus t i fy  the  logar i thmic  approx imat ion  for type  B spectra.  These 
supersa tura t ions  were therefore overes t imated  and the drople t  numbers  mlderest i-  
mated).  
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TABLE 2(a) - Bounds of  supersaturation S"  (upper), S" (lower)for different spectrum types 
and rates of  ascent V.  

Spectrum type 
Value taken for c 
Value taken for k 

Supersaturation bounds 
(oC) 

at 10 era/see 

Supersaturation bounds 
(oC) 

at 100 cm/sec 

Supersaturation bounds 
(oC) 

at 1000 cm/sec 

SIT~f~x 

t! 
S ?nas~ 

I S m~x 

SHmax 

S rnax 

S~ "ma x 

Maritime (A) 
125 
1/3 

.022 (.14%) 

.026 (.17%) 

.095 (.62%) 

.116 (.75%) 

.42 (2.7%) 

.51 (3.3%) 

Maritime (B) 
160 
1/4 

.019 (.125%) 

.02 ( .13%)  

.088 (.57%) 

.093 ( .61%)  

.41 (2.65%) 

.43 (2 .8%)  

Continental (C) 
2000 
2/5 

.007 (.045%) 

.009 ( .06%)  

.031 (.2%) 

.04 ( .26%)  

.13 ( .85%)  

.17 (1 .1%)  

Condensation upon nucleus spectra of the various types considered is there- 
fore found to lead to droplet concentrations similar to those actually observed. 
The median spectra for marit ime or modified marit ime air were calculated to pro- 
duce some 50-90 droplets cm -3 in an updraught  of i metre sec-1; the corresponding 

TABLE 2(b) - Droplet concentrations cm -3 (nuclei act ivated)for  conditions of  Table 2(a 

Spectrum type Maritime (A) Maritime (B) Continenta! (C) 

Droplet concentrations 
em-3 

at 10 cm/sec 

Droplet concentrations 
em-3 

at 100 cm/sec 

Droplet concentrations 
am-3 

at 1000 cm/scc 

7V tl 

35 

37 

N'  57 

61 

100 

59 

60 

87 

89 

128' 

131" 

281 

310 

500 

554 

888 

985 

figure for the median cont inental  spectrum is about 500 cm -3. SQUZaEs (2) repor- 
ted the following droplet concentrat ions:  

Maritime clouds: Median 45 cm -a, Maximum 470 cm -3 . 

�9 Continental  clouds: Median 228 cm -a, Maximum 2800 cm -s  . 
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There is obviously a good degree of agreement between the computed and observecl 
concentrations, the computed values being somewhat higher. The spectra ob- 
tained during drought conditions and hot weather gave considerably higher nu- 
cleus concentrations than the median curve, for all supersaturations; computa- 
tions based on these spectra yielded (for 1 m sec -1) concentrations between 1000 
and 4000cm -3, with maximum supersaturations between 0.015 ~ C (0.1%) and 
0.03 ~ C (0.2%). The maximum of 2800 cm -8 (on a hot, dry midsummer day) 
reported by SQUIrEs is consistent with these results. I t  is also of interest to note 
that clouds formed in southwesterly (modified southern maritime)air streams over 
south-eastern Australia have been found to contain consistently low numbers 
of cloud droplets, the concentrations being very similar to those found in mari- 
time clouds (SQUIRES, private communication). This observation accords with 
the observation [Fig. 6(1), Part  I] that modified southern maritime air contained 
somewhat fewer cloud nuclei than (easterly) maritime air. 

I t  is well know~ that continental clouds, containing some hundreds, or even 
a thousand or more, droplets per cm 3, are markedly more stable than the mari- 
time clouds of similar dimensions, and correspondingly more reluctant to precipi- 
tate. I f  this stability is found to be partly or entirely due to the presence of cloud 
nuclei in high concentrations, some basis may exist for the popular belief that a 
drought must be (( broken ~ and that prolonged wet or dry spells tend to be self- 
propagating. 

4. Conclusion - -  The observed variations in concentration of these cloud 
nuclei appear to be sufficient to account for observed variations in cloud droplet 
concentration, particularly the observed differences between maritime and con- 
tinental clouds. 

The results again emphasise that condensation nucleus counts at high super- 
saturations cannot be a reliable guide to cloud nucleus and cloud droplet concen- 
trations. At i m sec -1 updraught, the maximum supersaturation attained in 
clouds was computed to be in the range 0.2~o-0.8~ the higher supersaturations 
being attained with clean maritime air. 

I t  is apparent that nuclei with critical supersaturation greater than 1% will 
seldom be activated in natural cloud formation. 

To obtain a fuller understanding of the role of cloud nuclei in the determi- 
nation of colloidal stability of clouds (particularly that of warm clouds), it is appa- 
rent that further observations of the distribution, properties and origin of cloud 
nuclei are desirable; simultaneous observations of cloud droplets and cloud nuclei 
are obviously essential and the initiation of such observations in the immediate 
future is intended. 
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