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Abstract.

Given two arbitrary real matrices A and B of the same size, the orthogonal Procrustes problem is to
find an orthogonal matrix M such that the Frobenius norm [ M A — B is minimized, This paper treats
the common case when the orthogonal matrix M is required to have a positive determinant. The stability
of the problem is studied and supremurn results for the perturbation bounds are derived.
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1. Introduction,

Given any matrices 4 and Be R™™", the orthogonal Procrustes problem is for-
mulated as

(1.1) - min||MA — B|,

Me2
where the norm ||+ || is the matrix Frobenius norm and Q denotes the set of orthogonal
m by m matrices. Green [4] solved the problem when A and B both are assumed to
have full row rank. The general problem was solved by Schénemann [9] and it has
later also been treated by Hanson and Norris [5]. By using the singular value

decomposition, BA™ = UX, V7, of the matrix Z = BA”, the solution is given by the
orthogonal polar factor of Z, i.e.,

(1.2) M=UVT.

The solution is unique provided the smallest singular value, 6,,(Z), of Z is nonzero.
Hanson and Norris [ 5] and Wahba [13] treat the problem when M is required to
have a positive determinant, i.e., the set Q in (1.1) is replaced by a set ., defined as

Q, ={MeR™"|M™M = I; det(M) = +1}.
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We will focus our attention on this problem which arises in many applications where
M corresponds to a rotation, for example in kinematics when determining a rota-
tional movement of a body, see e.g., [ 10]. To express the solution explicitly we have
to consider two different cases:

1. det(UV") = +1. The solution is given by M = UV" and it is unique if

Om—1(Z) # 0.
2. det(UVT) = —1. The solution is given by M = U diag(1,...,1, — 1)V T and it
is unique if a,, _ ((Z) # 0,,(Z).

We will study the perturbed problem

(1.3) min | M(4 + 44) — (B + 4B)|,

Mes2 .
to investigate how the solution M + AM depends on the perturbation matrices
AA = {ba;;} and AB = {éb; ;} e R""".

When the solution of problem (1.3) is given by the polar decomposition of the
matrix (B + 4B)(A + AA)" (case 1 above), it is of course possible to use the well-
known bounds for the polar factors, see e.g., ['1, 2, 6, 8 and 14]. But by utilizing the
special structure of the problem it is possible to derive much sharper bounds.

In section 2, we prove a supremum result for |4M||, expressed by the residual
|MA — BJ|, and by the amount of perturbations ||4A4]| and |4Bj. In section 3 we
show how the problem is connected to the skew symmetric Procrustes problem. This
connection is used on problems with zero residual to derive the same first order
bound as in section 2.

2. The perturbation bound.

As shown in section 1, a necessary condition for the unperturbed problem to have
a unique solution is that the second smallest singular value of the matrix BAT is
nonzero. Thus, we are only interested in cases where n > m — 1. However, to
simplify notations we will assume n > m. This is no restriction since we can append
a zero column to 4 and B, if necessary, without changing the problem.

The following theorem gives a supremum result for the error |AM].

TueorReM 2.1 Given a matrix Ae R™*", m < n, with singular values oy = ... = 0,
and a positive number 7y, satisfying y < (6%,_; + aZ)*.
By introducing the set
I'={BeR™"| min [MA — B| <7},

Mefd .

for any matrix Be T we can define the matrices M and M as

M = arg min M A4 — Bl

Mef2 4+

M = arg min |M(A + AA4) — (B + 4B)|,

Me( .
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where the perturbation matrices AAe R™™" and ABe R™"" are bounded as
14All < eq < (071 + 00)%, 4B| <ep <(of_1 + o) — 7.
The perturbation AM = M — M is then bounded as
(2.1)  supsup [AM| = 2/[1 — (1 — x5l (1 — k§eR)* — kaKpeaes)],

Bel

the second supremum taken over ||AA| <e, and |AB| < &g, and where x4 is
1ok, + i)t and kp is LN(6k_ | + c2)F — 7).

By using the Taylor expansion of (2.1) and by applying the theorem on some
interesting special cases we get the following results.

COROLLARY 2.1 With the same assumption and definitions as in Theorem 2.1, define
the function hie 4, g, 7) = sup sup || AM|, the second supremum taken over |AA| < &4

and |AB) < eg. The functsfgn Wz 4, €p,7) then satisfies

22 h(ea, e, %) = /2K 484 + Kgeg) + Of(eq + £5)°),
(2.3) h(eas 0,7) = 24/[1 — (1 — 15e3)*] = 21484 + O(E3),
(2.4) h0,65,7) = 2. /[1 — (1 — k3ed)*] = J2kgep + O(e}).

For problems with zero residual (y = 0), we observe that x4 equals k. When the
perturbation matrices are equal (¢4 = eg = ¢), the function h(e,e,0) is the linear
Jfunction

(2.5 h(e,e,0) = 2 /2K 4e.

To prove Theorem 2.1 we need the following lemma.

LEMMA 2.1 Given the matrices £ = diag(o,,0,), B€ R**2, and a positive number y,
satisfying y < |Z||. If |Z — B|| < 7y then
(2.6) o1byy + o2by, 2 [IZ[(IZ] — ).

Proor. Take B = X + R, where |R} < 7. Then

o1by g + G2byy =07+ 6%+ oyr + 00y, = 1212 — |2y u

PrOOF OF THEOREM 2.1. We give a strict proof for the case when &, is zero,
followed by a geometrical arguing to obtain the general result.

Without loss of generality we can assume that M =1 and A=F =
diag(cy,...,0,), where 0y, > ... > ¢,, = 0, see [11] for details.

Let us first consider the 2-dimensional case. The matrix M = I + AM can then be

. COs — §in
writtenas ] + AM =| (9) (¢) ,and it is easy to see that || AM | satisfies
sin (¢) cos(¢)
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2.7 |4M|* = 4 — dcos(¢).
By computing F(¢) = ||/ + AM)Z — (B + AB)| and utilizing the necessary con-

dition for minimum, 0F/d¢ = 0, we get the following equation:
Sln((ﬁ) _ 1"“}'61(,31?2'1 "‘_6252{31’2
cos(d) g+ 6,6by 4+ 0,0b,,°

tan(¢) =

wherer = a,b, | —0o,b, ,and g =0,b, ; + 0,b, ;. Since ¢ = 0 is assumed to be
the solution to the unperturbed problem, it follows that r vanishes.
By defining

(2.8) o= (07 + o3),

we get from Lemma 2.1 that ¢ satisfies ¢ > afx — 7). Since || 4B} isless than o — y, we
conclude that tan (¢) is bounded.

It is no restriction to assume that ¢ is nonnegative. Thus, both tan (¢) and || AM ||
are increasing functions of ¢ and the worst perturbation 4B is identified by solving

(2.9) max g1 552,1 - 0251?1,2 .
4Bli<es 4 T 616by 1 +0,6b,

The solution to this problem satisfies

—gysin(f) —o,co8(h)
2.10 AB = .
(2.10) [ 6,co8(8) —a,sin(d) s/
To identify the angle 6, corresponding to a maximum, we observe that problem (2.9)
becomes

aegcos (6)

2.11 et
@1 s g — oegsin(f)’

which is solved by sin () = xeg/q. The worst perturbation 4B in (2.10) is now
completely determined. For this worst perturbation, the value of tan(¢) is
%eg/q
(2.12 tan (¢) = ————571.
’ O = T = Geeala)
Thus, tan{¢) and |AM] are both maximized for the angle ¢ satisfying sin(¢) =

oeg/q.
Toidentify B e I' that minimizes g, and hence maximizes sin (¢), we use Lemma 2.1

to get gpun = oo — 7). The maximal value of sin (¢) is therefore eg/(a — 7). By using
the definition (2.8) of &, and the expression (2.7) for ||AM||, we conclude

Sﬁ >%}
. A = 2 1 - 1 - 1 *
(2 B SBliIP HA?IIIESB | Mi \/{ ( ((U'% + O-%)T N ')))2

For m > 2 we use the real Schur decomposition to rewrite the matrix I + AM as
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I+ AM = Wdiag(It,(I)l,...,dip)WT,
where W is orthogonal, t + 2p = m, and the matrices @, are identified as

_[cos(¢) —sin(p)] . _
‘[sin(qso coswi)}’ b

Let the matrices G = WX, C= W”B, and E = W7 4B be partitioned in row
blocks as

G =[Gl,...,GT], CT=[CL,...,CT], ET=[El,... ET],
GQ,CQ,EoeRtxm, GE,CI‘,EiEszm, l—": 1,...p.

i

Each one of the matrices @, is then the solution to the 2-dimensional problem

(2.14) min |$;G; — (C; + E)).

D,

We have already proved that (2.13) holds for 2-dimensional problems. Hence, we
apply (2.13) on problem (2.14) to get

14 p S? P
2.1 AM|? = 1|2 4(1-{(1- L ,
(215)  |aM|| i; |®; —I|> < i; (1 (1 (@G T oG — %)2) )

where ¢ = ||C;| satisfies ) P&7 < &} and y; = |G; — C;|| satisfies Y Py? < 2. Let
i = k be the solution to

min (63(G;) + 63(G))).

l<i<p

Then | AM||? in (2.15) is maximized when ¢, = &5, 7, =yandg =0, y =0 for
i # k. From the Mirsky Theorem (see e.g., [12] p. 204) we get

o3(Gy) + 03(Gy) = 07,1(G) + 07(G) = 071 + 0.

Hence, we conclude

&2 ¥
(2.16) I4AMl < 2\/{1 - (1 (63, + o) — }’)2) }

The upper bound is attained for

(2.17) B =X —diag(0,...,0,0,1,0,)7/(6-; + 02,
0
and AB = [0 AB ], where 4B,, € R?*? is chosen as
22
(2.18) AB.. = |: —KpEply,—1 —(1~ K)%E%I)%am £p
. 2 (1 — xgeg) 0,1 —KpERTm (On—1 + o2

The theorem is now proved for the special case 4 = 0.
To generalize the result to the case where also a perturbation 44 is considered, we
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study the worst 2 by 2 perturbation AB, given by (2.10), from a geometrical point of
view, see Fig. 1. We observe that 6 equals ¢5. We also know from the solution of
(2.11) and from the minimal value of g, that 8 satisfies sin (8) = gg /o — 7). Analog-
ously, the angles w and ¢, corresponding to the worst perturbation 4A4, satisfy
w = ¢4 and sin{w) = &, /a, see Fig. 1.

/
!
\ '
\ 02| das
\ ’5@1
\\ / -
\6b2 b2l Pad
I -
\ A -7
N P
" -7 6by
\_-¢B .
‘jé bl Ul -
-~
- 6(11

-~
-,

Fig. 1. A 2-D illustration of how the worst perturbations 4B = [8b,,5b,] and 44 = [$a,,da,], affect
the rotation matrix by making the rotation angle ¢, + ¢ as large as possible.

The rotation angle, ¢, corresponding to the perturbed rotation matrix equals
¢g + ¢ 4. Hence,

cos (@) = cos (g + ¢.) = cos(¢p)cos (¢ ) — sin(Pp)sin{d.4)
(2.19) = (1 — 3/o®P* (1 — /(e — 9)*)* — eqn/ox — 7).

As in the case for ¢, = 0, we generalize the results to arbitrary dimension by
replacing ¢, and o, with ¢,,_; and ,, in the definition (2.8) of «. By doing so and
inserting the expression (2.19) into the equation (2.7) we get the general result
@2.1). n

Let us now give some comments about Theorem 2.1. First, the sensitivity of the
problem is determined by the condition numbers k, = 1/(0%_, + 0,)* and
kg = 1/((64_, + o2)¥ — 7). Hence, if the two smallest singular values of the matrix
A are small, or if the residual is large, the problem is ill-conditioned.

Second, the worst matrix Be ' defined in (2.17) has singular values that satisfy

o 1(B) + oZ(B)E = Yo%y + o2 —9) = ks

Using this fact, the symmetry in the problem, with respect to 4 and B, becomes more
evident.
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Third, if we assume ¢,, > 0 and restrict the residual, y, and the allowed amounts of
perturbations, ¢, and &g, to satisfy y < 6,, &4 < 0, and & < 6, — ¥, then the
theorem also holds for the general orthogonal Procrustes problem (1.1) provided
that the unperturbed solution has positive determinant. This is true because these
restrictions imply that sign(det((B + 4B)(4 + 4A4)"))equalssign(det(BA™)),i.e., the
solution M to the perturbed general problem has positive determinant.

Finally, we compare our first order bound (2.2) with the bound obtained by
applying the results derived in [ 1] and [8] for the polar decomposition. The result
for the orthogonal polar factor M + 4M of amatrix Z + 4Z is

2]14Z]
Om-1(Z) + 0u(Z)

In our application Z corresponds to BAT and AZ to BAAT + ABA™ + ABAA”.
Using the expression (2.17) for the matrix B that makes the problem most ill-
conditioned we get the relations

2.21) 14Z]| < 01(e4 + 8) + O((e4 + £5)*)

and

(2.20) lAMY < + O(J|4Z)|?).

222 on-i(Z) + 0u(Z) = (071 + 07) (on-1 + 02} — 7) = 1/(xc4%5).
These relations inserted into (2.20) give
(2.23) [AM| < 01K 4x5(e4 + €g).

Thus, our result (2.2) is much sharper if 6, > (02 _, + 62)* or if the residual is large.

3. The connection with the skew symmetric Procrustes problem.

Every matrix (M + AM)e (2, can be represented by a skew symmetric matrix S as
(M + AM) = exp(S) = €°, (see [3] p. 287). Using this representation, problem (1.3)
becomes

3.1 min [|e*(4 + AA) — (B + 4B)|.
S= 8T
Ifweassume M = I, A = X, and that the residual to the unperturbed problem is
zero, i.e., B = Z, the first order approximation of problem (3.1) is the linear skew
symmetric Procrustes problem
(3.2) min [|S(Z + 44) — (4B — 44)].
§=—8§T
This problem is closely related to the symmetric Procrustes problem treated by

Higham [7]. According to the theory by Higham for the symmetric case, we can
show that the solution to (3.2) satisfies
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(3.3)

_ J2(144] + |4Bj)
A4A,4B (&31—1 + &i)é‘
_ N2144] + [4B])

(6h_1 + o)

+O0((144] + |4B))*),

where 6, , and &, are the two smallest singular values of the matrix £ + 4A4. Since
AM = S + O(]|S]|?), we note that (3.3) is the same first order result for [|4M|| as we
get by inserting y = 0 into (2.2).
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