fA-SPACES
Yu. L. Ershov UDC 517.11

Let A=<A,€,,.,> be an admissible set [4], let (X,xo,.g.,) be an f-space [1], let 8 c A

be a I-set, and let N:B—b)ﬁo be an enumeration (mapping onto) of the basis X,.

The quadruple £=(XX
ditions hold:

o,‘ﬁ:B—-)(o) is said to be an fp-space if the following three con-

1. 1£ce B (= {clceAcch)) is such that
dye XVch(v&s;), (1)

then the set VQ@{Y&[&GC} has in (X,g) a least upper bound LIVL and LINC E Xo.
Let Con,, € {clceB" and (1) is valid for c}.

2. The set L:{(C.6>‘C€'me‘,,
3. For any YEX the set B":: {8’666,\?6‘;§} is a I-set.

beB, vbmiive } is a z-set.

Remark. Every fj-space is a f,-space [1]; indeed, QGCMX‘? and ,_L:-‘-u¢ is the least
4
element in (X,é) .

LEMMA 1. The set Lo={(6o'bl)\6°,6466,v60.e vﬁi} is a I-set.

Indeed, (60,69640"9 ({60,64},6)6 {,, and L is a I-set.

We mention the following two properties of the sets of the form B'{ , Ye X
1. B;7é¢ ; if (60,6)6[_.0 and 6,68‘ then 606 B‘.

2. If C € B;, then C€ Con,w and (C,6>€-[_. implies 6& B‘ .

We denote by mV(B) the collection of all I-sets B'C B , satisfying conditions 1, 2
for Bg.

The correspondence g — B‘ defines a mapping gt X— m,v(B); an fj-space & is said to be

complete if B is an onto mapping.

Remark. From the general properties of f-spaces [1] if follows easily that 8 is a dif-

ferently valued mapping.

For any fp-space ® one can construct its completion 2%in the following manner: we set

X"=m(8); X = p0Ye kT, ) =p0b), dep,
ane '@ X)X C N B = XY

0 =
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It is easy to verify that Q’is a complete fp-space; B is a homeomorphic imbedding of X into

X., whiile ﬁﬁxo is a homeomorphism of X, and X,*.
Proposition 1. If & is a complete fp-space, CGB is a I-set such that CECOH«;’, for
any cé€C*, then in (X, <) there exists a least upper bound UV( for set ~4C = {VG‘BEC}

We consider the set Q={616€‘B ,Jce 0*360(«5;60}5[- ’\<6,80>é Lo)} . We show that ’.Dem,v(B)

the facts that fb is a I-set and that 9 satisfies condition 1 follow at once from the defini-

L ]
tion of D. We verify whether property 2 for D holds: if C €D, then we have
VbecIe 3b (c cCale byeLnbb)e L),

By the I-sample principle [4], there exists d,(A such that

becIe,edIf (c,cCn (e by el ndBbyeL) A
A Yesed 3becb (e, ¢ Ale,byeLalbbyely.

We set ( & U oL, then from Vﬂofd (COQC) there follows that €€ (. From C,éf,' and
from the assumptions of the proposition there folows that there exists 5163 such that (Cf,é)é[..
From the validity of

Vbecde e ¢ A (c,aCale,b,> € LndhbdeL)

there follows that ﬂ&sv(, =L.JVC°€UW,4=V64 for any &éc; consequently, C€ C()nxq and
LING < v64 , and for be B such that {¢,b> € L we have ~Nb ====\_NC£V6". 646%. consequently,

% € 9, and property 2 is verified.

Since ({'é},eﬁéé for any 6&3, then Cgﬁ, and, as one can easily see, if ( C %o,
QOG m‘(B), then D & 30 . Since £ is complete, there exists a (unique) element f € X
such that L = B? . From what has been said above there follows that f = y~(.

Let £=—*<X,Xo,s, v, ! 30'*'* Xo) and ’g=(Y, \(o'é‘\?‘: 34—’ Yo> be two fp-spaces; let

W X—Y be a continuous mapping and
AP= {(60,6)!60& B, 6{: B, vbe ',woéo} c B x8,
Remark. The continuous mapping ],u can be restored from set L: for E € X we have
we) = u{o,b, 1 3b<b be Ly~ v.b <)},

A continuous mapping PJ‘. X — Y is said to be a computable mapping from ® into ¥ if L,
is a t-set. By C((®,%) we denote the family of all computable mappings from & into 3.

We assume that g‘ is a complete fp-space and that Bc Box B‘ is a I-set such that we have

the condition

Vee B (bee Con, , = pee Con, ). (2)
’ ° 1]
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From such a B we construct a mapping P.. x — Y in the following manner:

Let QGX and C‘?-b{& 36((& 6)68 /\665 ) CE; is a I-set. We show that C €
CY¥=celon - Since cel). we have

1 ¥, 1
vbec 3636 (beBAb=(b b Abe B: ;

by the I-sample principle there exists d,EA such that
¥6,ecbed 3G, (beBrb=(8,byAbeR ) A
AVbed3pec I (BeBAb=, 8518 eBD) .

Then dC B, _Pd, ¢, ﬁdc ; since 5d€ B: , we have Sdéconxﬂo, and, consequently, by (2)

we have (¢ = Pdé COﬂ

Yo,
By Proposition 1 in Y there exists U\>1C?. We set },us(f) =l_N4C\_, 143 X.

Proposition 2. The mapping }b&‘. X—*Y is a computable mapping from & into Y.

First we verify the continuity of the mapping ug. Let EGX 6€ B and \’ },bb('g)
then 6 € BP"(Y’ The set B y is obtalned from Cg as Q from C in the proof of Prop051t10n
1. Consequently, there exist C € CY and 6 3 B such that (¢, 6)&[, /\(6 6>€ L . Since

¢t e C§ , we have
X
Vb, €c3b (<6 6>€ B A @De Bg_\ ;
by the I-sample principle there exists d,GA such that

vbec b ed (<h,bde gAgee yaVbedIbec(<h bye BAbeB ).

0
x
Then dCB \'LECOn,xQ, let b, be suc};that (C{,E’)éL (1e,\)6 -L_NCL) Then
b, <% and if \'oboégex,then de B, CCC;;, }U%(gz-uv(l,»é;v“.
Consequently, ié\} % P,B(\;%) and the continuity of up is proved.

The computability of up follows now from the following easily verifiable equality:
T I T Y
L,=145)13438 (d =B A YbeSd (Kb byeL ) A pdbpe L' bye £,)),

Remark. a) BRE /A ; b) if u is a computable mapping from & into ¥, then L, satis-

fies condition (2). 8

We consider now the question when on the set C(.‘E, t,‘) of all computable mappings from
% into ¥ one can define a "natural" structure of fj-space. It is reasonable to restrict

ourselves to the case when 3 is a complete fj-space.

L 2
Proposition 3. If C L {C}C E(BQX Bg , ¢ satisfies condition (2)} is a I-set, then
C(ﬂ,g) has 'a "natural' structure of an fp-set.

For C€( we set yC = Pt‘.; then v is an enumeration { — co(ﬂ,'}'), where CO(Q,'}):{\)C\C,GC}.
A partial order on C(Q,g) is defined in the following manner: for [,Lo' *L,‘é C(£,g)
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o< Wy = VEER (pip)s pip).
We show that the quadruple
(U8, L(8H), <, v: C— L (8>
is a complete fj-space.

First one has to prove that {(((%,¥), C°(£,3), < Y is an f-space. We establish at once

condition 1 of the definition of an fp-space, from which there will follow this statement too.

Let de C"' and assume that there exists p/e C(@,#) such that YL & w for all C€ d . We

set Coe'-*- Ud, and we verify that for c, we have (2). Let C1 c ¢ and assume

. 0
that 6016 Con ; then there exists Yog U%(&C) s if 646}(14 then (60,64§€C’§Ud.
for some 606 BO and 460,64>EC for some CE€Q . Then \“64 < [Vc](go\ < P’(io) , consequently,
4{64 < !,U(io) for any 646‘}004; from here f,ci € Con,yﬂ(
that w'co=uqd,; for this we establish the following fact, needed also later: for C,C'é C

and c, satisfies condition (2). We show

we have
Ve g Ve &= V<60,b‘>e cde“se’( V(G;,Q;:)éc"(vof);é \?060) AN, < L v, pef. (3)

We note that from the definition there follows easily that ¢ &€ ¢’ € { implies VC & ve';
further, (60,6)66 implies \’15145?@ (\’060\); the condition in the brackets means that \)ié‘e
[\JC”]WO()O) (< [Vc'](doboﬂ . From these remarks there follows the implication from left to right
in (3).

Assume that the right-hand side of the equivalence (3) is true and let E'EX; then

pag=uiv b 36<b breca v b £X)}; letdh b €cand Let v,b,< ¥ by virtue of

PR 070~
the right-hand side in (3), there exists (" C ¢’ such that \)46‘s[x?c"_-l(\)ogo\é@cﬂj({}é

E/O'_](E) , from where [\)C](i)&[‘&']({) and Ve &ve!
From the equivalence (3) there follows at once that qe=u{v({(6o‘6’>§)l (60, %) €c¢ } for
any ¢ € (; thus, returning to the proof of the proposition, we obtain
veg=u {3 ({<b,b> 1)1 ¢b by e e § = {u{(GLhBIVICE, byectieed) = Livd,
Property 1 is verified.

From the fact that the right-hand side of the equivalence (3) is a I-relation, there
follows that

L,= {cyeple,eet, veyeve,

is a Z-set. If d,éoon,cm 4.y c&l ., then Qc=u\pd,@ \iCé\'(Ud«)/\\‘(Ud)é\’C; from here
(X1

there follows that

L={d,e>l delon cel,ve=uvd}

iR, ¥,y

is a I-set. Condition 2 is also verified.
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Condition 3 also holds since for W€ C(,e,g) we have

BV'= L'}“'

It remains to verify the completeness of the fp-space
(e, 9), @), & v:C—C (8%

(which will be denoted simply by C(£,%)). Assume that the I-set R & C satisfies conditions
1 and 2 for the sets Bg. In particular, from condition 2 there follows that for any d € B*

de C»Oftcm#)vand, consequently, yUB satisfies condition (2). By Proposition 2, the mapping
s *
W belongs to ((£,%). A simple verification shows that B = L = B,
ub Pub PUS

Remark. If we consider the category FA of fp-spaces (the objects of this category are
the fp-spaces and the morphisms are the computable mappings), then it is easy to verify that
in this category there exists a direct product ExY% for any two fA-spaces 2 and ¥. The nat
natural character of the structure (when it exists) of the fj-space C(Q,“é) is confirmed by

the following two easily verifiable facts:
1) the fp-spaces ((£:%,3) and C(Q,C@-’%)\ (when they exist) are isomorphic (in the
category {FA) ;

2) the signification mapping (: 8 * C(2,4)— y‘,’((?({,w):—‘wz), _%'E-X, well®y), pey)
is a morphism of FA .

We indicate a series of sufficient conditions in order that the requirements of Proposi-

tion 3 should hold.
»
1. If C’ORY& ;2 then C is a I-set.
Then, obviously, { = (Boﬁ BDT

In the formulation of the subsequent conditions we shall assume that the following con-

dition holds:

8% < Cor. N is a I-set { A-Con),

o Vo
II. If in the admissible set A\ there exists a I-function P such that PQ)= {616€A,

6@0«} for all Q€ A’, then under the condition 4-Con on £ the set C is a I-set.

Indeed,
& Yo'e P *
cel c c)(8ce Bo\ Conx’vov PCE Coan).

We consider two more conditions: for a natural number N
N
A B b e Gny oY s a pesee (ACN)-Con)s
Yee B: (ce Cor}mf’ vb,.. b€ c({?y‘,.,,,%N}eme’%) (Con(NY),

III. If there exists N such that § satisfies the condition A(N)-Con, while ¥ satisfies

condition Con{N), then C is a I-set.
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Indeed,

ceCes Wb, B, (bubSec by, .6 Ye
ety (<8, B b, b Y eton, v (b . b b e Lon ).

Some of the derived properties can be carried over to the space of computable mappings

((£,9). For example, we have the following

THEQOREM. a) For any admissible set A and for any natural number N the category FA’N
of complete fj-spaces, satisfying the properties A(N)— {on and Con(N), is Cartesian c],.osed.

b) for an aSmissible set A , having a I-function P such that Ya( P(O,,)={6]65A’6 c @}),

the categor
gory IFﬁk,z}.—ﬁoﬂ

of complete fj-spaces, satisfying the property A-Con, is Cartesian

closed.

Cartesian closedness means the existence of a direct product of objects and (in the con-

sidered case) closedness with respect to the formation of the space C(@‘y‘)
a) The following fact can be easily verified:

If & satisfies property A(N)-Con while (the complete) ¥ satisfies property Con(N), then
C(,%,'S-) (which exists according to III) satisfies the condition Con(N).

It remains to verify that if ¥ satisfies also the condition ANY-Con, then also C(Q’g)
satisfies condition A(N\-—Con, .

We show that ((2,%) satisfies even condition A-Con. If d & C* then d,# Con L ad
C(za}),\‘
gt N gN 4 N { N
Ud? C =3 (80,54 DA (60, 64 Ye ud ({60,..., &o Ve Con,x‘%/\ {64,,..,%‘ X Con,Ym);

the latter is the I~-condition.

b) If the assumption of part b) of the theorem holds for A , and & satisfies the con-
dition A-Con, and (the complete) % satisfies condition A-Con, then for de ¢ ¥ we have

oL¢ Con g 4y & Y d¢C &> 3cePlud)bee Con, A pee B Cbnm);

the latter is the I-condition.

The proved theorem allows us to define for any admissible A the concept of a partially
computable (or I-) functional of any finite type. Unfortunately, the family F; of all such
s-functionals of any fixed type o need not have "good" (computable) enumeration, as it has
been proved in [2] for predicates, but such an enumeration cannot be achieved even for the

type (0|0) in certain admissible sets A (there where universal I-functions are not present).

Remark 1. The families of Ij-predicates for predicates of type o, constructed in [2],

have a natural structure of complete fj-spaces.

Remark 2. In the definitions of computability, instead of Z-predicates over an admissible

set one can use I-predicates over a T-admissible set [3].
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Remark 3. The sets A\t , T€ PT, constructed in [5], have a natural structure of com-
plete fp-spaces.

Remark 2 allows us to consider the complete f,-spaces [l] as a special case of complete

fp-spaces for appropriate I-admissible sets A

Namely, let S be an arbitrary infinite set, let A = HFZ(S)F* <HF(5)‘, PHES)) be
a I-admissible set (consisting of HF(S), i.e., all hereditarily-finite sets over S), in which
the positive predicate variables run through all subsets of HF(S). Then any subset of HF(S)

will be a £- (even A-) set.
We have the following obvious

Proposition 4. The category F of complete fp-spaces is equivalent to the category

FISI of complete f,-spaces, having a basis of cardinality <[S|.

Proposition 5. Let & be a complete fp-space and let !,b: X — % be a computable map-

ping. Then there exists a smallest fixed point %‘ € X of this mapping. If C(,@,.‘Q} "exists,"
then the correspondence wv—'ztb is a computable mapping from C(fq.’g) into 2

We prove the first part of the proposition. By Gandy's theorem there exists a smallest

set (which is a I-set) P S B such that
1) 816 P (here b, is such that VE)L=.L);
2) beP, Kb bd>elt = beP
0 ! (L w 1
We verify that P satisfies propertiesland 2 for Bg. Property 1 is obvious.

We verify property 2. We define a transfinite sequence of sets EL S B, & is an

ordinal, such that:

< (Bl<bbye L),

Py, = 161366 ABE> el D
Ei}éﬁ"" for a limiting ﬁ .

We define a transfinite sequence of points ‘S' :
oL

T, =L § i = AR, gkp d<ﬁ.§d
for a limiting B provided L} exists.
By induction with respect to ordinals one establishes that for &L € O'Ld.(A) Eq exists
and P = B
S 1

Gandy's theorem asserts that

= P
L€ %)wd(Av ot

and the set of D == {(6,&)]&6 O'LCL(A\), gé Pd} is a I-set.
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If C € P*, then
Véec Fu (te 0d(AVA (bud € DY,

by virtue of the I-sample there exists @ & Ovd(A) such that

Yecued (LB,0>eD).

1f do ==Udr.doéold(A) and c:a -— B‘ , then C,GC»O!‘LXv and 66 Pd < P for 666 such
0 o ] -]
that Q,g) € L. Property 2 is verifiedoand, consequently, P is By for some £ € X; it is

easy to see that :?" = Y and it is the smallest fixed point for u.

*
The computability of the correspondence w — ‘i’u , when there C(.%, .Q) € [FA exists,

is proved in a similar manner.

Remark. This rpoposition is valid also for I-admissible A\ .
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LINEAR GROUPS OF SMALL DEGREES OVER THE FIELD OF ORDER 2

A. S. Kondrat'ev UDC 512.542

In the "Kourovka Notebook" {[4] V. D. Mazurov posed the following problem 8.39.a): to
describe the irreducible subgroups of (;L/z (2) for #sn<f0 . The casesn =7, 8, and 9 of
this problem were considered in [2, 3] and in as yet unpublished work by the author. In
the present paper the solution of the problem is completed modulo the classification of finite

simple groups. We prove the following

THEOREM. Let V be a 10-dimensional vector space over fF(Z),6=GL (V), H an irreducible
subgroup of G all of whose composition factors are known simple groups. Then one of the

following cases holds:

(1) H< A gSS % S, ,where A is the stabilizer in G of a decomposition of V into a direct
sum of five two-dimensional subspaces. All subgroups isomorphic to A are conjugate in G and
A<Spm(2)<(;. If H is not solvable then £34\A5~‘5/7/.

(2) H55¥5L5{2)Z Sz , where B is the stabilizer in G of a decomposition of V into a
direct sum of two five-dimensional subspaces. All subgroups isomorphic to B are conjugate
and maximal in G. If H is not solvable then either #=58, or A« Aut ([/5 (2)).
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