GROUPS WITH REGULAR ELEMENTARY 2-GROUPS OF AUTOMORPHISMS

P. V. Shumyatskii UDC 519.45

In the early 1960's there arose in the theory of finite groups the following

Conjecture. Suppose G is a finite solvable group, V is a subgroup of Au,tG, Cé\/):/j,
(W\,IGI)=4 , and |V| is the product of /L primes, not necessarily distinct. Then the nilpo-
tent length of G is at most .

It is well known that if the pair \ | § satisfies the conditions of the conjecture and
IV|=2, then [f is Abelian. Shult [4] showed that the conjecture is true if V is an ele-
mentary 2-group. Bauman [2] proved that if YV is a four-group, then the commutant of F is
nilpotent. Many other cases of the problem have also been studied [3, 5, 6]. Almost all of
the results depend on the theory of representations of finite groups. In the present paper
we suggest another approach, which does not require that G be finite. Here consider the
case where V is an elementary 2-group and (¥ is periodic.

THEOREM 1. There exists a function 70(1:, %) of two ﬁatural variables such that any K-
step solvable, periodic group G’ admitting a regular elementary group of automorphisms of

n . . .
order 2" has an invariant series

G‘:H/—DHZ;) ;Hn+1=/s

in which the factors are nilpotent and the nilpotent length of H{' / H«';H is at most 7[)(5,“) ,
icvgh .

THEOREM 2. Suppose G is a periodic group admitting a regular elementary group of auto-

morphisms of order 2™ . If some term of the derived series of G having a natural subscript
is hypercentral, then G has an invariant series G‘=H1 = H.z;)"';/-;1+4=4 in which all of the

factors are hypercentral.

It is easy to see that these results are stronger than those of Shult and Bauman. More-
over, they show that in some cases the conjecture can be significantly strengthened.

In connection with Theorem 1 it is appropriate to mention that for any integers 7 > 2
and K21 there exists a K -step solvable, periodic group admitting a regular elementary
group of automorphisms of order Zn .

We also mention that the approach suggested in this paper enables us to obtain a gen-
eralization of the theorem of Kreknin and Kostrikin [1] which says that the nilpotent length
of a K-step solvable Lie algebra admitting a regular automorphism of prime order P does not
exceed some number /1(/07“) depending only on P and K. It can be shown that a K-step solv-
able Lie ring Lfll, admitting a regular elementary group of automorphisms of order 2 has a

system of ideals

A=Af942;._. ) L.,W::O,

Translated from Algebra i Logika, Vol. 27, No. 6, pp. 715-730, November-December, 1988.
Original article submitted February 24, 1987.

0002-5232/88/2706-0447$12.50 © 1989 Plenum Publishing Corporation 447



such that A’E(L’K’_ Z“(;-H for 1212 Nn.

This paper comprises three sections. In Sec. 1 we establish some general properties of
an elementary 2-group of automorphisms, in Sec. 2 we prove the main results, and in Sec. 3
we make concrete the arguments of the preceding sections in the case of a four-groups of
automorphisms.

Tﬁe author thanks N. F. Sesekin for helpful discussions that aroused his interest in

this subject.

1. An Elementary 2-Group of Automorphisms

If 2 is an element of any group and &l is odd, then ,1',% denotes an element (f of (2>
such that 9&2= z .

Proposition 1.1. Suppose |/ is a group of automorphisms of order 2% of a periodic
group G .  Assume that each element of CC—( V) has odd order. Then G‘ has no involutions.

Proof. We proceed by induction on /2. Suppose n=4 and U is an involution of V.

Assume (- contains an involution [ . If ]{+(%] is even, then an involution of &-i% is con-
tained in CG_(V), which contradicts the hypothesis of the proposition. Suppose [¢-¢?] is odd.
Then (50:(:)%-1; is contained in CG(V) and is an involution.

Now suppose n=K > 2 and the proposition has been proved for /1<£K-1 . Suppose ¢ is
an involution of Z(V). If > contains involutions, then, by what was proved above, some of
them are contained in c (V) . Note that H"C (), is obviously a |/ -admissible subgroup of G,
and V induces on it a group of automorphlsms of order less than 2 Then, by the induc-
tive assumption, CH(V) contains involutions, which proves the proposition.

Proposition 1.2, Suppose G‘ is a periodic group without involutions and ¢ is an auto-

morphism of order 2. LetJ={ze(C, o’ jf{} Then (= (U) y=J- C .

iz

Proof. Suppose X is any element of (> . Put g =(& :r,") 94"'(.2: .1‘/)2 , h='z
It is clear that p= g/L /194, and it is easy to see thatg ? , he CG_(D' . .

Proposition 1.3. Suppose Vis a regular elementary group of automorphisms of order 2
of a periodic group ( ; W is a subgroup of index 2 inVY , and geV—- W . Then:

a) if £ € CG_(V/), then /= 2”1

b) C (\)(3’) is an Abelian subgroup of ( ;

c) each element & of CG(\X/) is weakly closed in C (\x/) i.e., for any % in &, 'T/““é
C \\X/) if and only if r¥= 1.

Proof. Assertions "a'" and "b" follow directly from the previous propositions. Let us

prove ''c."

Suppose L, ¥ € ( (W) If n=1, then (> is Abelian by Proposition 1.3, "b," and
z¢=12 . Assume n = K>2 and the assertion is true when A< K-—1. Suppose € W*/—/-—.
c (Ld) , and \/ W/ are the subgroups of Ayl H induced by the actlons on H of the groups
V W, respectively. By Proposition 1.2, % hg« , where h€H 9 ? We have 2¥= x/h?_
(9= 2447 , hence xf=z" . 1f V=W , then 1= CH(V)—CH(W)=GC_CW), hence L={1
and £#=2 . If V%W , then [V: \,7]=2 . It is clear that |\V[<[V], and therefore, by
the inductive assumption, zh=2 and xé=2
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LEMMA 1.4. Suppose G is a periodic group without involutions, Y is a four-subgroup of
Au,f G- , and L? ) ()é s l/-; are involutions of\/ . Assume ? is an element of G’ such that
, -
?3_—_ ? ! . Then there exist uniquely determined elements &, £ of CG(D;) s CG({IZ) , respec-
tively, such that a,f”3=a,'§ g%‘—'- 5'1 ?/ "’—“g&)g.
Proof. Put@z=09(02)"7£:={$6@ ;JT,&?: ‘c.f}{g(;s_‘?. By Proposition 1.2, ?=?zhz , where
526‘72 ,fLZGQ-z. Also, h2= 9«1/?,1 » Where ?16‘ \74 , /Lie G:r , and in view of the VY -admissibility
4 1 4 0’1 = 4 {f’= ! .
of Gi we may assume that é’?é [;2 and fz,1é Gz . Since ? !.% , we have (?Z%hf) (hf
Y s
? ?, )2 , Or
1402
G oth =k "0 g . (L
g, /L4 /L1 % ?2
Using ('€ and applying the aut hism 0 to A G 9. f btain the relation
ing ?Z , and applying the automorphism (], to 4% ?,z 1?«1 , we obtain the re

-4 -4 ottt - T o AR e ) , e . :
%/11 92 %,h4_/11 ?’, ?2 /"1 4 s O é@z %/7'1% 1?2‘/"1 %/"1 ?7 . Since in a periodic group without in-
volutions there is no nonidentity element conjugate to its inverse, it follows easily from
i = i by _4= -1 h €

the last equality thatf: ﬁ” 1. Then relailon (41) assumesithe form 92 % % % , hence ?ﬁ
C(qv —alrgz €gip gt 2 hb= =4 d
9?’4)' But%(@ ?,11);1 ,,hosanc:ta?2 ?1%91 . Put?4_g,g_?25 Q. Then? 28 an
the pair 4 ,5 obviously satisfies the conclusion of the lemma.

Now assume the pair @, ,54 also satisfies the conclusion of the lemma. Then 5;’50/551_'6

1 p=! - -

G—4 . Applying to éfﬁ”azfﬁ, the automorphism J, , we obtain 5;’5@65:’=51 6 b/g 151 . It fol-
lows easily that 55;25 is conjugate in G to its inverse, hence 55;25=4 . Then 5=é1 and
and Q = @4 . The lemma is proved.

Proposition 1.5. Suppose the conditions of Lemma 1.4 are satisfied and | is a V -

admissible subgroup of ( such that ?6 7 . Then e, 5 e T .

Proof. This follows from the V -~admissibility of T and the uniqueness of the pair
a,,5 proved in Lemma 1.4.

LEMMA 1.6. Suppose G— is a periodic group without involutions, V is an elementary
subgroup of order 2% of Aut G, and M is the set of all maximal subgroups of YV . Then
there exists an ordering v{, \/2, vevy \/2;1_4 of the set M such that C—=C@(\Q . Cg(\/z}- Lot CG
(Va ).

Proof. When n1={ the lemma is obvious. Suppose n=2,\/#= {!/;,Lg,oé}; G—& and :f;; are the

same as in Lemma 1.4, /</<3 . and £ is any element of (> . By Proposition 1.2, for some ’(‘1,23

3
2 2
in ﬁg we have L € ?363 . Clearly-g; € ys , hence, by Lemma 1.&,§3=@5 @ , where ( and é
are elements of@nj and Giﬁyj , respectively. Then g-?‘;%=6@?;1 . This shows that
1
-4 -4 . -4 . & . - .
b 935 Gj , since (§ @-49/3)3 -—-60/93 . Therefore %5 Qg% and 7 6%% %, as required. Note
that we have proved that when =2 any ordering of the set M satisfies the conclusion of the
lemma.
n-4
Now suppose that /1> 3 and the lemma has been proved for l\/]é 2 . Let \/1 be any
element of M . By the inductive assumption, there exists an ordering \)ﬁ/ﬂ\x{z, v ,\X/zn—dr_{ of
. n-1
the set of maximal subgroups of \/1 satisfying the desired conditions. For each | =4,2’_,,,2 —1

there exist two elements of YV, , different from M , containing \;(/L We assign to one of them,
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arbitrarily, the number Ji , and to the other the number -2(+4., It is easy to see that we
obtain as a result an ordering of M . We will show it is the desired one. Put GZ=CG(V£) s

1&1'/&2’1—4 . By the inductive assumption, G=X1'X2’, .. .in-!—f where X[’ = CG—(\X/L)’ 1etl <
n-4 s _ i - #_ .
2" 4. Suppose U(, is a four-subgroup of VY such that \X/c N (,L. 1, U[; = {twu/w 0;} , and
20 )

above we have X('I=y(; \/L.z Yf , where

- .y

2

f= =

Y. CG(u,&_\ﬂ XL G—(vzi)’

Y, =Cepn X, =LV ).

G 2+

'C;;é \1;, u; eV , 0; € VQZH AL <2y, By the assertion of the lemma for =2 proved

Thus we have shown that

= %%%G;C‘q%- R G;'Gén._i' G‘;’n“! X

G

K 2k

&G G{' for any K in {4,2,--.,2,1‘4-1}. But then GGG (=66 &G, hence G”_—G{'C',,

2K "2kt 1 IK2KEAA 12K 2K+
G}GZ{ R Gz"~¢ . The lemma is proved.

f

Since when /1=] any ordering of M satisfies the conclusion of the lemma, we have QGE

LEMMA 1.7. Suppose G’ is a periodic group without inveolutions and VY is an elementary

subgroup of order 2™ of Aut G . 1f N is a normal V -admissible subgroup of G, then

CG_/N(V)=CG(V)'/V//\/.

Proof. We proceed by induction on /2. Suppose =4 and L 'is an element of G such

£ _, 1
that ZN € CG/N(V) . If U/ is an involution of YV , then .I‘,-O:z: e N. But ‘13'—':.@(1‘/—%) z(ﬂ{'(})z )

where $(£-%f%éce(ﬁ) . Consequently, pN ¢ CG(V)N/N . Now suppose /2= K > 2 and the lemma is
true for < Kk—1. Suppose U is an involution of V . PutH:Cg(O’) and let W be the sub-
group of Auf H induced by V. Clearly C(;(V)=CH(W) and |\¢/| <2™7 . Assume XL is an ele-
ment of & such that tN € C&/N(V} . As above, in the equalityﬂaz(ﬁ%)-%(ﬂ%)i we have
(J(}_‘{T,)%E/V ’y,=$(£“f@)"'216/-/ It is easy to see that %(H{)N)ECH/HnAg\xA , hence, by the
inductive assumption,%z—.ﬁf , Where AGCH(W) , ‘téf/ﬂ/\/. But then ;{;Né CG(\A/V//V Thus
we have shown that CG/N(V)QCG(WN/N The reverse inclusion is obvious.

Recall that if (@ is an automorphism of an arbitrary group G » then [__a,’G__—] denotes the
subgroup of G generated by all elements of the form .2 %2, where L& (& . It is known that
Eﬁ,,@.:] is always normal in (5> and can be defined as the smallest normal R -admissible sub-
group & of G such that Q induces the identity automorphism of the factor group Gr/,[{> .

If A is a group of automorphisms of a group G, we put G.zﬂ #EQ«,G].

Proposition 1.8. Suppose A is a group of automorphisms ,‘lwaAgroup G and N is a nor-

mal A -admissible subgroup of Q . Then GAN/N = (G'/N)A .

LEMMA 1.9. Suppose (> is a periodic group admitting a nontrivial regular elementary

group of automorphisms of order 2™ . Then there exists a periodic group Z) admitting a
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-q .
regular elementary 2-group of automorphisms of order at most Qn having a subgroup iso-
morphic to the factor group G—/Gv . If the K-th term of the derived series of ( is trivial

or hypercentral, then the K -th term of the derived series of QD is the same.

n-1
Proof. Suppose A is an abstract elementary group of order 2 . For each U in V
we define Vl)’ to be the group of automorphisms of G-/[()’,G—] induced by the action of V on G .
#
Clearly ‘\/[ 9™, We take as QD the direct product of the factor groups G/[U,G—], reV™ .

Suppose @ is a homomorphism from A into Aut X such that the restriction of A{P to each
factor G/Elf@ agrees with V Using Lemma 1.7, it is easy to see that C (A ‘P) =1 . Since by
Remak's theorem G/G is embeddeu in @ the lemma is proved.

2. Main Results

In this section and the next, Lemma 1.7 will be used without explicit reference.
Suppose V is a regular elementary group of automorphisms of order an ,nx>2, of a

periodic group G , and \/ \/2, ey \/;.,,_4 is a fixed ordering of the set of maximal subgroups

of V, and let G, C(\/) O< i< ™4, where V =V, R=1{0,1,1, 2“—4}

We 1ntroduce on Q a binary operation o as follows: If A and f// are elements of Q then

J'O L A=,
ﬂ,a/p=f(/01 =< A, if /1/":0 ;

Lv L A p AF0, 0,
where V is defined by the conditions (\/ ﬁ\/) < vv and V% A, /,(/

It can be verified directly that (Q o) is an elementary 2-group and Q#'—‘- {4,2,~--,
oMy }
Suppose \x/ is a subgroup of Y . Put _Q(\xA:gw&Q YW \/w\f . It is easy to see that
(W) is a subgroup of (O
Proposition 2.1. Suppose 2. is any subgroup of Q if W::S'DZV , then 27 = 82 (WY,

Proof. This follows from the definition.

Proposition 2.2. Suppose & and 5 are any elements of G and G- 740, respec-

tively. Then §~ 06 can be uniquely represented in the form 6 a,g ca, ¢, where O/ €6, ,

teG,, .

Proof. It is clear that we need only consider the case O% {a,ne fp\ . Suppose \x/=V>‘ﬁ
V!” and (/6\/ \X/ UGV -W. Then (/ U'GV —\;(/ and é'&ée C (\1‘/') . By Proposition 1.3,
"a," (4§ aé}”hé a,"’g hence, by Lemma 1. 4 there exist elements O/ of C (U) and C of

c (lf U\ such that g 0,5._ cac . By Proposition 1.5, 0/4 and C are contalned in CG(\K/
hence a/ec(\/) ce C (\/ \ , as required.

The element C whose existence is asserted in Proposition 2.2 will be denoted by ( = 6 .
IfA and B are nonempty subsets of G and G. ,/X/% 0, respectively, then we put AxB=
{a,*é €A, 568; Now suppose A AZ are nonempty subsets of G’;‘v’ Q‘z’"" GZ%, respec-
tively, where of, €& Q,oéa,..., d%EQ. . By induction we put A4*A2*..,*A;(AfAZ,,_*A }*/41 for
©t>3-
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-1
LEMMA 2.3. Suppose U is an automorphism in V" - Then

[v,6]=<G € Q-8(<o5),

Proof. Suppose o €L) —82(<rr>) and ﬁSQ((U)) Clearly d‘V&GQ*Q((()’)) It follows
easily from Proposition 2.2 that G normalizes the subgroup <G— L€ LI-L>)) . Since, by
Lemma 1.6, G is generated by the subgroups of the form G- , WE 5 , we see that (G oL €42~
Q({U})} is normal in > . It is clear that U induces the identity automorphism of the
factor group G—/{@ cot € - LU, hence [1,G]& <G- LER-LUD)) . We will establish
the reverse inclusion. Suppose « is an element of Q such that 0'¢ \/d , and let (O be any
element of G Then, by Proposition 1.3, "a," (L = C.’/ Since extraction of a sgquare root
in G is p0551ble, we have Q=00 llfazl hence @ & [0’ G—] The lemma is proved.

Proposition 2.4. Suppose ' and 6 are elements of G— and G , respectively, and let
Q be the normal closure of 0,*6 in the group <&, 5) ’I‘hen ( is the commutant of <a,,5>

Proof. Note first that, by Proposition 1.5, a.* 8 € <a,6), so that the proposition is
properly formulated. By Proposition 1.3, "c," the elements & and g commute if and only if

&*5:/ , which implies the desired result.
Proposition 2.5. Let S= <G— G- £, B € £2%>. Then {§%) is the commutant of (.

Proof. The inclusion & C(S) is a direct consequence of the previous proposition and

the commutativity of the subgroups G— oLéQ If the reverse inclusion is false, there exist
elements @ and 5 of G and G , respectively, such that (= 6%6 , but this contradicts
the previous proposition. The proposition is proved.

Suppose K is a nonnegative integer, Gm is the x-th term of the derived series of G,
and ) is an element of[) . Put G- G. N G-(K)

LEMMA 2.6. Suppose 2 is a subgroup of ,Q and 23 is some coset of 2. . Suppose
also that 7 is a positive integer and 21 —A Ug is a partition of 24 into two disjoint
subsets. If

b2

Z_. Gu) if u)eA;
W6 i wes,

1~1 ‘
then G, ce&>c N¢(<Z"w" we 2 D).
Proof. Suppose gé Go' , where Ge&J_ , and ae[_.u)_, where W 62'4 . By Proposition
- - )
2.2, 4 (0,5 =(Q,C, where C€ G(,‘ou)’a?e%)' On the other hand, 6 b,ée G, where
©v-41 if WwWepB,
S = .
n, if w e A,

] S (L=1)7\(
hence, by Proposition 1.5, 0,4 S G-“) and ¢ € G(;w) . Since, by Proposition 2.5, C€ (G ))1)=

G_(t) , we conclude that 0/4,06 (4‘0;“)62’_1) and 6-40,6 € <Z‘a>" w 624>, as required.

Suppose Z =( (G-(K)) is the centralizer of the K -th term of the derived series of C_,
and let Z}l= N G?, A€ . Assume that P is a nonempty subset of £ and & is an element
of {0 . Then «[P] is defined to be the smallest integer /M such that P C CG(G:')
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If A is any subset of £J, then by A[P] we mean the following subset of A: {o eA;<[Pl>
ﬂ[PJ for each 3 in A} .

If 3 is a nontrivial subgroup of Q , then Z:[P] is the largest number M such that
& has a system of generators 6‘1,6;’,,.,6:_ for which Q;DD]; m o, 45(}&"{, .

Suppose

Q=0>00>..28 24 ={0] (2)

is any nest of distinct subgroups of Q , denoted by 8 . Then (/3,3) is the integral pro-

cession (.Z}f,ﬂz,. “"%m) of dimension 2n-3 defined as follows:
D 2 =00R;
0 , if =0
2) p = ’ Fomes ’ 1emen—-2
\(Q;Q AN, s z,. #0,
if )
3) 2 = o "czmr"O’ neg
I R femgh-2.
Qm‘f'f [P] ’ if 'BZHL% 0 ?

If a nest 3{ of the form (2) is such that for any other analogous nest ,32 we have (P,f]{)é
(P,%) , then instead of (P,.i) we will write §(P) . Here the symbol < is to be understood
in the sense of the lexicographic order defined on the set of all integral processions of
dimension 2n-3

Now suppose P is a nonempty subset of Zi. for some 1 in Q and 5 is a nest of the
form (2). By Proposition 1.5 and Proposition 2.2, for any w in Q# we have the inclusion
P= G» x/b » hence the expression (P+ G— 5) makes sense. We choose from each set

(Q -0 PE/D] an element /3, , 1coen . Viewing [J as a vector space over the field of
two elements, we note that f§ , /52, - «» fPn is a basis of [). Let A=/3&4°-/3£0" '0/3”'5 be the

representation of A in this basis, 15(;1<(;2<.. .Cl;sén«. Puté =f%[P] Asten
k4

a, = 559 oty =S, 1G£8,

LEMMA 2.7. Suppose 0<b < 624_...56,; . Then (P3)> (Pl x.. ./ . 3) where
"y s

=@;,ngs&

Proof. Note first that the statement of the lemma makes no sense if S<7 . We will

show that under the conditions of the lemma $» 2 . Suppose S=10 . Then A= and P con-
sists of the identity element of (> . But then (P,,S) is the zero procession, which contra-

dicts the condition 464 . Suppose $=1. Then ;\.—ﬂ,z for some T in {4 2,. n'} » whereas
A[P:i:O in view of the commutativity of Gﬂ' » which again leads to a contradiction 0<6 <0.
Now suppose 8§22 and (9,3} (@,9%, 3 (P /-* . "'/_.3>— %, ,9(2,1_3 For each 0'in Q’L-
Qq,H , where 1< '!«:E-'-.l:s"'f, we put g
T . —_—
G, i ce (-0 HYIA,
L = ¢ 7T T 1+
. =

G:’;{' H G% (QZ_Q'&M)[P] )
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Let H@:(Lg; Ge {2-42. > 2€G €5 - It is not difficult to show that P & CG(H¢) ,
. yq ?
J= @ < g+ Since g1552_<._“ £ g‘- , we obtain from Lemma 2.6 the inclusion /;C.T NG(H‘}) ,

3
< q/é S . Consequently, <PG>§ Cg(Hs) , hence, by Proposition 1.5, P* /; is contained in
CG(HS). By the same reasoning,

c * c
’D*/s_*/;—f_ C@(h;-f)"' ’ ’P*gﬁ“' /.; = CG(Hz) .
The last inclusion shows that for ’Z<l;2 we have Q?’EP] > Q,L[p'/;*...*/z_.] , and if QJ:IOJ=
* - - éb
-Q,L[P g*-""gl then <Qz Q,;H)ED:] ;(Q,b Q‘LH)[P*/;*" .* /2_] . Thus for 1£7 &0, we have

, and in the = 2 '
%‘z-—! 2%7.-4 i case .5821_4 (%,&_4 we also have xZ'Z > ] y“

Let us now assume the lemma is false and (P,,S)s (/D*/;"'.../z-, 3 ). Then, by what was
proved above, zzj = ‘f/ ,if 4s</'.<;2(t}2— 1). Let m be the largest number such that A € &J . It

is easy to see that it is also the largest such that %, € Q,ﬂ, . Suppose first that m< =1,

The equality. .@m= %m means that (Q -0 )[P]z(Q”;“Qm+1)[P*C*.. */;] , hence 061 6(Qm— Qmw)

[ T
De[ " a = ] - ™ . . =
[ PRERE é}_-] But, by Proposition 2.2, the set D= [;* /2 is contained in G;..;,s....’ Ay

G;“ , hence 0(1['_10.,/;‘*‘ . ,*/;]=O. Then &1[10]‘0 , which contradicts 04675 62- The proof

for m=n-1 differs from the above only in that we cannot use the equality £2m=%2m , Since

it is absent. This is inessential, since when [Qﬂl=‘i the same argument yields $=2 and
QmEP] > Qm KEP"Q]. The lemma is proved.

Suppose /1 and K are nonnegative integers, 722> Z . We denote by '/ﬂn’x the set of all
integral processions X=(‘cp‘T’27" "$2n-3) of dimension Jn—- 3 whose coordinates satisfy these
conditions:

1) if £,= 0, then Ly =Ty = =8, 3 =0;

2) 0= T, < Ky

. < N ém é _— .

3) if £4C, then 1€, <%, SK; 1 n-12,

. O n=-m -
4) it & 20, then {<g, 2" famsen-2.

It can be shown that fmn K1=4 +A(N,KY, where
?

AN, K = 2(*;"“‘_‘”;“1-2). (“/’L’i‘f) .
LEMMA 2.8. If P is a subset of CC_(G-m), then
5PYE .
Proof. Suppose 5(95‘—1(.1‘11,‘@2,--- 1"’82/1_5) . It is clear that to prove the lemma it suf-

fices to establish the inequalities &, _ I=msn-2 . If Zz, = 0, then §(P) is

=Z
1 2m+1
the zero procession and the lemma is true. Suppose 507>0 and M is a number for which ‘T’zm-1>
‘ﬂﬁmu . Let 5 be a nest of the form (2) such that (P,,,S):ﬁ(;o). Qur aim is to show that
under these assumptions there exists a nest 3 of the form (2) such that (P ,3)>(P,3). We
would then, of course, have a contradiction to the definition of 65(P) . Suppose o €(§2 -QM )
+4

m
[(P] . Then for any ﬁ in th" Q’mu we have/i]:p] ‘ioL[Pj . Put 3=

+2"°L> , and as the
m
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desired nest 8, take the sequence Qq D Q2:) ) Q S350 D, :)Q Suppose {P, 3,) =(%,

m+2
72’“ -7%2,1-3) . It is easy to see that %‘—‘ Y 2 é/f %m ¢ 2}7‘,-'47 c%”"< j}zm- The
lemma is proved.
Let

C&)=CLC,),
Gl OVE&I=C, GO0

H-{

Proposition 2.9. Suppose m is a natural number. Then Cng(;)ﬂ@‘v is contained in the M -
th hypercenter of C—v .

Proof. This follows from Proposition 1.8.

Suppose )(04)( <"'<XA(I’L «y 1is the lexicographic ordering of the set m

LEMMA 2.10. If P is a nonempty subset of ,Z , where 1 €2, and H(P)= )( , where 0=t <«
A(N,K) , then ,DC C t{@)

Proof. We proceed by induction on § . If t=0 , then. §{(P) is the zero procession and
_Q[P_]=O .  Therefore, Q contains a proper subgroup 2. such that any element M of £ such
that 150 is contained in 2. - By Proposition 2.1 and Lemma 2.3, there exists an auto-

morphism ¢ in V¥ such that r,6le (G. ,WE £2-52> hence PCC([UG.] Cq((}} . Suppose

t>0 and assume that if Q is a subset of Z , Where VY € 0 A is any normal VY -admissible
subgroup of 'C,=G-/L , and Q is the image of ( in —G_— with 5((:2-)4 S(P), then 5(; Cnt-,(a) .
Suppose B3 is a nest of the form (2) such that (P,.‘})=5(P), and let ﬂ:ﬁzamaﬁ{ be a basis of
£J such thatﬁ G(Q #1 -P],Jsz}sn . Then, by Lemma 2.8,/55@&@[@5...5&@ , and
</54[P] , since t740 . Let 9\=/3’;°ﬁ‘;;...°f&'s be the representation of A in this basis,
1

15(,{<Lz<,,,463-éﬂ/. Put &q=ﬁ5¢'@gz¢@[pj,/9—=%¢%—f <9< =P, =2, feomer

n

where {€M £ 5. Then, by Lemma 2.7,. (0/(.)5~4’3) <0(P),» hence, by the inductive assumption, 7?9_4

Cn""(G) . By Proposition 2.4, the commutant [/2_12)5_2] is contained in cnt.,(G) . Using this
fact and arguing as in the proof of Lemma 2.8, we obtain 5(;55_2) < f(P), where 36:;_2 is the

image of @ ") in C_=G/Cnt.,((}). Again by the inductive assumption,,@s_z’g_ Cnt-f(é) s OT ’JO&ZC_—.‘—

+ -1
C ¢_4(G‘} Repeating this argument $—2 times, we obtain PE C'Z((’} , where 1 =51
2-n

Since 3£ M, it follows that /DCC t‘(@} . The lemma is proved.

COROLLARY 2.11. c () < C(6), where 7=n A

COROLLARY 2.12. If G(M 1, then G—v is nilpotent with nilpotent length at most ZK\.
p Almk=s) §=1
Theorem 1 and Theorem 2 follows from Corollaries 2.11, 2.12, Proposition 2.9, and Lemma
1.9.
Remark. It is easy to see that, in fact, we have also proved

Proposition 2.13. Suppose V is a regular elementary 2-group of automorphisms of a peri-

odic group G . Assume there is a natural number K such that c (G(K))%j Then there exists
an automorphism ¢ in \/ such that C ([(f C1)#4.
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3. A Four~-Group of Automorphisms
There is no doubt that the estimate for 7[’(/’2—,/() indicated in Corollary 2.12 is not the

best possible. In the present section, without setting for ourselves the goal of obtaining

an unimprovable estimate, we will show that

L,k < 25~k 1.
In this section, | is a regular four-group of automorphisms of a periodic group G‘ )
= . (v .
\/#’; {0'1,172_, ([33, G-L'—CG-(%)’ 1< v<3, and Zn(G- )) is the A -th hypercenter of the m-th
term of the derived series of G— .
(G
Lema 3.1. V=G,
Proof. By Lemma 1.9, the factor group G‘/G“f has a regular automorphism of order 2 and

therefore, by Proposition 1.3, "b," is Abelian, hence ({'¢ th' We will prove the reverse

inclusion. By Lemma 1.6, @V=/V4N2/\{3 , where Na' =@dr‘l@-v , 1<v< 3. By Lemma 2.3, [U,,,G]
<G1, G—;? . Now suppose a,é/v,, . Since g € [z/f,G-], there exist elements 61,62,,,,,53 and C1,
¢....,C osz-andG

27 S 3

- — -1 -
"a," and applying to 4 the automorphism 0’,} , we obtain &=é &46;021...55 C; or a,?':.-. 5{@152 x
1

-4 _ -1 . 1
cz,__gqcsg;{c;’g;cz‘, .. gg CS' , hence a,eé @-”. But, by Proposition 1.1, /! 1is odd, hence

. (1)
ae C'U). Since (@ was chosen from /\/1 arbitrarily, we conclude that /\/1§ G . Analogously,

, respectively, such that a’=6:cfgzcz' .. éscs . Using Proposition 1.3,

Nz, NS = G(ﬂ , and the lemma is proved.
LEMMA 3.2. Suppose K is a nonnegative integer. Then:
a) C@([%,GMU)E sz(i})', 1«1« 3,
b) if K> 4 , then CG(CJ"%; CL5), where £=2%4,
Proof. We will first prove "a." Since when k=0 it is obvious, we may assume K=9S > 1.

and assertion "a" holds for kK< S—-1 . Suppose, for definiteness, that ¢=1{ . Put CG(D&,G“)_—]\)H
Cm____, Qm;a(s)n Gm= Sm; e Gm,= R, 1«msg3 . By Lemma 2.3, [V,,G“t]:-(%,ssf
Clearly 01 < CC(<R4’ Sz>) . By Lemma 2.6,,R3C_I_’ /Ve_((A)1,.5'z>) , hence (Qf3)§ CG(<'Q7’32>) R

and therefore, by Proposition 2.2 and Proposition 1.5, Q{*Kg(; CG(<R7’ 32>)ﬂ GZ._ Since, by
Proposition 1.3, "b," Gz is Abelian, we have @*Rzg CG(<R1, A>) . But, by Lemma 2.3,
(RWRZ} is precisely [D'j’ G(S'”:‘ . Therefore, by the inductive assumption, Q7* R3 = C 951

(G) - Then, by Proposition 2.4, the commutant [Q“R; is contained in 025_4 (@) . Using the
comnutativity of G—1 , it is easy to see that 025_4(@) also contains the commutant [_Qf, <R4,

[23)1 . Since, by Lemma 2.3,<K1,Rg>= sz, Q*(S-”J , on applying the inductive assumption to

the factor group E= 9/025.4 & we obtain -Q;c; CZ‘H (-G_‘), where -@; is the image of (& in E .

But then Q’g CZS(G), By the same reasoning, Qz and Q3 are contained in CZS(G.), which, in
view of Lemma 1.6, proves "a."
Let us turn to the proof of "b." When K=7 it follows immediately from Lemma 3.1.

Suppose K =832 and assume that "b" holds if K « 5-1 . Put ’Dm: CG_(G-S)H C_m ; 1€mg 3.
It is clear that ,Dm(—.'z' QM, hence [e,@:}g 025.4((;) . Analogously, [/?n Pz]g czs_,(G) , hence,
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in view of the commutativity of G-1 and Lemma 1.6, [P1, 5] < Czs-q(G) . By the inductive

assumption, applied to —G—- » Wwe have eg Ct(G) , where t=25’4 and e is the image of A2 in

G. Consequently, /91 & Cas_, (G). Analogously, /;@ c ng 4(@ , hence, by Lemma 1.6,

L6 e Cp (60,

COROLLARY 3.3. If (> is a periodic group admitting a regular four-group of automor-
phisms, then 7/1(@(‘)} c Zﬁ‘ 4(@-”)) for K=4,2,....

COROLLARY 3.4. The commutant of a K-step solvable, periodic group admitting a regular

four-group of automorphisms is nilpotent of length at most ZK—K— {.
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