ALGEBRAICALLY CLOSED METABELIAN LIE ALGEBRAS

V. V. Talapov UDC 519.48

Bokut' [1] introduced the concept of a Lie algebraic equation over a Lie algebra and
proved that any Lie algebra can be embedded in an algebraically closed Lie algebra, i.e.,
in an algebra in which any Lie algebraic equation with coefficients in this algebra is solv-
able. He also raised questions about the validity of a similar assertion in other varie-
ties of algebras, in particular, solvable Lie algebras.

In the present paper we prove (Theorem 2) that any metabelian Lie algebra can be em-
bedded in an algebraically closed metabelian Lie algebra. We make some natural changes in
the concept of a Lie algebraic equation over a metabelian Lie algebra, which make the equa-
tion conform to the metabelian structure of the algebra.

The spirit of the present paper is close to that of [1] and the principal method is the
method of compositions, due to A. I. Shirshov [2], applied to metabelian Lie algebras.

We also prove that if each of two elements generates the same ideal of a free metabelian
Lie algebra, then they are conjugate, to within a factor from the ground field, by an inner
automorphism (Theorem 1). This assertion is connected with a well-known theorem of Magnus
to the effect that if in a free group each of two elements 9’ and £ generates the same nor-
mal subgroup, then gi/==5'UQC‘, and also with the paper of A, L. Shmel'kin [3], in which it

was shown that the Magnus theorem is not true for free solvable groups.

1. A COMPOSITION FOR METABELIAN LIE ALGEBRAS
Suppose L is a free metabelian lie algebra over a field zé and has a set X’-{‘T&} of
free generators, ordered by their subscripts. We can take a basis of L consisting of the

regular A~ and /?] -words on X, i.e., words of the form

BTy T T
where o, >, ... < o, , the arrangement of parentheses being right-normed [4]. Regular

words of greater length are larger than words of smaller length, and regular words of the
same length are ordered lexicographically from left to right.
) %]
Any element 7€/ can be represented in the form 7=29+ 17 , where AT YA e

1
{7
4 }. It is clear that ¢ is a linear combination of /?{, -words, 'Zw a linear combination
of regular /?7 -words.

The largest regular word occurring in 7 with nonzero coefficient is called the leading

word of ¢ and is denoted by T

If w=2 , then by a subword of (L we mean (/ itself. Suppose U= T, XLy oo ‘sz is a
0 %
regular R{ -word, By the subwords of { we mean ( itself, the Ro -words Z_ , "‘VTocs R
7]
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1so th lar X, -words T
and also e regular A -words %.Z‘p, 'T/"z‘

°[5) . The subwords .Z'xz,...,.l"s, and also :1:“' if l’"‘o > 'Tocz , will be called strict sudwords

where (,6”,,.,/33;) is a subsequence of («,... ,

of the regular word .

Suppose f and g are nonzero elements of the algebra L. We define their composition
”Z',g) . The following cases, which are not mutually exclusive, are possible.

l)_f’m #+ 0 ,gwi‘;O . Suppose there exists a smallest regular R/ :word U that con-
tains 71' and ? as subzords, i.e., { 1is the leading word of elements 7('.1'0[1 ""zds and
?fﬁ,"‘xﬁf . 1If 7()3057['\‘,.. ;g=ﬁg—+...,d,ﬁ€£, then the composition of 7(' and ¢ with respect
to // is the element ({',g)=oc";fxdj...xecs —/3”§:L‘ e 1',52;

2) 7(’{”7&0, g‘”#:O, 98’)7& 0 . Suppose :’f=;[' contains ?“” as a strict subword, i.e., I
is the leading word of L, Z, .- L, g™, $2/. 1If g=yg@+... yck, then the composition
of £ and g with respect to ( is the element (£9)= 05”7(’— y;’xdoz*“,_,,xds g. B

3) g”’=0 . Suppose 7? contains g‘”’ as a subword, i.e., 7(,‘1‘&0‘1;(, ,,,1;‘5 , 1‘;‘£= gw = 9—
for some (0<(<S$ . Then the composition of f and g with respect to 72'— is the element
(7[',9)=oc_//—/'/7p,, where 7[; is obtained from 7/' by replacing ”f“‘z by ¢ .

In all other cases, 71' and 9 do not form compositions.

It follows at once from the definition of composition that the leading word of a com-
position is always strictly smaller than the word with respect to which this composition is
formed.

Suppose p“{'l"} is a set of elements of the algebra [, : R is the ideal generated by
this set; S{p)““{S:} is the set of leading words of the elements 7£ and of the elements ob-
tained from the %; by means of all possible composition (in any number); 5‘8’(}7} is the set
of leading words of the linear combinations of the elements Sj(o), 5&»6 S(P).

LEMMA 1. If 7(’6/? , then 7[— either contains a subword that is an element of §(P) or
contains a strict subword that is an element of Sm)(p)

The proof of this lemma is similar to the proof of a lemma of A. I. Shirshov [2, Lemma
3], and so we omit it.

A set [P is called closed under compositions if the composition of any elements %;,7: €

4

P can be represented in the form

(%,7) = 2ot 7, Ro o Ry

where the UK,Z are regular words, /?J is the adjoint multiplication operator, o, € ﬂ , and
the leading words of all summands in the right-hand side are distinct (hence each of these
leading words is smaller than the word with respect to which the composition is formed).
COROLLARY. If an ideal A is generated by a set P that is closed under compositionms,
then 7? either contains a subword that is the leading word of some element %; or contains a

strict subword of the form $© , where § is a linear combination of elements of P.

2. IDEALS GENERATED BY A SINGLE ELEMENT
Let us consider the case where the ideal A is generated by a single element ¢ . 1If

1= or =77 , then 7% cannot form compositions with itself. Now suppose 194 0 ,
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79% 0 . 1In this case, ¢ can form with itself only the composition of case 2), and 7 must
contain 5‘03 as a strict subword. If this condition is satisfied, consider the indicated com-

. - - )
position ’Z,=(’Z,’Z) =<t - lgY , Q€L"". It is obvious that Z, also generates the ideal R,

and 'T, <7, 'Z;o) = | 1f 7, contains T %as a strict subword, we again consider the com-
position 2,=(7,7,), and so on. By induction on the leading word, we obtain an element 7',
that generates the ideal R and is such that Z'M=’Z‘a), 7 <7 , and also either Z,= YAN

else 7' does not contain 7/” as a strict subword.

Arguments analogous to the one given above for the leading word also apply to the other
regular :?7 -words occurring in the expansion of ¢ and containing 29 a5 a strict subword.
Thus, we have the following

LEMMA 2. Suppose R is an ideal of L that is generated by an element 7 . Then there
exists an element 2 €/ which also generates R and is such that t*< 7, 2 *0 = @ , and
no regular /?, -word occurring in ¢* contains Z‘” as a strict subword.

An automorphism ¢ of an algebra L is called the inner automorphism corresponding to
ae L“” if for any :L’EL we have ¢(Z) =x+x/?a . It is known that the inner automorphisms
form a normal subgroup of the group of all automorphisms of L.

It follows immediately from the definition of composition in case 2) that the composi-
tion 7 =(7,%) of an element % with itself is obtained by the action on the element x't of
some inner automorphism. Therefore, the element 7" mentioned in Lemma 2 also has the form
'z*=/w:'z) , where ¢ is an inner automorphism.

THEOREM 1. Suppose each of the elements 7, and 7, generates the same ideal R of the
algebra L. Then there exist an element o & £ and an inner automorphism ¢ such that
7,= 9 (7).

Proof. Obviously, the elements %= ’Z,(o} and z;Zf’ cannot generate the same ideal.

Zzs- 'z;o) or 'Z/ ='ZIH), fzz = 22 . In these cases the elements 2, and

Assume that 7, = 'Z,M 0
do not form compositions with themselves. By Lemma 1, ’-Z_, contains the subword ’Z—z , and

!

7,
z
272 the subword ?.:'; , i.e., 2—’,='§ . Since the composition (’Z,,‘Z'z> , which in this case has the

form w;’@—«_,"{z . lies in R and has a smaller leading word, it follows that (?,,%,)=10, i.e,
‘ZJ, =7, @ .

Now assume that 7, # 0, 7,°% ( . Since each of 7, and 7, generates the same ideal,
we have Z7(0}=/6Z;w . Consider the elements Z,¥=/57 sﬂ, (7,), z;==,62 gﬂz (Zz ), defined by Lemma 2,
where the 40[; are inner automorphisms. Since Z: and Z; do not form compositions with them-
selves, we again have —i;='— 7; . Since the leading word of the composition (‘Z:, ‘Z; ) =
Of,-/’z;'“‘ o(z'/'z; is strictly smaller than Z; , it follows that either (’Z;‘, 'Z;)'”-" 0  or else
m) contains, by Lemma 1, the strict subword Ez“” . But the latter alternative is im-
possible, since the regular P’ ~words occurring in z';' and Z; do not contain the indicated
strict subword. Thus, ‘b: =/3‘b£ , 1.e., ‘(,1 =/07_’/6/32 907" o, (7,

The theorem is proved.

3. ALGEBRAICALLY CLOSED METABELIAN LIE ALGEBRAS
Suppose A is a metabelian Lie algebra over the field }é and {lQ} U {dg} is a basis of

this algebra, where the / , are linearly independent modulo the commutant and where each w; €
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A7 . Let S,z denote the free metabelian Lie product 5a=A* £<1’,>*...*,€<.’Z’n> of A and the
free Lie algebras £<.1‘£> with generators ;.
We associate with the elements &; the symbols &, and with the elements f; the sym—

4
bols 5 and consider the free metabelian Lie algebra /, with free generators {a&,}u{fj}u

{,T i ..,,.Z‘n} , where &;, 5! are ordered by their subscripts and £,>...>7,, T >aJ- >é: for
any 6',/, k.. Let Q be the ideal of F,L generated by the set M consisting of the elements
« K .
aié' _szoj a,K , if %(;=Z ’:,ja);‘ in the algebra /4 : (1)
X X . .
.. — if F = .. ;
6;56;/ Zé;/ . 1 0;(;: Zé;,j “ (’>c/ 2
& Q. forall (> /

Then Sm is isomorphic to Fn/Q , and this isomorphism extends the mappings CLL _
g b =g h =%

LEMMA 3. The set M is closed under compositions.

Proof. Denote the free generators of /7: different from Jl{‘“,,.cn. by GK . Since c/ <
Z the elements of the set M can form compositions in case 1) only under multiplication

by Cé . For C‘; > Cx> C. consider the composition

)
e e : ¢ -
(ob.c/. Zoké’d. ¢, >ck - (Cicx - Z]ocmcg >Cj

=(p -5 ¢ _ _ ¢ ¢ —_5 ¢
(cL.c/. Z"‘g,ﬁz)% (cb.c%/. Z*;,/ce)ck"(Cxcf'"zﬁ.jce Cz"_(ckc/' Z]ocw- 04505;

K
where the océ. . are structure constants of the Lie algebra A.

Compositions in case 2) can be formed only by the elements (3) among themselves. For
these elements and 4 > K ?// we also obtain

(a,b-@jmdk - (e a0 = - (aka/mb. :

The elements of M do not form compositions of type 3).

The lemma is proved.

Following [5], a regular word W of the algebra Fn will be called special if W con-
tains no subwords of the form aza., é ¢, 0,5 6. , or strict subwords a£

It follows directly from Lemma 1 that if QEQ , then ;_ is not special. Therefore, the
images of the special words in the algebra Smgti/Q are linearly independent and can be taken
as a basis of this algebra, which we do.

From the algorithm for reducing words to regular form and Lemma 1 it is easy to obtain.

LEMMA 4. Any element 7[ of the algebra can be uniquely represented in the form {=
fo-i“q , where ['° is a linear combination of special words and [}é@

By a Lie algebraic equation (in /2 unknowns) over a metabelian Lie algebra A we mean an
expression of the form P(’ﬂ,,,..,ﬂ,&“a , where D€ Sm, P%A, and if the linear part pm}

of P lies in A, then it is contained in the annihilator of the commutant of A.
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A metabelian Lie algebra B is called algebraically closed if every Lie algebraic equa-
tion over B has a solution in B.

The last condition in the definition of a Lie algebraic equation over a metabelian Lie
algebra is necessary because if the linear part of an equation contains no unknowns and does
not lie in the annihilator of the commutant of the algebra, then such an equation cannot
have a solution in any metabelian extension of the original algebra. Therefore, ignoring
similar cases, we consider only those Lie algebraic equations that are compatible with the
metabelian structure of the algebra.

If 0“=Zoz.[vz is an element of the annihilator of the commutant AH) , then A can be

embedded in a metabelian algebra //3\ in which v lies in the commutant. Indeed, consider a
free metabelian Lie algebra F with free generators {cé,c‘a} U{az}u{%} , where C7 < CZ < 55 <
a,j and the ideal R of this algebra generated by the set M and the element 626’4 - Z"Lii x
This element, being multiplied by certain regular words, can form only compositions of type

2) with the elements (1) and (2) of M. We have (0204—-2:0%5[;)&,/ = 0201 a,/. modulo the ideal

generated by the set M in F, since v lies in the annihilator of the commutant Am of A.
Since, by Lemma 3, the set M is closed under compositions, we obtain, by applying Lemma 1,
that the leading word of any element of R either is the leading word of some element of the
ideal generated by M or else contains 6’1 or Cz . Therefore, the quotient algebra A\= F/R
contains a subalgebra isomorphic to A, and the image of the element (J’=Zo¢i0’i lies in the
commutant of //fi\ .

By embedding, if necessary, the algebra A in //\\ we will assume that any Lie algebraic
equation p = 0 over A satisfies the following condition: if pm)t‘ A , then /D(mé /4({,)

Suppose p = 0 is a Lie algebraic equation over 4 , ,P is one of the preimages of p in
the algebra /‘;L , and N is the ideal of 'L;z,’ generated by the ideal Q and element ‘f’ By the
observation made above and the definition of a Lie algebraic equation over A we have for

two possibilities:

() =T,

(i) 1 = B8 +2 0, ¥2,6

In case (ii), we renumber the generators L,.... & so that #(0) =& . Since each of f and
f*, defined in Lemma 2, generate the same ideal, we may assume without loss of generality
that [ = {* . In view of Lemma 4, we may also assume that [ = .FO

LEMMA 5. Any element weN can be represented in the form

w= R+ AR+ .
LafR t EAfR +ZpfRE . Ry R R +g, %)
3 7 1 ts 4y it
where the C, are special @—words, L,-‘.‘..,..éés, S S QGQ
Proof. Suppose weN . Using, if necessary, the relation RwR(f=R()‘Ku« t RECL,()’J y we

may assume that
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H

w=XfR, . RyR ..RR R R +gqg, (5)

7 éb‘ 5,,5 2 z o " N, g 9
. . . .

where Lyé'"'él’y ffs"'écft’ Kf‘é"'éKé’ the C{; are regular R{ ~words, QIGQ

oy, =
Since for any %EF;L we always have ﬁgé/ & /’—;L , it follows that fR?RcL 0 , hence

the Rc, are present only in those summands of (5) in which all other adjoint multiplica-
i

(€4
tion operators are absent. Since the w& form a basis of the commutant A ), each 02 is the
linear part of some element %. of the ideal Q , 50 that fkyka, = #R%Rq,_ éQ, Therefore,

i L

we may also assume that the operator Ra«,; is present only in those summands of (5) in which
all other adjoint multiplication operators, including the Ra,- are absent.

—_ 7
If some ¢, i t ial, then C.=4., 4-€4. Using th lati =R -
e Cb is not spec , en G %, % Q sing e relation kcz “q; Ru.%-—c[;} N

where % “"‘oé_@;'f'... , we can insure that all of the Ca' be special K1—words.

The lemma is proved.

LEMMA 6. If an element (/ belongs to the ideal N and [L¢Q, then the word LZO contains
one of the elements .Zlb. as a subword.

The proof of this lemma is basically the same as the proof of a lemma of A, I. Shirshov
[2, Lemma 3]. Therefore, we will only make a few comments. We represent ( in the form (4).

1) Suppose 1{’ satisfies condition (i). Then f@% and pRCi lie in Q. Since /D¢A R

we have 7[(1) = (0 . Also, since any special R1 -word must begin with some ,1:&., the leading

word of the element 'fkg, e Rg_ Rw e Rc-t must be special. Inasmuch as such elements have
Uy — 74 41 4
distinct leading words, &°contains some £, .

2) Suppose 7[’ satisfies condition (ii).

a) If ﬁm = ( , then FRQ, & and ch,; = 0 , hence we can again apply the argument
L

of 1).
o
) and
(2

b) If 7[(0\ 7é 0 , then (Fa,é)oa ’C/Ld’a" (}“cb,)" = (”6 JBn/, Elements of the form (FRO,)

o
(1C ch) cannot Liave equal leading words. There remain two possibilities.

First, the leadi rds of fR, ...R, R ... R and {R can be the same. Then
st, e leading wo f 6’;, Jb's 2, 2, f o
'Ui‘ =z, and (; is the leading word of /L=701Q5‘ /25. Rm, Rx- . Using the equalities
' ¥ s J1 dt—1

{RC;‘ _ f/?,(“_' F(/L”\—C{:),

19)

R, = - RF? = 2,), where [Umxg T

F/’L(ﬂ= (][.(O)+F(1\)/Z/(f7= ][1(0)/L(1)= ?[.(0)/’/ _ {.(0) (0)’
we obtain

TZ»RCl;: _MR.B’L_ /Z/({'(O)'—a(.ﬂw) _ f( (1)__ cl:) _ f(O)/L(O)' (6)

0} 10} _

If h=3{ , then {
multiplication operator, then /'L(o)=0 . Therefore, in the right-hand side of (6) there ap-

0. 1If j is obtained by the action on { of at least one adjoint
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pear elements formed analogously to f/{y and A whose leading words are no larger than
{

The second possibility is that f ==1%,ai . But then, as is easily seen, (f - fﬂi)n con-
tains some J% .

The lemma is proved.

LEMMA 7. Suppose p%e,,...,mh) = (} is any Lie algebraic equation over a metabelian
algebra A. Then A can be embedded in a metabelian algebra B over the same field in which
this equation has a solution.

Proof. As B we can take 6;//“ . The given equation is solvable in B, and it follows
directly from Lemma 6 that B contains a subalgebra isomorphic to A.

THEOREM 2. Any metabelian Lie algebra over a field % can be embedded in an algebraical-
1y closed metabelian Lie algebra over the same field.

Proof. The set /\ of all Lie algebralc equations over the metabelian algebra A can be
well ordered. Suppose /L= {p& =0 }, {<2<7, T an ordinal number. By Lemma 7, the

algebra A can be embedded in a metabelian algebra B in which the equation./§==0 has a solu-
tion. Therefore, by a simple transfinite induction we can establish the existence of a
metabelian algebra A1in which any equation in /A is solvable. In the same way we embed A{

in , and so on. As a result, we obtain an ascending chain of metabelian Lie algebras
AC Ag S =

The union D of the algebras in this chain satisfies the requirement of the theorem, since
any Lie algebraic equation over /) is an equation over some algebra AK .

The theorem is proved.

It is known that any submodule of a Lie algebra containing the commutant of the algebra
is an ideal of the algebra. It follows from the solvability of the Lie algebraic equations
cuc==5 that an algebraically closed metabelian Lie algebra contains no other ideals. There~
fore, we have the following.

COROLLARY. Any metabelian Lie algebra can be embedded in a metabelian Lie algebra in
which each 1deal contains the commutant.

In conclusion, the author would like to thank Proffessor L. A. Bokut' for his guidance.
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