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It is well known [i] that with respect to the operation of multiplication, the set of 

all varieties of semigroups forms a partial groupoid. The structure of this is very com- 

plicated and still not known. In studying this groupoid the most natural problems are the 

following: i) to describe all pairs of varieties whose product is a variety; 2) to find in 

this partial groupoid some important groupoids (in particular, semigroups) and to clarify 

their structure; 3) to distinguish maximal groupoids and semigroups. Some of these investiga- 

tions have already been carried out. Thus, in [2] idempotents of this groupoid were 

described and a countable semigroup with nullary multiplication was distinguished, which con- 

sists of varieties of indempotent semigroups; in [3, 4] some conditions were given under 

which the product of two varieties of semigroups is a variety; in [5] a groupoid with the 

power of the continuum was mentioned, which consists of so-called 0-reduced varieties, that 

is, varieties of semigroups with zero O, having an identity basis of the form w = 0, where 

w is a semigroup word; in [6] a number of important properties of this groupoid G were proved: 

it is cancellative and is the union of two nonintersecting subgroupoids H and L, where H is 

the largest subsemigroup, and L is an ideal of G. The structure of H has been completely 

clarified [7, 8]: it is the free product of a free cormmutative semigroup of countable rank 

and a free semigroup of the rank of the continuum with externally adjoined unity. 

The main result of the paper is the following theorem. 

THEOREM. The groupoid G is the maximal groupoid in the partial groupoid of all varie- 

ties of semigroups. In the partial groupoid of varieties of semigroups with signature zero, 

G is the largest groupoid. 

We mention that this theorem gives a complete answer to the third question for the par- 

tial groupoid of semigroups with signature zero. 

Before proceeding to the proof of the theorem, we give the necessary definitions and nota- 

tion. 

In this paper we use the generally accepted terminology (see [9, i0]). Our notation is 

also generally standard or follows the notation in [6]. 

Let X be a countable alphabet, and F a free semigroup over X. For a word a of F we 

denote by C(a) the set of all letters of X that occur in writing 0~, and by 151 the length 

of the word ~L. A letter that occurs more than once in writing OJ will be called multiple, 

and the letters that appear in the first and last places in writing O~ will be called the 

beginning and end of ~L. For the graphic coincidences of the words C5 and b of F we shall 

write ~L=---~. The notation ~dL means that b is a subword of /~; ~ <0~ means that ~ is 
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a proper subword of ~. If ~ , then 6 will be called the initial and c the final seg- 

ment of ~ . In particular, this terminology and notation will be used in those cases when 

b or c is an empty word. In the word ~ ~ ~(~,~,., ~) the subwords ~ will be called b- 

blocks or simply blocks of ~ . 

We denote the variety of all semigroups by ~ . If ~ and ~ are subvarieties of~, 

we denote their ~ -product in the sense of Mal'tsev (see [i]) by 67~ . The product~Od6 

will be denoted by 6~ z . 

Let ~ be a subvariety of ~g and suppose that ~. A congruence jo of S for which 

the factor semigroup ~/~ belongs to ~ is called an ~-congruence. The smallest ~-con- 

gruence on S is called verbal and denoted by~(~,S). If A is an identity basis of 56, then 

as we know (see, for example, [ii]), ~(~,~) is the congruence generated by the binary rela- 

tion ~ consisting of just those pairs whose components are the values of some identity of 

A inS. 

A variety UL of semigroups is called periodic if every semigroup of ~ is periodic. If 

a monogenic semigroup that is free in ~ has type #~rrb~, we say that C7~ has type (~,frg]o 

Suppose that ~F. Then ~(~) denotes an ideal generated by A, and ~(~) the complete- 

ly characteristic ideal generated by A . The fact that ~E E(A) will be denoted by ~ ~ and 

we say that ~ follows from ~ . It is clear that if ~E~I~), then ~ f ~  , where ~ , 

~A and ~ is the image of ~ under the endomorphism ~: F -~. In particular, if ~=--=--~. 

where ~:f-~f is an automorphism, we shall say that & is equivalent to ~ , and write ~ ~ ~. 

We shall denote the set If~/~'~} by ~. If ~ is a congruence of ~ and ~6~ , then ~ 

is the congruence class of O that contains ~ . 

Let T be a system of identities. Then the variety given by T will be denoted by [T]. 

We say that the identity ~ = ~ is equivalent to ~2=~ with respect to T if [~=~]= 

~7~a=~ ~. This fact will be denoted thus: ~=J~ = 

In this paper we also use the following notation: 

O~ is the variety of all commutative semigroups; 

is the variety of semigroups with nullary multiplication; 

is the variety of one-element semigroups; 

pol is a free semigroup F with zero 0 and identity 1 adjoined; 

~,/~ is the Riesz factor semigroup of S with respect to the ideal ~ . 

To prove the main theorem we need the following lemma. 

LEMMA i. If ~ is a variety of null-semigroups that is not O-reduced, then ~z is not 

a variety. 

Proof. Let T be the set of all nontrivial identities satisfied on each semigroup of 

~. Then T = WU~, whereW={~.=OIL~},~=-{~,=~!~O,i~}. It is easy to see that ~= 

{~I~e[} forms a completely characteristic ideal of F. It was proved in [6] that the system 

of identities of ~ has an irreducible basis of identities of ~ ~. We denote the set {~I~= 

06~# ~} by D' and put ~=~{I~II~6~}. In view of the fact that ~ is not O-reduced, there 

is an identity ~ =~ in U that is not equivalent to the system of identities ~=7\{~ =~ 

with respect to I~ =O,~=0} Clearly, in this case ~ ~ ~.~,~(~=C(~ and ~#~. 

170 



~[~fUT~ for any ~,~dFI~'=9' and endomorphism ~ : ~ --~. We denote the set {~,,~=~I~_,~=~E ~ 

=g,I~,=0. q=0, /6f~} by V and put ~={~,~)LLd=~e~'}, ~='r~IIO4lj6&S}. 

~Let ~ ~ = { ~ , , , ~  ..... ~.~=0, ~.~C~,~,@ ..... ~M=~"4~'@ ..... ~MI ~ , ~ = O ~ I . - ~ V ,  ~;~ D}, a =  EA3 
and let S be a semigroup of countable rank over X that is free in ~ . Clearly, ~ = F°/@ , 

where e is a verbal 0~-congruence. Since D is a completely characteristic ideal of ~o , 

any class of 6" on ~o that is not a one-element class is contained in D Hence ~jo(~,~ °) 

~d ~°h¢~. 
Let ~ =~oI'~,~) . We show that (OS) 2= D/6". 

, = , ~ c ~ . ;  ), For since jo(£,~?~)---- S~,F°V~ (see [ii] for example), D,/~ F?~I~oCS, F°M = c° ° 

Hence ~ ==~t~,P°)6 , that is, o~O ~<==* O~o(£,~°)6 ~=~ 0~-'- ~. 

It is now clear that ,/Oe) ~ satisfies any identity of ~ and V . Hence (0~)£6 ~ , and 

We show that among the homomorphic images of S there is a ~" such that Z d ~, 
Everywhere below in the proof of Lemma I we shall denote by w a word of D' such that 

IWI=~% and by ~ =~ an identity of V such that I~I = f& , and we shall assume that UY ~- 

~(~ ..... ~, ~ ~L6(~,..,~, 3°~=/0(',~,~ and ~ :~-~S is the natural homomorphism. 

We now consider two cases. 

i. Among the identities of V there is one ~ = &~ such that ~¢ gg$~. for all 

~4~ for all fg6/~, r5>~. 

Let if j =# ~. 
Since ~ is the variety of null semigroups, in this case 

~(~,...,~p) and ~ ~ ~(~p+,L-~÷~ ..... ~p+~) where ~d ~ ~g 

We distinguish two subcases. 

i.i. Suppose that ~% < $. 

We show that in this case the semigroup S-----~/~&~) does not belong to ~z 

We observe that ~t~, u/z .... ,~ ~,~) ~ f(/L/~,~ z ..... ~)~)~ for any f, ~& F ~ ~ ~ ~'U ~, ~ 6 

and any endomorphism ~; P'-~ ~. 

For otherwise, since ~/~ and L6~&~ ' , in each block of the word L~(L~f,UY~ ..... U~_~, ~i) 

there is no more than one end of a d-block. Consequently, I~l > !~I • But if }UYl = )~} , then 

from the equality ~Y~d,~ ..... t~-c~)-~#(/g(~1 .... ~)q)~ it follows that some d-block either occurs 

in a u-block or it is a proper subword of w i. The first contradicts the fact that ~ , 

and the second contradicts the fact that JYdD'. Hence l~rl>I/Ll , which is impossible, since 

Clearly, gg°-'~/90~'F 4°~PO~ " and ~z=O~F; hence, to prove that ff~z it is sufficient 
'I J'l ' & Jf 

to show that ~ &, . .,u/~_~o, ~ '~) ~ 0°~ 

Clearly, ~(~) is the complete inverse image of 0~"& - under the homomorphism '~-:$--+ ~. 

If UY6~ ~ ..... ~-4,6" L&f)e J(~) , then there is a finite sequence of words of ~ UY(~, .... ~_~, 

~]-=~I'~ ..... ~s =~' where <~6~ °~ in which either ~--=F~ or ~{ and every identity 

gg= ~,4 is an immediate consequence of A (see [12]). The first contradicts the choice of ~L~ = 

~ and ~ , the second contradicts the fact that ~(M~, ..., U~_~, LL~7(~(~ ..... ~)~)~ for any 

~&~,~6~'U~, ~ ~ ~ and endomorphism ~: ~--~ ~. 

1.2. Suppose that ~>i/~. 

Since C(~)= C(:)-----{~,~z,..., ~>@} and )L~}=~ , there is a letter ,.~ in C(u) whose multi- 

Plicity in v is not less than that of the same letter in u, Consider the words 0~ ~ ~(6~r~ .... 
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~e gb~ ~_ e) , where d>. for f~b ~ takes the value c¢. ~ and ~takes 4' L ~  and ~b~e,..., _ ~ , ~  ~ ~ , 

the value Lb ~. We show that in this case the semigroup S=S/$ (Lr  ~, ~ e ) d o e s  not belong to ~a 

Firstly, U~U~¢,...,~@_~, ~i)~ ~(~(i~,...,~z)q~ ~ , since otherwise we would have Igbl > l~I, since 

6gr=~. This contradicts the fact that ILgl=ra~6II~L6~IU6}. Moreover, in view of ~¢D, , -  ' 

the choice of ~,=~ and ~ we have ~C~,,,,,~_~,~)~ . Consequently, 0~ff(~l If 0~°'6 
! ! 

$(~e), then, since LL(~ ..... ~_~,~)~{(~ ..... ~)~)~ we obtain L6(~ ..... ~_~,gb~--= ~b~ ..... ~_4,gb1~ ~ 

for some ~,I~'~Ff. Hence for #,=__~t [ we have g/£~ ..... ~_¢,~)-~b~U~,.,,~_~,~), which is impos- 

sible, since u = v is a nontrivial identity of V and ~)A~Lb~=~, ~ ) ~ = ~  for all 

#j. If ~'~ ~ or ~;+#, then Ib~¢ ..... ~,~)I>'~(~,...,~_~,~)I. Taking account of this and the 

fact that Igbl~ 16~I , and that the multiplicity of Xq in the word v is not less than that of 

~ in u, it is easy to see that the multiplicity of ~ in v is greater than in u. This con- 
. o& ,, .  7 

t r a d i c t s  t h e  f a c t  t h a t U ~  ..... ~_ , ~ . ) = ~  [ ~  ..... LZ~__~,-.~)~2 ~ in  view of  t h e  f a c t  t h a t  ~ ( ~ ) N ~ =  

¢ .  Hence , Z ~ , , ~ I  andre's,,,, .... ~ ' _ ~ , ~ ' , ~  e ~ ' ~  ~ .... ~_~ ,~ '~  . ~ut since ~ ,~0° '~  and 
6" 2- 

All  the i d e n t i t i e s  ~ = ~  of V are such that  ~ < ' ~  and ~ . ~ .  Suppose that  ~,°~ 
i s  fro,, V. Then in T there are i d e n t i t i e s  ~,~/ = ¢ ~  and ~ , = ~ / 5 '  where ~/ ~ ~%~. Assume 

that  ~ = ¢ ~ V  . Then ~ / ~ ¢ ~ ) ' ,  and s i n c e ? ~ C ~ , ~  = ~ ,  we have ~ ? ~ ¢ ~ ,  that  i s ,  

,,~Z----(~ for ; ~ ' .  Hence ~ = ~ .  Hence, by v i r t u e  of  the fac t  that  ,~ i s  a nu l l -var ie ty ,  

it follows that 8&~ = 0 . This contradicts the definition of V. In exactly the same way we 

prove that ~ = ~  . Thus in this case all the identities ~=~g of V are such that for 

any ~ we have {L.Z..$~, ~tb~, ~. ,  .lJ.~ } ~ L~. 
In the set B, among the words of minimal length we choose a word u such that if ~ ~-gg , 

where ~ ,  then ~gg Since ~@~, we have ~------F~ for some ~,~f, ~/~/ and 

endomorphism ~:~-~H . Now in view of the fact that bb~ and ~ ~(gb) we have ~'={ and 
t i ~ ~ where ~ ~(~r;~ . Hence Lgr~ ~- Lb. 

In the set D' we choose a word ~ that has smallest length among the words of D' that 

have no multiple letters. Clearly, I~I ~< I~I ~< I~I ---- fb Jr 4, 

To simplify the proof of the remaining subcases we first prove a number of auxiliary 

facts. 

Suppose that Lb-~ bb(~, ~ . . . . .  ~a~ is a word of F and ~z • ~ .~  ~ , 5 r ~  , and that ~,....~Y_ a re  

such that ~ ~LZr/6b ~ '  £~b~) a ~(~)=~9, ~)N~(~)= ~ if b ~ ~ and there is no multiple letter 

in ~ for ¢~8<f~ . Consider the word ~b(~,.,.,b~_~: ~) , which is obtained from u by replac- 

ing 4 by~ for ~ ~ and ~ by v, and the word f(~(~,...,~z)~) ~ , where#,~F~ ~6~IU~, 

~i @ ~ and ~: ~--~ is an endomorphism. 

Fact i. If Uf~ ..... ~_~,b~)~(~(~ ..... ~z)~)~, then ~-65 and I~I ~ l~l. 

Proof. Since ~.~ and ~U', each d-block of the word ~(~ .... ,~v)~l~ contains 

the end of at least one a-block of the word ~(~ .... ,ggr_~, b~), where gl6{~,~_~,~J. Suppose 

that the block ~ contains the ends of the blocks ~L~W... , ~bgp, and ~ contains the ends 

of the blocks O~ ,..,, ~8~ and that ~ p ~  . Then from the fact that ~ ) ~ = ~  and 

~UT~l~ ~(~ = ~ for b +j it follows that ~p------~ . If ~p--~ , then in view of the fact 

that there is no multiple letter in ~ we see that the ends of the blocks 0~p and ~b~@ are 
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identically situated with respect to the beginnings of ~p~ and ~ respectively. (The proof 

of this fact is simple and is carried out in [6] in the proof of Lemma 4.) It follows that 

~--~ and 6L~p ..... 0~6p--- ~ ~ . If ~ ,  then in view of the fact that ~66(~ .... ,~_~,Lr) 

and £(~N ~ = ~ we again obtain ~=~ and ~p---- ~# ..... O~p=--- ~L~. 

We now set up a correspondence between each block~/ ~ of the word ~(~(~i ..... ~)t~) 9 and 

the letter £.6%j , and between each letter %j and the subword ~1}...~g~ of u, if ~ contains 

the ends of the blocks ~4/ ..... ~j" From the previous arguments it is clear that the subword 

~1<..~Z...~gZ,--~&~ of u, where rn~=I/bl , follows from L~a...Z ~ . But the word ~z...~r~ is 

a consequence of ~, obtained from it by possibly identifying letters. Hence ~ . It fol- 

10we that I~I~ Ig&1 In the case I~l=l~l , from the equality g&~ .... ,~_l,~)--?(/~(~,...,~z~{~we 
see that either ~j~ ~< 6Y or ~ .  This contradicts the hypothesis. Thus, I~l < Ig&l. 

Fact 2. Suppose that ~ and ~ C~'~'). Then if 66~, . . . ,~_ . / ,uJ -= .~(h .~ ,  . . . . .  ~)V]~, we 

have ~ ~ ~i 

Proof. Since ~.~ and ~ U  , each d-block contains the end of at least one w- 

block. We set up a correspondence between each d-block and the system of w-blocks whose ends 

are in the given d-block. Then if ~p~=---~, the systems of w-blocks corresponding to them 

are equal, since there is no multiple letter in ~ . It is now easy to see that some sub- 

word of u' is a consequence of ~. Hence, ~ ~--L8 ~. 

Fact 3. Suppose that ~ ~E D~ and that there is no multiple letter in ~. Then if 

~Ua~,. . . . .  '~ ------ ~(~I'" ,~)~)~ , where ~z~ for ~z ~ ~ , then ~-6L. If l=---~ and ~Z~ for 

/~b~/L then 6b---~ , where ~'. ~-~ is an endomorphism. 

Proof. Since ~j~ ifl and ~'~i~ , each d-block contains the beginning of a least one 

w-block. We set up a correspondence between each d-block and the system of w-blocks whose 

beginnings are in the given d-block. Since there is no multiple letter in w, equal d-blocks 

correspond to equal systems of w-blocks. Hence, ~ V-g&, 

If ~ ~ and ~ ~ ~ , then the beginning of each w-block is in some d-block. It fol- 

10we that ~&m~ , where ~;~ is an endomorphism. 

Fact 3' Suppose that U~.~ggr6~ ~ and that there is no multiple letter in w. Then if b 
~< .... ,~)<~f(~('~ ..... ~)~)~ where ~z,~tz ~ and ~ ~ ~ , then ~ .  

To prove this fact it is sufficient to repeat the proof of Fact 3, replacing "beginning" 

by "end. " 

Suppose that the ~ of ~ are such that ~=~JB. , where ~(u2)and ~ '  for & ~ j , 

and that the b of F is such that if ~6~(6), than ~k~ and #b~ for some endomorphism 

~ : ; _ _ ~ r -  . Consider the words /~ [~2~f , . . . ,~ )  and ~CJ~ . . . . .  ~, where ~j&/~ and gg&~ Clear- 

ly, a subword of 0~6~ ..... ~) has the form ~g&~,.,,,u~)~ , where / is a final segment of ~ 

and ~ is an initial segment of 

Fact 4. If /Lb(U~ ..... ~/km)9,~'<,...,~), then either ~/------~., or ~{~ f. 

Proof. Since ~=~¢--=~(Z1~, .... ~G~) , the word ~'~, ..... ~%)~ $+~.. %, where :~i~.~.,~,~,/ ..... 

@~, Clearly, ~.a ~C(~ ..... ~ and d<~fj.~..u.'.~i~i~ , where ~ is an initial segment of ~t.. 

Moreover, if ~%~------4. , then since .~. ~ ' ~ 5  , where ~B.~O(~')S , the subword O~p of f ~ . ~ , . . . ,  c/.~. '~ ,~ 

can only be equal to f~..UI~I. NOW in view of the fact that %~.~r6~.~,...,~)~. , we have 
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P t 

to see that  ~ { ~  f o r ' f ~ 1 4 l g  . Hence, O~Z~ ,+ , . . .%~z .  But s ince <4?UYU~ ..... ~ ) ] ,  we aga* 

have ~ . ~ { -  ~ . Cont inuing  s i m i l a r  arguments ,  we see  that  i = - ? G ~ v . . ~ ,  ~ where f f - = , ~  . 

I f  ? ~ ~ , then ;~  ~..  G f" where f ,  ~ ' ~ .  ~ e n ,  arguing  s i m i l a r l y ,  we see  tha t  f,------ f ,  

that  is  ~ ~ U f f . . . ~ ,  , and furthermore G ~ ÷ , . . . ~ . ,  ..... du--gbt.s ~,÷...~; I t  follows that  ~ - # ,  that 

is, y f ~ .  

We now return immediately to the proof of the lemma. Thus, ~f ~ and it has smallest 

length among the words of D' in which there is no multiple letter. Then I~} ~ ft+ q. 

Suppose that Lg-~L~(,g~ .... ,%), ~--=U~(~ .... , ~&], where ~8 is not multiple, and that ~g-= 

~%~_,.~,, %~, where ~ ~ ~ for ~TJ " We consider four cases: 

Case i. In D there is a word ~z--=gL~(£~,..~,~) , such that ~ +Uia and ~ ~ ~. 

We show that in this case the semigroup ~ = ~/$(&~) does not belong to ~z . Consider 

the word ~'~...,~ ~ it ~p_~ ~e~ . Since ~Oe'~ and ~/.e~p0~ to prove that $6 ~= 

is sufficient to establish that ~(U~.~T ...~6" ~- 6&e~. ) ~ 0~. 

we f i r s t  observe that for  any ~ , ~ F ' ~ / ~ Z ? O $  ~ . ~ N  and any endomorphism V: ~ - - ~  
we have L&~( ( .Z~ , . . . ~ .n_~ ,L .& )~  ~(/LI'L~ .... , ~ z ] L f ] ~ .  ' ~' 

For i f  G~% ..... ~ _ ~ . ~  ~ ( ~ 4 , . . . , ~ ) V I ~ ,  then since ~ ¢ ~ , ~ ; ~ % ~ ' ,  there is no 

mult ip le  l e t t e r  in ~ ,  and so by Fact 1 we have / ~ G  and !,4.1 ~ I ~ I .  Hence, since 2 '  is 

irreducible, we see that /~ , that is, ~F--~ z . This contradicts the hypothesis. 

Moreover, since ~ ( ~ . ~  ~6~)= ~ and L&~J 66~.~ ...... ~ .~ we have d3Z~y .....  ~ P - ~ ' ~ ) ~ t  

for any f, ~ &,~ From this and the fact that d~(C~ ..... U~yp_~, ~)~ ~{~(~ ..... ~-)~)i ' it fol- 

lows that "Z'~"*~2 ~ ..... dy ~Yp_~, ~,°'1 ~/ ,y(0-6" ) , that is, ~ 'u ..... ~p_~ ~, g~) -~= Oe&" 

Case 2. In the set ~ there is a word in which there is no multiple letter. 

Suppose that L~------c ~ 6V and that cb~ is a word of smallest length of $ in which there is i 
no multiple letter. Since ~LL/ and C:'~) =C~L~) by the choice of L$~ we have Iirl ~/ )LbyI 

If LL =~ LZ/~y,... ,~o3, where % is not multiple, consider the words Ov ~ uu'(~ ~ .... ,C~yp_~,~"c &~e} 

and 6 °'---/-y" ~" .,~J~;,,L~ °') ~ .  for ' - -~ /~  ~ , . .  _ , where ~ , p takes the value ~/.~,~ and J~p takes the value 

CL ~" We show that the semigroup ~= e,~ . ~  does not belong to ~a • ' .3 ,1  ~.' ~. ~ - -  ~ ~ , 

Firstly, ~&~ .... ~ _ y , L & ) ~ : ( ~ ( ~ .  ..... ~)V)~ ' since otherwise by Fact 1 we should have 

/Z ~-~ and )iLl ~ !~I. Hence ~ 6 ~ and every letter is multiple in /% . Then 6L~--~-~il, 

where /~ ~ [ or i~ ~ / Consequently, for ~ ~t~) either ~g&~-~ or /L~-~ . But {~, 

ILJ~} ~ ~, and this contradicts the fact that ~/~ . Moreover, since U~z~J~<~ ..... ~p_~L&} 

and u(~$)lqut~)= ~ , we have ~(~ ..... .'~_~,a&) t • Finally, in view of the fact that U'~)= 

~,u~1, J~ - ~ ~i and lq~I~i~I~ , we have IG~ ..... ~_~. ,~]I>-i~ ..... ~&2p_~,m)l. From this and the fact 

that -~=~ is a nontrivial identity it follows that ~U~ ..... ~_,,~)~fCg~,~ ..... [~, _,~)~- Hence, 

. L ¢ /  ~ e ~,d~/~,...U_'p_,~,U.'~')TI.,;,~/& ..... L.~/p_ ',,U~ T ) .  Thus ~-~ (&~ ~), that is ~ e ~ ~ = ~ ~. ~ ~ ~ . , ~ 

z '~b Case 3. In the set ~ there is a word ~.~-~,2,I., ~) such that ~ ~ ~ and $\~ ~. 

Suppose that  ~ =  ~ 6 V. C o n s i d e r  t h e  words  ~------~.~Z~... uz ~ ~ )  and S~ .~UZ~ ,U~ ~ ~¢)  
I~' ' ~p-q, I fY "'" 1p-4, 

We observe that us/.d~, ..... d~yp_,,,~)~ {t~t ...... ~)V),~f , since otherwise in view of Fact 1 we should 

have q,e--~/ and I,'L} < I~I. Hence 16~ and $\~F-LL, . This contradicts the choice of u&. 

Moreover, c&<(..~, ...,C~p_~,CL}~ ~, since LbZ~ LL((~f ..... ~p_~, LS] and ~g~y~)N C~) ----~ • Finally, 
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J~m.,e,L~p_~,~)~ ~(~ ..... ~p_~,~)~ , since otherwise from the fact that Cl~6)I]Oc~)=~ and 

~:~!-l)~t~j) = ~, it would follow that the u-blocks and w-blocks of the word ~(gt~H,...,U~4p_~, ~) 

,incide respectively, with the u-blocks and w-blocks of the word L~¢~I ..... ~>tp_ I,~) Hence 
, uy ~ ~- ~¢)=# a subword of LL~ . This contradicts the fact that 6&#=~&V. Thus, 6&i( ~4~, .... rp_~6, 

L$]: i '~.. an d s o . c~,p_~;~'$), in this case the semigroup ~=~/~ ~e) does not belong to ~ 
z 

Case 4. For U/. from ~i, either $g6~(~) implies that ~ggOt, or $~--UY., and in any 
J z J 

word ~&.~ of ~ each letter is multiple and either ~C(~) implies that 2& -.~ L%, or 5\ ~ P-% . 

We show that in this case any word L&f ~ ~- follows from some word ~# ~ , in which if 

,~6~(~), then ~ ~. 

For if there is a wordtL~in ~ such that for some S£&d(Lg L) we have ~LL~ , then 

~\~.~-cg..~ ~ Then ~'~-i' , where ~.&~. Suppose that &~e-~L~ and lgLl =~)&~l.l)gL]~,~j.~} ° 

We denote I~,1 by ID and put ~p={~dlL.~'d-B, IL~jl=pJ . If in gg4 we have ~gz-<.ig~ for J~6C(LL<] , 
then ~--=~ If this is not so, then L~£Y-~ , where gt;z6$\ ~ . .  Clearly, Ig&zl~ P and ~e-iLg. 

Now if each letter x of ~(g&] is such that $5z~ gbg, we put ~------~L z . If in ~6gL£) there is a 

letter x such that £g~ ~g~ , then Ig&£1=~ and in ~ there is a g6 such that /~&~--~ and ~& 

~\gLzULC~ . Since g ~ ~, L&,tbz~ p and the number of equivalence classes of ~p is finite, 

it is easy to see that in finitely many steps the process leads us to a word 6L6 ~ , where 

~. .~LLt~,  and either for any letter x of C(~) we have ~z~gt or gL+ ~-6& , where}gL I < 

p. Then in the first case 6g~gb , and in the second case ~ ~ ~L~. 

We recall that in the case under consideration t ~  ~ and there is no multiple letter 

in MY~. Hence, a P-- ~ , that is,  U ~  ~LL~V / for G~.~ But since every letter is multiple 

int~,,~ ~--=~gg~ implies that ~ ~. { or Q ~ {. Consequently, I~I=/LJ-@. From this and the 

condition I~I ~ [5 #" ~ obtained earlier we have I~[= ~4 . But since I~ >I t~ J- 4 and the 

last letter is not multiple in ~ , we may suppose without loss of generality that ~ =---~ ------ 

Suppose that ~(I~,...,~8) and ~.----UX(~ ..... a%~) , where ~C.~. for be i . 

We now prove that the semigroup S=~/$(:e) does not belong to ~ . Consider the word 

~(g~ ..... U~£_~, gL~ where the last (nonmultiple) letter of ff takes the value Lb. If ~(g~, .... 

~_~,~&~)=O~ there is a finite sequence of words of ;o:~tg&~,..., c~E_I,, U~) ~ ~, ~z'"'' ~------- 

~&v~, where ~&~o4 , in which either ~ or every identity ~=~ is a direct conse- 

quence of A. Clearly, ~9~(~ . Hence, ~(c~l ~ ..... ~_.~,gC~--/(li(&/,...,~)q)~, where ~,9.&~/L6~'U~, 

~j &~ and ~;>7 ~ is an endomorphism. Hence, since Lo ]J ,U..~f~Lg~/D , and there is no 
multiple letter in U~$, by virtue of Fact i we have ~ Y- ~ and I~I < Ic~l. Consequently, ~ 

and I~l=~ • Then the last letter in h is multiple. Hence, ~[~I~,.. ., ~)~)..< ~+~ ~,..., u~._~). 

But since IU~{l=fL and ~ . ~  , we have ~ ~-'/ and ~---~> . Hence ~i ~-Lb~ " But, as we 

showed earlier, U~ gb Consequently, in view of the choice of u, we see that L~ ~ and 

~-~gL. Hence ~ ' ,  where ~ , and .~(~) and ~(~ ..... &~,~&) =~{~ .... ,~)~. Thus, 

%~(UJ~I,...,U~&& , where ~J~(tg)----.~ and 6 ~ t ~  ~, 
It is now clear that ~/m~ 0 and i-~(~, .... ~0,)gg, where ~=~&~'. Hence tL z ~U"~ .  
If O~Z------ ~/~,...,~)~)~, where ~& ~'U B , then ~f~U~f,...,~, G~--=;k~(~ .... ,~)~')~ . Hence, 

by Fact 2 we obtain ~- ~. Consequently, ~&~ , Hence all the letters in ~ are multiple. 
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But since CCU~NCC~,)= ~ , we have /~OI ~lu-,I  . If l~J > I/.,&l , then since ~d..6~, we obtain p~6D 
~ ( . ' ~ " '  . and ~(lbf C~ . . . .  ~ ) ~ ) ~  t( /L,Z(g ..... ~I~,~)~) . Now by Fact 2, from O'~(Lb~y~ .... ,~L~@,L~ ~ ~(~.(~2~ ..... ~z,~)~, )  

i t  follows t h a t N ~ e .  But since g ~ D ,  this contradicts the fact  that e C D .  Hence 

~¢, = ) ~ ) .  that  ~s. ~ - - - ~ .  and ~ , . . . . , % ~ - =  # ~ 4  ..... @ ~ ) . . o w  i f  ? ~  ~ . then by taking ac- 

c o u n t  of Fact 3 we obtain ~1~-tY . This again contradicts the fact that ~/~ . Hence, 

~y ..... ~q) ~/Ly('~y .... ,~)~--~(~, ...,~:I, where ~ is an endomorphism of ~ such that ~'. ~-+X, 
' ' 7.5 z Then from Fact 3 it follows that ~-~/L~u¢'. Consequently, L~fby~u(~, ..... ~)g ~/b~¢[~ , . . . ,  , ~ .  

It is now clear that ~b~ ~, ~ , ~ ' ~ ' ~ L ~ f ,  . . . .  ,<L~/~)LD , where /~=~tv . Hence, (b3 ~ fLY~. 

i ' that is, , where ' is the final and ~#%y the initial segment 

of ~i , we have ~i~'(~ ~,,..,~)<£~<,_ ...,~)]z.. and ~(~'., . . . .  ,~>~(/~ % I~(~ t, .~) . From what was 

said above, ~(~' ~'I--~,~, ~), where ~--=~ by Fact 3. But in the proof of this, 

each d-block corresponds to a system of w-blocks whose beginnings are in the given d-block. 

Hence, e i t h e r  ~ ( u ~ ; , . . . . ~ ) ~  ~t~(tZ~ I . . . .  , where ~ ~ -f Or ~:,~~ and ~, i s  the  f i n a l  
, l' " ~ "  ' ' 

and ~:! the initial segment of the word ~-[; for i~b.~ or ~t~ t , . . . ,  ~)m(~,~f~)~t~(d~fy ..... ,~). We 

' ~  ~ ~ (/b~11)~ t We observe that d~B~ ?7 since otherwise ~-= denote [ ~}~ by cx, and by c. _ , 

(~,...Ab~.~)~I~ ~6~. Hence, ~ ~  But this contradicts the fact that gg =b~6 ~. 

Suppose that ~V{~'. ~c., Y1 ..... LLi~/) ~ .  Then s ince  g ~  ,we have ~(~ ..... ~ ,  ~ 
E~,~(¢ ..... 4~) ~ that is ~,~,~¢'~,,...,4Lg)z-~C.(cO/y . . . . .  ~)@,f, C.,g,~,, . . . . .  CO ) ~ .  Now in view of the fact 

that ~ '  , where ~¢C(~}, and ~d~gbGC(~]~ = ~ for [,~; , the beginning of the w-block of 

the word ~M'~, .... ~) coincides with either the beginning of the w-blocks of the word 
t 

C~, ..., ~) . or with the beginning of ~I " But since ~ (~-)'i ~ ...,~)~@ ~ 8(0~,..., ~),~ we have ~{~ ----= 

~ for Igb~ . Thus, ~--=~£(~ ..... ~)~LL, where ~{ ~6, ~y~1) ~ ~ and~~(Lb) = ~ , 

., , Z%~ . Then for I~I > Suppose that  @~,.. .,;O~U.=-- # ~ 7 4  ..... @ ~ ,  e. =- e'e" C"÷ ~, /~=-- U 
I~) and )¢  >.,~, and in view of Fact ~' we see that  ~ . that  is .  ~ . - ~  , where ~ ¢  

C a  2 . ~or I~1 > l f  l . ,~,~ , ~  and I<~#,/~l~*~,~l we see t~at  % is not a mu l t ip le  l e t t e r  of 

and in view of Fact 3, £ ~ e ' ,  that is ,  ~ - C  and ~ ~ = .  This contradict~ the fact  

that C..I~:D If t(&f~.ll~l~l~,{$l for I~'t> I~'~l , then Z~ is not multiple in ~ and by Fact 3' 
! 

we obtain ~F-g , that is, ~zF-¢~ . Consequently, ~6~2. This contradicts the fact that in 

any word of B every letter is multiple. Hence, l#I ~ I~ • Now for i~I~ l~I and I(~6~#~I~I@~ I 
/ 

we find that ~ is not a multiple letter in f~z' and in view of Fact 3, ~Z~-£ , that is, 

,~e--~. Hence, ~ . This contradicts the fact that in any word of B every letter is mul- 

tiple. If I~@I~l~I the letter %~ is again not multiple in ~z" Hence, ~Z6 ~ and 

~ / e ~ % , . . . , ~ ) ~ , - k ~ ' < ~  ,~ /~E~.~4', , ' r '  - , ', ' 
' 

~'~(~t~l) ~ and ~ . Now since ~&~ and there is no multiple letter in ~z ' we have 

~-~ , that is,~~, where ~ But in any word of B every letter is multiple, and 

in ~ the last letter is not multiple. Hence, ~ #{ and ~k-~, and by hypothesis ~ ~--~ , 
I / 

where ~6C(~) for ~z~ Now in view of Fact 4, ~6(~,...,~)~(~ ..... ~-~ ' )~ t  implies 

that ~$~ =---~, where ~--~I and ~ . This contradicts the fact that ~ g .  Moreover, 

for I~I >l~l and If >~ I@,~I , in view of Fact 3 we have ~ZP-O ,  that is, ~£% I--C~. This con- 

tradicts the fact that C~. Finally, if l~'-.~If'~l~, then ~iC~ ..... ~ygb~ #(~a(~ .... , 
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~j~l~ implies that q~(~'%~qi'~¢ ..... ¢,~---~C~ .... ~'~for 4=;4' and 9--=~;~;, where 

- I  ~ ^  I q _ ~ .  ~u~ s ~ e  ~ ~ ~ ,we ~a~e ~ ,  a~d ~-=~. ~onsequent~y ~-=~ an~ ~=~.  Hence inth~s 

~ ( ~  ..... %1--= ~ , , . . . ~ ,  ~a~e i~ ~ - ~ ¢ G . . . ~ j ~ ,  the~ ~ ; 4  ..... @ ~ . .  where ~(¢,,, . ,¢>~, ' ' 
a~a ~ =-- h-~V~. 

Suppose that C~5(t~, .... ,L~W ~ ~(~z(~ ..... ~)~,)~ and 6=-~ ' Then for ~ >[L~I from 

Fact 3' we obtain ~- ~ , that is ~% ~--g£ . This contradicts the fact that ~£~D For £ ' Z 

I~[al6~l we find that the block ~ is not multiple. Consequently, ~£~ ~;%~ where %~ 

in view of Fact 3' we have Yb z ~-- g, that is, Hence, 

~z&~ . This contradicts the fact that in any word of ~ every letter is multiple. Consequent- 

ly, 7------~. Now for ~ ~ 4 we have ~z~-8'~ , that is, %~z ~- ¢~' which is impossible. Hence, 

~--f, and in this case, if 0~-- ~(~z(~, ,~)~) then ~ ... ~, ~ ~(¢ ..... ~ , ~  where ~C4~..,~;~=- 

Thus, %~ ~(~(4 ..... 4 ~  ( ' ' - ~ ~,...,%1~ e (~¢~ .... ,%~, ~ , , . . . ,%~I~ ,~=~,  ~ 

~t i~ easy to see that  in both cases  % ~ ~ and ~ , ~ - ~  ~ .... ' 4 } ' ,  where 

and ~) ~ ( ~ =  ~ .  Since ~ ~z,  that i s ,  ~g ~ ~e~%g, where ~Z~ is the final and ~4~e 

the initial segment of the word ~g' we have ~zz~g4~e~ (~ .... ~I~E~_~(~ ,~)~. Taking 

account of the fact that ~(¢',...,~'d~e [~(U~ ..... ~ ;  ~,Q(~ .... ,~)7, ]~,~-- - -~ ' ~ ~, we obtain 
either ~z~C~ ..... ~) ~- ~E(~ )~.~.~(~ ,~Ll.^)~,, where £~ or 7~q and ~g is the final 

and ~£ the i n i t i a l  segment of U~, or ~ ( ~ ,  . . . . .  ~)=---(~zz~e,%e/~;(U~ ' .... ,U~). Suppose that  
, ~ ' -= ~ , ~  e ~ , (~,~I~,~ ~-~ and ( ~z~z,)~4 g~ . We observe that ~,~ ~ D ,  since otherwise ~ ' 

consequently ~16 ~ , which implies that O~D. But this contradicts the fact that LL = 

~6V. Moreover, if ~(~' .... ,~)----- ~aC~U~ ..... U~, then, arguing as in the similar case with 

G~, we obtain ~ ~-~Z . Thus, O~-={~£~(U~ ..... ~)~, where ~a~#, ~ ~q,~- ~ or 

~ =- ¢~(~ .... , ~ ,  

Suppose that Cb#--~(~J~'"'"~'~z)7" Then i f  6~-#zC,(~ ..... ~ ) 7 ~ '  repeating the arguments given 
for the similar case with E~ , we see that 7---g,p-=4 and ~(~ E~=~' ,~')=-~(~. ,~a, 

where C<~-~ipZ%Op~. I f  %-=~<~(J~++,...,w+~ , then ~-=AGp-~<, and /~S~, ..... ~;t(z=/Z~2(Z;(. ~ ..... E~;)EC#mJ~...,~) , 
== ! where ~ -  ~ d ~ "  

• ~u~, ~.-= G ( ¢  .... , % 1 ~  ~ ~ '  ..... ~ I .  ~ I ~ , , . . . , ~ ,  ~ , ~ ,  .... , ~ G ~ ,  
~ % % ~  ~ ~ .  

~t is now clear that for any ~ , ~  ~°~we have % ~;@, ~ # ~ I  and so on. Consequently, 

in any finite sequence of words of /:°; (AJ~(EOff~,...,6/~+~. -.,' ~ ~ O~,Ov~,...,%_ #,G4' , .  where each identity 

~=C~f~ is an i~nediate consequence of ~, we have ~S ~ ~ " Hence, U ~ ( ~  ..... ~Z_~ ~ ~¢~0¢~, 
and consequently ~/~(£ re) ~ ~. 

Lemma I is proved. 

The proof of the next lemma is actually contained in [ii]. We give it here for the 

reader' s convenlence. 

LEMMA 2. If ~ is a proper nonperiodic variety, then ~z is not a variety. 

Proof. Since ~ is a nonperiodic variety, a free monogenic subgroup of ~ is infinite 

cyclic. Now from the fact that a free commutative semigrpup is embedded in some power of an 
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infinite cyclic semigroup, it follows that (/$~ ~. For an absolutely free semigroup ~ of 

any cardinality there is a congruence F ° such that ~/jo is a free commutative semigroup. But 

since there are no idempotents in ~/jo , ~6~ a. On the other hand, among the homomorphic 

images of free semigroups there are all the simple semigroups, and any semigroup is enclosed 

in some simple semigroup. Consequently, if ~eis a variety, then any simple semigroup P be- 

longs to ~a. Then PE~ , since any congruence do on P is either universal or the equality 

relation. Hence, F~, which contradicts the hypothesis. 

LEMMA 3. If ~ is a periodic variety of semigroups that is not a null-variety, then 

~ o~ is not a variety. 

Proof. Suppose that ~. has type #~,r~) and that T is the set of all nontrivial identi- 

ties that are satisfied on every semigroup of ~. 

If ~ is a verbal ~-congruence on F and x and y are distinct elements of X, then for 

~z and ~we can present the following two cases: ~ z  and ~ . Let us consider them. 

i. Suppose that ~ .  Then in T there is an identity ~z=~z . If ~=~, then ~=~, 

contrary to hypothesis. If ~> { , we take a free semigroup ~a of rank 2 generated by ele- 

ments a and b. Let ~ =~(~,~. Since there is an identity ~= ~ in T, from which it fol- 

lows that ~=~z and .~z=~z~, we have 0~ ~0~ jO~gL and ~ z ~  . Moreover, we have ~ 

and . 

For if ~y0Co ~, then in T there is an identity z = ~ , and so ~z+~=-~. From this 

and the fact that ~z=t ~, we have ~z= ~+~ ~ = ~  ~= ~z. Thus, ~£~= $~ and ~'=£~ 

are identities of T. Hence, ~ is a null-variety. This contradicts the hypothesis. 

The assumption ~ again leads to the same contradiction. 

Finally we show that ~-'/o--~ ~ and ~-~.~ 

For if ~-~ ~-~ ~ ~ ~÷~ gg~ , then in T there are identities ~ =~ and ~ ~- ~ . But since there 

is an identity I~-~ in T, we have ~--_-~%+~. Hence, 2%+~=~ ~+~ is an identity of T. From 

this and the fact that ~z= ~z+~ . , m~+z ~+~ = , we have ~+~= ~ea Consequently = ~ . Now 

In this case, from ~-----~*~ it follows that ~=~z,*~ ~>~ ~*~ Sg ~*~ 

~ ~+"~ ~-~ ~,~----~ it follows that ~----~_¢, ~"'~z~ = and ~"'~z~¢ - " Similarly from ~ z~ ~ .z+f 

Thus in r there are identities ~,..~z~=~,~,~..~z~ - and Hence, ~ =~z = 

~...~= ~ and ~z~z~=~x~z....~g z== ~z It follows that £ is a null-variety, contrary to 

hypothesis. 

If we assume that 0~-~gg z , then similar arguments again lead to the same contradic- 

tion. 

Moreover, in each class C/ that is a subsemigroup and contains an element u for which 

IL&l>fZ~ we fix an element 6.~ such that ~{dL 66L~ ~0~,~0~ } and [~l---/rar~{~O~Ig&6 Ig&l~ 

2~ . We denote the set of elements u of ~ such that I~LI >--- Z%, gc~ and t~2~ ~ by ~ . 

Clearly, if ~ fi~ , then £7 is an ideal of 6 ~b . Let 6" be a relation on ~z defined as fol- 

lows: if ~,~6~J~., then g&~ ~ g&,&~6~g, and if 6&~U ~. or ~U6: then U,6"0"-: ;-g6~. 

We show that 6" is a congruence on 
z 
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Obviously, 0" is an equivalence relation. It is stable, since if u&6"& ~ , then g&~ . 

Hence, for any c of ~z we have U~g~g. In the case ~ ~ ~ we have [gLl ~IZ%, I~I >-~ Z% and 

~,~#~. Consequently, [6~ > £%. I~l > ~% and ~, ~C~ ~ . Hence, ~0"~g. 

Let ~=~/0". Then ~--U~, where 

It is easy to see that this partition is an ~-congruence on S. We denote it by ~ and 

show that if tg is a subsemigroup of S then C6 is a semigroup with nullary multiplication. 

For if ~ is a subsemigroup of S and ]~i= I , then the proof is obvious. If I~]>4 , 

then ;6~I>~. Moreover, since ~ is a periodic variety of type (r, m) ~b~,~£~ implies that 

ta, I >/  "b, 1~,6 l ~%,  . Consequently, IU.:,~U.,ZI ~ g%. 

~At and ~%%~ 60~z-/ ~b~#~ z-~' $ , we have ~,~z~ 

. 

Furthermore, suppose that 6 ~ 0... v, g ~O~z~ 

But in view of the fact that ~ C 2 ~ ,  ~ f  
Hence, ~£= 6g It is now clear that 

and that A is the ideal of S generated by 84 

and e 2. Clearly, ~b~,~z~ggZ~A and in ~=~/A the class 0 ~'~'~) contains ~% ~gzg and 

~$~z . Consequently, 0£(£'S)~ ~ and ~ ~0~. 

2. Suppose that ~--~v. For ~z~z of ~Z we can present the following subcases: 

In each class a~ of the congruence j9 on ~ that is a subsemigroup and contains an ele- 

ment ~ for which 16&l ~ ~, we fix an element 6. such that %¢{0~z~ ~, ~zO~zJ . We denote the 

set of elements u of ~ z such that Ig&l~ £~, LL/{0~z~,z~z~tJ and ~&j0g~ by ~ Let ~" be the 

relation on ~ defined as follows: if gb'~Y&U6"~6[ ~ ' then g~c=~U/~r6~, and if U..~Ugl;L~[ ~ or 

0 ~ , then ~b~=~U~----~ Then 6" is a congruence on 

Let ~=Pz/0" . Then ~= U~-. , where 

~f e: -~ ~ • 

It is easy to see that this partition is an ~-congruence on S. We denote it by ~ . 

Moreover, repeating the arguments of part i, we can show that if C~ is a subsemigroup of S, 

then C~ is a semigroup with nullary multiplication. Hence, S&~° ~. 

Suppose that e6~0~ z, 6g~, ~ ~0~ v and that A is the ideal of S generated by the ele- 

ments ~, ~z,~ Then 0J, 6 % and ~ A  and in S=~/~ the class 0 ~(~'~ contains ~, 

and 0~ ~ . Consequently, ~ ~°~. 

2.2. (::b~'~OCv ~ o r  a f l ' g ~  ~. 
For definiteness we shall take the first and observe that if 0j%~>0~% ,then 8"0~t 

On ~ we define a congruence O" in the same way as in case 2.1, and consider the semi- 

group $=~£/6". The partition ~=UC. defines an ~-congruence ,~ in which a class that is a 

subsemigroup of S is a semigroup with nullary multiplication. Hence, ~ ~ ~o ~. 
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Now if 6~ ~ OJ £a ~ and A is the ideal of S generated by the elements g4 and gZ, then 

(b% ~% (~z and ~(L~A . But in the semigroup ~=~/~ the class 0 ~°(~'S~ contains gg ~, ~and 

ojz~ z . Consequently, ~ ~ ~o ~. 

Thus, for any periodic variety of semigroup ~ that is not a null-variety, in the class 

~o~ there is a semigroup S of which there is a homomorphic image ~ that does not belong 

to ~0~ Consequently, %0 ~ is not a variety. 

Lemmas 1-3 and the fact that the subgroupoids of a partial groupoid of varieties of 

semigroups with signature zero consist of varieties of null-semigroups [13] prove the theorem. 

The author expresses her sincere thanks to Professor L. N. Shevrin and Reader L. M. 

Martynov for supervising the work and for useful advice on the form of the article. 
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