THE LARGEST GROUFPOID OF VARIETIES OF SEMIGROUPS WITH ZERO

T. A. Martynova UDC 512.53

It is well known [1] that with respect to the operation of multiplication, the set of
all varieties of semigroups forms a partial groupoid. The structure of this is very com-
plicated and still not known. In studying this groupoid the most natural problems are the
following: 1) to describe all pairs of varieties whose product is a variety; 2) to find in
this partial groupoid some important groupoids (in particular, semigroups) and to clarify
their structure; 3) to distinguish maximal groupoids and semigroups. Some of these investiga~
tions have already been carried out. Thus, in [2] idempotents of this groupoid were
described and a countable semigroup with nullary multiplication was distinguished, which con-
sists of varieties of indempotent semigroups; in [3, 4] some conditions were given under
which the product of two varieties of semigroups is a variety; in [5] a groupoid with the
power of the continuum was mentioned, which consists of so-called O-reduced varieties, that
is, varieties of semigroups with zero 0, having an identity basis of the form w = 0, where
w 15 a semigroup word; in [6] a number of important properties of this groupoid G were proved:
it is cancellative and is the union of two nonintersecting subgroupoids H and L, where H is
the largest subsemigroup, and L is an ideal of G. The structure of H has been completely
clarified [7, 8]: it is the free product of a free commutative semigroup of countable rank
and a free semigroup of the rank of the continuum with externally adjoined unity.

The main result of the paper is the following theorem.

THEOREM. The groupoid G is the maximal groupoid in the partial groupoid of all varie-
ties of semigroups. 1In the partial groupoid of varieties of semigroups with signature zero,
G is the largest groupoid.

We mention that this theorem gives a complete answer to the third question for the par-
tial groupoid of semigroups with signature zero.

Before proceeding to the proof of the theorem, we give the necessary definitions and nota-
tion.

In this paper we use the generally accepted terminology (see [9, 10]). Our notation is
also generally standard or follows the notation in {6].

Let X be a countable alphabet, and F a free semigroup over X, For a word g of F we
denote by C(a) the set of all letters of X that occur in writing @, and by |2| the length
of the word @. A letter that occurs more than once in writing Q@ will be called multiple,
and the letters that appear in the first and last places in writing @ will be called the
beginning and end of 4. For the graphic coincidences of the words & and b of F we shall
write &36. The notation 5&04 means that b is a subword of & ; 6<@ means that 5 is
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a proper subword of & . If a=k , then b will be called the initial and c the final seg-
ment of @ . In particular, this terminology and notation will be used in those cases when
b or ¢ is an empty word. In the word A = w(é,é,.._,é@) the subwords 51.1 will be called b-
blocks or simply blocks of & .

We denote the variety of all semigroups by W . If (L and & are subvarieties of %,

we denote their // -product in the sense of Mal'tsev (see [1]) by %;@,?3' .  The product 067;0(/

will be denoted by (%.

Let (¥ be a subvariety of #! and suppose that Se&flL A congruence P of S for which
the factor semigroup 3,{}9 belongs to (I is called an (} -congruence. The smallest J{ -con~-
gruence on $ is called verbal and denoted b}: JJ((L,S). 1f A is an identity basis of <L, then
as we know (see, for example, [11]), ﬂ(GL,S) is the congruence generated by the binary rela-
tion ﬁ consisting of just those pairs whose components are the values of some identity of
A in S.

A variety (L of semigroups is called periodic if every semigroup of (I is periodic. If
a monogenic semigroup that is free in (¢ has type (¢,m), we say that (I has type (¢,m).

Suppose that AC F. Then J(A) denotes an ideal generated by A, and E(A) the complete-
ly characteristic ideal generated by A . The fact that t%éE(A) will be denoted by A i—g and
we say that 4 follows from A . It is clear that if bEEHA) , then 5&{&‘/? , where f, ﬂé!c,f
déA and QY is the image of ¢ under the endomorphism ¢ F —F. In particular, if 52 ay,
where (:F—F is an automorphism, we shall say that Q& is equivalent to 4 , and write a~b.
We shall denote the set };['c'/:/f"a/} by & . If P is a congruence of & and a€S , then a’
is the congruence class of O that contains Q.

Let T be a system of identities. Then the variety given by T will be denoted by [T].

We say that the identity u{=v; is equivalent to u,2=0§ with respect to T if [T, w{=z,§]=
=9

T2 2°
In this paper we also use the following notation:

[T'u,2= yl. This fact will be denoted thus: W=y

(I 1is the variety of all commutative semigroups;

?7 is the variety of semigroups with nullary multiplication;

® is the variety of one-element semigroups;

F°"is a free semigroup F with zero O and identity 1 adjoined;

S/ is the Riesz factor semigroup of § with respect to the ideal J .

To prove the main theorem we need the following lemma.

LEMMA 1. If £ is a variety of null-semigroups that is not O-reduced, then %2 is not
a variety.

Proof, Let T be the set of all nontrivial identities satisfied on each semigroup of
£ . Then 7T=WUU, where W={walLéI}, U={u}-=L‘7jlu?$Q(/;.%O,jéy}. It is easy to see that /) =
{wgiééf} forms a completely characteristic ideal of ¥, It was proved in [6] that the system
of identities of W has an irreducible basis of identities of W'. We denote the set {U{Ju{‘ =
Oéw'} by D' and put ITL=l7u'/’L{!(,U&I\u);éDI}. In view of the fact that £ is not O-reduced, there
is an identity L = in U that is not equivalent to the system of identities ?;=T\{LL-1—"4(/:}
with respect to {4 =0,0=0} . Clearly, in this case 0, £ w . du, Cu)=Cup and u,‘#quf?,
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L,%rwq’g for any f{, ac:/: wel' and endomorphism ¢ : £ — £ . We denote the set {wd=u£|w€=ude U
, ,Uéffuz OVZ =0, (<L} by V and put B= {wé,%lu,& U,’:e'\/} /nin{lbcljééﬂ}.
- Uy )= 0. (g B = Uyl )] = 0Nty =0y V.t ¢ D), b= [A]
and let S be a semigroup of countable rank over X that is free in® . Clearly, $= Fo/é‘ s
where G 1is a verbal I -congruence. Since D is a completely characteristic ideal of F°
any class of G on £° that is not a one-element class is contained in [l . Hence GC ﬁ(%,FD)
and Fl6EZ.

Let A =ﬂ<’5€,3) . We show that (0°= = [/6.

For since jO(ﬁE F%) = Jo(\? F%/6 (see [11], for example), S{/J”F?@‘/ﬂ(gfof@)=acozfp(£,.ca),
Hence &f‘g @QD\QE; Y6, that is, OJJOO ap(Z,F Ve=a:zD.

It is now clear that 506) satisfies any identity of W and V. Hence (OG)’pEQ , and
sed’

We show that among the homomorphic images of S there is a S such that 3% %2

Everywhere below in the proof of Lemma 1 we shall denote by w a word of D' such that
lwl=m.and by  ={ an identity of V such that lwl=n , and we shall assume that w =

o S LLE(,(,(;K‘,‘..,){‘}), ﬂ=/3(’£,§) and 7:$—=8§ is the natural homomorphism.

We now consider two cases.

1. Among the identities of V there is one = such that l{#u,f for all

Since £ is the variety of null semigroups, in this case ()4‘7{@: for all pelN, n>2.
Let L@E%(}{,.,_,)ﬁp) and ufé —:—-uI('}(Pm._{wf,.” pei W) where ;t # *e if J =,'=&

We distinguish two subcases.

1.1. Suppose that M <7,

We show that in this case the semigroup §=5/.7<0’f) does not belong to ‘%z

We observe that wwy, W i) E;"(/z,/df,dz,.“,d‘&)tf}? for any f.gxéF: heDU B, dg-éﬂ
and any endomorphism Y : F— F.

For otherwise, since LL19£ID and ;L“éD; , in each block of the word uf(url,wz,,,_,u{_“ u,{)
there is no more than one end of a d-block. Consequently, lwl > lhl . But if lw}=Jhl, then

from the equality Lmuf, aé.‘w“{_,‘%)E{’(/L(ipm’ii’)\p)? it follows that some d-block either occurs
in a u-block or it is a proper subword of wi. The first contradicts the fact that uﬁéﬂ
and the second contradicts the fact that W€ D’. Hence Iurlr’l/“bl , which is impossible, since
lwl= minflllk; < D'U B3

Clearly, '@39 Z° urz,-/a 0%z and w= Ocr hence, to prove that §¢$z it is sufficient
to show that mu/b oWl T, uT) # 0%,

Clearly, '7(0’6') is the complete inverse image of 0°t under the homomorphism .8 g

If w(w w il Tye y((,vé‘), then there is a finite sequence of words of F ww,..
u,}—(l,a,z,,. & {’0’? where f?é!— in which either &/{ f(;*? or S$>{ and every 1dent1ty
QL“QDH is an mlmedlat:e consequence of A (see [12]). The first contradicts the choice of =
¢ and W; , the second contradicts the fact that wWhu, s W, w)%.;f(h@ da yfor any
f,?éﬁz heD'U B, d;l € [) and endomorphism ¢: F— F

1.2, Suppose that m =,

Since C(w)=—Cw)~'={\b4.~nz,.,. a’} and lwl=n , there is a letter Xq, in C(u) whose multi-

Plicity in v is not less than that of the same letter in u, Consider the words = U/(w’
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u,;f‘“ () and éo‘ﬁmwﬁ,.,,%ﬁ,uﬁ) , where .z, for /1<, <g takes the value wf, and 2 takes
- 2
the value wj. We show that in this case the semigroup S=S/3¢’(jf’ 4°) does not belong to £~ .

Firstly, u,(u,;,m,%_ﬂ %)%ﬁ(h(df'_,,’dtw) , since otherwisxj_ we would have Il >|4[, since
u,1¢D . wé€D' This contradicts the fact that \LL|=m47Lﬂ/DL|l/’LL.éDUB}. Moreover, in view of
the choice of &=l and w; we have w(w;,,..,w;}_,,ég)#lr,? . Consequently, a?yfuf’v . If af¢
(%), then, since u(u{,,..,u%‘i,wf)#f{/a@,,,,,db)q) we obtain LL(&?},’,...,U@_PL@E ]CO’(UJ;,...,U,%_P%§9'
for some F:?'EF'/. Hence for FE?‘E? we have u{w,...,u{;_f,a?)surcq,.,.,w;_‘,%), which is impos-
sib}e, sinc:a u = v is a nontrivial identity of V and C(wz)ﬂ&uﬁ“ﬁ, C(u;z)ﬁC(u‘){r\’“‘-ﬁ for all

1'74‘/ . If f%! or 9'%4 , then l(,L(a);,,,,,u/;.f, u1)|>|¢f(u{,...,wé__4,w’)i. Taking account of this and the
fact that llg J¢l , and that the multiplicity of Xq in the word v is not less than that of

L in wu, it is easy to see that the mult;,plicity of £, in v is greater than in u. This con-
tradicts the fact that w(a;,,,,,w_{,uq)E#c'r(w;,..,,%_4, 514)?'., in view of the fact that C(WL)OC(LL)=
(. Hence Q¢ y((f{(’:(gé\) and LL(U»;%...,U{}’:Z‘,U;(’%) =+ U(%G@,,,,,w;;z:%%‘) . But since L",%:/?O% and
L%j‘%‘ﬂ&gf , we have 5/3(0;0, 5G)¢$’j

All the identities U= (}é of V are such that &, < Lza and z@.gu,;. Suppose that &, = l{
is from V. Then in T there are identities Uﬁ; =Z{y and %=y0;. where ‘f/ gé C(u?). Assume
that u,#=/{{f eV : Then L(,,l/é(o;y)z , and since %¢C(U{’\ = (/(u?), we have uélf é—%f , that is,
!4’%57[&/1% for fé}: . Hence w%=f¢§,<dj/ . Hence, by virtue of the fact that £ is a null-variety,
it follows that b(/,lf= 0 . This contradicts the definition of V. 1In exactly the same way we
prove that %u?= 1¢V . Thus in this case all the identities (4=(; of V are such that for
any %éx we have {U/&%, %U/gv Ue% ‘f‘fz} ci.

In the set B, among the words of minimal length we choose a word u such that if bru ,
where €8 , then f~U . Since U%CD , we have LU%EFLU%({'? for some 76,?6 /‘—{, @géﬂl and
endomorphism Y:F—F . Now in view of the fact that w%D and (fﬁ Cw) we have ?Ef and
urba%’zf’ where %% C(wﬁ . Hence uft/ — .

In the set D' we choose a word W that has smallest length among the words of D' that
have no multiple letters. Clearly, lu/;\ < Wl € lw%l =1+,

To simplify the proof of the remaining subcases we first prove a number of auxiliary
facts.

Suppose that U = w(g,mz,,,,,gn) is a word of / and ‘cfjfé w, U’éﬂ , and that w;,...,u;w are
such that -"uf&l& D' Cunn C(.;(f&)=,@, &U{)HC(L{//’:)=¢ if L%J and there is no multiple letter
in d{ for 1€(<n . Consider the word w(uf,,...,u{b_“ ¢) , which is obtained from u by replac-
ing Z; byu/:: for 1£(<n and Z by v, and the word f(/L(d4}7dﬁL)L/))?/ , where f,ffé—/:j heD'y B,
d,‘;éﬁ and ¢:F—~F is an endomorphism.

Fact 1. If u,(w;,...,%_4,0’)5#(/'{,(%,...,4{4‘)(/)?, then A+ and IR < 1ul.

Proof. Since C[,Jq’%ufb and d;.t,ﬂ#lf’, each d-block of the word f(/L(dq,..,,dﬁb)q)?, contains
the end of at least one a-block of the word W, .., _, ), where aé{u{,%ﬁ,zf}, Suppose
that the block dpq? contains the ends of the blocks &,P,...,a,gp
of the blocks Cb{q,..., a%. and that dflfﬁdqutf . Then from the fact that C(U‘)HC(LL{;V=¢ and
C(wL)ﬁ C(%\ = ¢ for L%J it follows that @PE% . If 0/1P'=_wa , then in view of the fact

that there is no multiple letter in urb we see that the ends of the blocks &49 and a,,q are

, and & ¢ contains the ends
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ydentically situated with respect to the beginnings of dzptf and d,ayt{ respectively. (The proof
of this fact is simple and is carried out in {6] in the proof of Lemma 4.) It follows that
zfq and a,;a;p, ...,O/&PE aeq . If %PE ¢, then in view of the fact that 0’2% wuwr,...,uw_ ., 0)
and CONN C(UILS = () we again obtain ff=é’(} and CZ?PE CL@,...,CL@E aa}.
We now set up a correspondence between each blocka% Uy of the word 70{/2/{&{ ,,..,d/@)tf)?, and
the letter ZJ.&X , and between each letter %J. and the subword %}"'WJ of u, if d:/.({’ contains

the ends of the blocks &4/,..., Q/gl/ From the previous arguments it is clear that the subword
%;%&f%z%sz&n of u, where m,=J/?/1 , follows from Z,(xz‘...%m . But the word %1?62,,.%”?_ is

a consequence of 7, obtained from it by possibly identifying letters. Hence firu . It fol-
lows that |Al € 1! . 1In the case lAl=|u|, from the equality WA, U U’)E{’(ﬁ/(d?,‘..,d,)ﬁ?we
see that either aio,-tfg. ¢ or a%tfw{ . This contradicts the hypothesis. Thus, 4] < lul.

Fact 2. Suppose that wawiﬂn and x',néC(u,’). Then if W@,...,%_ﬂll’)i‘{'(/dd,.”.(/i,b)t,ﬂ?, we
have o Fu'

Proof. Since a’:{.q%{f and 6{//(,9736&; , each d-block contains the end of at least one w-
block. We set up a correspondence between each d-block and the system of w-blocks whose ends
are in the given d-block. Then if d«PLf—‘Edqq’ » the systems of w-blocks corresponding to them
are equal, since there is no multiple letter in (ﬂb . It is now easy to see that some sub-~
word of u' is a consequence of £ . Hence, h—u.

Fact 3. Suppose that d/:.”"'LU’é D, and that there is no multiple letter in (¢¢. Then if
{LL(U{,,..,LL*;J = f(ﬁfﬁi,...,&%)gﬁ)?, where {aﬁNw forﬁ—%”f , then htW. If ;Ef and ?40’{ for
j<i< M then UW=RYy, where ¢:F—F is an endomorphism.

Proof. Since d,/(/ %ﬁ and C%{LM(LU; , each d-block contains the beginning of a least one
w-block. We set up a correspondence between each d-block and the system of w-blocks whose
beginnings are in the given d-block. Since there is no multiple letter in w, equal d-blocks
correspond to equal systems of w-blocks. Hence, i H— W,

If FE{ and ?4% , then the beginning of each w-block is in some d-block. It fol-
lows that w=AY , where (#:F-'F is an endomorphism.

Fact 3'. Suppose that L(i’\'w’éﬂl and that there is no multiple letter in w. Then if
w(“ﬂ'..--,‘afm)ﬁﬁf(ﬁ(’dw..,dt)tf}?- where f;é”w and 71; #'f , then A +—uw,

To prove this fact it is sufficient to repeat the proof of Fact 3, replacing '"beginning"
by "end."

Suppose that the ufb of F are such that d/ZEu/’J} » Where Lﬁb.g.{(,‘(w) and JZL#J’,‘/ for b%J ,
and that the b of F is such that if .2&((6) , than z°< 5 and /Lfé‘f for some endomorphism
gﬂ:F"-‘F . Consider the words ﬁffd[,.,.,d%) and &z(w;,...,(,(/:} , where diéﬂ and 2€F . Clear-
ly, a subword of axug,‘..,ufx) has the form #w((,(/;,..,,u{b)? , where {-’ is a final segment of wz
and ? is an initial segment of %

Fact 4. If fuws,.. wpyg=Hhd, . .4), then either gf=wr, or gf={.

Proof. Since h=4y =5ty .. L), the word hid,...d)=4a 4, wvhere 3= 2ty ...,
4. Clearly, af Q}w’u{,‘.,,u{bn} and J/A‘E,fd,v(,,,u{";;, » Where 91 is an initial segment ofaé.’ .

i

Yoreover, if (1,5‘1;9 , then since & Ew’m&. , where le'éC(w) , the subword 0,/0 of ,fwguv;,.._,%}q
4 [

can only be equal to ,fagaﬁ% . Now in view of the fact that @:” éfu(urf,.. . ,ufn)? s, we have
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4w...urg,1fuf...uﬂ.d@<#w( L) 9 If 1L %=1 then 1— f& where J: c,‘éC(LU) From this it is ea~y

Ohel

to see that gﬁf&-axz for 1<, </. . Hence, 0/ ,fw a)’% But since (fL 4101%( ..,wpg, we aga*

have Qr = (., Continuing similar arguments, we see that 0’3 f% H.‘.agkg where ?f—:—af .
K1

ft
1f .{[‘;_—: { , then @45 U{u/; %, where ?1 < Then, arguing similarly, we see that %Ei,
that is &, Ea;,..a,zf , and furthermore &’,Zéu{#,.u%a, @=U{M LI{K It follows that g,—=- 1, that
is, %Eﬁ

We now return immediately to the proof of the lemma. Thus, uf{é D' and it has smallest
length among the words of D' in which there is no multiple letter. Then qu1} < n+ 1.

Suppose that LLEL&(IZ LY, WEW(.ZZ \IL&) , where Z, is not multiple, and that LU;LE
uﬁ"%ué—nﬂﬂ" q-n(’) » where .L. éjl for L# (/ We consider four cases: ’
Case 1. In ) there is a word =uwye, ‘%,‘ , such that J’z;' %Ué and B 7 .

We show that in this case the semigroup 5 S/y(’(f”\) does not belong to ZEZ . Consider

PR e~ 6 . DU 6. .6 I3 z
the word %1@40,.,.,uz;p_4o, W’ . Since .,(/T’Jp 07T and “J,&bﬂo % , to prove that S€ Z" it
is sufficient to establish that w(w*’ ..,w T, u) + 0%.

We first observe that for any 7€ EF7 /z,é-D UB a’,eD and any endomorphism F—FE
we have Wi(W ... W, w)%éf(hd,..,d\q)g

1417 10—1"

For if whlg,.. L ARNTALS Hrd, ? , then since w¢ [, w W6D there is no

multiple letter in w , and so by Fact l we have /H”—‘uf and UL] < \w| Hence, since _DI is
irreducible, we see that hep , that is, BF*_L/U' This contradicts the hypothesis.
Moreover, since ()N Cp) = ¢ and w <1 n .. .uy we have a/(a,;,, "’%f"f’w)% fb'y

1 .
for any ﬂ%c",ﬁ . From this and the fact that u{g(%,..,,agp_,, §,l</z 4,”.,(2{7’)9’)% , it fol~-
. [ . VIOPN & ., 3 — G~
lows that w‘,,:b/,;{’,,_,urfp LU E Jws) s that is, LW, G, T 4 z) = 0°C,
Case 2. 1In the set ¥V there is a word in which there is no multiple letter.

Suppose that & = JéV and that U, is a word of smallest length of B in which there is

no multiple letter. Since éwf

A and La({) = ua:) » by the choice of U we have ol = lwl

If u = Lé"ﬁ &Y, where ‘Cp is not multiple, consider the words CL&EU/( H. Of{p o (?)
and 6°= U'w({,.. "(/:P . ), where 'JZL. for ’<I;<P takes the value w , and I takes the value

&

«w” . We show that the semigroup S S/ LVGA@\ does not belong to $2

Flrstly,@ G ’P o

I’ }—J/7 and |} ~ &L{i Hence /ch and every letter is multiple in R . Then w,= 7[/1/‘{’%,
where %1’% { or L% =/ . Consequently, for J’/séf-ﬁ/l either .LAr U or /L,CP-LL . But {

h,x;} Z /], and this contradicts the fact that d?fj . Moreover, since W& %»ta@, ’L%P‘f’w)
and C(u,’vu_)m Cw) = £, we have Ly, il 4,w)%7clfﬁ . Finally, in view of the fact that u’U;)=

W)= 4/?,(‘1 d)q)g , since otherwise by Fact 1 we should have

Sw), f £ uf and L =], we have W, > s il .l From this and the fact

that «=.% is a nontrivial 1dent1ty it follows that wf,,..w,  W)Ffuw, o, w)g Hence,

W S 6%), that is uwm(: ,u;P G 17)7_:&;@; ,...,u{P WY . Thus, Sg&?

Case 3. 1In the set 3 there is a word »(,4—¢,L,.VC1,,82,..,,~CP) such that -I'/Pz#ll/ and 3\ U rFU.
Suppose that &, = U € V. Consider the words @GE¢1‘df u{P 4'“’) and D U'(U{{, u,;P o 6’}

We observe that W)= f(/uci.--..il}if)»? , since otherwise in view of Fact 1 we should

s Py
have n.—u and I,L] < |w_,\, Hence n<B3 and B\EL“-—(,LI, . This contradicts the choice of w .
v sl
Moreover, u,f(.,,,,..,u{pq,u)%f(rg, since w u,(w;f, ;,({P_Ha,) and (,M;{L)n Cuwn =¢ . Finally,

174



1
95§?;~;}C{¢p:j)= yﬁ, it would follow that the u-~blocks and w-blocks of the word U;(w‘ 3{'(’:p—4~w)

ﬁ,,~‘.a,t.z);‘0"4,u)=7é f‘{('“f,w-v"";p_ww}f' , since otherwise from the fact that C\u;m.)ﬂC(w) =@ and
s
dncide respectively with the u-blocks and w-blocks of the word LL,(LL{{,,.,“LZD_I,M/) . Hence v
s a subword of «, . This contradicts the fact that u,4=cr,c-:~V. Thus, wq(Lb*,f’éZ...,ulfl‘i4'(T, wT) =+
u;f%‘,...,u{f_fz?u"-i), and so in tuis case the semigroup S—’=3/3téff éa) does not belo‘ng to :232

Case 4. For w from D/, either » & Cwr) implies that .leéw, or Bt—u,; , and in any
yord w of B eachdletter is multiple and either méC(UZ) impliei that &< W, or B\L_Ll;t——u,& .

We show that in this case any word [,LL.éB' follows from some word g&EB , in which if
\BC'C(@-), then 2%« 5/;.

For if there is a word u; in B such that for some xéCwL&) we have .13'2%( U s then
5\&&.&%. Then (L~ (. , where u,.éB\zIL., Suppose that (}t—(, and || cmn{)wJI)uJGB, “y'—‘ﬁ'}-
fie denote |u,l by p and put Bp‘:{LL{I-fL(?éB,lLLJl:P} . If in (& we have xﬁé% for L& C(L(,4) s
then 6;50.‘«1 . If this is not so, then wzr'—u? , where u;léﬁ\b—(:' . (Clearly, 41(,(,234’3 and U{“LL(:.
Now if each letter x of C(l,cz) is such that JL"Z I/Lz , We put 6651'{2 . If din &ug) there is a
letter x such that ,212'% LLZ , then IL(/2|=,D and in B there is a LL3 such that u,jr—*az and wjé
5\67,ZUZ(:1 . Since {,7,1 %EZ, J’VE&(;BP and the number of equivalence classes of BP is finite,
it is easy to see that in finitely many steps the process leads us to a word L(f{(: 5;: , where
ukr—,‘r-uz»—uf, and either for any letter x of C(Lb‘) we have I°< L or LLKH\—-% , wWhere ](,lkul <
p. Then in the first case 6135 W, , and in the second case éb. = L. ,.

We recall that in the case under consideration w;éf?l and there is no multiple letter
in &, . Hence, B+ W, that is, W= fa,&.(/gz for uz.gﬁ . But since every letter is multiple
in ua, u,;sfuzq’g implies that f % f or 9 % {. Consequently, ]U/:|=f1,*t-f{. From this and the
condition lugl £n+1{ obtained earlier we have \w{l=n,+4 . But since Iu,;i 2 nt41 and the
last letter is not multiple in L&‘E , we may suppose without loss of generality that (,U; = wi =
Wt’%.

Suppose that W, =W, (..., 2, arf Wy = (,0;(;(:{1;"”&4,...,11‘;6) , where z‘cﬁé%‘ for b-k(}.
We now prove that the semigroup §=5/J(¢?) does not belong to &£”. cConsider the word

w'(w/,,,_,w;e_”w} , where the last (nonmultiple) letter of {,L;’ takes the value &. If w;(u;fa’,..‘,

[

S %

& G 07 N s ~0, -
L%_’z};u,m-() Z, theref is a finite sequence of words of ~ W YW e w) = o, Q,,. . .,
{’(r?,, where f,ge Fo , in which either Cb(E]CLY? or every identity a,é’—“-a,. is a direct conse-

i+

quence of A. C(Clearly, a,{ﬁéfif? . Hence, a/;(ux;,,...,w;'e_4, Lb)—:%’(ﬁ(aj, ,_,,d/‘b)t()? , where {f,(},e F:/LéD-U B,
dd- €D and y:F—=F is an endomorphism. Hence, since wej T €7), and there is no
multiple letter in {",}’ by virtue of Fact 1 we have h W and |A) < lwi. Consequently, heR
and ,/b\=fb . Then the last letter in h is multiple. Hence, Fth(@L’..,.,aﬁQq)g UJ‘;L(I);,,...,LJ.‘{Z,_).

: ! =
But since }urb f=/?,/ and CZJL/%&(/;’L , we have 1[’ = { and d/dgo:-u;} . Hence /zz.?—-w;. But, as we
showed earlier, wyj—Uu . Consequently, in view of the choice of u, we see that (£ ~/A and
l({;fvw. Hence W=uy', where ~u , and YgC0W) and Ll{'(%.....ufq.ﬂb) E[Z(U’,;,-u.‘%’“. Thus,

= 1y Y 4 y lad T ,'

Q=W .., Wl , where GwynCwy=@  and U, ~ Wiy o

It is now clear that &/&‘% £ and %Ea’(u};ﬁ,,_,a{a)w, where U=0¢V. Hence &z%}fu )

Iy I ~ _ . [

If 9,= ﬂhf(cé,...,dt)lf}g,, where e J'UB , then vy, @4*“1(%---’@%’3@ . Hence,

by Fact 2 we obtain /Lﬁ' v, Consequently, hzqéB . Hence all the letters in /L{ are multiple.
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But since C(ugémﬁfu,) = @ , we have lgl 2| . If I?,! > !, then since €[}, we obtain %scteﬂ

. ~ . .
and }(h{(dp,,_’dt)qﬂﬁla f[&{z(d',..,,dvd)%) . Now by Fact 2, from J’%(w;‘,,..,wgq,w)—fifz?%(%,...,dvd)%)
it follows that /zﬁzi-*u” .  But since /L’Z.éﬂ, this contradicts the fact that 0‘%27 . Hence
{9,! = k.| , that is, ?, =y, and ﬁc’%,..‘,a;,’%)s .,C(/L}&f{',d,b)(/) Now if f%{ , then by taking ac-
count of Fact 3 we obtain thzr . This again contradicts the fact that u"?./] . Hence,
(71@4,,“,@?) :‘;—:/'Lf(léé,”.'dv)(/E/e(,V(d,' ,djb), where  is an endomorphism of F such that Y: X—X,

. ~o ! . [ ’ _ /,

Then from Fact 3 it follows that =/, ¢Y . Consequently, 4= /’L{L;/{d{,,.,,dz)ﬁb—/z,z()l/l//d{;,mﬂffd.

It is now clear that @J% 0, @qséw‘(%,.,.,%})w , where h/f:(‘%é‘v' . Hence, (Ls = ;PU?
Since [){4/1'1& , that is, 515/2,4;/@1%4 , Where /2,12 is the final and /2’11:(‘1 the initial segment

of }’L{ , we have 5,91/‘{(2%',,..,d;)<[k{t,£{11;:,,..,zz;ﬂz and éa,u{af,{',,”,a:‘(’/)zg(fb h’b)q}(d' .d) . From what was

2 1! Y

. i Y. =T . .
said above, /2,,&11/((11,_,,,(1,7/)=h17 L,nfww,,,,uf/‘;), where hﬁL/JL/’ * by Fact 3. But in the proof of this,

each d-block corresponds to a system of w-blocks whose beginnings are in the given d-block.
Hence, either 5(]!@1/’ Lf)sfﬂh}?z) w w)], where 7[' # 1 or #{ and f is the final
4 1 g7t “ 127 {,Vlf (AN 4 ff 1 I gf, 7 ! '
and 52;1 the initial segment of the word u{b. for fébéi , Or 61([/(05,,.--.%)3(/1,4!1712',)(#‘(“””,"-'“{4)- We
. \ ! ! 3 i f)
denote (@b@f'x%)q’q by c¢x, and (/quﬁﬂ)q)tf by ¢. We observe that c:c;?ﬁ, since otherwise (L=

{'/z?a/%)%)w/ =bOwy'ell. Hence, /p{wq'aﬁ'éﬂ . But this contradicts the fact that L =¢€ V.

7 z -
Suppose that 6%%'“_ d,;)% 70&64{4,... L%)%. Then since /Lfég{ , we have /g%df',...,d/;\ <

1 v ‘ ’
i ' 2 . " ., . . .
[6}%&1,.,.,6(,1)], that is /Lq‘f/“/’"“{f""’%)<‘€c“‘f,4; 'm“{q)?‘{f a\%’_,_,w@)%. Now in view of the fact
that W ’vuy' , where %’gu&}. and C\w:i)ﬂ C(u.@.} =@ for c%(} , the beginning of the w-block of
the word fL}//Lf"(U{r...,u/W) coincides with either the beginning of the w-blocks of the word
c(w;f, ""w;c;) or with the beginning of % . But since /QW(/,U{{,...,U{)é Cta{fﬂ,,,,u{q), we have g‘f; =

e = = n —
W, for <1, <§ . Thus, %‘ﬁcmﬁw%)%“’ where %f’ w;, 9,4 #1, ﬁ =‘7‘= { and &%m Swy= g,
or 0/3 = (W wW.

TG
- L = 1!
Suppose that ﬁc(w;_..,,u{@)%ws #(/Lgaé1,,,,,¢t)(f4)9, C=C'c" (&1, hfa P, %¢ . Then for |[f|>
f‘f;i and gl > 1] and in view of Fact 3' we see that fz,zt"c , that is, /z,zxr—c.z: , where 2§

C(/Lz) . For Ifl >\£‘,Ig,l< |qu| and '(dt‘,l’)?‘?'%wl we see that %, is not a multiple letter of /Z/z
and in view of Fact 3, hzi— c’, that is, ;‘z,zt—— ¢ and /bz% —C&L . This contradicts the fact

that Cz¢ D/ . If !(d,tq)c}tu(g‘w{ for Ifl> ;ﬁg , then 2,
we obtain /zzr-c , that is, /LZ"“C,.T, . Consequently, /LLéB . This contradicts the fact that in

is not multiple in £ and by Fact 3°'

any word of B every letter is multiple. Hence, }7Cf < [g{ . Now for i%ié fwl and I(d,tq){)%lz;%u,[
we find that Z, is not a multiple letter in /LZ’ and in view of Fact 3, /L;t-—c , that is,
har—mx. Hence, /LzéB . This contradicts the fact that in any word of B every letter is mul-
tiple. If i(d%q)%k I%wl the letter X, is again not multiple in /2,2. Hence, fz,zé D' and
e ... L ! ! ' : "a=a'a" o 7 .
‘F, ~ ,U{Q)% h’z(dp-'-vdt-)%mhzwf(d}""’fl’t-f) , where {;E{'Tfl% 94 T gf % 1, % #1{, since
%lu,e (dt%)y, and u%ﬂ . Now since /LzéD and there is no multiple letter in h’a , we have
A b—-sz , that is,}z,zs f&p?, where 563 . But in any word of B every letter is multiple, and
in /La the last letter is not multiple. Hence, y%i and 5&521, and by hypothesis 54?—5 »
2 . . ! ' ! . .
where xec(é) for 2 éié . Now in view of Fact 4, £4G(u{4,.,,,u{q)%e/%(%,‘,,,d&_{)% implies
i ’E , < i . . =
that %{ {f{ W where £ 1('1 and 9{494. This contradicts the fact that ?ﬂ‘; w; - Moreover,
for |%I>|u,| and I(%I > l%wl , in view of Fact 3 we have /th-——a , that is, Azx c2. This con-
tradicts the fact that ¢2g/). Finally, if leQI?Rl%M, then ﬁc{uﬁ,,,,,u{%)%wﬁ{(/E(ai,,,,,
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. . ! L . ] I = ! —an"
d,t)%)g implies that f{c(%,...,u{q)(j4=/bz(dq,...,d‘t)tif/‘Laty(dl{,,,,,d%zfor ﬁ H; and %—9{94‘, where
. ,

ajueq. Hence, in view of Fact 3, c.ﬁe/zw; and,; in view of Fact 4, ?f{; =wy;, where 1(’4 éﬁand
924 . But since gﬂg = W ,we have %E% and £a){; . Consequently § =U andl f"':—:{ . Hence inthis

. — = = f = 1
case if 03— f(/l«,(d,d%)(f)?, then a«a— hz(d’f""*d’t)%u‘ where hé(d;’,...,dt)%—-hz 1(6(,1,...,61,%) 190(%‘;1, #‘;'Q)%

o i{
and L = h’a‘ﬂW
. . = /

Suppose that &ﬁ(u{1,...,U{q/\w = F(h’z(d’"“’dt)%)Q and ¢=gc' . Then for \94 >l from
Fact 3' we obtain h,zr——c , that is, /zé% f—c¢2 , This contradicts the fact that C‘ﬁ#ﬂ For
gl <l we find that the block dquf is not multiple. Consequently, sza &2’%6 where Xt¥
C{/LZI) Now since f(dth”qb fwl , in view of Fact 3' we have fb; — ¢, that is, /LZI-C.Z’/. Hence,
}z,zéB . This contradicts the fact that in any word of B every letter is multiple. Consequent-
1y, g,au,. Now for 7[' 7(5( we have /thwala'/ , that is, Z/Lal“- ¢, which is impossible. Hence,
1[5_{’, and in this case, if a,= J}’(sz(d/{,...,d%)%)?, then a’sgh‘g(@qw"vd{_)t{;u’ where hz{ﬁérwdﬁ)"/;a
hz%(d’r“"d’t} = C‘KZ(LLQ,.,..L%) and ¢z = X7 %’,

= . H 1 _ _

I'I‘hus, a, ﬁ(@(a@,...,c@«p)? =hy(d, .. q € {cm<u{4,...,u;@)w, ﬁdu{,,-...%)%wf%ﬁ=%, ce=
hyg € B3,

It is easy to see that in both cases &q% 0 and @qz—:gz 4(d{’p,qd£)u/7 where h’a——_ézév

1 — - b2 . _ ' . .

and C(d,é)ﬁ Cay ¢ Since é‘hz, that is, 5& —/Lzzh,yxz, where /Lu is the final and /1,24%2

the initial segment of the word h’z’ we have (/’Lzszyxz)\{/f {Cé;,,..,a%)<[/Lz%(dfw”dé} J*. Taking

account of t}qe fetct that fz,z 4(@’,...,@96 {c.c(%,,,.,w;ql); -I%C(u}{},,.,,bb;’q)?,lt%ﬁs%, fé.ééé} {,we obtain
either é%(d,{'m,d,v) = ﬂ[(hfzb'z)%"ﬁ(u{w“"%f]?’z,’ where ggé { or 927&1 and Fz is the final
and t;z the initial segment of W, or é%(d,',“',d,tll)a(/Lzzh,mz,z)%%’(%,m’qu). Suppose that

(h, %)%%’E ¢z, and th h )%Lﬂ' =( . We observe that c1m¢ [}, since otherwise 5‘%(//{%' e,

1
c;sz;qiently /Lz% qu’é D ,zivhz;ch implies that v€ll. But this contradicts the fact that U™
eV, Moreover, if é%(d;,.,.,dé) E&C}&Z,....L&%) » then, arguing as in the similar case with
{1,3, we obtain %fza w;b. . Thus, ovfﬁcf(%,...,w;q)%w, where %%4‘, ﬁ %4,9@{; = u;: or

0, =Co,. .., W)L,

Suppose that Q= F(/l%(dz/,...,d;)w&)g. Then if %Eécf(z%,,,,,u){«q)gﬂ, repeating the arguments given
for the similar case with 4, , we see that gsu,,{'al and /z‘,a(d?r,,,d;’wzs/z{%qéd;wd,;)Eﬁg’(a{",,,,%}?z,
where Qﬂ‘/%‘z%‘r"zl' If Q=cauy,. 4l 5 then qu,;fsf, and hg(ét,,...,dpjtffha%( ,ﬁ...,d;)sgx(a;,_..,%u ,
vhere o8 = @Wz‘f;,

Thus, O, = :"(ha(d,m%)%)y =hyld,...d))u e{gmu;,,...,u@u, Fzg(%,...,u@)gzwl%fz—:—u;&,
cz=hy,\p, € BS.

It is now clear that for any )c,?é F*'we have a, %.ﬁv?/, aﬁéﬁvg and so on. Consequently,
in any finite sequence of words of F :ug(u{?,...,uﬁ_rw)Eaﬁ,aé,...,o,S_Pas , where each identity
ag=o,m is an immediate consequence of A, we have (Ls!)é,fv'? . Hence, u&(c&;’fﬂ,,,,,%i@ 0‘/%)7‘06 ,
and consequently 3/3(U83¢ £

Lemma 1 is proved.

The proof of the next lemma is actually contained in {11]. We give it here for the
reader's convenience.

LEMMA 2. If Z is a proper nonperiodic variety, then F%is not a variety.

Proof. Since £ is a nonperiodic variety, a free monogenic subgroup of £ is infinite

c¢yclic. Now from the fact that a free commutative semigroup is embedded in some power of an
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infinite cyclic semigroup, it follows that (! & &£. TFor an absolutely free semigroup F of
any cardinality there is a congruence _P such that F/Jo is a free commutative semigroup. But
since there are no idempotents in F/f’ s Fé%g. On the other hand, among the homomorphic
images of free semigroups there are all the simple semigroups, and any semigroup is enclosed
in some simple semigroup. Consequently, if Z%is a variety, then any simple semigroup P be-
longs to £2. Then P&f% , since any congruence  on P is either universal or the equality
relation. Hence, [F€ %, which contradicts the hypothesis.

LEMMA 3. If £ is a periodic variety of semigroups that is not a null-variety, then
;0.58 is not a variety.

Proof. Suppose that & has type (¢,m) and that 7 is the set of all nontrivial identi-
ties that are satisfied on every semigroup of Z.

If P is a verbal & -congruence on F and x and y are distinct elements of X, then for
2" and (f we can present the following two cases: .B'f/o (f’ and :c"ﬁ(/" Let us consider them.

1. Suppose that & L/OL/ Then in T there is an identity .1:7’3%1' . If ¢ =1, then £=5 ,
contrary to hypothesis. If v>1 , we take a free semigroup Fé of rank 2 generated by ele-

¥ in T, from which it fol-

ments a and b. Let ﬁ‘*‘f’(g,i). Since there is an identity &%= Y
lows that 2 =%.I:I and .T_'.7'=.t2”, we have a’éaﬁ‘péa” and a,"éfioa,‘L . Moreover, we have 0«%/’50’7'
and 62" pa”

For if a.”é,oa/", then in T there is an identity 13?2% =z , and so %'VH___%‘!;. From this
and the fact that o'= f/’, we have ?J‘}': (/‘kj (jl’f‘“ %l, gllb= 2 Thus, ymt= 2% and £my=z"’
are identities of T. Hence, £ is a null-variety. This contradicts the hypothesis.

The assumption 5(;};0@? again leads to the same contradiction.

Finally we show that 60,'”—1/5'0,?' and of'”é‘

+4
For if 5@ /CL , then in T there are 1dent1t1es .cy %"’ and ﬂj?’: yt . But since there
is an identity &'= y in T, we have xy = 2. Hence, 2%7= ¥ is an identity of T. From
thlS and the fact that (:{.T/—(/' ’ | we have %l "= 9”2: Consequently, .2:7’”'=?”% Now

= v¥3 a_ ot et
Ty ey Y™ =yt 1
In this case, from %x —y'b‘” it follows that ’[/‘T’ a?'” ‘,fz,% %z’ %z,% __% L
'((;J’z% fmm and ffm %2%43 2% similarly from :p,?p %”’

”‘fm Y ==

it follows that &% Y= %,:2,

Thus in T there are identities ,@gm ‘fz‘{? .Z',ij zﬁ% o¥=2% and ¥"=1xv. Hence, m%— +""%=
2. ‘I-/@ L= k3 . 1~
.@sx% and yx :a,w, %wm Xz It follows that &£ is a nul variety, contrary to

hypothesis.

If we assume that O/b—%f)a,‘b , then similar arguments again lead to the same contradic-
tion.

Moreover, in each class CLP that is a subsemigroup and contains an element u for which
lwl= 2% we fix an element é’,é such that eégz{a”éa,”, a,”_’éw?a,”éa,w}zg and 1e5\=nm{)w\\wec; wl =
2v}. We denote the set of elements u of /i such that lul =21, Lbffﬁ and wpe; by ’e‘b .
Clearly, if e‘ #¢@ , then Z is an ideal of Cﬁ Let 6 be a relation on 6 defined as fol-
lows: if w, U0 € UIe , then wé‘tf = u,(rée s and if U/%Ue, or 0'?.‘.}&)15&, then WGV & (L ={.

We show that G is a congruence on F .
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Obviously, G is an equivalence relation. It is stable, since if WG , then wpv .
Hence, for any c of Fz we have WCpveC, 1In the case LL%U we have |Wl=2%v, W= 2% and
MV¢B- Consequently, {(uc!> 24, lpel> 2v  and UL, ()C¢5 .  Hence, ULGUTC,

]

Let S=Fz/6‘. Then S=U€£ , where
iel

P | 4
; it g =4g.

It is easy to see that this partition is an £—congruence on S. We denote it by ~ and
show that if EL is a subsemigroup of S then -66 is a semigroup with nullary multiplication.

For if Eb is a subsemigroup of S and IC—I},l‘—‘—‘i , then the proof is obvious. If la;;l>4 s
then lcf£>4. Moreover, since £ is a periodic variety of type (r, m), d?,waéc_{; implies that
wl =z, L,(,zi?/‘a . Consequently, 1(,(,1u,25 > 2%. But in view of the fact that 4 °7% Q/A('é, a'%'f
69} and &/%7' 5@“,4 0,175 cf‘"é , we have LJ,1,U:2¢5 . Hence, ang= zb . It is now clear that
ek |

Furthermore, suppose that 6 ~a* 6 ~Q g and that A is the ideal of S generated by e,
and e.a' Clearly, (L,Q,L&CL%Q}&ZA and in §= S/A the class 0”D£S) contains a' ,Cbtg and
2*ba’ . Consequently, O'P(:G’S)g % and SEN L.

2. Suppose that \2“135'%7’ For Qﬁ'éz of ;.:2 we can present the following subcases:
26N U(6M a8 @YU B,

2.1. 2% ¢ 1aH” Uy (™

In each class c&f of the congruence O on f: that is a subsemigroup and contains an ele-
ment & for which Wl =2 J¢, we fix an element &. such that ej{aﬁ“é” é“a } We denote the
set of elements u of £ such that lul= 2, ng{a,lgtg %'} and wpe; by & . Llet G be the

2
relation on F defined as follows: if wueua , then LLC?‘U'<=>U/0'62 s and if u{éUe or
i€l v
J¢U€ , then U6y« =0 . Then G is a congruence on fi
ier &
Let $= F/@‘ . Then S=|jT. , where

jel t

Pir . .
s < 0 ars,
L CL 1 lf Qb-"'“'}ﬁ

It is easy to see that this partition is an & -congruence on S. We denote it by ~ .
Moreover, repeating the arguments of part 1, we can show that if —C: is a subsemigroup of S,
then c is a semigroup with nullary multiplication. Hence, Sé€ ”}" £

Suppose that e a, &, ~5 6 ~a%6"  and that A is the ideal of § generated by the ele-
ments €, ¢, ey Then o’ 4Y and O,Z(;T’féA and in S=3/A the class 0(&:8) contains CL? 6*
and ¢ é Consequently, Sﬁé LoZ.

2.2. O 5}?0« or At pb*

For definiteness we shall take the first and observe that if &%30 2", then 57’{2}:/751

On Fz we define a congruence & in the same way as in case 2.1, and consider the semi-
group 3=/:£/(;‘. The partition S= UC defines an .[ag-congruence ~ in which a class that is a

ielt
Subsemigroup of S is a semigroup with nullary multiplication. Hence, S€ ‘% £ .
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Now if €3~(z?62“-g% and A is the ideal of § generated by the elements £ and €, , then
Q/z, 57: @tét and 6"”@%/4 . But in the semigroup §=3/A the class 0"9"2'3)
a/zét . Consequently, §¢ Yo .

Thus, for any periodic variety of semigroup Z that is not a null-variety, in the class

. T gz
contains 4, 5 and

°Z there is a semigroup S of which there is a homomorphic image S that does not belong
to %% . Consequently, %033 is not a variety.
Lemmas 1-3 and the fact that the subgroupoids of a partial groupoid of varieties of
semigroups with signature zero consist of varieties of null-semigroups [13] prove the theorem,
The author expresses her sincere thanks to Professor L. N. Shevrin and Reader L. M.

Martynov for supervising the work and for useful advice on the form of the article.
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