UNIVERSAL THEORIES OF INTEGERS AND THE EXTENDED BLIZNETSOV HYPOTHESIS
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It has been proved in [2, 4] that the universal theory of the integers Z in the signa-
ture <+,|,{ > , where | is the relation of divisibility, is decidable. It has been proved
in [3] that the universal theory of the integers in the signature <+, 7,80>  where the
predicate o@(.Z‘,y,Z) is true if Z=iHDﬂ(1‘,$/) ., is decidable. From a letter of Yu. V. Matiya-
sevich, we have come to know that it is possible to reduce the problem of decidability of
the universal theory of <Z;+,6/,20> to that of decidability of the universal theory of
<Z;+,],1> , since

D(a,yz) =124 71y & Yululzduly—ulz),
1D(xy. )= uVr (ztavztyvatuvytovetu+o),

Here we prove the decidability of the universal theory of the integers Z in the signa-
ture <+, },p, {> , where D is the one-place predicate that selects prime numbers. The de-
cidability of this theory is proved under the assumption of satisfiability of the extended

Bliznetsov hypothesis, formulated in the following manner.

Let 91 (Z)=a,z + 5;, o ,9n=aﬂx -f-zf/L be polynomials with relatively prime integral co-
efficients such that all the numbers y/(zf),,,,,%(t) are relatively prime to n! for a certain
7 Then there exists an infinite sequence of integers Zl,<...< lem<... such that all the num-
bers ;, (me) , ...,lgn(im) are prime for each m. The Bliznetsov hypothesis is the particular
case of the extended Bliznetsov hypothesis for the polynomials I and Z+Z . Let us also
observe that the extended Bliznetsov hypothesis is satisfiable for n=1 by virtue of the
Dirichlet theorem [l]. Therefore, besides a relative strengthening of the theorem, which is
obtained under the assumption of satisfiability of the extended Bliznetsov hypothesis, we
have the following "absolute" strengthening: The fragment of the universal theory of the
integers Z in the signature <+,7,!,/2 >, in which each formula contains at most one occur-

rence of the predicate F, is decidable.

In the present article, we use essentially the methods, definitions, and results of [3].

1. Definitions and Preliminary Information

The conditions
r=BPd) g 19, 1=} (%) . {4 #01] o

where Uiyseoy Wy are polynomials with rational coefficients, are said to be satisfiable

Y
if there exists a suite WeZ such that ,D(/;r (@) » Uj(w)lgj(u)), Ué(w)=0, W (W)# 0 , and
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the polynomials from /° have integral values on the suite® . Let us denote it, in short, by
E/W). The conditions /?'are said to be obtained from the conditions / by deleting the equa-
tion = , if this equation belongs to /7, from this equation a certain z,= F(.T,,. Py :L‘n_,)
is found, the value of this Z, is substituted in all the polynomials that occur in the ex-
pression of the conditions/”, and the condition that U:(m,,...,i‘n__’) takes integral values is
added. The conditions /  and /'?are said to be equivalent if either these are both satis-

fiable or both nonsatisfiable.

In the sequel, the expression '"'the polynomials W

TIERY Wa are linearly independent"

will mean that their linear combination cz}\&i + 4y Wae I =, =0 = g.

Let W

1""’Wn be linearly independent polynomials. Then there exist polynomials 5,,

ceey é',z such that

2=8 (W W), @= (W W), -

Let £ denote the set of linear polynomials in the variables .Z,,. z with rational co-

"y

efficients. We will denote the submodule generated by the polynomials f,,...,ﬂ in, as a
module over the ring @ (over the ring of integers Z ), by @(ﬂ,,..,)[,()(z (/,,...,7[,( ))

The conditions / are said to be obtained from the conditions /’ by the change of vari-
ables (2) if W,,. ..,Wne Z({]"‘;}, {LL/'} , {9/'}" {(fe}, {’Ls} , {%}’mﬁ“"wft) and each polynomial
z) , and, in

addition, in /7 , the conditions that the polynomials 57,.... g/z take integral value are added.

71' that occurs in | is replaced by the polynomial 71’(57 (T '”',z-ﬂ),“.,ga(_r
- 1

’,'c-,

LEMMA 1. 1If the conditions f are obtained from the conditions /" by deleting equations

or by the change of variables (2), then the conditions /" and [ are equivalent.

Remark. 1In certain cases, the conditions (1) will be extended by expressions of the

forms {‘!P(z;)} and {ga fda} . It is clear that all the preceding definitions and proper-

ties can be generalized for this type of condition in a natural manner,

The product of the denominators of all the coefficients of a polynomial f that are writ-
ten as irreducible fractions is called the denominator %()(') of {" . The product of all Z(]p)
for 71’6/_' is called the denominator % (/') of the conditions /" . The smallest natural number
that is greater than the greatest modulus of the coefficients of a polynomial f’ is called
the height U'(f") of /7 . The greatest height of the polynomials that occur in the expression
of the conditions f' is called the height ¢(/°) of r.

Let us denote the greatest power of a prime number f that divides @ by pa . Let us
also denote the set of the prime divisors of @ (of numbers from the suite W that divide a)
and the set of the first X prime numbers by f/T(a),(ﬂ(u))) and %Z, , respectively. By defini-

tion, @K= [l p* for k=142,....
PET,

Let us define the predicates + and |, on the residue ring Z ({) in the usual manner and
let us call the invertible elements prime. We say that a suite we ] satisfies the condi-

tions /7 of type (1) modulo a number L if <Z(?f);+, | P> ['(w), and, in addition,
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(W)# O(mod_ %) for each polynomial f that occurs in the expression of /” and each pe % ().
7 P

In this case, the conditions [’ are said to satisfiable modulo?f .

LEMMA 2. For each set of conditions / and each number Zf, it can be effectively deter-
mined whether there exists a number m>$ such that the conditions / are satisfiable modulo
g, -

Proof. We know that the elementary theory of the class .7[ of the residue rings of inte-

gers in the signature <+,*> is decidable. The question whether the number /1 exists is

written down by a formula of signature <+,+ > of the class x.

2. Properties of the Conditions that Consist of Ratios of Polynomials

Following [3], we introduce a series of definitions and notions. Let the conditions T
consist of only ratios of polynomials, i.e., let ['= [{f;lgi }:] , and suppose that these poly-
nomials belong to the ring Q[SC,,.. .,l’,J . By definition, F (/) are the minimal conditions

with the following properties:
a) PCF(I) and £ |f €F(]") for eache;
b) 1ffla-u,ulgel” , then fla.ge F(I) , where aed ;
) If £19,f1g,e F(I') , then flg tg eF(I).

Let the conditions consist of ratios of polynomials:

Q"[f:lgf"”’fxing‘ )

Let us set

202,20 F(2),..., R = F(@),...,

= , @) . @
Q=.&m 2, a/‘.=Z(,t;.,g/.), a ’={9;f;-lge£? },

L~ 00 4
aj={gsf}]ge§}
for js/,...,K, and ¢>0.

We will say that the conditions /] follow from the conditions /7 (in symbols, [ =7,

if each suite ¢ that satisfies the conditions /" satisfies the conditions /'; also. The con-
ditions /" and /} are said to be isomorphic if /7 =[] and /] =/, or, in short, /"e/] .

The number of letters of the set {.’!,‘,...,.12,!} that occur with nonzero coefficients in

t
the expression of /7 iscalled the rank of the conditions /.

The conditions /7 are said to split into the conditions /7,...,Fm (/=rv...v ) if

for each suite @ that satisfies /°, there exists i=14,...,M such that &) satisfies f’a and /:
{,...,M holds for each /}=:)/’

By definition, the canonical conditions
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X=U X, (%)

have the following properties:

a) If ‘%}: is nonempty, then

‘%}I‘?‘ [_;('bv’ ($,,.- :s:c&')‘y&'/ (‘Z‘,,- . "% ) +d{ilzl:“’.”’ m(x,,...,.‘l}’z”gbn (%3‘; .,Z:,;)“}'dl’h'ﬂl:ﬁ:} Py

where each dﬁ/ is nonzero.
b) If £1g(Z....,Z,) € X , then /]9(@,,,,,%)@]{&_, , where J,=H0..

The following lemma is a reformulation of Lemmas 7 and 8 of [3] and is stated without

proof.

LEMMA 3. Let 4J be conditions of rankﬁ of the type (3). Then either linearly inde-
pendent polynomials Upyiony df, can be effectively indicated such that Upyoory EZ(f;,. f;,g,,
e 79 ) and the conditions J obtained from the conditions 42 by the change of variables (2)

are canonical and, in addition, the representation (4) of X canbe found effectively, or
, U such that 42 = [Q =0]v...v[4£2, U= =0] can be indicated.

polynomials & ,...,J,

3. Main Results

The conditions
H=nox (5

are said to be D -canonical if ]5 are canonical conditions of type (4) and .'7€ U Jf , where
,7[' [p(ﬁw ... p[p“):' » the polynomials B;, = (03 , L )+gb/ IVIED "/61,/( (.Z',,. L)+
"pix‘r'

As in [2], by definition, we set ﬁ [{)“9 flg yéQ for a certain g€@],and pl)=

2‘3 .a s and let .Zz'g be the set of the polynomials from . whose denominators divide the

number ¢ and heights do not exceed £.

A suite 8=[8,,...,£m] is said to be concordant with respect to denominator 7 and height
Q with a suite W=[d,,...,w,] that satisfies the conditions (5) modulo a number t if the

following conditions are satisfied:
a) BLEa)l:(de’t) for é=f, ...y .
b) The conditions .%'* are satisfiable on the suite £.

¢) For arbitrary prime ,D¢ VZ(Z‘) and arbitrary polynomials g/'?z &f,z'a in the varia-
bles Z,,,..,Z, , if ,0[9,(5) and ,a|92(a) » then either there exists a polynomial £ in the
variables Z,...,Z, such that ;}gﬂf’lyzex and Pfo(g)=ny (&) =59 (€), and, in addition,
/(g),g,(e), g,)€Z  or 97=Q'92 for a certain ge a
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LEMMA 4. Let .%'* be P -canonical conditions of the type (5), all of whose polynomials
belong to ,Z , and set g=(2p(rz)}ﬂ+2 Then (it is assumed that the extended Bliznetsov
hypothesis is satlsflable) for each suite = [ TERER u)n] that satisfies the conditions
.75'- modulo the number 615, there exists a suite [879'“78%] that is concordant with it with

respect to denominator Y and height g .

Proof. 1t is sufficient to show that for each £=/...,7 there exists a suite[&,,...,.&ij s
that is concordant with respect to denominator % and height f?(ft—(:) with the suite ¢J, since
plo)=a . We will prove this statement by induction over i. The statement is obvious for
/=2 . By induction hypothesis, there exists a suite [:8,/,, cee, b] d\ that is concordant

with respect to denominator % and height c=f>(/z-&') with the suite W .

Let us consider the system

={70£l(d\)|9u d\) d w+f""’7[' @ }gtm d‘)+dimw£+/}u
U{P s, (d+6, 2

By definition, we set ‘Z‘={/oipe 926; or Ioe;’[(f(ao))} for a certain polynomial ’Ue "Z'zc
such that f(d‘)ﬁz.

(6)
b{ lﬂ'f Y ,D(S‘:K (J’HZI;K.Z‘{;H )} '

in the variables z‘,,...,.'z‘l;

s fid)el, pe

For each pe ?7\%'5 we let /6)" be such that 'pp/’=,0/7(d\) , where zl’ex,zcv

Z(f) and fell(s,...,z;).

The system of divisibilities {70” () Igb,(d')+a’“xb,,,,...,f’m d’)lgbmfd)‘\'d .’L‘L,H} has a
solution since, for each prime number PETNTy if P l)ﬂwc(d‘) P lﬁp(d‘ s then Y4 |9(lf) s

where 9- Lp?ce( . Indeed, by virtue of the induction hypothesis and the condition

Difip™

c¢) of the definition of concordance of sultes, there exists a polynomial {’ such that f’ 75' s
f’lfb e.%’ and /Delg(d’) Then %’Igﬁx , and, since gis a polynomial in 4,... ,a:b , it
follows from the condition b) of the definition of canonical conditions that 7P|9€ .%'“_n s

and therefore p ]g(d‘)
We select a solution &, of this system of divisibilities as follows: The system of

divisibilities

{;"b-,(d’)lgu(d%d . A Ig‘m(d‘)ira’ z,,}

7har’ VARARL
has a solution [3, Lemma 9].
We select this solution such that the following conditions are satisfied:
Al) &, =W, (modby);
+1 .
A2) Pﬁp 1 4 ¢) where U=pn-¢-1) and J= [8 '---,5541] , for each /C’Gf?(f’y(d')) ,péﬁ'g s

each polynomial 9€°Z'Z,a in the variables Z,,...,Z;y with occurrence of Z;y with nonzero

coefficient and g(l)e YA

A3) For each pe? ~my, if pg((f[{(d\) /:-m(d')) then p¢ % (g(y)) » where ge.Z,“l is a

polynomial in the variables Z,,...,Z;,, suchthat &, occurs in it with nonzero coefficient.
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The existence of 81;H that satisfies the conditions A2) and A3) follows from the fact
that the prime numbers pe’ﬁg are quite large, and, in addition, the following stronger
result is proved for testing the solvability of a system of divisibilities: 1If pefp,

,DK'/,;J(()‘), pglg&i(d’“déd“’o for a certain Z,, then /’Lys(d‘”gip(d\) + alb;&'\l‘a for arbitrary B .

We show that the suite oV is concordant with respect to denominator ¥ and height L£=J0(/z-
(-1) with the suite &) . To this end, it is necessary to verify the condition c) of the
definition of concordance. Indeed, let the polynomials 9,,9'2&,252 u in the variables &,
1

..y &ysy be such that pd%‘; and /Dlg,()f),,olgz(}) - The following three cases are possible

v g,.9,¢l(c,....2;];
2) g€ dz,...z]. 9948&Ilz,..,z;];
3 9.0, Q[z,....z;].

The induction hypothesis comes into force in the case 1).

Let us consider the case 2). Let gzd@[$f""’$é] and gz=9£ (d},,l; )+dl}:u . If
p[?z (/) , then, as a consequence of the condition A3) of the choice of the solution there
exists an 7 such that ,DH’[/- (). Then by virtue of the condition ¢) of the definition of
concol:fiance, there exists a polynomial £ such that p}f’({f} and ;Mgﬁ{'[fy,f'i%-&-afb/ Ty, x’

7 . — -— 1
flye]lj , where ‘Q:a,'g‘/ - dg?a . Since afg 9,= d(yt-/.+d4j£l‘&+,) g , it follows that /1925 .
The equalities p7(}) =59,{)) =pg,1y) follow from the induction hypothesis and the condition A2)
of the choice the solution &yt Consequently, the condition c¢) of the definition of con-

cordance is fulfilled.

Case 3). Let 9,=g,’(x,,...,z£)+cz',xi+, and gzs%’(.’z;,,,.,.z;.)+al2$l;+, . Then ,0(9((?) s
where 9=a;9,’—-d,512’ (we suppose that 92% g -9, for any ge & , since, otherwise, the condi-
tion c¢) of the definition of concordance would be fulfilled at once). Since Qé‘xz,c , it
follows from the condition A3) of the choice of the solution &, that the prime number
pé?f(ﬁ-g (d’)} for a certain o«={...,mM . Consequently’:’ by virtue of the induction hypothe-
sis, for a certain polynomial 7[’ we have f’lf’éec , 71'} 95_7{," gp’=,0/(j') =P7[‘L,°C(d\)=/09(d‘) , and
therefore, 7(7{‘?5&«}-5{5& Z;,, € ‘ir, and}o(%«: (d’) + d{;asf,é“) =p%

From the last relations and the induction hypotheses, we get ;"IW,, f‘wyeﬁ, and

/Dg- \h/,(n“)=/p\w/(._.(d") where W,=df%¢"d5¢9,y andwz=d29‘.“— dwc?é . The equations

P
dz’m'?]=o/f (950c+ dda‘%'w) - W and @; ‘g, = “3%::* d;d:l'“/) - W, complete the proof of
the case 3).
It remains to choose a suite X such that
X, = {D(s“(d‘) Y0,y ),. .,P(sb.x(d‘Hﬂzxxm)}_ -

Let us set M=é’~/7 ,Dv"’ , where Y, =pBp , if /7&’/2'(7(" (d‘),,..,/. (@) , and \V.=1 in the
Péﬁxﬁé P of un b4
contrary case. Then for each integer t the number S&H(ﬁ)=5h/ +Mb( satisfies the conditions
Al)-A3), imposed on the solution of the system of divisibilities, and, consequently, the
suite &(f) = [&,,.. . 86'864'! (ﬁ)_-] is concordant with the suite [cd, sre vy cdé-_l_,] . Let us substi-
tute the term &, (%) for T;,, in the polynomials in the conditions (7). The resulting

polynomials will satisfy the condition of the extended Bliznetsov hypothesis, since the
24



conditions (7) are satisfiable modulo the number @5 . Consequently, for a certain Zfa (under

the extended Bliznetsov hypothesis) the suite & (f,;) satisfies the conditions (7).
The induction step is proved and, sincejo(m—ﬂz)=p(0)=a , the lemma is also proved.

THEOREM 1. The universal theory of the integers Z in the signature <+,7,1,P> is
decidable under the assumption of satisfiability of the extended Bliznetsov hypothesis, where

P 1is the predicate that selects prime numbers.

Proof. The problem of decidability of the g—theory (and, therefore, of the 14 ~theory
also) of the model <Z;+,/, |, P > is narrower than the problem of satisfiability of con-

ditions of type

=[P (g, (=0}, {2 )] UL P, Wat 2, ] ®)

By virtue of Lemmas 1 and 3, it is sufficient to consider the case where the first posi-
tive part of the conditions (8) does not have equalities and is P —-canonical. Let us sup-
pose that /7, with the ratios {'t,} removed, coincides with the pwcanonical conditions (5).
Then, by virtue of Lemma 2, we can effectively find whether there exists a suite u)=[a),,, vrey
u),l] , satisfying the conditions /° modulo a number t such that 4% (see Lemma 4 for the
definition of 5 Y. If no such suite & exists, then the conditions /" are nonsatisfiable.

But if such a suite & exists, then, using Lemma 4 (in fact, a modification of it, since here
the case t?g is possible), we see that the conditions /[ are satisfiable. Thus, an algorithm
for testing the satisfiability of the conditions (8) exists, and, consequently, the theorem

is proved.

COROLLARY. The theory of the fragment of the universal theory of <Z;+ ,{/,|,P>
that consists of the formulas containing at most one occurrence of the predicate [ is de-

cidable.

Proof. 1If a formula contains the single predicate F , then the P -canonical condi-
tions, comparable with it, contain only one condition of the form D(f) and, consequently,
the extended Bliznetsov hypothesis for /Z=/, which is valid by the Dirichlet theorem [1],

suffices here. Consequently, an algorithm for testing the truth of these formulas exists.

Let us consider the algorithmic problem of testing for an arbitrary set of polynom-
ials a,+5,£8,.. 2Q,t 5”(2 » the existence of at least one value J, such that (Z,'!-g,fb‘a PR

a,+ 5;1 Z, are prime numbers.

Let us observe that if the universal theory of <Z;+,/,], 7> is decidable, then a test-
ing algorithm exists, since <Z;+,7,1,P7> E V:v(p(aﬁg,:c)&.u&p(a,#éz)—*ﬁ*éc) &=

there exists no .Z, such that all the numbers 0,+g,.fl‘a, v QT (g,,fo are prime.

The problem whether the existence of a testing algorithm implies the decidability of

the universal theory of the model <Z;+ y 1,1, P> remains unsolved.
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RELATIONS BETWEEN TABLE-TYPE DEGREES

A. N. Degtev UDC 517.11:518.5

Reducibilities intermediary in strength between m -~ and #f -reducibilities are called
table-type reducibilities. As it was remarked in [1], we can define in a definitive sense
on recursively-enumerable (r.e.) sets only six table-type reducibilities: ff—, f—,p—, d‘, e,
and M -reducibilities. Beside these, which we call basic, certain other bounded table-type
reducibilities are known: 5(,‘2‘—, ﬂ’—, g/a—, fd— and {gC ~-reducibilities. In this article we
shall pay most attention to the class of reducibilities .%'={ﬁ' ‘ Z v Py d,c,m, 52525} . It was
proved in [6] that if R -reducibility is strictly weaker than r-reducibility, 7, /?6.7(:. then
the complete R -degree contains a countable number of r.e. I" -degrees. In connection with this,
a subtle problem arises: for which 7, RE.%‘, where K is weaker than 7, does there exist a
nonrecursive R -degree, consisting of one " -degree? Jockusch [9] made the first contribution
to its solution, proving that there exists a nonrecursive r.e. P ~degree, consisting of one
M -degree, but that each nonrecursive tt -degree contains at least two P -degrees and a count-
able number of #m ~degrees. It follows from [4, 7] that each nonrecursive ﬁﬁ—degree contains
at least two {%Zf -degrees, and there exist nonrecursive 156 ~degrees (Z-degrees), consisting of
one f -degree (respectively, one /M -degree). Thus, only the following problem remained un-
solved — does there exist a nonrecursive 5‘@% ~degree, consisting of one M ~degree? Theorem 1

gives a positive answer to this question.

Another problem connected with the class of reducibilities ¥ is the following: for
which 7, K€ X, dowe have the inequality Th ([,r)=/= Th (LR) ? Here Z,_,r, ze€ X , denotes
the upper semilattice of r.e, Z-degrees in the signature <@&,0,/> , and Th (Z,I) is its ele-
mentary theory. It was proved in [8] that Th U’ﬁt) foL(L‘H) . By virtue of [5, 7], at
present only the following problems for X in this direction remain unsolved: (a) Th([,tt)#:
T"L(LP) ? (b) Th([:e) + Th (Lgﬁ)? and (c) Th,(LP) # Th (/Jd) ? Theorems 2 and 3 give positive

answers to questions (a) and (b), but as yet the answer to (c) is not known.

In this article we use the following conventions. We denote by N the set {0, {yone } ;
if XC AN , then -)zz/\/ “X. 1f X is a finite set, then X! is the number of its elements.
We denote the Cantor number of the n-tuple of numbers (a,, e ,a,l) in N by <Qy...,q, >,

and £ and r are the Cantor enumerated general recursive functions (g.r.f.). By definition,
if X,Y € N, then
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