MAL'TSEV CONDITIONS AND REPRESENTABILITY OF MANIFOLDS

D. M. Smirnov upC 512,572

Let »?(ZU be the aggregate of all striect Mal'tsev conditions that are satisfiable in
a given manifold U of algebras. From Taylor's theorem it follows that if Z/ is representable
in some manifold I in Jénsson's sense [1], then \’/;{2/)‘.@%(1]). The converse is true for a fi-
nitely based manifold & . 1In this paper we show that in the general case the inclusion “7;
(Z/)Q.Z;(Zf) does not imply that X is representable in /. We also give a characterization of
the property 5'32 of a class of manifolds of being the union of intersections of strong Mal'~

tsev classes, which is a revised version of Theorem 3.8 of [4].

We investigate the representability of manifolds in Post manifolds of infinite order.
We prove that if a manifold U has an algebra of infinite cardinality o« , then it represent-
able in a Post manifold of order o and above. This enables us to establish that all Post
manifolds of infinite order have the same Mal'tsev theory LZ (jz)) , which is the only complete
Mal'tsev theory and contains all nontrivial § -theories. From this it follows, in particular,
that all Post manifolds of infinite order are arithmetic and each of them has isomorphic free
algebras of finite rank. We also show that Post manifolds of order greater than or equal to

2“’ do not have a finite basis for their identities.

The author takes this opportunity to thank his colleagues V. A. Gorbunov and I. A. Mal'-

tsev for useful discussions of the work.

1. Characterization of S;zv—Classes

Let & be the conjunction of finitely many equalities of terms of functional symbols

7{; RN ,/m and objective variables Z,.. ;C,L . According to Taylor [2], a strict Mal'tsev

.t

condition is a formula

(F5). . (I W Vz,). .. (Yz,) 8 (1)

of a second-order language with specialized quantors J//’ ., !57[‘/77 . Formula (1) is said to
be satisfiable in a manifold ' of algebras of signature 47 if there are terms Ve 7[ of
7900 i m

signature 47 in the variables ‘Tn“'sxn such that

0= (Va)...(Vz,)d

where the formula {§ is obtained from % by replacing each symbol 71:1 by 7[; .

Let us agree to denote the aggregate of all strict Mal'tsev conditions of Z-ary func—

. ny pi
tional symbols f: :f;‘

, that are satisfiable in

v {n=%2,..) and objective variables Z,, T,

g 0.
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a given manifold Y/} by %{Zf) and to call it the Mal'tsev theory (or breifly S-—theory) of the
manifold U.

In the class of all manifolds of algebras the relation
= - = 7
u=U e J =50

is an equivalence relation. We shall call mixed classes with respect to this equivalence

Mal'tsev fibers, and the relation = an S—equivalence.

Let K be a class of manifolds of algebras. It is called a strong Mal'tsev class, or
S-class, if there is a strict Mal'tsev condition (1) such that the manifold !/ belongs to
K if and only if condition (1) is satisfiable in ). The class K is simply called a Mal'tsev
class, or M -class, if there are § -classes Kjg./(zg.... such that K= UK; (<),

If .@ is some property of classes of manifolds of algebras, let us agree to denote by
ﬂZ‘; (-@6) the property of the class of manifolds of being the intersection (respectively,
union) of a no more than countable set of classes that have the property L. 1f we allow
arbitrary intersections and unions of .//{,7 ~classes in this definition, we obtain the defini-

tion of the properties f‘j and ﬂz respectively.

We gave the diagram of the properties S,M,Sa""‘-/%@ , Sd’ ' -/Mf, and 56(; “‘M@B‘ in [3],
In this paper we enlarge it with the properties 50\12 R SGA , and } .

A characterization of the property SJZ was given by Baldwin and Berman ([4], Theorem

3.8).*% We show that this theorem is true only in one direction, and we give a revised state-

ment of this theorem, which we use to construct the diagram.
LEMMA, U =0 if and only if for any 56 -class K we have

UeKSsUeK, (2)

In fact, suppose that (= {/ and that K isan ‘96 -class. Then K is representable as a
union of a no more than countable set of § -classes /(/z s =42, ... 1f U€K , then Z[éK,, for
some 7 .Suppose that the class K/z is definable by the strict condition (1). Since this con-

dition is satisfiable in J/ and J = I/, it is also satisfiable in ¢ . Consequently, rek,c

K.

Conversely, if (2) is satisfied for the manifolds I and U for any S@ ~class /<, it is

satisfied, in particular, for any S -class, so U=,

COROLLARY ([4, Theorem 3.8]). Any Sp"S -class K is closed with respect to the 8-equiv~

alence = .

In fact, suppose that US=[ ,l/€K and that K is representable in the form

K=UK, (ned), Ky=004" (i<w), &

—— s st

*In [4] the property S was denoted by ML .
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(&¥) () (A)
where all the Ll—, are §-classes. Then Z[&L, , [/2,.. .

2 )
have UEL,( ,’Z/zﬁ: .. for this 4. Consequently, U€ K,LQ K.

for some A . By the lemma, we also

Despite the assertion of Theorem 3.8 of [4], we show that the property sz does not
follow from the fact that the class K of manifolds is closed with respect to S—equivalence.

For this we use the concept of representability of manifolds due to Jénsson [1].

Let // be a manifold of algebras of type \)::{/zi!ée I>. A representation of ¥/ in a
manifold I of Q—algebras is a collection p=(p‘~ }ZE.Z) of terms of type Y of the functional
symbols of 42 such that for every algebra <A 42> of U the algebra <A,{p;lée]}> with a col-
lection of polynomial operations ,0; (&e]) defined by the terms ,D& (iel) , belongs to u.
The manifold Z/ is said to be representable in 7 (symbolically Z[ip‘-[f or simply & —U )

if there is a representation £ for ¢ in U .

From the definition of the property 80’2 and Taylor's theorem for strong Mal'tsev classes

it follows directly that any SJ‘Z -class K satisfies the condition

U8, Uek = Tek. )

It is now easy to check that there is a manifold & for which the Mal'tsev fiber {Z[] =
{UIUEU} does not satisfy (4) and is therefore not an 332 ~class.*

In fact, suppose that any Mal'tsev fiber [Z[J satisfies (4). Consider an arbitrary S -
class K. It is known [1] that there is a finitely defined (that is, of finite signature

and with finitely many defining identities) manifold Zfo such that
- E/
K={v |17, 2%~ 1},

In view of our assumption, the fiber [Zf‘,] must contain K. On the other hand, since K is
closed with respect to S -equivalence, KQ[[/,,] . Consequently, K= [U;,J . Thus, any M -class,
being the union of an increasing sequence of Mal'tsev fibers [Zf”] g[ﬂ;] c [U;’J c.,.. , must
be an S-class, since the inclusions of the fibers imply that [Z};]=[Zfa’]= [Z};,’,:}:,., . However,
there are M -classes (for example, the class of all congruence-distributive manifolds [1])

that are not 8-—c1asses.

The resulting contradiction shows that the condition of closure with respect to S -
equivalence is not sufficient to characterize sz -classes. Theorem 3.8 of [4] can be re-

vised in the following way.

THEOREM 1. A class K of manifolds of algebras is an SJZ —class if and only if it

satisfies the condition

(5)

G (1), UeK=>TeK.

*In Sec. 2 we show that for any nontrivial manifold U of algebras the Mal'tsev fiber [’Zl]
does not satisfy (4).
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Proof. Suppose that K is an sz ~class. Then it is representable in the form (3).
Let us denote by Him the strict Mal'tsev condition that defines the §-class Lé-n) . IflUeK,
then U €K, for some A , and so the conditions 5,{1’,} @(f.}.. are satisfiable in /. If ,7;(2[);
Z(Z/) , then these conditions are also satisfiable in ¢, so U € K?\,g K.

Conversely, suppose that A satisfies (5). Then K is closed with respect to S ~equiva-
lence and splits into pairwise disjoint Mal'tsev fibers. Suppose that /€K and that [Z[J
is the fiber containing U. 1t 9; (U)= {9,,92,. -.}and th- is the § -class defined by the con-

dition 0‘ » then
(Wlsi,nL,n... .
The intersection Zza=[,,ﬂl,zﬂ.,. is an Sé‘ -class contained in K , by (5). Consequently, K=
UZ’(/ {l/eK) is an 5002 -class.
COROLLARY 1. The following properties are equivalent:
Spz " My = Mogs = S

In fact,s‘;z ‘*J%l;\z - ‘%60'2 » since 81; "’(ﬂd" ¢f . We show that ./%532—’832 . By Theo-

rem 1 it is sufficient to show that any Jugﬁ.‘ ~class K satisfies (5).

(&)
Suppose that K admits a representation of the form (3) in which all the L[ are Jtl,-

classes. Since ./1(6 -classes are unions of § -classes, they satisfy (5). Hence K also satis-

fies (5).
The equivalence Jlégmﬂga.z follows from the equivalence ./M“”"Sd .
Let us agree to call any class of manifolds of algebras that satisfies (4) a }—class.

Taking account of the fact that Jé““’ ScA and any Sm -class satisfies (5), we obtain the

next corollary.

COROLLARY 2. We have the following diagram of properties:

¥

s

[T
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In Sec. 4 we shall prove that the property 0’1 is distinct from the property SJ'E . The
fact that the properties Sﬁ and S“p are distinct was established by Baldwin and Berman [4,
Theorem 3.4]. Thus, all the properties in the diagram are pairwise distinct, except possibly

the properties SGA and sz ; it has still not been confirmed that these are distinct,

We draw the attention of the reader to a paper by Czedli [5]. From it, it follows that
a class K of manifolds whose lattices of congruences of terms satisfy Jénsson's quasiiden-
tity
G+y=6+¢ —~8+p=2a+(yny)
is an 5;4 -class. Jénsson's question [1] of whether this is an J%dx—class is still open.

In this connection we observe that any class of manifolds definable by a universal P -
formula {3] satisfies (4) and is thus a }-«:lass. It is not known whether this class is

actually an SJE -class.

2. S ~Theories and Representability of Manifolds

From Taylor's theorem for strong Mal'tsev classes [1] it follows that if a manifold U

can be represented in a manifold ', then f(Z(’} c .7 (V).

In fact, suppose that Z[ 22U and that the strict Mal'tsev condition (1) is satisfiable
in & . Then [/ belongs to the strict Mal'tsev class K determined by (1). Since X is
representable in /', by Taylor's theorem !/ also belongs to £ . Consequently, (1) is satis-

fiable in / , and thus .QE(ZZ)QZ;(”).

From this we see that if the manifolds & and ¢} are equivalent (that is, U-’?E-»-Zfand
”i.-l/ ), then they are also S—equivalent (Z/E ”) .

For a finitely based manifold I/ the first of these assertions has a converse.

THEOREM 2. If a manifold # is finitely based, then the inclusion f/; (ST () implies
that Z( is representable in [ .

Proof. Suppose that f(U)Cf () and that & is defined by a finite set 2 of identi-
ties of functional symbols 7() (06[) It is known [1] that the manifold Z[ obtained from &
by omitting those symbols 7{’ that do not occur in any identity of 2 is finitely defined
and equivalent to U (that is, Z{,lll and U—A’»Z[o ). Consequently, Ua =7, and so (;(Z/alg
.7‘;.(17) . Since the relation of representability is transitive, it is sufficient to prove

that Z/” is representable in I} .

Suppose that the signature of Z/o consists of ¢ -ary functional symbols {(constants)
Cy...,C, and functional symbols 7(’ 'Pm that are at least l-ary. Following [4], in all the
equalities of > we replace each constant C; by g () with unary functional symbol g We
denote by @ the conjunction of all the resulting equalities and the equalities g, (x)= %{y}, vy
gx(x) g‘(y) . The strict Mal'tsev condition

Gf)... (3£,)33,)... (7, V2 Vy). .. 6 ()

496



is satisfiable in Z[o and, by virtue of the inclusion {/;(Z/o) Cj;(”} s 1s also satisfiable
in I!'. The fact that (6) is satisfiable in I/ implies that ?l0 is representable in U.

COROLLARY 1., If oZ(Z() c \73(”} , then all finitely based manifolds that contain // are

representable in [ .

In fact, if Z[D is a finitely based manifold and Z & Z(g , then Z{o-fyﬂ L, so j;(ZIa)
Q‘g(l[} E,g(y). By Theorem 2, Z/a is representable in /.

In Sec. 4 we shall show that the condition that & is finitely based is essential in
Theorem 2 and that § -equivalent manifolds need not be equivalent. We shall also show that
the fact that all finitely based hypermanifolds of a given manifold 7/ are representable
in Z does not, generally speaking, imply that // is representable in .

COROLLARY 2. For any nontrivial manifold !/ the Mal'tsev fiber fZ[J does not contain

trivial manifolds and is therefore not a y -class.

In fact, suppose that & is a trivial manifold and that :Z;(ﬁ):\z.u{ﬂ) Since é is finitely
based, by Theorem 2 we have ﬁ—:?f»d . Consequently, all the algebras of I/ consists of one
element, which contradicts the fact that ¢/ is nontrivial. Thus, [Z[J does not contain
trivial manifolds. Since Z[ has a submanifold éo of one~element algebras, Z/:’-Zf.io and &, 9.(
[Z[J . Consequently, [Z[J does not satisfy (4), that is, it is not a ;—class.

With each manifold X of algebras we also associate the classes of manifolds

d-10\1uLv)  wa D={015,(0)< T @),

—_— —_—

—_ —p
Clearly, [ € ]/ and for any finitely based manifold U we have U = U .

P
Since the relation of representability is transitive, the class [/ is the smallest ?—

class to which // belongs.

The class 27 1s the smallest 53\ ~class of which [ is an element. In fact, suppose
that '75(”)={0,,€2,} and that Ka is the § -class defined by the strict Mal'tsev condition
571; - Then the intersection K,n/(zn .. isan 53' -class containing ¢/ and U= K,HKZQ... » since
if Je K,NK,0 ..., then .7;{2/)51.}%'(1/} and so U €l . By Theorem 1, any Jd‘ -class to which %

belongs contains 4 as a subclass.

We also observe that Z-[. is an § -class if and only if 4 EZ/0 for some finitely based
manifold Z/o . In fact, if I/ is an 5 -class, then Z7 = [7; for some finitely based manifold
Uo . Since Z/0= Z/; , we have 11:1/0 , soll = Ua . Conversely, if ﬂE[[ﬂ for some finitely

7
based manifold Z/a s then, as we mentioned in the proof of Theorem 2, Z/E(Ya for some fi-

/ o —
nitely defined manifold Z[o . Consequently, Zj=u0’ = ZZ‘: is an § -class.

Baldwin and Berman [4] constructed an example of an Sf& —-class that is not an 563 -
class, but the question of the truth of the implication Ssd’ *Stfe remains open. In this

connection we have the following corollary.
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COROLLARY 3. Any 53‘2 -class K that contains only a countable set of Mal'tsev fibers

is an 80'6 -class. In particular, any countably fibered de‘ -class is an Sde -class.

In fact, if in each fiber of the class K we choose a manifold Z[Z , we find that K=U17£

is the union of a countable set of S, -classes U; .

We observe that in any 45}2 -class K the set {Z?!Z/é/(} of ‘%—subclasses u always has
the same cardinality as the set {[U]] ek} of fibers [U] . 1In fact, the equality =0
implies that I/ = 'Zf, and so the correspondence [{] — Z_Z is one-to-one. Since the set of
strong Mal'tsev classes is countable, we see that the cardinality of the set of fibers in
any S@z -class does not exceed Zw . We do not know whether this cardinality is actually
obtainable. We shall give an example of the nontriviality of a finitely fibered Sd‘ ~clasgs

U in Sec. 3.

3. Representability in Post Manifolds and the Problem of the Completeness

of 5 ~Theories

Let A be an infinite set of cardinality of and % the set of functions onA consist-
. 2
ing of all one-place functions ? A—'A and any two-place Cantor function ntA"—A. Thus,
together with the function /’L(.:l‘,y) the set 'QA also contains the functions /.2: and 2T,

which satisfy the following identity relations on A:
blzy)=z, wizy=y, nllr, 1z)=z.

It is known [6, Sec. 4] that in the Post iterative algebra ?A over A the set QA is com-
plete, that is, it generates the whole algebra ?A . In fact, suppose that

-1
/z’(a;y)w(x,g), N Zycn2y)=n" (01T, 1), 5,,....T,)) (M33),

4!{$=£f.., Llr ({ occurs /-1 times),

Zmz.@ = 'ZZ, - ZZ.Z‘ (£ occurs m~2 times),
by my®= 1l
bym T = 2z,

m
1f 7[7: A" — A is an arbitrary function and
g,% = ULz, .\ b ),
then the function %,.1: belongs to the set QA and for all JX,,...,Zm; of A we have

12, Zy) = Gy, ...,2, ). )

We shall consider the algebra <A’QA> with support A and set of basic operations 4.7(4

in some signature 42 of cardinality 2%,

The manifold -/(;)1 = (<A,Q>) , generated by the algebra <A,47>, is called a Post mani-
fold.
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THEOREM 3. Any nontrivial manifold U of algebras is representable in the Post mani-
fold .ﬁ constructed for any infinite algebra Aot .

Proof. Let ¢ be the signature of &, and <A, %> an arbitrary infinite alpebra of Z .
For each functional symbol feb in the algebra <A,®> there is defined a basic operation
7/'(,1‘7, s ""Tm) , Tepresentable in the form (7). We show that the collection of 47 -terms
g;nm(.f,,.,.,xm) ({’e &), which we write briefly in the form {gpnm Ife qb} , serves as a
representation for {/ in .a . For this we need to prove that for each algebra Bn{ﬂj?)
of the Post manifold

S, = HSP (<4, 42>)

the algebra <A, {gf/z’” | fe &} > with the collection of polynomial operations g}(,/z,m (T,,..0L,,)
(fe) , defined by the 4J-terms Z(./Lm (fe€<), belongs to U |

1f B=4A, then, by (7) <A, {gffg”‘}ff'eqb}) is an algebra <A,{fff€f;b}> of U .

Let B=/]<A,42> be a Cartesian power of the algebra <A,47>. Then for any elements
z= (.Z,K,-ZZK,... ) (k=1,...,m) of B we have

5;"”(@,“,@,7 = (g{,/z,m(zfl,...,z;z ),gfmm(@f,,.,ﬂi),,,,)= (f{x/,,,,,f,,; ), /[&Cf, P 8 ),‘. S
Consequently, < /5, {g{./z’"l f’e CP}) is an algebra ﬂ(A,{f’ngé}) of U.

Suppose that for an algebra B’-—"(B,Q) of f//’f1 the algebra <J, {Qfﬁm} {)6 Gb}) belongs
to /[ . We first consider a subalgebra <(,47> of the algebra <5,47> . The subset (€S,
being closed with respect to operations of 47 , is also closed with respect to all polynomial
operations defined by the £ -terms 9 n™ (fes?) . Consequently, <[, {gfll’n [fe ‘?b}> is a
subalgebra of the algebra—(ﬁ, {91[,/'2’”1 F(-,C,b} > of I and so it also belongs to I/ .

We now consider a congruence & of the algebra <5,Q> . Since congruences are stable
with respect to all polynomial operati;ms, & 1is a congruence of the algebra (B,{gprm i;l’e
96}) . Since the latter algebra belongs to [/, we see that for the factor algebra <5/8,5>
the derived algebra <E/g’ {gf[lm | f’eqb}> in the representation under investigation also be-
longs to Z/ . This proves Theorem 3.

COROLLARY. 1If the sets A and B are infinite and have the same cardinality, then the

Post manifolds '@A and '/C‘)B are equivalent (that is, g jﬁ— .7; and J‘% —3£> .(/z).

In fact, by virtue of the equality Al = 13!, % has an algebra with support A and, by

Theorem 3, it is representable in .//"’4 . Similarly, .7; is representable in ./‘/g .

The cardinality o =]A| is called the order of @ .

Henceforth a Post manifold of infinite order o< will be considered up to equivalence

and denoted by @ .

The aggregate J of strict Mal'tsev conditions will be called a Mal'tsev theory (or
briefly an S—theory) if there is a manifold U of algebras such that f-’j; (Zf)
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An § ~theory .7 will be called trivial if f%j;(g) , where & is a manifold of one-ele-
ment algebras.
s

By analogy with equational theories, an S—theory is naturally said to be complete

if it is nontrivial and for any two nontrivial manifolds #l and U/ the inclusions YE%: (Z[)

and fg.%(?}r) imply that .‘}E(Z[)=f/;(f/)

It is clear that an § -theory 75 (Z/) of a manifold 7/ is complete if and only if # is
nontrivial and the Saq —class [/ consists of exactly two fibers, the fiber [5] of trivial
manifolds and the fiber [Z[_]={Z/'|UE Z[}

THEOREM 4. All Post manifolds of infinite order are S—equivalent and have a complete

.J —~theory TAL,) ,» which contains any other nontrivial $ ~theory.
$'Yuw

Proof. Consider a Post manifold .@ of arbitrary infinite order ol , and suppose that
a strict Mal'tsev condition 9 is satisfiable in it. The class /(9 of manifolds defined by
this condition is strong, and so Kg = 770 for some finitely defined manifold ﬂo . Since
@ € KH , we have Z[oj&!/l. Consequently, Z[o is nontrivial and so it has an infinite count-
able algebra (for example, a Z[o -free algebra of rank ) ). By Theorem 3, Zlo is represent-
able in the Post manifold \72) . Consequently, j“)‘, ng s, that is, the condition @ is satis~
fiable in & . Since the choice of # in .Z (..4'3‘) is arbitrary, we obtain .‘f;(@)gz (.@w ).
On the other hand, ff‘, > like any other manifold that has an infinite countable algebra, has
algebras of any infinite cardinality (see [7, Corollary 6]). By Theorem 3, 5‘)@ is represent-
able in f_" , SO ‘Z(‘@u) ) _C.\f/—s‘(f() . Thus, .g(.f’( )=g; (@) for any infinite cardinal « .

Suppose that ‘Z(@)Q ‘g(Z[) for some nontrivial manifold I . By Theorem 3, Z is repre-
sentable in ./f‘:‘ for some cardinal « . Consequently, .ys‘(Z[) Q.@(J/‘:‘) = j;(fu)) .  Thus, .7; (U=
P .
~/5 (jZ)), that is, the § ~theory \’7; (fa)) is complete,

Finally, if ‘fs (J) is an arbitrary nontrivial S -theory, then Z is representable in

.7:‘ for some « , by Theorem 3. Hence, J?(ﬁ) g{(@)‘ﬁ;(fw}’ . This proves Theorem 4.

Thus, there is a unique complete Mal'tsev theory, the S ~theory of Post manifolds of

infinite order.

It is known [8] that all Post manifolds of finite order are arithmetic (that is, con-
gruence—commutative and congruence-distributive). From Theorem 4 and the definition of Post

algebras of infinite order we also obtain the following corollary,

COROLLARY. All Post manifolds of infinite order are arithmetic, and in each of them
all free algebras f; (.7'33 of finite rank %4=42,... are isomorphic.

4. Counterexamples and Some Corollaries

First of all we show that 5-—equivalent manifolds ‘fc and ./‘:‘; need not be equivalent.

THEOREM 5. If the infinite cardinals « and B satisfy the inequality B‘S/S , then the

Post manifolds fi and .’;5 are not equivalent (namely, Jffo cannot be represented in .Z‘ Y.
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Procf. Suppose that f‘; is representable in ‘fc . Consider the manifold JHF of left F-
modules over a field F-modules over a field Fof cardinality A . By Theorem 3, JMF is
representable in f‘; . Since the relation of representability is transitive, Jl; is represent-
able in ﬁ.‘ . However, this is impossible, since any nonzero F -module M tas cardinality

IM1> oL by virtue of the relations

[MIZFl=p 22" >«.

COROLLARY 1. The ?-class .z is not an sz -class for any cczzw,

—

In fact, the ?-—class .‘72‘ does not contain the manifold ‘?a) and so it is not closed

with respect to S -equivalence. By Theorem 1, J; is not an SJ\E ~class.

. @ . . .
In particular, for any < 2Z° we have the strict inclusion

C

£

=l by Theorem 2, we obtain the next

PN p\&bl

Since for any finitely based manifold & we have

corollary.

&
COROLLARY 2. TFor any cardinal o >2 the equational theory of the Post manifold .7:(

does not have a finite basis of identities.
We do not know whether the Post manifold *@u) has a finite basis of identities or whether

the Sé‘ -class jz) is an 5—class.

In conclusion, we show that "local representability" of a manifold does not imply

"representability in the large."

We have already mentioned in Sec. 2 that any finitely based manifold ¢/ is equivalent
to some finitely defined manifold &'a . If Z[o is nontrivial, then it has an infinite count-
able algebra and, by Theorem 3, it is representable in .7% . Consequently, ifcf-?/e“), then
all finitely based manifolds that contain the Post manifold \Z)C are representable in:f

P o
whereas, by Theorem 5, J

ot is not representable in @ .

Finally, we observe that Mal'tsev theories form by inclusion a lattice, which the

author proposes to consider in a later article.
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