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SEMILATTICES OF COMPUTABLE INDEXATIONS OF CLASSES OF CONSTRUCTIVE
MODELS

V. P. Dobritsa ubc 517.15

The article establishes a connection between the structure of some subsemilattices of
computable numerations of a suitable family of recursively enumerable sets. In particular,
we prove that the semilattice of computable indexations of a class of finite models is iso-
morphic to the semilattice of computable numerations of some effectively definable family of
recursively enumerable sets. We provide one sufficient condition for the existence of counta-
bly many incomparable elements in the semilattice of computable indexations of a class of

constructive models.

We adopt definitions and notation from [1]~[4]. Let us recall some of these notions.
*
We denote a constructive model by (ﬁﬂv,ﬁ), a class of constructive models by 03 , and the

corresponding class of abstract models (without constructivizations) of signature

6 ={A° E"ieI, je 1},

n;
by j{. Here, I and J either are f1n1te or coincide with ﬂl Zz is a predicate of arity
ﬂf’ P is the equality predicate, F: " is a function of arlty ﬂa , and [Z ﬁQz are general

recursive functions of their 1nd1ces
* 2
A class ﬁf is said to be computable if there exist a map X:ﬂ/ — U \7”) and computable

families of recursive predicates /7 = {/g[(/Z,Zb,Z},,..,@L )]/Je[} and general recursive functions
(ath
{][{/L, ”, huytz';{;__/),/.ej} such that

1) for each fixed value /Lg/\/ the numeration‘/ﬂ (.Z‘)=/(/l,$7 is a constructive numera-
tion of some model e} with the families }D and F as the corresponding predicates and

functions on the numbers of elements of the model 77} ;

2) for each constructive model(%%hV>EJK there exists a value /7 for which the numera-

tions Xm and ¥ are autoequivalent (J% % V)

V.

#*
3) for each o there is a constructive model (ﬁ%”V)e.17 such that J%

ol

Translated from Algebra i Logika, Vol. 26, No. 53, pp. 558-576, September-October, 1987.
Original article submitted October 1, 1986.

0002-5232/87/2605-0333512.50 © 1988 Plenum Publishing Corporation 333



*
Let f; c x . The set

INE) = {nl(my,, 0,) e Xy}

* #*
is called the index set of the subclass xﬂ in the computable indexation j of the class & .

A model 78 is said to be locally embedded in a model 7 if each finite submodel W, of
the model # can be isomorphically embedded in the model %(?}Z N 7)) . If neither model
can be locally embedded in the other model, these models are said to be finitely disginguish-

able.

*
The local cone deflned by a model (le, ))) is the subclass .7{'-‘«);"’{ o()l(mc(,oé)ﬂzz
WJL.WZ] of the class :7{: The local subclass defined by a model (WZW Y ) is the subclass

{(WZ | (2, ) e X", m, = %‘}},

Let 17 and 3’ be computable 1ndexatiens of a class ,%’*. We say that the indexation f
is reduced to the indexation / (Z éj) if there exists a general recursive function f{x)
such that for all / the condition Zo' ? {]'7(:(&) holds. We say that the indfaxation 7 is re-

duced to J’ in local classes (Z < X ) if there exists a general recursive function ‘/)
%.c.

such that for each Y the inclusion z/([g(l,;-)) EIY(L:) holds. If [ = X and X = Z ,
L.c. L.c.

then 7255 /, i.e., the computable indexations Z and / are equivalent relative to reduci-

bility in local classes. Equivalence of computable indexations relative to the usual re-
ducibility is defined similarly.
* ; »
We denote by ”(‘Z) the set of all computable indexations of the class .ﬂ' . The rela-

. . . *
tions = and = are equivalence relations on the set ”(x ) . For c[é”{x*) we denote the
%.c.
corresponding classes of equivalent elements by o« and o?/, i.e.

T s{flyeZT), J=ux},
s {Jl)en(®), f=«}

The quotient set

LX) =ME) == e #(X"))

with respect to the equivalence induced by reducibility of indexations forms an _upper semi-
lattice which is denoted by QZ(,'Z" . The subsemilattice consisting of classes f‘oc of the
lattice .{(.z' ) is denoted by ,Z(%’ c() If <« €4, then the subsemilattice consisting of
classes j of the lattice .Z(x )satlsfylng the conditions zéy 4/5_ is denoted by..g{x‘: o,
,5). If usual reducibility < of computable indexations is replaced in the above definitions

by the reducibility gf-, in local classes, them we obtain the definitions of the semilattices

LD (Te) e £ (X, 0)

L.c.
*
THECREM 1. For each computable class X~ of finite models there exists a computable

family § of recursively enumerable sets such that .Z((Z’,’ )"" Z(S) . The family § is found
effectively from the class x
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Without loss of generality, we may assume that the signature @ of the studied models
consists only of predicate symbols. We denote by 0,50 a part of the signature containing
no more than 77 predicate symbols of O . We assume that G, C G, £G; & ... (;'-5,LE Gy S .. & 6

oo
an = . ere are finitely many models of afinite cardinality and a finite signat-
d & G, Thi finitel dels of a fini dinali K and a fini i t
={

ure 0p. Such models are isomorphic if and only if their diagrams coincide up to labeling
their elements. Clearly, the verification whether such models are isomorphic or, equiv-

alently, their diagrams coincide is completely effective.

One can choose a one-valued Godel numeration of finite models of cardinality A of fi-

nite signatures @/L such that one first enumerates all models of the signature &, , then

those of 62 , etc., in the order of increase of the number /2 of the signature G, . If,
beginning with some /., we have @/z = 0,”3 , then o, = ¢ and there are finitely many

models of this signature.

[ =4
Suppose that [J R = /\/ is an effective partition of the set N of natural numbers into
=1 b
an infinite sequence of infinite recursive sets ’?& . We fix a Godel numeration of finite
models of finite signatures O, such that the numeration method of models of cardinality X

described above uses only numbers in the set ’?K . FYor the sake of brevity, we denote by mz

the finite model with the Godel number 7 in this fixed numeration.

We assign to an arbitrary model 77} of the signature & the set S?Z?J = {rp[mzc—» m‘} .

LEMMA 1. If (Wl, y) is a constructive model, then the set Sm is recursively enumerable

and the enumerating function is effectively determined by the constructivization V .
We denote by ﬂlt‘ the submodel of a model 77 of a bounded signature @ﬁ with the under-
lying set {_V(O),...,V(f)}. The set Smtz: {@ }mz — mé} is finite and found effectively by
o0

¢ . =
M°.  Since Sm—ﬁ(;{; Sﬂlt ,

the algorithm of enumeration of this set is obvious.

LEMMA 2. If it is a recursively enumerable set correspending to a finite model 777,
then the model 77/ is constructivizable and a constructivization V of this model is effec-

tively determined by an enumeration of the set Sm

Suppose that a general recursive function 2(;)=7; is given enumerating the set ‘S‘ﬂf

{zg,”z,,...} . We will construct the constructivization V

Step 0. We enumerate the elements of the model ?ﬂzp , and define on them all predicates
in the signature 010 . Put ¢(0)= %, . Turn to the next step of the construction.

Step T+/ . a) If m(ﬂ(ﬁ)g mlﬁ/ , then put ¢(f+/)= /Lﬁ-/ .  Enumerate the elements of

Wy, .
il
embedding m;ﬂ(f)(—'mlw . Turn to the next step.

Restore the diagram of this model in the signature dz# taking into account the
+/
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a, i 1 K that I
b) If m¢¢)+» 1, » then we find the least A such tha mzﬁj_a. mz,‘* mﬁp{ 5 WZZK

Put $0(2f+/) = .. Enumerate the elements of the model WZZ and restore its diagram in the
X

finite signature @, using the embedding 77 o) C—-’)Z?Zz . Turn to the next step of the con-
X K
struction.
. o
Clearly, ?ZZ C 777 € ... and m = U WZ LL , The construction process provides
70)] ) 4= 2]

a constructive numeration y of the model#7l. The lemma is proved.

LEMMA 3. Finite models (m,\)) and (72,}1) are constructively isomorphic if and only if
577Z= Sﬂ is a recursively enumerable set.
Indeed, the construttive isomorphism of (777, ) and (’ﬂ,,u) implies that #7] = 77 but
then we have ﬂZZ — 77 &= WZZ — 7l , i.e., Zésm = 7,5(5’”, By Lemma 1, we conclude

that the set S?ﬂ is recursively enumerable.

Suppose that recursively enumerable sets Sm =S?Z are given. According to Lemma 2, from
the enumerable set Sm we can effectively find a constructivization vy of the model#] . Simi-
larly, from the enumeration of the set Sﬂ we find a constructivization H of the model 7 .
The models 77 and 7 are finite; therefore, finitely many extensions were made in the number
of elements while the remaining extensions were made in the signature. If m=}lﬂ2)\ , then
ﬂz=ma${ﬁ«9%ﬂ Rg# ¢} . If a=max{f}5ﬂﬂ@,¢¢} , then the equality Sﬂlzsﬂ implies that
m=/. For a model of cardinality /s and a given signature 6& the only element in the in-

tersection Smn Rm is the number of the model ?ﬂr@ But 3772 n R/?Z =87zﬂ Rm and for the

X
model ﬂf‘@x there also is a unique number in the set 87[ ﬂ/?’m . Thus, the numbers of the

> ?ZP@ . Considering these isomorphisms from
X

models and %’\ coincide, i.e., P
Ml =R, un

the moment when all elements of the sets im]and ‘ﬂl have been enumerated, we obtain a con-

structive isomorphism between (7], y) and (@Z”u) . The lemma is proved.

We introduce a family of recursively enumerable sets:

$5 {8, | (M0,,9) AR

I/
According to Lemma 1, each computable indexation j determines a computable numeration X of

the family S . Lemmas 2 and 3 show that this correspondence is one-to-one.

Let of and B be computable indexations of a class :ZC* withx =</ and let f{ﬁ) be the
corresponding general recursive function. Then for each /I we have °€z ? /5,4’(,;) . By virtue
of Lemma 3, we obtain 0(,:=/’;,m) s i.e., oclf‘- B’ . The converse is also true. So o(s/ﬁ &=
/6" and cC‘:"ﬁG":) « = /@’ - Thus, the map ¢/; .Z(x,)——‘?,‘f(S) defined by the rule 50{?) = 7
is a semilattice isomorphism. The theorem is proved.

For a class .75‘. of constructive models we introduce the following notation for the family

of recursively enumerable sets:
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S(2 s {8y 1 (m, e},

L *
COROLLARY. If .7[ is a class of constructive finite models, then the class .%' is com-
*
putable if and only if S(% ) is a computable family.

*
THEOREM 2. 1If .%‘ is a computable class of finitely distinguishable constructive models

and & is its computable indexation, then
x" ~ * ’
LX) 2 L(S(XT), ')
*
for a suitable computable numeration «' of the family f(x )

Note that Lemma 1 in Theorem 1 has been proved for an arbitrary constructive model.
Furth , i i structively i orphic to del , the = .
urthermore, if {WZ},, y) is constructively isomorphi a mode (mﬂ’/l) n(ym? Sm‘a
#
Thus, from each computable indexation o of the classx one can effectively determine a com-

putable numeration o' of the family J’{‘%'*),

We define a map 90£(.7Z’fec)—~£(¢$’{‘%’*),x’} as follows. If p<£oC, then ff{ﬁ) =,?. Let

us verify that it is a semilattice isomorphism.

* p— —
Suppose that ,65 o, J) €qo are computable indexations of the class X, and (ﬁ(/b) = 9’3(,7') .
But then /@’é /’and //516', The reducibility 5'$()7’ has a general recursive function /](.22')
' ! ’

such that for each n we have /G/L = J;:(m . 80 for all n we have J’mp= ,S) /7‘ ’_ Models [%/3/1 5

B ) ,{%& ,2;;@) lie in class & of finitely distinguishable mo,éels and ;t'e not distinguished

by finite{‘godels. Therefore, they are constructively isomorphic, i.e., ﬁ/z, ga' //L,Zj. Since
this autoequivalence holds for all values of n, we deduce that A 1is reduced to / by means

of the function /

’
Similarly, /15,5 implies the reducibility / 5/3' Thus, we have shown that the map ¢

is one-to-one and preserves order on semilattices, i.e.
B 9o =y

# ’
It remains to verify that ¥ is a map onto the semilattice ,(‘{(S(%’ ), <) . Let /5/ be
*‘.
a computable numeration of the family S(‘]f/’ ) reduced to o’ by means of a general recursive

function 7p($) . Then /@/Z/ =067[/,{ )= We define a computable indexation /n=067£(m .
,l (3

Lny
N s
Sincex is a class of finitely distinguishable models, the correspondence WZ}) 573.,} is

oy

#
one to one. The numeration ,@, effectively enumerates all sets in the class S(.ﬁ@’ /\‘, so J’

*
would index all constructive models in the class%’ . The reducibility /SOC is obvious

, _
from the definition. It is easily seen that J'l =06 . So 900’)=,43’. The theorem is proved.

¥
THEQREM 3. Let 3{7 be a class of constructive models, let & € 3 be computable indexa-
c

*. * - -
tions of the class OK’ . Then there exist a family 3(‘% )of recursively enumerable sets and
£ *
(X, e, 8) = L(8(X7), ', 8).

for o(,’, ()’,, /3, and § = 5(%’“ which are

!/
its computable indexations ' and A such that K/
' L.c
Note that & = )/ f 3 implies d’S(//é 8’
.C. ‘

L.c.

defined like in Theorem 2. We define the map
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Py (K sp) = L(8(7), &', ),

like in Theorem 2: $9f7) = j' . The verification that ¢ preserves the semilattice partial

order and () is one-to-one is analogous to verification of these properties in Theorem Z.

We will verify the surjectivity of the map $0 Let J) be a computable numeration of the
family S((Z‘ﬁ) such that )7’ P /B' by means of some general recursive function 7[’/1‘) Put /7 =
o + (/@;(’), where (/571,)/2 = /6/’!/1} . Then we have obvious equalities g St (/67[) =of +/

Since e{fé ()’/ we have g’é/’ and /,5 Z’. Thus, Z’=/T7 , i.e., yy{g)—/ . The theorem
is proved.
0 0 o
et Hefd,, > /T |rew}.
A set 13 is said to be Q—Simple in a set )4 if _59,4 .56—@ and for each.Z€W the con-

o
dition W‘tr——-/’\ﬁ implies the finiteness of the r.e. set WI . If ﬂ is a 27 -simple subset

of a set A , then it is said to be a simple subset of A.

Clearly, for an arithmetic set A lying in a class g a @-simple subset always exists;
for instance, the set ,4 itself is an example. However, a @-set /4 does not always have a
0
677 -simple subset, where ﬁ/ & # . For instance, in a productive set there is no simple Z{ -
7

subset.

THEOREM 4. Suppose that f*ls a computable class of constructlve models, a’ is its com-
putable indexation, ( Y )))Ex’ 'L l , and_[))(x ) has a z -simple subsetA Then

the class JZ has infinitely many computable indexations 1ncomparable relative to reducibility.

We denote by /0{/1,1'} the recursive predicate defining the set A . Namely,

ned e (Jm)(Vy>:C)/7(/z,5/)5
ndd = (Ye)Ty>z) 1P (ny).

The domaln of a function ‘p is denoted by d‘gﬂ the graph of a function ¢ computed 1n'b steps,
by (p ; the function computing the Cantor numbers of an ordered triple <ﬂl,b,/> by C3 m,o,‘/ Y
and the function computing the Cantor number of an ordered pair ((:”;D by c(a',/a).

We will construct countably many computable indexations J", /€ Ll), of the class x*which
will be pairwise imcomparable relative to reducibility. Here, labels of two kinds will be
used, </72,,1:, >  and [m,[,‘{"} , where g.;éj . The two labels, (m,é,/) and Erz'!j,f/j , are assumed
to be mutually incomparable and lying in one equivalence class. We fix some effective order-
ing of these classes in the type (). In the constructicn, smaller labels will be of greater

priority.

For each constructivization /,: being constructed, its successor J’y will be appointed,
according to which its construction will be performed. The successor of a numeration under
construction may be changed but only finitely many times. The successors themselves may un-
dergo a ''transfer" from some constructivizations to others, but, again, only finitely many

times.
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Attaching of several copies of a label <7 /z,/) will mean that we intend to violate the
reducibility of the indexation X" to the indexation 3’/ by means of the function®, . The
labels [/77,(,,/_] play an auxiliary role and show that the above reducibility may not be violated
immediately after the introduction of the labels </7,4,4 >.

‘ t
The part of the model (m[K’XK) constructed at the step 'é is denoted by WZ(;K . In the
case of introduction of the labels [/77,0',/] , we will define values of an auxiliary partial

function {f(m, z,',/', ﬁ) and finite models ‘,D(m,g,/, Z;, é’) for all fs {(m,[,/y f) .

The construction will be performed for a progressively expanding collection of indexa-
tions and an increasing number of constructive numerations for each of these indexations.
At the same time, we will study a list of labels <m,u, / > requiring consideration, i.e., a
list for considering labels for which the reducibility of the indexation J to the indexation

X/ by means of the function (/  has not yet been violated.

Construction of the Models ( (/)j
6K’ K
. g [ PP
Step 0. For all b,/ X7 put %c/ = ¢ . Include all labels <f77,..67d >, where C=j s in
the list for consideration. Turn to the next step of the construction.
We denote by d<m'é’d'> the number of numerations at the step Z/L which carry labels no

greater than </rz,o',(/>. We introduce the quantity

¢ o 2d° 20, (m 6,1} .
.5 maz 164
5<m.[,‘/> {2 <>’
Step 7+/. It consists of four stages.
1. Consider the numerations / which carry labels of the form Em A 'J, where the
Ym (26D Ood

corresponding labels {7, L(/> are excluded from the list for consideration. For all such nu-

merations we verify the embedding ﬂ(ff? é’{/ Zf 7y e Z?Z under the corresponding values of

L<lim,injat).

a) If there are no [rn,é,(/] such that for all {’sf&n,d,/', t,g) the embedding D(m'g,/,t’g);*

th is established, then put
v

bimat,f 1) = Z{m,s,d',z‘),
'D(m?[:n/rt';. 7'7f> = D(m;(;,/', t, ¢)

for all Zse(m,i,//,'t) . Turn to the next stage.

b) If among the labels considered there are L—m {,/] such that for all £ < 5(!%, [/ f)we
have the embeddlng DO?L L(/ Zf' f) e m , then choose the least such label [m,o/_] For la-
bels [m/, ¢, / ”] less than [m,b ‘/_] put C[m,t,/ N =lm,i /'f) and D(/?LL/ +,0)= .D(/n'&’/ z, )

for all € < Z(M'L'/ Zf' For all successors X; of the numerations D/L//(ZK) carrying the chosen
m
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label En.,(,,/j verify the truth of the predicate P(S,t) If it is true, verify the embedding

b4
7379. ‘mezx)c_’ mv for the corresponding numeration b’c;‘ 2Ky *
. . / tH1 e A
If there is a numer.atmn qu(zm among them such that ?22 ?’(ZK; 932,3’ R en e succes
sor of the numeration (; (1K) is changed from Ofs to \J Then ]LD is app01nted the successor
m t+1
of the numeration Kik . Perform the embeddings m — WZ m v (ZK)H 3 . Turn

¢

to stage 2.

If, however, for all such numerations b’v (2ky we have m 92K ¢7L> m , then we de-
fine for them .D(/n,(,/ ] &)wm‘f' m(zk) for the appropriate values eée(m,,b,/,'f§ . Include
the label (m,t:,d) in the list for consideration and turn to stage 2.

2. In the list for consideration find the least label (m,[,/) such that ca(m,i,d') < t and

for k € w we have

<S¢ = 7k € Str,i

‘(m"nz >

If there is no such label, turn to stage 3.

If there is such a label, then the construction is done according to one of the follow-

ing cases.

t
a')' If there exist K, and K, such that K, <., /(2 < \gm,t'./}’ ([ (Qll) (-f (QK) and the numera-

L ; 12
tions , ()/1' carry no smaller labels, then the embeddlngs WZ m m — Z?Z
are performed. We appoint u successor of numeration Jz and v successor of numeration

a;; . To all numerations {K free of smaller labels and such that K< Zsfm,l:,d"> we attach
the labels (m,(;,cj). All greater labels, if they have been used in the construction, are in-
cluded in the list for consideration and removed from the numerations being constructed while
these numerations themselves are marked with the labels (m,é,/) . The label c’m,i,}) is ex-

cluded from the list for consideration. Turn to stage 3.

b') If the condition of case a') does not hold and there exists k such that K <

5 r (f (2K) is even, and the numerations chk s carry no smaller labels, then we

4”‘"!? (Y‘f (2K

appoint V the successor of the numeratlon K(( (2K and /u, the successor of the numeration
m

7}2 m T m/o . Remove all labels

(f (2K L 2k

Zm,l.#> from the numerations being constructed if they have been used in construction. 1In-

¢
J/ZK . Perform the embeddings ?31

clude these labels in the list for considerations. The numerations freed from the labels are

marked with the labels {(m,! ,/) We also mark the label-free numerations (f; , a’é such that
S, €<ma,x{ls<m /)7 ({ (2/0} with the labels (m,é,/ > . The label (s, (,,/ > is excluded from

the list for consideration and we turn to stage 3.
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c') If the conditions of cases a') and b') do not hold and there is k such that K=<

Sr . carry no smaller labels,
(m,a,#) /
then the successor {y, of the numeration (K{,,JZK)’ if it was there, is moved to the numeration

. . ¢
, (fm(Zk) is an odd number, the numerations A/ZK ,

¢
d/q,,vczm

X2§:+1 . Also, this constructivization has not yet been involved in the construction, 2/0-}-1
2 Sz‘ ., and F has the least possible value. We appoint ]A/ to be the successor of
tnyid > :

; L . r 4
the numeration &’ZK and perform the embedding m‘, 2K — m/‘/ . We attach the label )‘)/’,,.(ZK)

to the numeration ¢.;]. Remove all labels greater than <hb,5, .> if they were involved
’ ,/

in the construction. Include them in the list for consideration. The numerations freed from
labels are marked with the labels (mv,b',/' >. Attach the labels (_r)‘b,l;,‘f> to all numerations
f; , a/él which are free of labels and have indices 7 , { <max {25<f:,5,j>’ 2P+4 } . We de-

fine

e(m,z,',j,z,‘) + 4 , if the value ﬁm,i,/',z")
Z(m,i,/',tﬂ) = was defined;
0 otherwise;
¢

Dyt f 244, blimi j,lr1) = (PP

Exclude the label (f"r,i;/') from the list for consideration. Turn to stage 3.

3. The numeration J?.‘p which has not received a successor, with 0(5,2)0) < T, adopts
the constructivization ¥ as its successor. For (:é ¢ we find a numeration KK which has not
been appointed the successor of a constructive numeration of the indexation 5“ already in
construction and had the smallest possible value of K . We appoint J’g the successor of the
numeration Isz-H with the smallest possible index 2/D+ 1 having no successor. Turn to stage
4.

4., For each numeration b/; .already having a successor a/y, but carrying no label of the
form f_m, S,[J or carrying the label [m, 5,[] but with the false value of the predicate
P(?/,t) we enumerate the elements of the finite model

tH 12 t
If, however, the numeration (f: with a successor 3} carries the label Dn’g,j:} and the
; T+1
predicate p(y,t) is true or the numeration ()’f( has no successor, then put 7. " = mt .
LK Lk

Turn to the next step of the construction.

Define
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Clearly,
o 4 t T4t
. C . R o o
meEm, <.<m, e, <c..sm,

‘. ] .
and J} is a constructive numeration of the model Zn%k. Since the construction just des-
. ‘ » I3
cribed is uniform relative to ¢ and K, J’ is a computable indexation of the class

X5 {am, (O ke w},

LKy

The construction is complete.

LEMMA 1. If the conditions of stage 2 are fulfilled at some step, then the conditions

of one of the cases, a'}, b'), or c'), are necessarily fulfilled at this step.
Suppose that the condition of stage 2 is fulfilled at step T+ 4 for a label Zm,é,p s
but the condition of case a') is not fulfilled. After the step t , labels not exceeding
- t . . ;
<m,e, 4 > will be attached to d%nh57> numerations. So in the set

2
{Zklks S<m’£"/->,

t
2k e Sys 3
“ -
the number of numbers 2K such that the numeration dék carries a label not exceeding
IR 13
Zm,l,,(/ Y is no greatert than d(m,i,/)°
lection of at least d;m”id>-+‘/ numbers. Since the condition of a') does not hold, the val-

The remaining numbers in this set constitute a col-

ues of the function (f on distinct numbers of this set are distinct. Thus, for at least one
2K in the set

t
cm,é,!w

[ [k<s 2::651/:;}

the numeration ¢ does not carry a label not exceeding {(m ¢ > . If (2Kk) is an even
(fm(zk) g ? 1J m

number, then, obviously, the condition of case b') holds. If %QXZK) is odd, then the condi-

tion of case ¢') is fulfilled. The lemma is proved.

A label (hki,/) is said to be stabilized (at a given step) if its new copies no longer
appear at subsequent steps of the construction while its existing copies are not removed from

the numerations being constructed.
LEMMA 2. Every label is stabilized.

First, note that the removal of the labels <Z,Z,S> and{zz,g, Sj occurs simultaneously
during the implementation of stage 2. On the other hand, if the label [},f,é] is attached
. S . . ¢
to the numeration 5@&(2K3’ then the label<(®,f,5 > is attached to the numeration J;x.

Thus, the stabilization of labels can be established by induction on their ordering.

Suppose that all labels less than éfn,i,J:> have already stabilized towards step t} of
the construction. Thus, the removal of the labels <?n;/wf> cannot occur at the subsequent
steps. New copies of this label may appear in the construction only if it is included in the

list for consideration. When new copies of the label (ﬁ%d,/) are attached, it is excluded
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from the list for consideration at the same time. Thus, the label (m,i,/) is not stabilized
only if it is included in the list for consideration and excluded from it infinitely many

times. We will show that this is impossible.

Suppose that the label {m,i,J? is included in the list for consideration and excluded
from it infinitely many times. It may be included in the list only if the second part of b)
holds. At the same time, a) and the first part of b) cannot be fulfilled because, otherwise,
it would never be included in the list for consideration. The label <m,5,gf'> may be excluded
from the list for consideration only at stage 2. Cases a') and b') cannot be fulfilled be-
cause after their implementation the condition of stage 1 can no longer hold for this label
<m,(,',/> , i.e., it can no longer be included in the list for consideration. Thus, c¢') and
the second part of b) are fulfilled, alternating, infinitely many times for the label
im, [,/) But in this case we have an infinite sequence of numerations (K , th ... carry-

ing the labels [m.,& (/J Each of these numerations KJ has a successor 0’., which is not

changed any longer because otherwise the first part of b) would be fulfilled. The successors
of the numerations of the indexation (r/ are always declared with distinct X—indices. So

we obtain a recursively enumerable sequence of distince a’-indices ’7/?, ’Zz, v e e
Since b) is fulfilled infinitely many times for {‘l‘/s , we conclude that, on one hand,
A
m,z > @, | on the other hand, the formula (v@)(3y> _z})jlo(fzg?),holds, ie., 7€ ¥
G

(.7{*) N\ A . But there cannot be such an infinite enumerable sequence of indices because
the set A is 2— simple in [3’(‘% ) by the hypotheses of the theorem. The obtained contra-
diction proves the stabilization of the label (m,b,/ >.

* -
LEMMA 3. ¥For each jeW the inclusion ‘765 c X holds.

Indeed, each numeration {“ acquires a successor. If this numeration carries a label
of the form {7, f, §> , then the successor of this numeration may be changed only if this
label is removed and a smaller label is attached. If this numeration carries a label of the
form [7,,2,5] , then its successor may be changed only once provided that the same label re-
mains on the numeration, and the new successor is ¥ . Since there are infinitel'y many general
recursive functions, infinitely many labels are attached. In each indexation f' the set of
K" -indices of the numerations carrying labels is an initial segment of the natural numbers.
All labels are stabilized. So each numeration d’,( gets a label at some step 4 which is never
removed from it. But then after some step 'Z:" the successor K of the numeration &’

never changed. Therefore, we have {K b/# and (m o O’K) éJC The lemma is proved.
LEMMA 4. For each (€W the inclusion x c .76 holds.

Fix an arbitrary value ;€ W. According to stage 3 of the construction, each numeration
ng, becomes, at some step, the successor of a constructivization JK for a suitable value of
K . Note that if the successor (ff is moved at some step from a numeration 5’,( to a numera-
tion X‘ and the constructivization JK carries the label {7, €,s> or[n, ¢, s] at this step
of the construction, then the numeration ()/ will carry a smaller label If 6,( is label~-

free, then, at the step when the successor of the numeration is moved, will ac-
y x
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quire some label. The removal of a label is accompanied, as has already been pointed out,
by attaching a smaller label. So the successor 0/?, may undergo movements only finitely many
times. Let 0’,2 be a constructivization such that X?r is declared to be its successor at some

step of the construction and is never moved again. Then, as a result of the construction, we
P .
have J"b = ()’7, , i.e.,
(Brg, ¥ € K

The lemma is proved.

) -
LEMMA 5. Each &" is a computable indexation of the class KX

As has already been pointed out, Jb is a computable indexation of the class x By

virtue of Lemmas 3 and 4, we have the equality JC % The lemma is proved.

LEMMA 6. If L',{/éu) are distinct, then J t\Y' J/.

Suppose, to the contrary, that for some distinct L',/é W we have the reducibility d"'
b’j . Suppose that the appropriate general recursive function is Cf (Z) with the Kleene num-
ber . Consider the label (/7»,&,/) . At some step f this label stabilizes. Since the
function %n is general recursive, stage 2 was implemented at the step t, i.e., one of the

cases a'), b'), or ¢') is fulfilled at this step. If case a') holds, then as a result of the

construction we would have }( 7‘ K such that d/ ;"é b’ k but Cf (K3 = (-(m,(k ) If case
b') holds, then, as a result of the construction, we would have K such that XK #— X? (K-

If case c¢') holds, Athen we obtain, as a result of the construction, K,,,. vy KZ such

that the numerations {Q/ k.’ 1€ 85« £, carry the labels [/n,(«,@/] and €=€(m,[,€/',f} . If
mt "y

some $ < ¢ and all Z'}a T satisfy

Dimyisf, by, 8= Dim it 8 e T

then case a) always holds for the label [m,a,(/] hereafter and

i ug A= Ty = 0L

A fortiori,

¢ ;

ks Ymiksy
If at some step tzz U we have

.D(m:{’, d‘,ﬁ;, 5) = D(ms é?d'.at,s Y ???«\,

for all §< { , then the condition of case b) holds. The second part of this case cannot be
fulfilled since in that case the label (hb,b',/'> would be again included in the list for

consideration, which contradicts its stabilization. Thus, the first part of b) is fulfilled
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at the step t,. But then, as a result of the construction, we have a’(' = {’X/ . xe =
Kg @

Y for a suitable . Therefore, in this case there is again A¢ such that ‘ ¢ .
s<t ’ 8 s b 7 ¥ TR

There are no other possibilities. In all considered cases we have arrived at a contra-

diction to the definition of a reducing function. Thus, J"% dfgf_ The lemma is proved.
An application of Lemmas 5 and 6 concludes the proof of the theorem.

COROLLARY 1. Suppose that .%; is a computable class of constructive models, X its com-
»* “ »
putable indexation, (WZY ,y)éx R IA\;I;Z , and [X(J’Cy ) contains no infinite recursively
enumerable subsets. Then the class ‘7{' has infinitely many computable indexations pairwise

incomparable relative to reducibility.

&*
COROLLARY 2. Suppose that <7C is a computable class of constructive models, x its com-
* 0
putable indexation, (mwy)éx ’: }L;}>2 , and IK('%#) <€ A2 . Then the class x* has

countably many computable indexations pairwise incomparable relative to reducibility.

»
COROLLARY 3. Suppose that -% is a computable class of constructive models, X its com-
* % [+
putable indexation, (mwv) € .7'{ . ]A:l > 2 , and the index set [ b/(-xy ) has a 2:2~simple
subset. Then the samilatticex(_%*) of computable indexations of the class x* has infinite-

ly many incomparable elements.
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