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Efficient PRAM Simulation
on a Distributed Memory Machine

R. M. Karp,' M. Luby,? and F. Meyer auf der Heide?

Abstract. We present algorithms for the randomized simulation of a shared memory machine (PRAM) on a
Distributed Memory Machine (DMM). In a PRAM, memory conflicts occur only through concurrént access to
the same cell, whereas the memory of a DMM is divided into modules, one for each processor, and concurrent
accesses o the same module create a conflict. The delgy of a simulation is the time needed o simulate a
parallel memory access of the PRAM. Any general simulation of an m processor PRAM on an n processor
DMM will necessarily have delay at least m/n. A randomized simulation is called sime-processor optimal
if the delay is O(m/n) with high probability. Using a novel simulation scheme based on hashing we obtain
a time-processor optimal simulation with delay O(loglog(n) log*(n)). The best previous simulations use a
simpler scheme based on hashing and have much larger delay: © (log(n)/log log(n)) for the simulation of an
processor PRAM on an » processor DMM, and @(log{n)) in the case where the simulation is time-processor
optimal.

Our simulations use several (two or three) hash functions to distribute the shared memory among the
memory modules of the PRAM. The stochastic processes modeling the behavior of our algorithms and their
analyses based on powerful classes of universal hash functions may be of independent interest.

Key Words. PRAM, Simulation, Distributed memory machine, Universal hashing, Stochastic modeling,
Balls and bins.

1. Introduction. Parallel machines that communicate via a shared memory (parallel
random access machines, PRAMsS) are the most commonly used machine model for
describing parallel algorithms. The PRAM is relatively comfortable to program, because
the programmer does not have to allocate storage within a distributed memory or specify
interprocessor communication. On the other hand, shared memory machines are very
unrealistic from the technological point of view, because, on large machines, a parallel
shared memory access can only be realized at the cost of a significant time delay. A
more realistic model is the distributed memory machine (DMM), in which the memory
is divided into a limited number of memory modules, one module per processor. Each
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module can respond to only one access request at a time. Thus DMMs exhibit the
phenomenon of memory contention, in which an access request is delayed because of a
concurrent request to the same module.

In an effort to understand the effects of memory contention on the performance of
parallel computers, several authors have investigated the simulation of shared-memory
machines on DMMs. In this paper we present substantial improvements over the most
efficient simulations previously known.

The paper is organized as follows. In the next two subsections we summarize previous
work and the new results presented in this paper. Section 2 contains more detailed
descriptions of the computation models. Section 4 describes the universal classes of
hash functions we require and discusses stochastic processes that capture-the essential
features of our simulations. The remaining sections describe several variants of our shared
memory simulations. The reader wishing to gain a quick insight into our algorithrns
without detailed probabilistic analysis may wish to skip Sections 5 and 6 in a first pass
through the paper.

1.1. Previous Work. Let p denote the size of the shared memory of a PRAM, and let
n be the number of processors and memory modules of a DMM.

Each of the previous randomized algorithms for simulating a PRAM on a DMM uses
a single hash function h: {p] — [r] randomly chosen from a universal class of hash
functions, to distribute the shared memory cells {(we say “keys” for short) among the
memory modules of the DMM 4 Informally, a class of hash function is universal, if a
random member of it has statistical properties not too far away from a random function,
but can be stored on little space and can be evaluated fast. The notion of universality was
first introduced in [4].

Some of the simulations assume a complete interconnection network between the
processors and the memory modules; others assume a sparse interconnection network
such as a butterfly or a hypercube.

The delay of a simulation is the time needed to simulate a parallel memory access of
the PRAM. For those simulations that are based on a single hash function the delay is
governed by the following quantities:

o The hash evaluation time, i.e., the time to evaluate A.

o The memory contention, i.e., the maximum number of shared memory accesses exe-
cuted in one PRAM step which are mapped to the same module under £,

e In the case of a sparse interconnection network, the routing time, i.e., the time needed
to route read and write requests from processors to memory modules, and to transmit
the results of read requests back to the requesting processors.

In [15] and [20] it is shown that, on a butterfly network, expected routing time
O (log(n)) can be achieved, which clearly is asymptotically optimal. The expected con-
tention can be made as small as O (log(n)/log log(n)), if log(n)-universal hash-functions
as introduced in [4] are used. These hash functions have evaluation time O (log(n)). Thus
these simulations have delay O (log(n)).

# In this paper [#] denotes {1,2,...,n}.
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If a complete interconnection network is assumed then the delay can be reduced.
In [19], log(n)/loglog(n)-universal hash functions from [4] are used, yielding de-
lay O(log(n)/loglog(n)). For any scheme that uses a single hash function to dis-
tribute the keys among n memory modules, the expected contention is necessarily
Qog(n)/loglog(n)). It is easily shown that this holds if the hash function behaves
like a random function, and that no class of hash function can yield lower expected con-
tention. Thus any improvement must stem from the use of more than one hash function.

By introducing parallel slackness—i.e., simulating a PRAM on a DMM with fewer
processors—we can obtain time-processor optimal simulations, in which the expected
delay is proportional to the ratio between m, the number of processors in the PRAM,
and s, the number of processors in the DMM. Time-processor optimality can only be
achieved on completely connected DMMs, and only if the hash functions used have
constant evaluation time. In such simulations each processor of the DMM simulates
m/n processors of the PRAM. Thus each simulation step has to satisfy m/n memory
access requests from each processor. In devising time-processor optimal simulations the
object is to minimize the delay or, equivalently, to minimize m as a function of n. It is
easily seen that, in any time-processor optimal simulation that uses a single hash function
to distribute the keys, the expected memory contention, and hence the expected delay,
must be Q2 (log(n)).

The first time-processor optimal simulation was published in [16]. It simulates an
n'*+¢ processor PRAM on an n processor DMM with optimal expected delay O (n°),
for arbitrary ¢ > 0. In [23] a time-processor optimal simulation of EREW PRAM:s on
DMMs is presented with expected delay O (log(n)), using hash functions introduced
in [21]. In [8] the same result is shown for CRCW PRAMs, usmg a new class of hash
functions.

1.2. New Results. In this paper we have chosen to assume a complete interconnection
network in order to avoid confounding the effects of memory contention with the ef-
fects of routing delays, and to make possible the construction of time-processor optimal
simulations. Our main result is a time-processor optimal randomized simulation of an
EREW PRAM with delay O(loglog(n)log*(n)) and a simulation of a CRCW PRAM
with the same delay, where the time-processor product is only away from optimal by a
factor log™(n) . The delay bound is very reliable; it is guaranteed with high probability,
i.e., with probability exceeding 1 — O(n™*) for arbitrary £ > 0. (Hereafter, this is what
we mean whenever we use the term “with high probability.”)

The simulation uses a novel scheme which is more involved than the simple hashing
scheme used in the previous results. We show how to speed up the simulation of a read
step of an n processor PRAM on an n processor DMM by using two or more hash
functions, and thus making the contents of each PRAM cell accessible in two or more
places. We speed up the simulation of a write step by allowing delayed executions of
write instructions: whenever memory contention prevents a write request from being
executed during the present memory cycle, the request is stored in a parallel hash table.
We show that with high probability the size of this table of deferred write requests never
exceeds O (n). Thus, we can distribute the table among the modules so that accesses to
it can be performed in constant time.

The analysis of our simulation depends on the properties of a particular /%-universal



520 R. M. Karp, M. Luby, and F. Meyer auf der Heide

class of hash functions which combines the constructions given in [8} and [21]. The
structure of these hash functions enables us to analyze the delay in our simulation using
a powerful martingale tail estimate that was derived independently in [2] and [18].

2. Computation Models. A PRAM consists of processors Py, ..., Py and a shared
memory with cells U = [p]. The processors work synchronously and have random
access to the shared memory cells, each of which can store an integer. We consider
EREW PRAMSs where concurrent access to the same shared memory cell is forbidden,
as well as CRCW PRAMSs where such an aceess is allowed. In the latter case we assume
the ARBITRARY write conflict resolution: If several processors want to write to the
same cell simultaneously, an arbitrary one of them succeeds. The computation of the
PRAM has to be correct no matter which one succeeds.

A DMM has processors (1, ..., O, which communicate via a distributed mem-
ory consisting of # memory modules M, ..., M;,. Each module has a communication
window. A module can read from or write into its window. From the viewpoint of the pro-
cessors, a window acts like a shared memory cell of a CRCW PRAM with ARBITRARY
write conflict resolution.

Our simulations of PRAMSs on DMMs use known algorithms {for, e.g., perfect hash-
ing, see Section 4), originally described for PRAMs. All these algorithms use linear
space only. The next lemma states that such algorithms can be executed also on a DMM
with constant delay.

LEMMA 2.1.  An n-processor CRCW PRAM with m shared memory cells can be simu-
lated on an n-processor DMM with worst case delay O{m/n).

PROOF. Partition the shared memory of the PRAM, i.e. each module gets atmost [m/n]
shared memory cells. Now any paraliel access to the shared memory can be simulated
in time O(m/n) by the DMM. |

Our simulations need the capability of the DMM to execute concurrent reads from
and concurrents writes into the communication windows. On the other hand the specific
rule how to resolve write conflicts is not of major importance, because several authors
have shown efficient simulations among parallel machines with different write conflict
resolutions [5], [6], [10], [11], [13], [14], [22]. These simulations are described for
PRAMSs, but can be transfered to DMMs using Lemma 2.1.

For example the TOLERANT rule suffices: If several processors want to write to the
same communication window, then its contents remains unchanged. This can be done
without increase in the time-processor product, and with a O(log*(n)) increase for the
delay, with high probability.

3. Outline of the Simulations. Our PRAM simulations are based on the use of hash
functions to distribute data among the memory modules of a DMM. The properties of
the hash functions are complex, as are the analyses of the basic stochastic processes
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underlying the simulations. However, the design of the simulations was guided by a
clear intuition based on the idealized assumption that the hash functions are completely
independent random functions; i.e., that all hash functions have domain U and range [n],
that the value of hash function % at point x is determined by rolling a fair n-sided die,
and that the values of distinct hash functions or the values of the same hash function at
distinct points are completely independent.

All previously published shared memory simulations based on universal hashing use
one hash function A to distribute the shared memory among the modules of the DMM. As
already noted in the introduction, such simulations inherently exhibit the phenomenon
of memory contention: If / i1s randomly drawn from an arbitrary universal class of hash
functions, then the expected contention is Q{log(n)/loglog(n)).

In order to get faster simulations, we allow the use of more than one hash function.
Thus each shared memory cell has several copies, maintained in several modules.

Assume that we use two hash functions &, /1,. Further assume that the correct values
(with respect to the simulated PRAM) of each shared memory cell x are stored in the
copies of x in My, () and My, (). Then, if processor P; wants to read cell x;, it suffices
to access only one arbitrary of the two copies of x;, for { € [n].

‘We first note that in this situation, no inherent contention bound limits the performance
of the memory access.

Consider the bipartite graph G with node sets {xi, ..., x,} and {My, ..., M, }, where
edges go from x; to My, () and My, (), i € [n]. As we assume that k1 and 7, are random
and independent, it is easily checked that, with high probability, there is a constant number
of matchings in G such that each x; is incident to an edge in one of the matchings.

If now only the copy of x; indicated by the edge of a matching is accessed, each
module only receives a constant number of requests, i.e., the contention is constant.

On the other hand, the computation of the matchings is complicated. We present a
simple algorithm, READ_2 from Section 7.2, which implicitly finds these matchings.
READ_1 from Section 7.1 describes a simulation of a read step for the case that not two,
but log log(n) hash functions are used. The behaviors of the algorithms are modeled by
the stochastic processes Process_1 and Process.3 in Section 6. Their analyses show that
both simulations of a read step need time O (loglog(n)), with high probability.

As we assume that all copies of all shared memory cells are always up to date, we
have to make sure that simulations of a write step—P; writes z, to x;, [ € [n}—update
all copies of x; with z;,i € [n].

For this purpose we present a new idea—delayed writing—to speed up the simulation
of a write step. Consider one hash function 4. P; wants to write to cell x;,i € [n], ie.,
wants to update the copy of x; in My (y,). As memory contention prevents us from directly
sending all updates to the respective modules, we first insert them into an intermediate
data structure SM, which holds all not yet satisfied update requests. Then all update
requests from SM are tried to be passed to the respective modules, but each module only
accepts a constant number of requests.

This simulation of a write step is presented in Section 7. Process_2 in Section 6 models
the shrinking and growing of the set of unsatisfied requests stored in SM. We show that
this set will always be of linear size, with high probability.

For implementing SM we use a fast perfect hash table, based on results from [17] and
[2], described in Section 4. This guarantees that time O (log*(n)) is sufficient to insert
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the new write requests into SM, with high probability, and that a parallel read in SM can
be done in constant time.

Thus, with respect to one hash function, a write step can be simulated in time
O (log*(n)), with high probability.

We finally present methods to make our simulations time-processor optimal.

4. Perfect Hashing and Approximate Compaction. Let U be the set of addresses of
the shared memory cells of the PRAM. We refer to a cell x as a key. The current contents
of x is denoted c{x). Our simulations maintain a small set of keys x, together with their
current contents ¢{x), in an intermediate data structure which has to be built efficiently
on the DMM, and in which an efficient lookup can be performed. A lookup for a key x
returns c(x), if (x, c(x)) is stored in the data structure, and returns “failure” if key x is
not in the data structure.

Letd be apositive constant. Define a parallel hash table SM with degree of parallelism
n and set of addresses U as an array which contains a set of keys §'C U, where |.S| < yn
for some ¥ > 0, together with a value ¢(x) associated with a each key x. SM is evenly
distributed among the modules. It supports the following operations:

BUILD(S1, S2, ..., S)

Input: A family of n not necessarily disjoint sets of key-value pairs S;, 82, ..., Sy,
where, for all i, |S;] < log*(n), S; is stored in M;.
Outpur: I Y, |S;| < yn, then the operation produces a parallel hash table SM storing
‘ Uz S; and returns the value “success’; otherwise, it returns the value “fajlure.” (Note:
If x is in several sets S;, it finally is only presented once in the hash table.)

LOOKUP{SM, X)

Input: A parallel hash table SM containing the set S, and an array of keys X =
(x1, X2, ..., Xn), x; is stored in M;.

Output: An array ¥ = (y, Y2, ..., y») wWhere: if x; € S then y; is the ordered pair
{c(x), “success”); otherwise, y; is equal to “failure.” y; is posted in the communication
window of M;.

HASH(SM, X)

Input: A parallel hash table SM containing the set S and an array X of key-value pairs
(x;, c(x;)), stored in M;.

Qutpur: If |S U X| < yn, then this operation sets SM equal to a parallel hash table
storing S U X; otherwise, the operation returns “failure.”

The papers [2] and [17] give randomized algorithms for realizing a parallel hash
table for yn key-value pairs on an n processor PRAM. The inputs and outputs of the
operations, as well as the parallel hash table itself, reside in the shared memory of the
PRAM. The space required for the parallel hash table is O(n). The LOOKUP operation
runs in time O(1) and, the BUILD and HASH operations run in time O(log*(n)) and
perform O(n) operations, with high probability. Note that the operation HASH is a little
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more complex than what is done in [2] or [17], because X is hashed in a nonempty hash
table. For our version of HASH, we first collect the keys § stored in the hash table, and
then hash § U X to it. This is possible because |S U X| = O{n). For our Simulation.2,
a simpler implementation from [12] with delay O (loglog(n)) would also suffice.

As shown in Lemma 2.1, these algorithms can be simulated on a DMM with constant
slowdown.

5. Universal Families of Hash Functions. Our simulations require us to distribute
the shared memory of the PRAM among the memory modules of the DMM. We now
discuss the hash functions that will be used for this purpose.

Let U = [p], where p > n. For a function #:U — [nlandaset § C U let
Bf = k(i) N S be the ith bucket of S under h. The function & splits § into buckets
B}, ..., Bl

DEFINITION 5.1 (d-perfect). We call & d-perfect on S, if each Bih, i=1,...,n, has
size at most d. :

Let #,,, be a family of hash functions mapping U into [n]. In [4] the notion of
universality for families of hash functions was introduced as a measure of the quality of
the family for classical hashing purposes.

DERINITION 5.2 (Universal Hashing). The family H, , is (u, k)-universal, if for each
x1<---<x;€U,y1, ...,y €l[n], j <k,itholds that, if the hash function # is drawn
with uniform probability from H, ,, then

Problh(xr) = y1, ..., h(x;) = y;] < ,%

Let p be prime, p > n. As building blocks for our hash functions we apply two
types of universal classes. The first one is the class Hﬁyn C {h: [p] — [n]} of functions
h(x) mod n where k is a polynomial of degree d — | over Z,. ’Hﬁ,n was introduced
by Carter and Wegman in [4]. It is a (2, d)-universal class. The second class ﬁnk’n C
{h: [n*1 = [n]} introduced by Siegel in [21] consists of more complicated functions.
It is the first class with high degree of universality whose functions can be generated
fast using little space and have constant evaluation time, if the universe is of size n* for
constant k. The following lemma lists important known properties of these classes.

LEMMA 5.1 (Properties of Hin and ﬁnk,n). Let d and k be constants independent of n.

(a) A random h € Hz,n can be generated by a randomized sequential processor in

constant time. A random Hy. ,, can be generated by a randomized DMM with /n
processors in constant time.

) he Hgy,, or 7%,,1(,,2 can be evaluated in (sequential) constant time.
{c) Hg!n is (2, d)-universal.
(@) Hurn is (1, /n)-universal for sufficiently large k.
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Let £ z 1 be arbitrary, and let d and k be large enough relative to €. Let § C U,
n < |§] < a1

(e} Ifhis randomly drawn from Hd - then Problh is2|S|/ /n-perfecton ST > 1 —n-

() If h is randomly drawn from Hpgn,(, then Problh is 1-perfecton S} > 1 —n~

() Let S' C U, |S'| < 20, If h is randomly drawn from HZ, or H,p , then Problh is
d-perfecton S'1 > 1—n"%.

PrOOF. The results (a) and (b) are obvious from the definition of the classes, (¢) and
{d) can be found in [4] for H" and in [21] for an and (e) is shown in [16]. The results
(f) and (g)-are shown in [7] for (1, d)-universal classes; thus it applies to both of our
classes because of (c) and (d). |

In [8] and [9] a new class of hash functions is introduced. We only present a special
case sufficient for our considerations.

DEFINITION 5.3 (R ). A particular function i € R , is specified by:

e A primary hash function f € HJ ..
e A secondary hash function g € ’Hd,
e A collection of offsets a = (a1, ...,a ), where a; € [n].

The function 4 is defined in terms of (f, g, a) as
hix) = (g(x) +asyy) moda.

In other words, to compute h(x) we determine a base address g(x) and add to it an
offset determined by f(x). Note that & € Rd can be evaluated in time O0(d), ie.,
in constant time if 4 is a constant. Choosing a random he Rg means choosing the
parameters of the corresponding f, g, a independently at random. Note that a random A
can be chosen by a randomized DMM with /n processors in constant time, such that
each processor knows f and g, and a; is stored in M;, i = 1, ..., +/n. In this way, each
processor can evaluate k on x in constant time, by reading ayy) from My (.

For R .» [9] shows that for any given § € U, |S| < n'/19, a randomly chosen and
fixed (f, g) pair will have, with high probability, dlstrlbutlonal properties with respect
to how § is mapped by random a that are very similar to the properties that hold if
completely random functions are used to map S.

DEFINITION 5.4 (d-goodness). Let f: U — [/n]and g: U — [n] be hash functions.
Let d be an integer and let S C U. (f, g) is d-good for S if f is 2|S|//n-perfecton §
(i.e., each bucket of S under f has size at most twice the average bucket size), and g is
d-perfect on each bucket of S under f.

The following lemma is implicitly used in [9]. It follows directly from Lemma 5.1{e)
and (f).
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LEMMA 5.2. Let S C U,n < |S| < n''/' In the context of RS, for each £ > O there
is d > 1 such that a random pair (f, g) is d-good for S with probability 1 — n=*

For our time-processor optimal simulations we need a class of hash functions with
constant evaluation time which has the same two-level structure as ’Rj and, in addition,
is (1, ¢ log(n))-universal for some constant ;& > 0 and a suitable constant ¢ > 0. For
this purpose we modify Rp’n by choosing a variant of Siegel’s functions from H, , a
secondary hash functions.

DEFINITION 5.5 (ﬁﬁ:ﬁ). A particular function 7 € R%% is defined by:

e A primary hash function f € Hi N
e A secondary hash function 7 0 5,7 € Hy . 5 € Hgl;,nk
o Asctofoffsetsa = {a,...,ay), wherea; € [n].

The function # is defined in terms of (f, 7 o s, a) as
h(x) = (r(s(x)) + arxy) modn.

In the context of Rf, k random f means that f is chosen uniformly at random from

H? o random r o s means that r is chosen uniformly at random from . , and s is
chosen uniformly at random from ! > fandom a means that, fori € [\/n], a; is chosen
uniformly at random from [#], and random # is defined by random f, random r o s and
random a. Note that h € Rﬁfl can be evaluated in constant time if d and k are constants.
Further, a random % can be constructed by a randomized DMM with /z processors in
constant time. These properties follow directly from Lemma 5.1(a) and (b).

LEMMA 5.3. Let S C U,n < |S| < n''1° In the context ongfl,for each £ > O there

are d = 0, k > O such that a random pair (f,r o s), is d-good for S with probability
1—n"¢

PROOE.  Let £’ > 0 be given. If d is sufficiently large, then a random £ is 2|5}/ /n-
perfect on § with probability 1 — n~¢ by Lemma 5.1(e). Note that r o s is d-perfect
on S if 5 is 1-perfect on S and r is d-perfect on 5(S). Each of these events is true with
probability at least 1 —n—¢ by Lemma 5.1(f) and (g). Thus, random (f, r o 5) is d-good
with probability (1 — n=¢)3 > 1 — n~¢if ¢’ is sufficiently large relative to £. ]

The advantage of R‘f ¥ compared with 'R » 1 its high degree of universality. Whereas
Rg,n_ can only be proven to be a (2, d)- umversal class a much stronger property holds
for R&%.

LEMMA 5.4. Let 7@“’ % (5) be the restriction of REX induced by fixing s € ’Hl
S CU,|S| <nall/10 Ifs is 1-perfect on S, then de(s) is (1, /n)-universal.
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PROOF. The proof is obvious from Lemma 5.1(d) and the definition of ﬁﬁ:’;. O

In the next section we analyze properties of our universal hash classes, with respect
to a given set S of keys. For this purpose we consider fixed pairs (f, g) that are d-good
for §. Thus the random choice of % is reduced to randomly choose the offsets a. As a
consists of \/n independent random variables, we can apply the following very general
tail estimate. It is based on Azuma’s inequality. It can be found, e.g., in [1]. The version
described below can be found in [2] and [18].

THEOREM 5.1. Let Xy, ..., X,, be independent random variables with finite ranges,
and let F(X1, ..., Xu) be any function in X, ..., X,, with ExplF] = 0. Assume that
F(Xy, ..., Xn) only changes by at most an additive offset a in response to a change of

one input variable X;. Then

Prob{F > Exp[F] + 1] < e~/

6. The Basic Processes. The behavior of our PRAM simulations can be modeled by a
few simple stochastic processes which we now introduce and analyze. For both Process_1
and Process.2, all results hold with respect to both Rd and Rg *_ Since the proofs are
so similar for both classes (the only difference is that Lemma 5.2 is used in the proof
for R4 , whereas Lemma 5.3 is used in the proof for R2%), we give the proofs only for
RE,.

The first process is basic for simulating the read step of a PRAM in our first simulation.
Fix £ > 0 arbitrarily and let § € U be given, where |S| = »n. For the results with respect
to ’R‘; ,» let d be chosen large enough with respect to £ so that a random (f, g) is d-good
for § with probability at least 1 —n~2¢, and for the results with respect to 7_3‘;: k letd and
k be chosen large enough so that a random (f, r o 5) is d-good for § with probability at
least 1 —n~2¢ Let T = loglog(n) — 1 and let &y, . . ., hy be functions from U to [n].

Consider the following shrinking process for .

Process_1

Forr=1to T do
Foreachi € [n}],
remove min{4d, k"' (i) N S|} elements x € k(i) from S.

THEOREM 6.1. Let hy, ..., by be randomly and independently chosen from ’Rf;’ . (o7
from REX). With probability at least 1 — n=¢, 18| < n®0 gt the end of Process..1.

The proof of this theorem involves several subclaims, which we first develop before
giving the proof. Fix S C U, |§| = n, and §' C S. Suppose that (f, g) is d-good for §
with respect to R;‘in. For all i € [/n], define f-bucket

B ={S'nf@),
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and for all i € [/n] and j € [n] define (f, g)-bucket

Aij={BiNng~ (N}
Let & be defined by (f, g, a). Then the following properties hold:

e Foralli, |B;| <2|S|/v/n < 2/n.
e Foralli, j, |A; ;| <d.

o Independent of a, for all i, j, all keys in A; ; are mapped to the same location by h.
e Independent of a, for all 7, for all j # j', h(A; ;) # h(A, ), i.e., there is no possible
collision between pairs of keys in the same f-bucket but different ( £, g)-buckets.

e Letaberandom. Foralliy,...,i. € [\/n], forall ji,..., j. € [n],

i
Proby[h(A;, ;) = - = h(A; ;)] = o

LEMMA 6.1. Fix S C U with |S|'= n and let S C S be fixed, n°'° < |§'| < n. Let
(f, &) be d-good for S, let a be random, and let h be defined by (f, g, a). Let §” consist
of those keys left over from §' after removing min{4d, |h=1 ()N S'|} elements x € h=1(i)
from S, for each i € [n]. Then

2
Prob, {]S”’{ > 12f } <,
n

PROOF. Fix any key x € §', and suppose x € A; ;. Because no (f, g)-bucket has size
greater than d, the only way x can fail to be removed is if at least three other (f, g)-
buckets map to the same location as where A; ; is mapped. The probability of this event
is at most 1/#> times the number of triples of ( f, g)-buckets. However, the number of
such triples is bounded above by |§|3/6, and thus

IS 1S
Prob S < —<
roblx € §7] < o = s
From this it follows that
IS’I2

E S/l
xplISTIl = ——-.

In order to bound the probability that |S”| is far away from its expectation, we apply
the tail estimate Theorem 5.1. Let F be the function which maps the independent random
variables ay, ..., a 5 to |8”|. By the definition of d-goodness of (f, g), at most 2./n
elements x € § change their hash value 4(x) in response to a change of one ;. The
worst effect on |S”| would be that all these elements are noncolliding with respect to
S’ before the change in a; but colliding afterward, and thus |S”} can change by at most
24/n, i.e., the offset & is at most 2,/x. The above theorem now yields

Y IS/|2 |SI|2
Prob [ |$7| > —— | < Prob| F = Exp[F]+ —
2n 3n

(S'12/(3n)y?
= op (_2(2@2 - ﬁ)
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B |S1§4
= P\ T

< _ﬂ 4 9/10
< exp 7 as |S'f=n.

This completes the proof of Lemma 6.1. O

PROOF OF THEOREM 6.1. Let S, be the set S in Process_1 after 7 runs of the for loop; Sy
is the initial set 5. By Lemma 5.2, the probability that thereisa ¢ € [T] such that (f, g;)
is not d-good for S is at most Tn~% < n~¢/2 for sufficiently large . For the remainder
of the proof, forall # € [T, fix (f;, g:) to be d-good for § and all probabilities are with
respect to random a,.

Lemma 6.1 implies that, with probability at least (1 — e

S_ 2
(1) S, gmax{"z—l',n%o}

-nli“’/vz)r
?

i

for all ¢+ € [T]. The theorem follows by solving the recursion and by observing that
the probability there is some ¢ € [T'] for which (1) does not hold is at most n~*/2 for
sufficiently large n. O

We now describe the second process. It is basic for simulating a write step of a
PRAM, and also for simulating a read step when we want to come close to time-processor
optimality. With respect to the simulation of a write step, the set A, below denotes the
set of unsatisfied write requests stored in the intermediate data structure SM after ¢ steps,

compare Section 3.

Leth: U — [n]and 0 < T < n'/10 be fixed. Let S; € U be a set of n elements for
1<t<T,§S= U,T:l S,. Fix £ > 0 arbitrarily. For the results with respect to ’Rﬁ’n, let
d be chosen large enough with respect to £ so that a random (f, g) is d-good for § with
probability at least 1 —n~¢/2 and for the results with respect to R%%, let d and k be
chosen large enough so that a random ( f, r o 5) is d-good for § with probability at least

1—nt/2.

Process_2

Ag = a.
Fort=1to T do
At = A U S;
Fori € [n]let C; be the set of keys x & A, with h(x) = i.
Remove from A, min{4, |C;|} keys x € C;.

Note that there is a more involved analysis that shows essentially the same result as
stated in the following theorem when only two elements (as opposed to four) are removed
from each C;.

THEOREM 6.2. For h randomly drawn from RS, or REX, with probability at least
1 —n~¢, Process_2 fulfills |A;| < 2d%n forallt € [T].
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PrOOF. By Lemma 5.2 a random (f, g) fails to be d-good for § with probability at

most n~*/2. For the remainder of the proof we fix (f, g) to be d-good for §, and all
probabilities and expectations are with respect to random a. Let 2 be defined by (£, g, a).

CLAM6.1. Forallt € [T], Exp[|A/]] < d°n.

PROOF. In [8] (see Definition 5.5 and Theorem 6.1) the following is shown.

LEMMA 6.2. Let § C U, |S| < tn for some t > 1. Let h be as above; h splits § into
buckets By, ..., B,. Then, for any u > 4 and for each i < [n],

Prob[|B;| > ut] < 27%/4,

If, at some step 7, |C;| > u, then thereisat’ < ¢ such that S}, = | Jj_,_,.,, S contains
aset B, of at least u + 4’ keys which are mapped to i by 4. From Lemma 6.2,

Prob|Ci| > u] < ) Prob[B; > u +41']

<t

—@+4tYd _ A-ufd —a¢/d d2-uid
%)) < g 2 =2 g 2 =5
Thus
Expl|Ci[] < ) Prob[|C] > u] < d?,
u=0
and
Expl| A/l = ) ExplICil] < d’n.
i€[n]
This completes the proof of Claim 6.1. 0

We now apply the tail estimate Theorem 5.1 to the function which maps S according
to a random a. By the definition of goodness, at most 2|S|//n < 2n%5 keys from S are
affected by the change of one a;. The worst effect on | A;| would be that none of these
keys are in A; before the change of a;, but all of them are afterwards. Thus o < 2n3/3.
Theorem 5.1 now yields

PfObnAt' > 2d2n] < PI'Ob“Ati > EXPUAIH +d2n} < e”d4n3f‘0/8.
Thus, the probability that thereisa ¢ € [T] such that |A,| > 2d%n is at most Te~%'7"'*/8

which is at most n~%/2 for sufficiently large n. This completes the proof of
Theorem 6.2. O

Inequality (2) shown in the proof of Claim 6.1 immediately implies the following
remark.
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REMARK 6.1. At the end of Process.2, |C;| = O(log(n)) for all i € [n], with proba-
bility at least 1 — n ™%,

For our time-processor optimal simulation we need an extension of Process_2 which
we call Extended Process.2. In the Extended_Process_2, after each group of
loglog(n) rounds of Process_2 a size-reduction is executed. In the size-reduction,
min{2d loglog(n), |C;{} keys from C; are removed from A, fori =1,...,n.

THEOREM 6.3. In addition to the property from Theorem 6.2, the following holds for
the Extended_Process_2, After each size-reduction, |A| = O(n/log(n)) with probability
at least 1 —n~*t.
PROOE. By Lemma 5.2 a random (f, g) fails to be d-good for § with probability at
most n~* /2. For the remainder of the proof we fix (f, g) to be d-good for S, and all
probabilities and expectations are with respect to random a. Let A, be as in the last proof.
Assume that a size-reduction is executed in the Extended_Process_2 after ¢ steps. Let
C; C A, bethe set of key from A, mapped to by k. As shown in the proof of Lemma 6.2,
Prob[|C;| > u] < d27*/4/2. Thus, Exp[|{i, |C;| > 2d loglog(m)}|] < dn/log*(n). A
further application of the tail estimate Theorem 5.1 shows that
2dn n-t
Prob | |{i, |C;| = 2d log] > ee— | < —
ro [l{z ICi| = 2d loglog(m)| = 1og<n)2] ==

for sufficiently large n. Also,

)
Prob{ max |C;| > 3¢d log(®)] < ~-

for sufficiently large n can be easily concluded. For all i € {n], the reduction phase
removes min{|C;|, 2d loglog(n)}, and thus at most 6£d*n [log(n) elements are in A,
after the size reduction, with the desired probability. O

We now describe the third process. It is basic for simulating a read step of a PRAM
in the last three simulations. For this process we need the stronger universal properties
of szﬁ for the analysis. Let S C U be a set of n/16 keys. Let kq and A, map U into [n].

Process_3

Repeatuntil § = ¢
For j =1,2do
Fori € {1,...,n}
remove one x € th'l (@) from S

Let £ > 0. Let 4 and k be sufficiently large constants relative to £ so that a random s is
1-perfect for S with probability at least 1 —n~¢/4.

THEOREM 6.4. Let hy and hy be randomly and independently chosen from 7@;’,:’,‘,. With
probability at least 1 — n” ¢, the repeat until loop of Process.3 is executed at most
D loglog(n) times before S = @ for some constant D.
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PrOOF. Fix 51 and s; so that they are both 1-perfect on §. All probabilities in the
following are with respect to random h; € Rf, "(sl) and hy € ’R (s;) Consider the
following directed labeled graph G = {[n], E} (with multi-edges and self-loops allowed)
defined by A1, hj, and S. There is an edge from i (x) to hy(x) labeled x foreach x € §.

This graph has the structural properties stated in Lemma 6.3 and Claim 6.2 below. Similar
properties are well known for random graphs [3] and are proved using similar techniques.
Note that both A; and h; are (1, \/n)-universal on S because of Lemma 5.4.

LEMMA 6.3.  Let H be the graph obtained from G by removing all labels and directions
from the edges. For each £ > 1 there are 8, s > 1 such that

(a) Prob[H has a connected component of size at least flog(n)] < n=t/4
(b) Prob[H has a connected component A with at least |A| +5 — 1 edges ] < n™*/4.

PrROOF.  The proof of the lemma relies on the following claim.

CLaM 6.2, Letk > 2,5 > 0,k + 5 — 1 < /n. The probability there is a subgraph
G’ C G such that G’ contains k vertices and at least k -+ s — 1 edges is at most

n-—s-}-l . (k 4 1)S~1 . 2—-(16-{—25—5).

PROOF. Let Gy ; be the set of all directed labeled (with elements of §) graphs on node
set [#] with & vertices and k + s — 1 edges. Then,

n k2+k+s-1 n \kts—1
'g’“lf(k)'( kts—1 )'(TE)

< n2k+s~1 . 62k+5‘ . (k + 1)s--1 . 2—4(k+s—-—1).

Because k + s — 1 < /n and hy, h; are independently chosen from a (1, \/n)-universal
class of hash functions the following is true. For a fixed G’ € Gy, for randomly chosen
k1 and h;, the probability that the directions and labels with respect to , and A, coincide
with G, i.e., the probability that G’ is a subgraph of G, is at most n~2%+5~1)_ Therefore,
the probability there is some G’ € Gy ; such that G’ is a subgraph of G is at most

n—s+1 . (k - l)s-—l . 2—-(k+2s—5).
This complete the proof of Claim 6.2, O

Now we complete the proof of Lemma 6.3. Part (a) follows from Claim 6.2 with
k = Blog(n) for B asufficiently large constant and s = 0. Part (b) follows from Claim 6.2
and by applying part (a) and then applying Claim 6.2 for s fixed to a sufficiently large
contant and using all values of k € [ log(n)]. O

To finish. the proof of Theorem 6.4, we translate the effect of the repeat until loop
into a game on the graph H: Each run of the loop corresponds to removing, for each
nonisolated node of H, an incident edge. The end of the loop corresponds to the situation
where H has lost all its edges.
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Consider a connected component of H with vertex set A, |A] = k, and edge set
E(A), |[E(A)] =k+5—1.Let E'(A) C E(A) form a spanning tree of this component,
|E'(A)| = k — 1. We consider our game on H restricted to A.

There are at most s moves in which edges from E(A)\ E'(A) are removed. The other
moves only remove edges of the spanning tree. In each of these moves at least half of the
remaining edges of the spanning tree are removed, i.e., log{k) moves suffice to remove
all these edges. Thus all edges of the component are removed after log(k) 4 s moves.
As, by Lemma 6.3, for each component, & = O(log(n)) and s = O(1) holds with high
probability the theorem follows. 0

7. Two Fast Simulations. We present two simulations of an » processor PRAM on
an n processor DMM. The first simulation has delay and work (i.e., overall number of
operations executed by the DMM to simulate one PRAM step) @ (loglog(n) log™(n))
with high probability. Thus it cannot be directly converted into a time-processor optimal
simulation. It has the advantage that it uses hash functions from Rd, rather than the

more complicated class ’Rd k

The second simulation 1 1s faster its delay is only O (loglog(n)). More importantly, it
only uses optimal work O (n) for simulating one step of the PRAM with high probability.
It is the basis for the time-processor optimal simulation. Its disadvantage is that we need
the more complicated class of hash functions ﬁg:ﬁ in order to make our analysis work.

We show how to simulate a phase of up to n'/1% steps of the PRAM. After a phase,
we perform a cleanup step which consists of dumping all the data currently stored in
the temporary shared memories into their final locations. After the cleanup step, all
temporary shared memories are empty for the start of the next phase of the simulation.
The purpose of the cleanup step is to ensure that all temporary shared memories are of
size O(n) at all points in time with high probability. Remark 6.1 shows that the cleanup
step takes time O{log(n)) per temporary shared memory, with high probability.

Let S C U, |S| < n'/19, denote the set of keys used as shared memory addresses
in the phase of the PRAM to be simulated. Both simulations use an algorithm WRITE,
which in turn uses a hash function 4 and a perfect hash table SM (see Section 4). The
hash function A is randomly chosen from Rg or ’Ri * for suitable d, k > 0. During
the simulation, the name of each shared memory cell x, together with its current content
¢(x), is stored in SM or in a module, such that the following holds:

INVARIANT, At each time 2, for each shared memory cell x € U for which c¢(x) has
been defined at time ¢, (x, c(x)) is either stored in SM, or, if not, in M.

Hereafter, for brevity we refer fo names x of shared memory cells as keys, and we
write x instead of (x, ¢(x)). Recall that we use SM to refer to both the name of the perfect
hash table and its contents.

Let X = {x1,...,X,} denote the keys to be written during a PRAM write step. In
case of an EREW PRAM x4, ..., x, are distinct, in case of a CRCW PRAM this is not
necessary, i.e., X may be a multiset. Fori = 1,..., nletx; be associated with processor
P;. The first step is to add X to SM using the algorithm HASH described in Section 4. The
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second step attempts to simultaneously move the keys in SM into the memory modules.

Recall that a temporary perfect hash table SM is distributed among the memory
modules, with at most ¢ entries of SM stored in each module for some constant ¢. Let
D be an integer. The algorithm WRITE_M(SM, 4, D) moves

min{|SM N 47 )], D}

keys x € SM N h~1(i) from SM to memory module My, foralli = 1, ..., n. This is
implemented as follows. Simultaneously, for all i € [n], processor P; reads in sequence
the at most ¢ entries of SM stored in memory module M;. Then, simultaneously, for all
i € [n], P; tries to write in sequence, for j = 1, ..., c, the jthkey x to memory module
My up to D times. Each memory module can accept up to one write request per time
step. This takes time O(c - D), i.e., constant time.

WRITE{#, SM, X)

HASH(SM, X)
If “failure” returned then call EMERGENCY_WRITE(#, SM, X)
WRITE.M(SM, #, 4)

EMERGENCY_WRITE(, SM, X)
WRITE-M(SM U X, &, co)

LEMMA 7.1. 'WRITE satisfies the following:

(a) WRITE fulfills the invariant.
(b) WRITE runs within time O (log*(n)) with high probability.

PROOF. (a) is immediate from the description.

(b) is immediate from the description and the analysis of HASH, if EMER-
GENCY_WRITE is not invoked. EMERGENCY_WRITE takes time O{n) in the worst
case.- Therefore, (b) is implied by the following claim.

CLamM 7.1, Let A, C U be the contents of SM after t simulated steps. There is a
constant ¢ > 0 such that for each 1, 1 <t < n'/1% | A,| < cn with high probability.

PROOF. Observe that the additions and deletions from SM during the algorithm are
captured by Process.2. The claim now follows from Theorem 6.2. O

The following two PRAM simulations use WRITE as a subroutine. The first simula-
tion uses log log(n) hash functions hy, ks, ..., Rioglogtsy Chosen randomly and indepen-
dently from R;‘,',n, to store loglog(n) copies of cach PRAM cell. The Jth copy of cell
x is to be found either in SM; or in module My, ). A read step consists of loglog(n)
iterations. At the jth iteration, each processor that has not yet succeeded in reading looks
for its key x first in SM; and then, if it has still not succeeded, in My, (). The second
simulation is similar, but uses only two hash functions, % and h,, and hence only two
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copies of each cell. The read step again consists of loglog(n) iterations. At each itera-
tion, each processor that has not yet succeeded tries to access both copies of the cell it is
seeking. Our analysis of this second algorithm requires that the hash functions be drawn
from the more complicated family R%%.

7.1. A Simulation with Nonoptimal Work.  This simulation stores each shared memory
cell in £ = loglog(n) modules, specified by £ hash functions from Rg’n, for suitable d.
We use £ shared memories SMy, ..., SM; of size ¢'n, each.

Let S € U, |S] < n'!/10 be the set of keys used in a phase of n!/19 PRAM steps.
Each PRAM step consists of two substeps: a write step followed by a read step. We
let X = {x1,...,x,} denote the multiset of n keys that are to be written or read
during a particular PRAM step. We use the algorithm LOOKUP described in Sec-
tion 4. Let READ(x, M, ans) indicate a read request to module M for key x. If M
has many simultaneous read requests to different keys, it can only successfully com-
plete one of them. It returns ans = ok for the successful read request and ans = fail
for all the unsuccessful read requests. If Read(x, M, ans) is called by several proces-
sors {as is allowed in the CRCW PRAM), then either all of them or none of them are
successful.

SIMULATION_1

PREPROCESSING.1
Choose hy, ..., h, randomly and independently from R% .

WRITE_1(X)
For j = 1,..., ¢, WRITE(h;, SM;, X)

READ_1(X)
(i) Foralli € [n], status(i) := “failure.”
For j = 1,..., £, LOOKUP(SM;, X).
Simultaneously, for all i € [n],
If contents of x; found in SM;
then status(i) :== “success”
(i Forj=1,...,£—-1
Repeat D times
Simultaneously, for all i € {r]
If status(i) = “failure” then READ(x;, My, (), ans)
If ans = ok then status(i) := “success”
(iti) Repeat until, for all i € [n], status(i) = “success” -
Simultaneously, foralli = 1,...,n
READ(JC,‘, th(x,-)f ans)
If ans = ok then status(i) := “success”

THEOREM 7.1. SIMULATION._1 simulates an n processor CRCW-PRAM on an n pro-
cessor DMM using delay O (loglog(n) log*(n)) with high probability.
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PROOF. It is clear that the above algorithm correctly simulates a PRAM. PREPRO-
CESSING_1 runs within time O(loglog(n)) in the worst case. From Lemma 7.1, it
follows that WRITE_1 runs within time O (log log(n)log*(n)) with high probability.

Each run of each of the above three loops within READ_1 take constant time. Thus
(i) and (ii) take time O(I) = O(loglog(rn)). Loop (ii), which tries to find keys in the
modules according to the hash functions A1, ..., hy_y, follows the rules of Process_1.
Thus, at the end of loop (ii), at most a set X', | X’} < n%/1°, has not obtained an answer,
i.e., their corresponding read requests are not yet satisfied, with high probability. This is
shown in Theorem 6.1.

In [8], it is shown that a random %, € ’Rgﬂ is d-perfect (for a sufficiently large
constant D) on a set X’ of size at most n%/1°, with high probability. Thus loop (iii) is
finished after D rounds, with high probability. d

It is easily verified that SIMULATION.1 can not be converted into a time-processor
optimal simulation, because it needs work  (# log log(n)) for simulating one step of the
PRAM. The reason for this is that we use a nonconstant number of hash functions.

1.2. A Simulation with Optimal Work. 'We now present a simulation that uses only two
hash functions, but we have to choose them from the more complicated class 7_3;‘5:’; for
suitably chosen constants 4 and k. We use two shared memories, SM; and SM,. Again
let X = {x1,...,x,} be the muitiset of keys requested by the PRAM step. The new
algorithm for reading now proceeds like Read_1, except that it does not need loop (iii).
Instead, it alternates between the two hash functions in ldop (ii). For technical reasons,
we satisfy the read requests to the modules in 16 batches of n/16 keys, each.

SIMULATION.2

PREPROCESSING_2
Choose h1, hy randomly and independently from R,

WRITE_2(X)
For j = 1,2, WRITE(#;, SM;, X)

READ . 2(X)
(1) Foralli € [n], status(i) := “failure.”
For j = 1,2 do LOOKUP(SM;, X)
Simultaneously, for all i € [n],
If contents of x; found in SM;
then status(i) := “success”
(ii) Forr =0,...,15do
ui=1+1tn/16,v =+ Dn/l6

Repeat until, forall i € {u, ..., v}, status(i) == “success”
forj=1,2
Simultaneously, for all i € {u, ..., v}

If status(i) = “failure” then READ(x;, My, ans)
If ans = ok then status(i) := “success”
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THEOREM 7.2. SIMULATION_2 simulates an n processor CRCW PRAM on an n pro-
cessor DMM using delay O(loglog(n)) with high probability.

Proor. Clearly the above algorithm correctly simulates a PRAM. PREPROCESS-
ING.2 runs in constant time. From Lemma 7.1, WRITE_2 runs in time O{log*(xn))
with high probability. The LOOKUPs in SM, and SM; within READ_2 each take con-
stant time. Because the loop within READ..2 follows the rules of Process..3, it follows
from Theorem 6.4 that, when D is chosen to be a sufficiently large constant, for each
value of t = 0, ..., 15, the number of iterations of this loop is D loglog(n) with high
probability. O

It can easily be checked that this simulation uses optimal work O(n) to simulate a
step of the PRAM, with high probability.

8. Fastand Almost Optimal Simulation. In this section we present a simulation of an
n loglog(n) processor CRCW PRAM on an - processor DMM. The simulation achieves
almost optimal delay O ((loglog(n)log™(n)), with high probability. Let £ = loglog(n).
Assume that the PRAM-processors are grouped into n blocks of ! processors each. The
DMM has processors 03, ..., Oy, where, fori = 1, ..., n, ; simulates the ith block.
Fork = 1,..., £, welet X; denote the multiset of # keys, the kth key from each block, to
be written or read during a particular PRAM step. We use three hash functions Ao, A1, /2,
three intermediate hash tables SMy, SM;, SM;, and one additional temporary hash table
SM for each execution of the read algorithm. All of the hash tables are maintained using
the algorithm HASH described in Section 4.

The interesting aspect of this algorithm is how the read requests are processed by
READ._3. Step (i) processes the read requests associated with keys currently stored
in SMy, SMj, or SM,. All the read requests successfully processed in (i) require no
further processing in (ii). In step (i) most of the remaining read requests are successfully
satisfied within the loop using hash function /. SM is used to store the unsatisfied read
requests during the execution of this loop. In step (iii) the remaining O (n) unsatisfied
read requests in SM are then satisfied using #, and ;.

The algorithm D_READ_M(SM, hg) removes, for all i € [n],

min{[SM N &5 (i)}, 4}

keys from SM, and sends these read requests to the appropriate module, i.e., the request
for key x is sent to module My, (.). We say that these read requests have been satisfied.
M,y does not immediately send back the value of the key c(x) associated with x (The
“D” in “D.READ?” stands for “delayed”); instead it maintains a list of read requests it has
promised to process, and delays sending back the values until RESPOND.REQUESTS
is executed in step (iv). Clearly, this algorithm runs in constant time if ISM| = O(n).

The loop within step (i) is similar to WRITE: At the beginning of iteration k, the read
requests that have not been satisfied among X U - - - U X; are currently residing in
SM. First, X is added to SM using HASH, and then D.READ_M(SM, ho) s executed
to ensure that |[SM| = O(n) at all times within the loop. The fact that SM stays small
follows from how Process.2 works.
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At the termination of step (ii), SM still stores up to O(n) read requests that have not
been satisfied. In step (iil) D.READ_2 is used to process these remaining read requests
using hash functions #; and h; exactly how READ_2 works, except that once again the
only immediate action of the modules is to acknowledge which of the read requests they
will process, and they delay sending back the values until RESPOND_REQUESTS is
executed in step (iv). EMERGENCY _READ is analogous to EMERGENCY_WRITE
described above.

SIMULATION_3

PREPROCESSING.3 _
Choose ho, k1, hy randomly and independently from R4 %

WRITE.3(X, ..., Xs)
For j =0,1,2
Fork =1,...,¢ WRITE(h;, SM;, X;)

READ.3(X,,..., Xo)
(i) For j =0,1,2
Fork = 1,..., £, LOOKUP(SM;, X;)
(i) SM:=¢
Fork=1,...,¢
HASH(SM, X;) _
If “failure” then call EMERGENCY_READ(hg, SM, X;)
D_READ_M(SM, &g)
(iti) D_READ_2(SM) (Using k; and #5)
(iv) RESPOND_REQUESTS.

In the algorithm RESPOND_REQUESTS, the modules finally send back the values for
the read requests to the issuing processors they have promised to answer during the
execution of D_.READ_M and D_READ_2. This is done as follows: When READ_3 is
executed, a key may move from one memory module to another, i.e., when HASH is
executed and SM is reformed. During this time, each module that receives a key saves
a pointer indicating where the key came from. When RESPOND_REQUESTS is finally
executed, this trail of pointers indicating the path of key x is followed in a pipeline fashion
back to the version of SM to which x was added by an execution of HASH. At this point,
all processors that have requested x at this time execute LOOKUP(x, SM) for this version
of SM. Since each key moves O (loglog(n) log*(n)) times, the total time for pipelining
back all of the values to the originating processors takes time O (loglog(n) log*(n)).

THEOREM 8.1. SIMULATION.3 simulates an nloglog(n) processor CRCW PRAM on
an n processor DMM using delay O (log log(n) log*(n)) with high probability.

PROOF. The above algorithm clearly simulates a CRCW-PRAM correctly. PREPRO-
CESSING.3 runs in constant time. WRITE_3 runs in time O(loglog(n) log*(n)) with
high probability.

InREAD._3, step (i) runsin time O (loglog(n)) in the worst case. There are O (loglog(n))



538 R. M. Karp, M. Luby, and F. Meyer auf der Heide

iterations of the loop in step (ii), and each iteration runs in time O(log"(n)) with high
probability, if EMERGENCY_READ is not invoked. (This time is governed by the time
for reforming SM using HASH, and this time is O(log*(n)) with high probability.) As
the manipulation of SM during the loop follows the rules of Process.2, Theorem 6.2
guarantees that EMERGENCY _READ is not invoked with high probability. In step (iii),
the execution of D_READ_2 runs in time O (loglog(n)) with high probability as shown
in the analysis of SIMULATION_2. The time for step (iv) is dominated by the time for
steps (ii) and (iii). 0

9. A Fast, Optimal Simulation. To describe the fast and optimal simulation, we first
introduce one more hashing technique.

9.1. Simultaneous Hashing. For the time-processor optimal simulation we need a
highly efficient implementation of a data structure called an approximate compaction
table which is less powerful than a parallel hash table. An approximate compaction table
stores a set of up to cn key-value pairs in a table with ¢'n cells, each of which is capable
of storing a key-value pair. Unlike a parallel hash table, an approximate compaction table
is not required to support the LOOKUP operation.

The basic operation that we require is called SIMULTANEOUS-HASH. To describe
this operation we require some preliminary definitions. Let the set of n processor-module
pairs (P;, M;) be partitioned into log* (n) sets of cardinality n /log* (n). Let the rth of these
sets be denoted DMM”, Foreach r, let ¥ be a set of key-value pairs stored in the memory
modules of DMM", such that at most log™(n) keys of Y" reside in any memory module.
The elements of ¥7 that a module contains are stored in an array within the module.
For each r, let SM" be a parallel hash table of size ¢'n distributed among the » memory
modules, occupying ¢’ cells in each module. The constant ¢’ will be specified below.

SIMULTANEOUS-HASH(SM, )

Input: A collection SM = {SM"} of approximate compaction tables and a collection
Y = {¥"} of sets of key-value pairs, where r ranges over [log*(n)].

Result: For each r, the following holds: if [SM” U Y"| exceeds cn, then the value “full”
is returned; otherwise, SM" is augmented by the insertion of the set Y.

We now give an algorithm to perform SIMULTANEOUS-HASH(SM, Y). The set of
processors of the DMM is partitioned into log*(n) subsets, each of size n/ log*(n); the
rth subset is denoted DMM'. For r = 1,2, ..., log*(n), a ¢'n/log*(n) x log*(n) array
SM’ is set up in the memory modules of DMM’, where the constant ¢’ is large enough
so that 2cn/log* (n) keys can be stored in a parallel hash table of size c¢'n/log*(n) in
time O (log*(n)) with failure probability at most n~¢. Each of these n/log"(n) memory
modules holds ¢’ rows of the array.

Forallr =1,...,log" (n) the contents of SM’ is copied into SM' . The elements of
¥’ are then mserted into SM ; this process will fall if SM” U ¥7| > cn. Finally, if the
process succeeds, the new contents of the array SM' is copied into SM".

In order to perform the first step, an arbitrary but fixed one-to-one correspondence
is established between the cells of SM” and the cells of SM'. The copying operation
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can then be scheduled to execute in time O(log*(n)), since each module sends only
O(log™(n)) key-value pairs (at most ¢’ keys from each parallel hash table SM”) and
receives only O (log*(n)) key-value pairs. The third step is performed similarly.

We now describe the second step, in which, simultaneously for all r, the set ¥* of

key-value pairs is inserted into SM', using the processors and modules in DMM' . For
each r this is done as follows.

e In each row of SM_ the processor associated with that row moves its keys to the
rightmost positions in the row.

e For each i, let the key (if any) in the first cell of the ith row of SM’ be a;, and let the
key (if any) in the second cell of the ith row of SM' be b;. Let

) c'n
S = {a;,bg 1€ [log*(n)]} .

Using the O (log* (n))-time parallel hash table algorithm, store S in a parallel hash table
T of size ¢'n/log*(n). It can be verified that if |'S"'M”| < cn, then |S| < 2cn/log*(n),
and thus by the choice of ¢’ this step fails with probability at most n~.

e Foralli:ifa; isstored in 7' jIn then the processor associated with row i copies the first
cell of row i into the second cell of row j; Foralli: if b; is stored in T[] then the proces-
sor associated with row i copies the second cell of row J into the second cell of row ;.

e The set Y7 is copied to the first column of SM'.

THEOREM 9.1. SIMULTANEOUS-HASH(SM, Y) can be performed within time
O(og*(n)), with high probability.

PROOF. The first and third steps run in worst-case time O (log™(n)). We now show that
the second step operates within the required time bound with sufficiently high probabil-
ity, provided that ¢’ is chosen large enough. The step consists of four substeps. The first,
third, and fourth substeps terminate within worst-case time O(log*(x)). By the choice
of ¢/, the second step fails with probability at most n™¢. ]

9.2. The Simulation. In this subsection we present a simulation of an
nloglog(n) log™ (n) processor EREW PRAM on an n processor DMM which achieves
optimal delay

O(loglog(n) log*(n))

with high probability.
Assume that the PRAM processors are P, i € [n], k € [loglog(n) log*(n)]. The
processors of the DMM are Q1, ..., Q,, where Q; simulates

Pi,h ey Pi,loglog(n)log"(n)s

fori = 1,...,n. We again use three hash functions kg, hy, f12. Oy, ..., O, are parti-
tioned into log*(n) groups Gy, ..., Giog'(n), €ach of size n/log*(n). In the same way,
My, ..., M, are partitioned into groups Hi, ..., Hiog*(n)-
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Let¢ = loglog(n).Let X = (Uscpey repiog ey Xrs) € Us Xr = Useqeg Xr.s is storedin
G,, each processors of G, has stored log*(n) keys fromeach X, ;,5 = 1, ..., loglog(n).
Let X* = U, epiogrny Xrso fors = 1,..., £,

The idea of the simulation is as follows: Let SIMULATION_3 run separately for each
group G,. In the sth round, the n keys from X, ; are accessed. A naive implementation
would need time O{log log(n)(log*(n))?)) altogether, with high probability. We see that
the algorithm SIMULTANEOUS-HASH can be used to reduce this runtime by alog*(n)
factor.

For each kj, j = 0, 1,2, we use a ¢'nlog*(n)-array SM; with columns SM; L F =
1, ..., log"(n). As SIMULTANEOUS-HASH is not able to eliminate duplicates of keys,
we have to assume that all keys used in a PRAM-step are different, i.e., that we simulate
an EREW PRAM. At the end of the write phase the (at most cn) keys from SM; are
stored in a parallel hash table GM; of size ¢'n. For reading, we use the ¢'n x log*(n)
array SM with columns SM”, r = 1,.,.,log*(n), and a further hash table GM of
size ¢'n.

SIMULATION_4

PREPROCESSING_4 .
Choose kg, k1, by uniformly and independently from R‘g;ﬁ for suitable d,

k> 0.
WRITE. 4(Xy,..., X¢)
Forj=10,1,2
Fors=1,...,¢
SIMULTANEOUS-HASH(SM;, X;)
If “faiture” then EMERGENCY_WRITE(#;, SM;, X;)
Forr = 1,...,log*(n), WRITE_M(SM';, h;, D)
Comment: At the end of loop (i), each SM";,r = 1,...,log*(n), has
size O (n) with high probability. The next loop reduces each SM'; to size
0(n/log(n)), with high probability.
(i) Forr = 1,...,log*(n), WRITE_M(SM’;, h;, loglog(n))
HASH(SM;, GM;, full)
If full = true, then EMERGENCY_WRITE(#;, SM;, 0)

READ 4(Xy, ..., X¢o)
Forj=0,1,2
1y LOOKUP(X U ---U Xy, GM;)
(i) execute (i) and (ii) of WRITE4(X;, ..., X for £ =0
where EMERGENCY . WRITE is replaced by EMERGENCY_READ,
WRITE.M by D_.READ.M, and GM; by GM.
(iii) D_.READ.2(SM) (using #; and %,)
(iv) RESPOND REQUESTS

THEOREM 9.2. SIMULATION.4 simulates an nloglog(n)log®(n) processor EREW
PRAM on an n processor DMM using optimal delay O (loglog(n) log*(n)) with high
probability.
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PROOF. It is easy to see that the above algorithm is correct. For fixed j, loops (i) and
(ii) of WRITE_4 run in time O (loglog(n) log*(n)). For fixed j and r, loops (i) and (ii)
follow the rules of the Extended_Process_2. Therefore, by Theorem 6.3 EMERGENCY
is only invoked with inverse polynomial probability. Thus WRITE_4 (i) and (ii) a) run in
time O (log log(n) log™ (n)) with high probability. The analysis for READ_4 is analogous
and yields the same performance as for WRITE_4. O
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