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1 Introduction
In this paper we study the problem

u, = P(u,), if (2] < (@), ~1<t<0
M {uE@ECw), =0 if —1<t<0
w(w, —1) = uy(z) if |z| < ¢(=1),

where the functions 1, { and u, satisfy the following hypotheses:

H1. 3 € C3(R), 0 < ¢' < v in R for some v > 0, ¢¥(—p) = —(p) for p € R, and

lim (p) = 9., < +00; (1.1)
p—+o0

H2. ( € CY([—1,0)) N C(~1,01), ¢(0) = 0, and {(t) > 0 and ¢'(t) < O for
te[—1,0)
H3. 4y € C'([—C(=1), (=D, g > 0 in (=¢(=1),{(=1)) and uy(£((~1) = 0.

In the rest of the paper we shall indicate these assumptions collectively by hypothesis
H

A typical example of a function 3 satisfying H1 is given by

p

¢@)=W,

which corresponds to the well-known mean curvature operator. The nonlinear diffu-
sion equation

(1.2)

Uy = P(uy), (1.3)
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and its generalization u, = ¥ (u,u,), arise in several applications, discussed by Blanc
[5] and Rosenau [24].

Because of condition (1.1), equation (1.3) is not uniformly parabolic. Actually the
parabolicity of the equation is so strongly degenerate, that, as was noticed by Blanc
[4-7] and by Bertsch and Dal Passo [1, 2], solutions may be discontinuous. This rather
hyperbolic character of the equation is also reflected in the existence of an entropy
condition, which is necessary [1] and sufficient [8] to guarantee uniqueness of “weak”
solutions of the corresponding Cauchy problem.

As we shall see in Sect. 2, Problem I possesses a unique solution u(z,t), which
is smooth in the set

Q={@t:|z| <C®t),~1<t<0};

in Sect. 3 we shall show that u does not necessarily satisfy the condition v = 0 at
the lateral boundaries of (), and that, instead, u, may be infinite at these boundaries.
For the precise definition of a solution we refer to Sect. 2.

The main purpose of this paper is to study the behaviour of u near the vertex (0, 0)
of Q. More in particular we would like to know for which functions ( satisfying
hypothesis H2, u(z,t) — 0 as (z,t) — (0,0).

First we establish a class of functions { for which all solutions, i.e. independently
of ug, vanish at the vertex:

Theorem A. Let hypotheses H1 and H2 be satisfied. If
—dt =00, (1.4)

then for any wuy satisfying hypothesis H3 the solution u of Problem I satisfies

li ) =0. 1.5
@5 .0 B D (1-5)

If, in addition, ('(t){(t) — O as t - O, then there exists a t, € (—1,0) such that

lim u(z,t) =0 fort, <7 <0. 1.6
Q5 (@, )~ (E¢(T),7) (@) 0 = (16)

Observe that, generically, ¢’ vanishes at t = 0 as soon as (1.4) is satisfied, and
that (1.6) means that u satisfies the boundary condition u(4{(¢),t) = O for ¢ close
enough to 0.

Condition (1.4) turns out to be necessary in the sense that if it is not satisfied, then
Problem I has solutions which do not vanish at the vertex:

Theorem B. Let hypotheses H1 and H2 be satisfied. If

—dt < 00, .7
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then there exist initial functions uy which satisfy hypothesis H3, such that the corre-
sponding solutions u of Problem [ satisfy

limsup wu(zx,t) >0. (1.8)
Q3(=z,t)—(0.0)

Given a function ¢ which satisfies condition (1.7), it remains to decide whether
there exists initial functions for which the solutions vanish at (0,0). The following
result settles this question almost completely.

Theorem C. Let hypotheses H1 and H2 be satisfied, and let { satisfy condirion (1.7).
There exists a constant c* > O which only depends on 1) such that:

W ¢()
L *
litf,ér—lf Nar >c, (1.9)

then for all ug satisfying hypothesis H3 the corresponding solutions u of Problem I

satisfy

limsup u(z,t) > 0; (1.10)
Qo(x, 1) (0,0
(i) if
. ¢(@) *
lim sup <c, (1.11)
t—0— \4 ”t

then there exist initial functions u, satisfying hypothesis H3 such that the corresponding
solutions u of Problem I satisfy

lim uw(z,t) =0. (1.12)
@3(z,t)—(0,0)

We shall prove Theorem A, B and C in, respectively, Sects. 4, 5 and 6. In Sect. 6 we
give a precise characterization of the constant ¢* of Theorem C.
In the special case that

C(t) = C(_t)aw (Ca o> 0)
we may summarize our results as follows:

a 21 = all solutions vanish at (0,0), (1.13)
% <a<lora= %, c<c¢® = some but not all solutions (1.14)
vanish at (0,0),

and
O<ac< % ora= %,c > ¢* = none of the solutions vanish at (0,0). (1.15)

These results are rather different from the known results for the (non)linear heat
equation [11-13, 18, 20-23] and the porous medium equation [9]. For these equations

(1.14) never occurs, while (1.13) and (1.15) occur if, respectively, a 2 % and

0<ac< %; in particular the behaviour of the solutions near the vertex depends
on the differential operator and the geometry of the boundary, but not on the initial
function w,. In the case of Problem 1 however, the behaviour may depend on u, (cf.
(1.14)), which in some sense is another hyperbolic feature of the problem.
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2 Existence and uniqueness of a solution

First we define what we mean by a solution of Problem I. We shall use the notation
Q" ={, vz} <), -1 5t <0}

and, for T € (—1,0)

Qr={@HeQ:-1<t<T}.

Definition 2.1. A function v : Q* — R is a solution of Problem I if, for any
Te(-1,0)
() uwe CP@QNC@Q") N BV(Qr);

(ii) there exists a function 1 : Q — R which is continuous in Q such that
B, 1) = Plu, (@, 1) for any (x,1) € Q;
(i) u, = P(uy), in Q, u(-, —1) = ug in (=¢(=1),{(~1)), and
+iY) £ 0 and @(|Y| — ¢ ) =0 if T =£(@) for ae. t € (—1,0), 2.1

where i denotes the trace of the function v at the lateral boundaries x = +((t) of Q.

Since u is a function of bounded variation, the trace of v is well defined. We
observe that (2.1) is trivially satisfied if u satisfies, in the sense of traces, the Dirichlet
boundary condition » = 0. In Sect. 3 we shall prove that this is not always the case,
and condition (2.1) implies that if, for example, @ > 0 at the boundary x = ((¢), then
w(C(t)at) = _woo’ ie. uw(:C?t) — -0 as T — C(t)_

In this section we shall prove the following result.

Theorem 2.2. Ler hypothesis H be satisfied. Then Problem I possesses a unique
solution.

The existence proof is based on the viscosity method, i.e., we consider the
approximate problem

uy, =P (u,), in @
@) { uEC®,H=0 if —1<t<0
(e, —1) = ug(x) if |z} < {(~1),

where ¢ > 0 and
Y.(p)=9Y@p)+ecp  for peR.

Problem I, is uniformly parabolic and we denote its unique smooth solution [19] in
the set {(z,t) : || £ {(),—1 £t <0} by u_(x,?).
In the following lemma’s we give some estimates for u,.

Lemma 2.3. Let u, denote the solution of Problem I_. Then:
(i) 0 S u, = maxuy, in Q;
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(ii) for any compact subset K = [—a,a] x [1,T] of Q there exists a constant C
such that

/wg(usz(s,t))i ds<C for r<t<T, 0<e<1. (2.2)

Proof. The first part follows at once from the maximum principle.

To prove (2.2) we choose a constant b € (a,((T)), and a cut-off function
X € C§°((—b, b)) such that, for some L > 0,

0<x=1land [X| <L in (=bb), x=1in (~a,a).

First we show that for some C, > 0 and for all ¢

P (u. x> drdt £ Cy. (2.3)
Ko=[—b,b]x[—1,T]

We multiply the equation for u, by 1, (uw)mx2 and integrate by parts:

// V(u )X dedt = ﬂ// V(U gy X d dt
J . &

Ko

~2// V(U )P (U ) XX drdt =1 + 1, . (2.4)
Ky

P
Defining ¥,(p) = [ ©.(s)ds, we have
0

b

b
I =— / U, (u,, (@, T)X* do + / ¥, (up(@)x dz
—b

—-b
b

< —/Ws(um(m,T))xz dr+C,, (2.5)
—b

for some C; which does not depend on €. In addition we obtain from the inequalities
of Cauchy-Schwartz and Young that

12 1/2
| = 2( // wgum)ixz) ( // wguez)zxi)
Ko Ky

<3 [[utaii v [[ v, e
Ko Ko
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It follows from [1, formula (4.1)] that, for all 0 < £ < 1,

// uazws(usz) § CZ
Ky

for some C,. Since, for some C; 2 1,

P.(p)* = (P)’ + 2epP(p) + £2p* < C3(1 + py(p)) + ep® £ C3(1 + pYo(p))

this implies that
/ P (u ) X% S LAC,2b+ Cy). (2.7)

Substituting (2.5), (2.6) and (2.7) into (2.4), we obtain (2.3).
Finally we prove (2.2). In view of (2.3) there exists for any ¢ € (0,1] a time
T, € [—1,7] such that

(2.8)

b
/ bulue, R T do € 0
Zp

We multiply the equation for u_, by v¥_(u,.,),x> and integrate by parts over K, =
[—b,b] x [_,t], where t € [T, T

0 </ w (usac)smtx = _/ ws(uaz)a:twa(uez)wxz
Ke

- 2/ ws(usm)tws(uex)mxxx = 13 + I4 : (2.9)

It follows from (2.8) that

1 C
< _ 0
s Z/w (U )2 (@, )X (x) dx + e (2.10)

From the Cauchy-Schwartz and Young inequalities we have that

AS //1/1 (u, 2, X da:dt+2//w (u W (u 2 x2dedt,  (2.11)

and, using (2.3) and the boundedness of ., we find that the latter term in (2.11) is
uniformly bounded. Substituting (2.10) and (2.11) into (2.9), we obtain (2.2), and we
have completed the proof of Lemma 2.3.
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Lemma 2.4. Ler u_ be the solution of Problem I_. Then {1 (u )}y <; is bounded
in 01/2’1/4(6,2) and

loc

1ims(l)1p||wg(um)|1Lm(K) Sp. (2.12)
£—>

for all compact sets K C Q.

Proof. From (2.2) and the imbedding HY((—a,a)) C Cl/z([—a, a}) we obtain the local
uniform Holder continuity of ¢_(u,,) with respect to z. Since v,(x,t) = ¥ (u_.(z,1))
satisfies the parabolic equation

vt = w;(uez)varx ) (213)

the coefficient of which is uniformly bounded, the local Holder continuity with respect
to t follows from [14].

It remains to prove (2.12). Arguing by contradiction we suppose that there exist
a 6 > 0, a sequence {¢,,} converging to 0 and points (z,,,t,) — (z,1,) as.n — oo,
such that, for any n, |4, (u__.(x,.t,)| > 1, +26. We restrict ourselves to the case
in which

Y., (U, (@, 0,)) > Y +26.

In view of the local equicontinuity of ¢, (u_,) this means that there exist N > 0 and

a neighbourhood {2 of (x,,1,) in @ such that

Yo, (u, ) > +6 in Qforn>N,

and hence
Ug, p > U (o +6) in 2 for n > N. (2.14)

Since ;' (¢, +6) — oo as € — 0, we obtain from (2.14) that sup u, *igqu" — 00
o ,

as n — oo, which is a contradiction with Lemma 2.3(i).
It turns out that the inequality in (2.12) is strict and that it holds in compact subsets
of Q*.

Lemma 2.5. Let u, be the solution of Problem 1. Then

“msup];ws(usw)uLw(K) < woo (215)

£—

for all compact subsets K C Q*.

Proof. Without loss of generality we may suppose that K is a rectangle of the form
K = [—a,a] x [-1,T]. Let 6 € (a,{(T)) and K, = [-b,b] x [—1,T]. Since
uy € CYI—((~1),{(—1)]), there exist constants 7, € (—1,7) and § > 0 which
do not depend on ¢ such that

[V, (u )| < Yoo —6 in [~b,b] x [—1,75].
Let A > ¢ be a constant to be chosen. By Lemma 2.4 there exists a constant € 4 > 0

such that
[ (u (Eb N <A f 1, StST, 0<e<e,,



558 M. Bertsch et al.

and since the coefficient in (2.13) is uniformly bounded it follows from the maximum
principle that there exists a constant B which does not depend on A such that

W (u, )| < A — e B0 cos (g—:) if 2] b, 0 StST, 0<eZley,.

(2.16)

Choosing A > 1, so small that the right-hand side of (2.16) is strictly smaller
than v in the set [—a,a] x [7, T'], we have completed the proof of (2.15).

Lemma 2.5 implies that, locally in Q™*, u, satisfies an equation which is uniformly
parabolic with respect to e, and, from standard results on quasilinear uniformly
parabolic equations, we obtain the following result.

Lemma 2.6. Let hypothesis H be satisfied and let u, denote the solution of Problem I .
Then there exist a sequence {¢, } and a function u € C(Q*) N C*>(Q) such that

u, =~ u in Gl (@HNCLI(Q) as e, — 0,

loc

and u satisfies u, = Y(u,), in Q and u(z,—1) = yy(z) for x| < {(—1).

To prove that u is a solution of Problem I, it remains to show that it satisfies the
required properties at the lateral boundaries of ). The following result will enable us
to prove the uniform continuity of ¥(u_) in Q@ for —1 < T < 0.

Lemma 2.7. Let T € (—1,0). Let 1, € C(R) be defined by

) ~ b I YD) S Y
by =3 ) i Y <UD < Y
oo D) 2 g

Then the functions @Z}E(um) are equicontinuous in Q. In addition, for any 7, €
(—=1,T), there exist constants ¢ > 0 and > 0 which do not depend on € such
that

tu_ (z,0) 208 if le (W) <c, St<T. 2.17)

Proof. We only consider the boundary x = ((?).
Let O < ¢y < ((?). Defining

E=xz—(t) for —cysx—-()=0, -1=t=T,
and denoting @_(¢,1) = u(z,t) by u (£, 1) again, we find that u, satisfies the equation
u, =P (ug)e +C'ug  in (—¢,0) x (-1, T]. (2.18)
First we prove (2.17). Since u, € CH{[—¢(=1), (=)D, there exists a time
7 € (—1,T) such that u,, in uniformly bounded in (—¢y, 0) x (=1, 7]. Without loss
of generality we may assume that 7, = 7. By classical theory (the boundary point
lemma), u,(0,7) is uniformly bounded away from zero, and, if we choose ¢, small

enough, there exists a C, > 0 which does not depend on ¢, such that

u (€, 7) £-C, for —¢; ££Z0. (2.19)
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In particular, u (§,7) 2 —Cy¢ for —¢, < £ < 0, and since, for some C, > 0,

u(—¢q,t) 2 Cyift < 7 < T, it follows from (2.19) and the maximum principle
applied to (2.18) that

u, 2 —Cy€ in [—¢y, 0] x [1,T7,
where we have set C, = min{C),, C,/c,}. This implies that
u(0,8) = ~C, for 7St T.
The function u,, satisfies the equation
w, = P (W)ge + Cwe -
There exists a constant C'; which does not depend on ¢ such that
Uge(—C, 1) £C, for TSt<T,
and hence it follows from the maximum principle that
W €D SWED for —¢SES0, TSIST,

where w is the uniformly bounded (and hence classical!) solution of the problem

wy = P (W)ge + Cwe if ~cp<€<0, T<t<T
w(—cy, )= Cyand w(©0,t) =-C, if r<t<T
w(&, t) = ug(&,7) if —cy<€<0.

We obtain (2.17) if we choose 0 < ¢ < ¢ such that @ £ 0 in [—¢,0] x [, T].
Since u, is strictly monotone near the boundary £ = 0, we may introduce a new
variable u, defined by

u=u,1).

We choose r > 0 such that u_(—¢,0) 2 r for 7 £ ¢ £ T and for all £, and we set
K={(u,t):0<u<rr<t<T}. (2.20)

We define the functions v, € C*'(K) N C'YO(K), ¢, € C*R™). f. € C'([,T}) and
9. € CH(0,7]) N C(0,7]) by

v (u, ) = U (u (€ 1) for (u,t) € K
1

Yl
fo®O=v.(rt) for T<t<T

g.(u) =c.(v.(u,7)) for 0L u<r.

c.(8) = for s <0
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From a straightforward calculation (see [1]) we obtain that v, satisfies

CE(U)t = Uy in K
v,(0,t) = —('(t) for TSt T
v(r,t) = f.(®) for <t <T

c.(u(u, 7)) =g.(u,m) for 0Susr.

It follows from the equation and boundary conditions for v,, and the maximum
principle applied in K that v_, is uniformly bounded in K. Using the equation for
v, this implies that the functions ¢, (v,.) are uniformly continuous with respect to ¢
(see also [1]), and thus the functions c_(v,) are equicontinuous in K. Hence there
exist a subsequence of the sequence {¢_} of Lemma 2.6, which we shall denote by

{£,,} again, and a function ¢ € C(K) such that
¢, (v, )—¢ in C(K) as g, = 0. (.21

We observe that, as € — 0,

1
e(8)—es) =4 v s for —¢_<s<0

0 for s < —¢

(2.22)

and it is natural to ask whether v, ~converges to a function v which satisfies the
equation
cv), = v, in K. (2.23)

By (2.22), equation (2.23) is of elliptic-parabolic type, i.e., formally it is a parabolic
equation in the set {2 in which —¢_ < v < 0, while (2.23) reduces to the elliptic
equation v,, = 0 in K \ {2. These formal considerations lead to the following
definitions of {2 C ?_,the free boundary x = () which separates, at least if a(t) > 0,
the sets 2 and K \ {2, and the function v : K — R:

2 ={w,t) € K : &(u,t) > 0}

aty=inf{u >0:¢(s,t) >0 for u<s<r}, 75t<T (2.24)
_ ¢ (@ (u, t) if (u,t) € 2
vt t) = { .~ W —a(t) for 0L u < a) if a®y>0. =)

We observe that 0 < a(t) < 7, &(a(t),t) = 0 if a(t) > 0, and, by (2.21) and the
parabolicity of the equation (2.23) in {2,

v, —wv in CZ’I(Q) as n — oo. (2.26)

€n loc
In particular c(v) = ¢ in K and, by (2.21),

¢, (v, ) —c) e C(K) as n— oo. (2.27)
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It follows from (2.25) that v is uniformly Lipschitz continuous with respect to u,
and it is straightforward to show that v is a solution in the sense of distributions of
the problem
c(v), = v, in K
v,(0,8) == (@t) for T<t=T
v(r, t) = f(t) for r<t<T
c(u(u,t)) = glu) for 0 Sy S r,

an

where the functions f and ¢ are determined by the relations

Je, = f in CY([r,T)) as n — oo

g5n ) in CIZOC((O? 7"]) as n — 00.

Using the equicontinuity of ¢ (v,) and arguing as in [1, Lemma 4.3], we find that

the functions U)e(ugaz(:c,t)) are equicontinuous near the lateral boundary = = ((t),
and the proof of Lemma 2.7 is complete.

Remarks. (i) In general the function v defined by (2.25), does not satisfy the
inequality v = —%/, from which it easily follows that the functions v(u,,) are
not equicontinuous up to the lateral boundaries.

(it) In Sect. 3 we shall give an interpretation of the following result, which we
shall prove in the appendix:

Lemma 2.8. Let o be defined by (2.24). Then
acC{telr.T]:¢'(t) <0},

and o is not necessarily continuous in t € [v,T] if {'(t) = 0.
The next step is to prove that « has bounded variation up to the lateral boundaries.
Lemma 2.9. v € BV(Qp) N L™=, T, BV({(—((t), (@) for any T € (—1,0).

It is sufficient to prove the result near the lateral boundaries. The proof is quite
similar to the one of Lemma 4.1 in [1], and we omit it. We observe that it follows
immediately from (2.17) that u € L*(0,T; BV ((—((t), {(t)).

The existence proof is completed by the following result.

Lemma 2.10. Let u be defined by Lemma 2.6. Then u is a solution of Problem I.

Proof. Lemma’s 2.5, 2.6 and 2.7 imply that there exists a function ¢ which is
continuous in Q4 for any T' € (—1,0) such that ¢ = ¥(u,) in Q. In view of
Lemma’s 2.6 and 2.9 it remains to show that the trace 4 of u satisfies condition (2.1).

We consider only the boundary x = ((#). Let ¢, € (—=1,0). If -y <
@(C(to),to) < . there exist 55 > 0 and o > 0 such that |/ (u,, )| < ¥, — o
in a neighbourhood of {,. Hence u,, is uniformly bounded in this neighbourhood
and u, ~converges uniformly to u; in particular @(((t),t) = O for a.e. ¢ for which

[D(C (), t)l < Yoe ~
To complete the proof we have to show that @i1p(((t),t) < 0 for a.e. t for which

[Y(C(t), | = ¢, By (2.17), PYEC@). 1) < 0 for all ¢, and the result follows from the
fact that @(((#),1) 2 O for ae. &.
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It remains to prove that the solution of Problem I is unique. For later purposes we
shall prove a more general comparison principle for the following class of sub and
supersolutions:

Definition 2.11. A function v : Q* — R is a subsolution of Problem I if, for any
T € (_170),

() v € W (@ NC@" N BV (@Qp);

(ii) there exists a function 1 : (Q — R which, for some 65 > 0, is continuous in
the set

{(@, ) € Qp a0 < —(®) + 6y or x> (1) — 67},

such that

Yz, t) = Ylu,(z,t) forae. (z,t) € Q;

(iii) for any nonnegative Lipschitz continuous function x : Q* — R with compact
support in Q*

D) G-
/ u(x, T)x(x, T)dz < / uo@)x(x, —Ddz + / (ux, — Yluyx,)drdt,
—m) —¢(=1y) Qr
(2.28)
and

:|:1l+ﬁ <0 and 11+(|171| -y =0 if v =+(({) foraete(—1,0), (2.29)

where 1 denotes the trace of the function u at the lateral boundaries x = +((t) of Q.
A supersolution of Problem [ is defined similarly, with the reversed inequality in
(2.28) and with (2.29) replaced by
+i_1 20 and i_(|] - P )=0 if e =%(@) foraete(=1,0) (2.30)

(we have used the notations a, = max{a,0} and a_ = —min{a,0} for a € R).

Observe that a solution of Problem I (according to Definition 2.1) is both a
subsolution and a supersolution of Problem I, and the uniqueness of the solution
of Problem I is a consequence of the following comparison principle:

Theorem 2.12. Let hypothesis H be satisfied, and let v and v be, respectively, a
subsolution and a supersolution of Problem I. Then

usv aein@Q.

Proof. Let T € (—1,0), and let 6 € (0, 367.). We define the function x; € W">(Qy)
by
1
F@TCW =0 if —(W+6STS—(B)+20
if — () +26 < x <)~ 26

1
XKS(mat) - 1

E(C(t)—5—$) if (B)—-26sz=()—6

0 if z£(@®| <6
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for —1 £ ¢t £ T.Let 7 € (—1,T), let ¢ > 0 be small enough, and let
9, € cl(—-1,TD satisfy g,., = 1lin [t +¢,T], g,, =0in [-1,7],0 < g, < lin
(r,7+e)and 0 < g/ < 2/ein (—1,T]. Substituting the function x = (u—v), X9,
into the integral inequalities (2.28) for w and v respectively, subtracting the two
inequalities, and letting € — 0, we obtain
¢
[ w-vie Dt 1o
—{(T)
¢(r)
< / (u — )} (x, T)xs(@, 7) dz
—¢(m)

1 1
v [ (G- ot + 5 vt

{u>v}

= (u — ), (P(u,) — Y, Dxs — (Pluy,) — P ) (u ~ v)XM) )

where we have set {u > v} = {(z,t) € Qp : t > 7, u(z,t) > v(z, 1)}, and where we
have used the convergence

¢(r)
//(u - 1))+)(5g'rE dr dt — / (u—v), xs(z,T)dx
Qr —¢(m)

as € — 0, since u and v are continuous and bounded functions in Q*. Since X5t S0
and (p — Q)(Y(p) — ¥(g)) 2 0 for p, ¢ € R, we find that

(I

/ (u = v)} @, Dxs(, T)dz

—¢(1)
¢(r)

(u — v (z, T)Xs(x, T) d
)

il

T —C(t)+06

s

N

— (D26

C)—6
- / )(u~v)+(17;u47pv),
C(t)—26

where ), and ¢, indicate the function ¢ in Definition 2.1 corresponding to,
respectively, u and v. Letting first 7 — —1 and then é — 0, this leads to
(T

i
3 / (u— )} (z, T)dz < / (@~ 0), (P, — P )5y it (2.31)
—¢(
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It remains to show that the right-hand side of (2.31) is nonpositive, i.e., that for
ae. te(—1,7),

WPy, — P B, 1) S0 if (@~ D), 1) > 0 (2.32)

and

Wy — D NCD), ) 20 if (@ — DU~—(®), 1) > 0.

We only prove (2.32): if @({(t)) > 0, it follows from (2.29) that Eru(g(t),t) = =
and thus (b, — 'l—/;v)(C(t), t) £ 0; if G((t)) < 0, we may assume that T({(£)) < 0 and
hence, by (2.30), 1,(((t), t) = v, which implies that (i, — ¥, }C(),t) < 0.

3 Discontinuities at the lateral boundaries

We introduce a family of travelling wave solutions of (1.3), which we shall use
to prove that the solution of Problem I does not necessarily satisfy the boundary
condition at * = +((t). In particular we are interested in travelling waves with
unbounded gradient.

Choosing ¢ > 0 and setting 7 = x — ct, we look for the solution v(n; c) € C*(R™)
of the problem
Y@ +ev =0 in R+
v(O0H =0, (0" =4c0.

We observe that if ©(n) is a solution of Problem TW, then v(7; ¢), defined by

(TWC){

i
v(n;c) = Ev(cn), n >0,

is a solution of Problem TW,..
In order to solve Problem TW,, we integrate twice:

v tv=1, =0 =97 W —v), >0,
and thus the function v defined by

v(n)

1
mds =7, n>0 (3.1

is the unique solution of Problem TW,. We notice that v(4+00) = .
For any ¢ > 0 and A 2 0 we define

1
v(n; ¢, A) = a+ ~v(en), n>0. (3.2)
c
Hence v(n; ¢, A) satisfies

Y@y +cv' =0 in R*

v 0N =A, V(0" =400, v(+oo)= A+ %03 .
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We use the travelling waves to prove the main result of this section.

Theorem 3.1. Let v and  satisfy hypotheses H1 and H2. Then there exist initial
functions uy satisfying hypothesis H3 such that the solution w of Problem I satisfies
for some —1 <ty <t; <0

liminf u(z,f) >0 if {y <t <t,.
T—+((t)

Proof. Let C > 0 be a constant to be determined, and let u, satisfy hypothesis H3

such that .
3 > ™ i < =2
ug(z) 2 C cos <2<(gl)> if |z £ C( 2) .

2

Since 7 is uniformly bounded, it follows from the comparison principle (Theorem

2.12), applied in the set K = [fC(wé),C(v%)] x[-1, —%],that for some B > 0,

which does not depend on C,

u(z.t) = Ce B cos ( ) for (z,t) ¢ K,

T

1
26(—3)
whence, in particular,

w(0,t) > Ce P for —1<t <~

ol —

We set

c=((—1)—((~%>, AZCB'B/Z—%O,

and we choose C so large that A > 0. Let v(1); ¢, A) be defined by (3.2) and let

(=D +{(=3)

2
w(z, t) =v((r — x5 —ct + 1) ¢, A)
T=sup{—-1<t<0:—((s)<zy+e(s+ 1) for —1 s <t}

Ty = —

We observe that —((—1) < zy < —(( — %), and, since —(( — %) =z +c(l - %),
we have —1 < 7 < —%.
Since
1
w(0,t) < v(+o0;c, A) = A+ wTw =Ce B2 <wo,t) for —1<t< —3

it follows from the comparison principle (Theorem 2.12) applied in the set {(x,?) :
To+cet+1) Sx<0,—1 St S 7}, that if u, satisfies

ug(x) 2 w(x,0) for z, <z <0,
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then
w(x, ) Z wlz,7) for — (@) <z <0.
Hence liminf uw(z,7) 2 A > 0.

——(T)
Choosing x, slightly smaller, one proves in a similar way that u, can be chosen
such that lim mf w(z,t) > 0 for t € [t,,7], with t, < 7.

x——((t)

Finally we consider the regularity of u near the lateral boundaries.

Theorem 3.2. Let hypothesis H be satisfied and let u be a solution of Problem I. Then
the functions

uw(C) 1) and w(=CH)*,1)

are continuous at t, € (—1,0) if {'(t,) < 0. If ('(t,) = 0, these functions are not
necessarily continuous at t,.

Proof. We restrict ourselves to the function «({(t), t). Then it follows from the proof
of Lemma 2.7 that w({(t)™,t) = a(t), where «a(t) is defined by (2.24), and Theorem
3.2 is a consequence of Lemma 2.8.

4 Theorem A

In this section we consider the case in which ( satisfies

—dt = 4.1
/ 0 @b

In order to prove Theorem A, we introduce the new variables (see also [18])

Y= —~—-(t) for |£L’l < C(t), -1 fi t<0
T = D -1t 0
.[; C( ) S or <0,

ie. -1 Sy<1and0 £ 7 < +oo. Thus ¢ = (1) is a function of 7, and we shall
denote the functions u(y, 7) = u(x,t) and %,(y) = u(x) by, respectively, u(y, 7) and
u,(y). Hence u satisfies the equation

Zw)=0 in D=(-1,1) xR,

where we have set

() =u, — w( ) =y, . (4.3)
Yy

Uy
CE(T)

We shall construct a supersolution of the form

uly, ) = CUTNYy) + f(7),
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where g € C*(I-1,1]) and f € WHL(R*) are functions to be determined; in
particular we require that @ satisfies

Y (@y=0 ae. in D
u(y,0) 2 uyy) for |yl <1
a(xl,7)20 for 7 >0.

Hence, by the comparison principle,
u S ((tHr)gy) + f(r) in D. (4.4)
To determine ¢ and f, we calculate
Y =CC(g—yg)+ [ —v(g) aein D.
Let a € (0,v,.) and let g be defined by

{ — (g =a for |yl <1
g(£1) =0,

1

ie., gly)y = — fw’l(—as)ds. Substituting ¢ into Z (7) we obtain that for some
Yy

constant C' > 0

Y@zCl'+f+a inD.

It remains to determine f(7). In order to satisfy the inequalities at the parabolic
boundary of D, we require that

f(0) = max ug(y) and f 20 in RT.
—1=Zy=sl

In view of the condition that ¥ (1) = 0 in D, this leads to a function f defined by:
0 if f(r) =0 and
fl(r) = CCHMC ) + >0
— CCHMC () — o otherwise
FO = max ug(y).

Since
0

/|C'(t(T))|§(t(T))dT = —/C’(L‘)dt =¢(=1) < oo,
0 -1

it follows immediately from the definition of f that

f(ry—0 as 17— o0, (4.5)
and that, if ((£)('(t) = 0 as ¢ — 0, there exists a 7, > O such that
ftr)y—0 fort27. (4.6)

Clearly (1.5) follows from (4.4) and (4.5), while (1.6) is a consequence of (4.4) and
(4.6), and so we have proved Theorem A.
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5 Theorem B

In this section we consider the case in which

0
1
/—dt < oo 5.1
J @

and we construct solutions which do not vanish at the vertex of (. Theorem B is an
immediate consequence of the following lemma:

Lemma 5.1. Let hypothesis H and condition (5.1) be satisfied, and let ¢ and a, be

constants satisfying
0

c>Y, and ag > c/ %dt' (5.2)

—1

. —1 s
up(x) 2 {/1/1 <- C(—l))d5+a0
0 +

then the solution u of Problem I satisfies

It

for |z} < wa’CC(*l), (5.3)

0

w0,t) 2 qy — ¢ Z(%dt >0 forall t€[-1,0). (5.4)
g

Yoo

C

g(x,w“w*‘ < - %)ds+f(t)
0 +

where f € C 1([—1,0)) is a positive and nonincreasing function to be determined. Let
{2 be the subset of the set of definition of « in which wu is strictly positive. Since u is
nonincreasing with respect to ¢, it follows that there exists a continuous nonincreasing
function ¢, which satisfies hypothesis H2, such that

Proof. We define for any (z,t) € Q™ such that |2| < 40

, (5.5)

2= {(z,t) € Q" : |z| < (D}
Hence we obtain from the comparison principle (Theorem 2.12) in {2 that if u satisfies
LW =y, —Y,), =0 in 2, (3.6

then
w2y in £2 (5.7)

(we observe that u satisfies (2.29) if z = :t_{_(t)).
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From (5.5) we find that in §2

4 gl Cgl(t) [ 1,( CS) c ’ C
() = fit ~ S Vds+ S < P+
W f(”c%)o WO @) =T

and thus (5.6) is satisfied if we define f(¢) by

t
1
ft) =ay —c/lﬁds.

Hence we obtain (5.7), which, in view of the definition of u, yields (5.4).

6 Theorem C

In this section we shall prove Theorem C. By the comparison principle (Theorem
2.12), it is sufficient to consider the case in which

W =cv/—t (c>0). 6.1)

Introducing the new variables

y=— r=-—log(-1),
Yy e g(—t)
we obtain the following equation for iy, 7) = u(z, ?):

i, = e_l/ZTw(el/zTﬂy)y - %yﬂy in (—c,¢) x RT.
Hence the function

1/2r

vy, 7) =€e/*Tu(y,7) in (—c,c) x RY (6.2)

satisfies the equation
v, = ¥P(v,), - %yvy + %v in (—¢,c) x R, (6.3)
An important role will be played by the steady state problem corresponding to
(6.3):
(1L ) 'y — %yw’ + %tp =0 in (—¢,0)
() 20 and — @ (£c) = oo if p(Ee) > 0.
We shall call ¢ € C¥(—c,c)) N C([—c,cl) a positive solution of Problem III, if

@ > 01in (~c, ¢) and if ¢ satisfies the equation and boundary conditions (where o' (©)
indicates the one-sided limit ©’(c™)) of Problem 1.
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The proof of Theorem C consists of several lemma’s. First we consider the
linearized steady state problem.

Lemma 6.1. For any ¢ > O the eigenvalue problem

(L4 VO = 3u¢’ = =d¢ in (=¢,0)
" oo =0

has a principal eigenvalue X, and a positive eigenfunction ¢, € C*([—c, cl), which is
decreasing and concave in (0, c). In addition A, satisfies

0<e < = A, >A, >0, 6.4)
and
0 asc— o0
A .
C_>{oo as ¢ — 0", 6:5)
In particular there exists a unique cy such that A, = % and
% if0<c<cg
A | (6.6)
<3 fe>g.
Proof. Rewriting the equation in divergence form as
B O)e Y GOy — VO (e,
it follows from standard theory that ), exists and that
A, =4/(0) min / eV O 2 gy, / eV /WOy = 1] (6.7)
peH(—¢,0)

—-C

In particular the minimum in (6.7) is attained in a positive eigenfunction ¢, and (6.4)
and (6.5) are simple consequences of (6.7).

The existence of ¢, follows at once from (6.4), (6.5) and the continuous dependence
of A, on ¢. The monotonicity and concavity of ¢, are an immediate consequence of
the equation and the positivity of ,.

As a first consequence of Lemma 6.1 we obtain the following result about
Problem I:

Lemma 6.2. Let H1 be satisfied and let  and c, be given by (6.1) and (6.6). If
c<cy,

then there exist initial functions ug satisfying H3 such that the corresponding solutions
of Problem I vanish as (x,t) — (0,0).
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Proof. Let § > —¢/(0) be a constant to be determined, and let \_ s and ¢, ; denote,
respectively, the principal eigenvalue and a positive elgenfunctlon of Problem L. in

which /(0) is replaced by 1'(0) + 6. By (6.6) A, > 1

3 and hence we may choose
6 > 0 so small that

1
Ae 25

Choosing a > 0 so small that
1/}/(080/6,_5(9)) 2 w’(o) — ¢ in (_C:« C) y

we find that ¢ _, satisfies

W (apag” — Jyap' + 309 S (5 = A, _s)ap S0 in (—c,0).

Hence, in view of the transformation (6.2}, the function %, defined by

wz, t) = a\/——tgo{:‘_(s( for (z,t) € Q™

o

V=t

is a supersolution of Problem I if u, satisfies
up(x) < ap, _g(x) for [z <c.

Since w(x,t) — 0 as (z,t) — (0,0), it follows from the comparison principle that the
solution with initial function wu, vanishes at (0,0).

Lemma 6.3. Let H1 be satisfied and let { and c, be given by (6.1) and (6.6). If ¢ > ¢,
then there exists g satisfying H3 such that the solution u of Problem [ satisfies

wx,t) — 0 as (z,t) — (0,0) (6.8)

if and only if
Problem Il has a positive solution. (6.9)
Proof. By Lemma 6.1 A, < 5 and thus we have that \,s < 3 — 3(3 — A.) for

6 > 0 small enough, where ., and the corresponding positive eigenfunction ¢, s
are defined as in the proof of Lemma 6.2.
Let 14 > 0 be a constant to be determined below. Hence there exist arbitrarily

small constants @ > 0 and 6 > O such that A_4 < % - %(% —X,) and

w,( (p(- 6) .
— —c,c). 6.10
l—p< — 8% TR <1 in (-c,¢) 6.10)

It follows from the second inequality in (6.10) that ¢ , satisfies

V(apag’ — syag' + a0 > (5 — A s)ap >0 in (—c,0). (6.11)

By the comparison principle we may restrict ourselves to solutions of Problem I with
initial functions

Uy = AP, 5
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and to steady-state solutions (in the (y, 7) variables) ¢ which satisfy
Y =ap.s In (—c ),
with a arbitrarily small. Because of (6.11), the function v(y, ), corresponding to

the solution u(z,t) of Problem I, is nondecreasing with respect to 7, and we may
distinguish two cases:

w(y) = lim v(y,7) < o0 for y € (—c,0) (6.12)
and
lim v(y,7) = o0 for some y € (—c¢,c). (6.13)

We claim that, for a and ¢ sufficiently small, (6.12) implies that
w is a positive solution of Problem III , (6.14)

and (6.13) implies that
limsup u(z,t) > 0. (6.15)
(x,t)—(0,0)

Obviousty (6.13) implies that Problem III, does not have a positive solution larger
than ap, ,, while it follows from (6.12) that u(z,?) — 0 as (z,t) — (0,0). Hence
the proof of Lemma 6.3 is complete if we prove (6.14) and (6.15).
First we prove the following monotonicity property of v, :
v, (Y, ) S, ly,7) for 0<7 <7, 0<y<c. (6.16)
Setting z = (v, z satisfies
! —1 I . +

2 =YW@z, — 397, in (0,¢) x R

z(0,7)=0 for 7 >0

z,(¢, ) — %cz/f‘(z(c, ™) =0 if 2(c,7) > —v for 7> 0.

We claim that, for @ and § small enough, at 7 =0

W@~ ()2, — 3yz, <O in (0,0).

Indeed, setting ¢ = ¢, 5 and A = A_ 5, we have that

/I,Z}/(O) + (5 ; ’ 1ot 1 o
aag) (lb (ap )P(ap’ )" — Eyw(acp ) )
, 2

0(0) + 6 O B P AV w)

— aw//(a(pl)

1 /
+ 7//(@90/)(5 - )\> @
<0 in (0,0)
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for a and 6 small enough, where we have used (6.10) (with p sufficiently small)

and the inequalities Ao < % — %(% — )\C), [ (@)} £ aCy in (0,c) for some

C; > 0, and ¢/ —CLy in (0,c) for some C, > 0. Hence it follows from the
comparison prmc1p]e that ¢(v,) is nonincreasing with respect to 7 in (0, ¢), as long
as tL(Uy(( ) > .. If there exists T' > 0 such that w(v (¢, T)) = —v, then the
monotonicity of (v ) in the interval (7", oc) follows from the fact that then w(v )
satisfies the Dirichlet boundary condition ¢(v,) = —¢, on {c} x (T',00). Thus we
have proved (6.16).

Next we claim that the function w, defined by (6.12), is concave. Arguing by
contradiction, we suppose that there exist —c¢ < y, <y, < y; < ¢ such that

w(ys) — wly,)

w(y,) < wlyy) -+ W —y)-
Yz — Yy
Let £ > 0 be so small that
w(ys;) — w(y,)
wiyy) < w(y) — =+ BBy 6.17)
Yy — Yy
Then there exists 7, > 0 such that
vy, ) Z wly) —e and  v(ys, 7p) = w(ys) — €, (6.18)

and, in the set (y;,y;) X (7y,00), v(y,7) is a supersolution of the Cauchy-Dirichlet
problem

q, = d’(qy)y in (y;,y3) X (1, 00)

qy,, 7) = vy, 7y) for 7 > 7y

g(y3, 7) = V(Y3 7y) for T > 7

qy, 1) = vy, 19)  for y; <y <y,
i.e. v(y,7) is larger than the corresponding solution g(y,7) in (y,,y3) X (75, 0).
The derivative ¢, is bounded, since it is bounded on the parabolic boundary of

(Y1, ¥3) % (79, 00). This implies that the problem for ¢ is uniformly parabolic and,
by standard theory, ¢(y, 7) converges to the unique steady state

U(y37 7.()) - U(ylﬂ T())
Ys — Y

a(y) = vy, 7o) + v—y)

as 7 — 00. By (6.17) and (6.18), w(y,) < g(y,), and hence there exists 7, > 7, such
that
w(y,) < ¢y, 1) = (Y, 7y s

and, since w(y,) 2 v(y,,7) for all 7, we have found a contradiction. Thus w is
concave in (—c,c).

From the concavity of w it follows that w’ is locally bounded in (—c, ¢), and since
v, is monotone with respect to 7 in (0, ¢) and, by symmetry, in (—c, 0), it follows that
v, is uniformly bounded in sets of the form (~c+¢,¢— &) X R*. Thus, by classical

theory, w satisfies the equation t(w’) — %yw’ + %w = 0 in (—¢,c), and it follows
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easily that w satisfies w'(c™) = —oo if w(c™) > 0. Hence w is a positive steady state
and we have proved (6.14).

Finally we prove (6.15). The set in which v(y, 7) tends to infinity as 7 — oo is a
nonempty connected interval I and we may define y, € [0, c] by I = [—y,, y,]. We
claim that y, = c.

Arguing by contradiction, we define

wy) = lim v(y,7) for yo <y < ec.
T—00

Arguing as in the proof of (6.14), it follows that w is concave in (y,,c) and
w(yar ) = oo. But such a function w does not exist and we have found a contradiction.
Hence v(y, ) — oo as 7 — oo for |y| < ¢, which implies that, for any |y| < ¢,

uly/V-t.0
V-t

and it is not difficult to show that there exists £, € (—1,0) such that condition (5.3)
is satisfied by u(z,t,), with { = —1 replaced by ¢ = ¢, (in particular condition (5.2)
becomes a, > C\/—1, for some C > 0). Finally (6.15) follows from Lemma 5.1.

Lemma 6.4. Let v satisfy hypothesis H1. Then there exists ¢* 2 ¢y such that Problem
HI_ does not have positive solutions for ¢ > c*, and such that, if ¢* > c,, Problem
11, has positive solutions for ¢y < ¢ < c*.

> ast—0,

Proof. In view of the comparison principle and Lemma 6.3, it is sufficient to show
that for c large enough Problem III, does not possess positive solutions.
Let 1 be a nonnegative constant such that

V() <P O)+p if p>0,

and let A,  and ¢, (y) be defined as in the proof of Lemma 6.2. By Lemma 6.1,

Ao, <

Cy [t

N —

for c large enough, and we claim that for such values of ¢ Problem III. does not
possess positive solutions.

We argue by contradiction and suppose that ¢ is a positive solution. Let A > 0
be defined by

A=max{a>0:ap, , < yin(-c0}.
Setting
L () =) — 3u¢ + 39,

we have ¥ (Ag, x) > 0in (—c,¢), and it follows from the maximum principle and
the boundary point lemma that there exists € > 0 such that

p—Ap., Zep., in(—co).

The positivity of € is a contradiction with the definition of A.
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Substituting 1z = O in the proof of Lemma 6.4 we find a class of functions v for
which the constants ¢* and ¢, coincide:

Corollary 6.5. Let 1 satisfy hypothesis H1 and let c, and ¢* be defined by Lemma’ s
6.1 and 6.4. If

¥ (p) < ¥'(0) for p >0,
then c* = ¢,
Proof of Theorem C. Theorem C is a consequence of the Lemma’s 6.2, 6.3 and 6.4,

To conclude this section we prove that ¢* and ¢, do not coincide for all functions

0.

Lemma 6.6. There exist functions ¥ which satisfy hypothesis H1 and for which
™ > ¢, (more precisely, for any constant ¢ there exists a function v satisfying H1

for which c* > ¢).

Proof. Let 9'(0) be given and let ¢ > cy- We define the function ¥ € C([—¢, c]) by

o(y) = a(L* — (Jy| = yo)*),

where o, L > 0 and y, < 0. Choosing L = ¢ — y, we have that 7(£+c) =0, 7 > 0 in
(—c,0),and, for 0 <y < ¢,

% (@) = @) — 590 + 37
= =200 (—2a(y — yp)) + ay(y — yo) + 30(L* — (¥ — yp))
< o~ 24/ (- 2aly — yo)) + (W + D)L + 3(L* — ).

We observe that | — 2a(y — y,)| belongs to the interval

I, = 2alyl,2aL],
and hence ¥ (T) < 0 in (0, ¢) if 1) satisfies the condition

20/(s) 2 (yg + D)L + 5(L* =) for |p| eI, .
Since '(0%) = 2ay, < 0, the function
V=to@/V-t)

is a supersolution of Problem I if

U, £T in (-, 0).

Hence, by the comparison principle, u(z,t) — 0 as (x,t) — (0,0), and thus ¢ < ¢*.
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Appendix: Proof of Lemma 2.8

The elliptic-parabolic Problem II has been extensively studied by Huishof e.a. [3,
10, 15-17] in the case in which c is uniformly Lipschitz continuous. Most of the
results carry over to the more general case in which ¢/(—1) is not necessarily finite.
In particular Problem II has a unique weak solution, which satisfies a comparison
principle [17] (below we shall use the comparison principle several times and for its
precise form we refer to [17]; important is the fact that at the initial time the value
of c(v) 1s important for the comparison principle, rather than the value of v itself).

The properties of the interface z = «(t) were studied in [15,16]. In particular it
can be deduced from [16, Theorem 1.1(i)] that « is not necessarily continuous at
points at which ¢’ vanishes. It remains to prove that

~('(ty) >0 = «(t) is continuous at . (A.1)

Hulshof has proved (A.1) in the case in which ¢ is Lipschitz continuous. His
proof yields in addition a modulus of continuity of «. Below we shall indicate a
simplification of his proof, which allows us to work with general functions ¢, but
which does not provide a modulus of continuity.

Proof of (A.1). Following [15, Lemma 1], we have immediately from the continuity
of c(v) that

lim sup a(t) < alty) .
t—tg

In particular « is continuous at £, if a(t,) = 0.
So let a(ty) > 0. First we prove that

lim i?fa(t) 2 aflty) - (A.2)
t—ig

Let € > 0 be arbitrary and let ¢, > 0 be such that
—('Z6,>0 (A.3)
in a neighbourhood of {;. Then the function
T (u) =~ + €+ ylu — alty)

is a supersolution of Problem II in [0, a(ty)] x [¢,,t.] for ¢, — ¢, small enough, and
hence, by the comparison principle, (v (1)) 2 o(v(u,t)) in this set. [n particular

alt) Z alty) —e/b, for ty<t<t,

and (A.2) follows.
It remains to show that

lim inf o) 2 alty) - (A4
t—ty
First we shall prove that
lim inf a(t) = lim sup a(?) . (A.5)

t—sty tsty
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We set
by = limsup a(t) .

tﬂto

Lett, — 1, as n — oo such that a(f,) — b,. Since c(v) is continuous, for any € > 0
there exists a time {, € [7,{;) such that

v(by, 1) < —tp +e for t, St <.

If we define
() = = +e+ 6w —by) for 0= u by,

there exists n, € N such that
c(v(u,t, ) < c(@(u)) for 0 <u < b
Hence it follows from the comparison principle that
cwu(t) < c@w) in [0.by] X [t,,_,to]:
in particular a(t) 2 b, — €6, in (L., %), and, since ¢ is arbitrary, (A.5) follows.

From (A.5) it follows that lim «(f) exists, and to complete the proof of (A.4),
t/—»ta

we have to show that

lim «ot) = olty) . (A.6)
f,——>t07

Arguing by contradiction, we suppose that

ag = Hm at) < alty).
t——-)t(;

Let dy = 5(ay + a(ty)) and

v(u) = =1, < du—dy) for dySusr,

where 0 > 0 and where 7 is defined by (2.20). By the definition of a, and d,,, there
exists ¢, € [7,t,) such that

v(dy) = -, <vldy,t) for t; £t <4,.
Using the continuity of c¢(v), we may choose § > 0 so small that
v(r) <w(rt)y for t, <t <,

and
cu(w) = c(w(u,t))) for dySusr.

Hence, by the comparison principle,
c(w) < c((u, b)) in [dy, 7] x [t},to];

in particular a(t,) < d,, and we have found a contradiction.
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