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Abstract.

Three different finite difference schemes for solving the heat equation in one space dimension with
boundary conditions containing integrals over the interior of the interval are considered. The schemes are
based on the forward Euler, the backward Euler and the Crank-Nicolson methods. Error estimates are
derived in maximum norm. Results from a numerical experiment are presented.
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1. Introduction.

In this paper we introduce three different finite difference methods for solving the
heat equation with integral boundary conditions

u o

a_':__ax'; = f(x, 1), xe[0,1,0<t< T,
1

u0,1) = f ko(xju(x,0)dx + go()y 0<t<T,

0

1.1)

u(l,t) = Jl ki(u(x,0)dx + g,(t), 0<t<T,

4]
u(x> 0) = uO(x)a X€ [Os 1]7
and we give error estimates in the maximum norm for each of these methods.
This kind of problem arises in quasi-static thermoelasticity, for example when u is
the entropy of a homogeneous and isotropic slab, see Day [1], [2]. Day shows that

the maximum modulus, max, o, 1;|u(x,?), is a decreasing function in t. In [3]
Friedman extends this result to a general parabolic equation (in n dimensions) using
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a method based on the maximum principle. He also shows existence and uniqueness
of the solution to his extended version of the problem. An example of a related
problem is found in [5].

For the interior part of the problem, our discrete methods use the forward Euler,
the backward Euler and the Crank-Nicolson schemes, respectively. The integrals in
the boundary equations for x = 0, 1 are approximated by the trapezoidal rule. We
have chosen this approximation since it is simple and of the same, second, order of
accuracy in space as the methods used for the interior part of the problem.

By maximum principle arguments we show that, if the mesh ratio 4 = k/h*> < 3,
then the error in the forward Euler method is of second order in space, and that the
error in the backward Euler method is of first order in time and second order in space
without any restriction on A. Since the maximum principle for the Crank-Nicolson
method is valid only if 2 < 1, and since we want to be able to choose the mesh
parameters A, k independently, we use energy arguments to show that the maximum
norm of the error for the Crank-Nicolson method is second order in both space and
time.

This note has the following outline: Section 2 is devoted to the forward Euler
method while the backward Euler method is treated in Section 3. Section 4 deals
with the Crank-Nicolson method. In Section 5 we give some numerical results.

2. The forward Euler method.

Our first and simplest numerical approximation of (1.1) is based on the explicit
forward Euler scheme. We start by dividing [0, 1] x [0, T] into an M x N mesh
with step sizes h = 1/M and k = 1/N in space and time, respectively. The integrals
on the right hand side of the expressions for u(0, t) and u(1, t) are approximated by the
trapezoidal rule, that is

1 h M1 h
fxydx ~ J(f)i=—fO) +h 3 flx)+ =5 (1),
)] 2 j=1 2
where x; = jh. For the quadrature error,

1
anlf) =) - L fx)dx,

we have the bound
(2.1 les( N < Ch2 | f w20,

where the norm |- llw’;’;*‘, is defined by

aat1+a2

orixoet

2.2) lulymn:= ¥

aytors<m
xzEn

Leo(f0, 1] x{0.T]
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To simplify our notation, we introduce a discrete inner product, (-, ), for vectors
V = (V}): I/h“-: VM): by
h M_1 h
(23) <VsW>='2"V0W0+h > VJ‘WJ'+‘2‘VMWM-
j=1
We may then write
Ju(f) = <L D).
The forward and backward difference quotients are denoted by
8,U7 = h™ (U7, — U,
Uy =h" U= ULy,
and similarly for the difference quotients in time, for instance,
o.Uf =k~ Ut = Up).

For the mesh point (jh, nk) we introduce the notation (x;, t,,), and set A = k/h% Our
approximate solution is defined by the following system of equations:

2.4 0.U; - 0,0.U}f =F}, j=1,..,M—1,0<n<N-1,
Usg ={Ke, Uy +Gf, 1<n<N,
m =<Ky, U + G}, 1<n<N,

U = ug(x;), j=0,....,M,
where
2.5) Ko.j=ko(x;), Kp,j= kilxy),
(2.6) Go = golts), Gl = g4(ta)s
and
2.7) F} = f(xj,t,).

On each time level, the solution at interior mesh points is given by explicit equations.
The two boundary values are the solution of a2 x 2 linear system of equations. That
is, given U™ we can use the following scheme to compute U"**: First compute the
interior part of U"*! by

Ul = MU+ Ul ) + (1 — 2HUF +kF, j=1,..,.M—1.

Then let

M~-1

Yo =h Y, Ko;Ur' + Gy,
i=1
M-1

tm=h Y Ky Ui*' + Gyt

j=1
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The boundary values U " and U}, are now computed from the equations

Yol — hKy m) + ymhKo m
1 — Koo + Kuae) + h*(Ko yKps 0 — Ko oK)’

YohKp o + 7u(l — K, o)
1 — h(Ko,o + Ku,m) + (Ko K0 — KooK )

n+1 __
Uy ' =

n+1 __
Uy =

The results in this section will be expressed in terms of the maximum norm,
defined by

[Vl = max|Vj.
ses

The sets [0,..., M] and [0,..., N] will be denoted by .# and .4, respectively. We
define discrete operators & = %y, lo=1lo 4 I = lyn bY
2.9) (guUy;=0,U} —0,0,U;, j=1..,M—1,0<n<N -1,
Uy = U — <Ko, U™, 0=<n<N,
(U = U, — {Ky, U™, 0<n<N.

The existence theorem and error estimate for the solution of (2.4) are based on the
following a priori estimate.

LEMMA 2.1. Assume that 0 < A < § and

Then we have
1
(2.11) [Ulgxa < 1 —o (1LUluxns + Ul + e Ulp + 1U%4).

The proof of Lemma 2.1 is based on the wellknown maximum principle for the
forward Euler method given in the following lemma.

LEMMA 2.2 If0 < ) < 1/2 and LV < 0, then we have

n n n 0
max Vi< max (V5 Vg, V)
jeM, neN jedl, ne NV

ProOE. From the definition of #Vand the difference quotients we have that the
condition #V < 0 can be written as

VIt < (1= 20V + AV, + V).

Assume that the maximum is attained at the interior mesh point (x;, t,+). Then
since the coefficients to the right add up to one and are all non-negatie, and since the
values of ¥ present on the right hand side are at most ¥} 71, they alt have to equal this
number. Repeated use of this implies that ¥ must take its maximum somewhere on
the left or right boundary or on the initial line. |
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We are now prepared to prove the a priori estimate of Lemma 2.1.
PrOOF. Let H; = —3x;(1 — x;) and set o} = U} + kH; where k = |LU| 4u.s.
Since (#H)j = —1 we have
(2.12) (o) =(LU); -k <0.

By the definition of H; we also have that Hy = Hy, =0, H;<O0forj=0,...,M,
and max;(—H;) = 1/8. From inequality (2.12) and Lemma 2.2 we have

max o} < max(w}, Wly, wf) = max (Ug, Uy, UY + «H))

n,j n, j n, j

< max (Ug, Uy, U7) < max (Ul |Unl.#) + 1U°Las

n,j

and hence max U} < max o} + kmax(—H;)
n,j nj i

K
< max(|Uoly, |Upls) + 1U% 4 + R

If we replace U} by — U7 in the definition of ] above, we will get the same bound
for max, ;(—Uj), so that we may conclude

1
(2.13) |Ulux 4 < max (Ug| s |Unl ) + 1Ug + ‘8‘|3U1mxm-

But by the definition of I, and (2.10) we have
1UGl < <IKol, 15 [U 4 + 1l UY' < @ ULuxs + 1o Ul
and hence
(2.14) [Uoly < @ULuxs + Ul
and similarly for [Uy|,. We now combine inequality (2.13) with (2.14) and the
corresponding estimate for |Uy,|, to obtain

1
Ulxw € elULuxs + loUly + |y Uly + U4 + §|$U|mx//-

Moving the first term on the right hand side over to the left and dividing by
1 — ¢ # 0 completes the proof. |

We will now give an existence theorem for the solution of our discrete problem
(2.4).

THEOREM 2.3. Assume 0 < A < § and that (2.10) holds, then our discrete problem
(2.4) admits a unique solution.
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Proor. The discrete system (2.4} is asystem of (M + 1) linearequationsin{M + 1}
unknowns at each time step. In order to show existence it suffices to show unique-
ness, that is, that the homogeneous problem has only the trivial solution. But if
Ul=F =G =Gy = 0, then U = I,U = I,,U = 0, and hence, by Lemma 2.1,
Ui =0. n

REMARK. If k, and k, in the model problem are continuous functions such that

(2.15) jl tko(x) dx < 1, fl [ky(x)ldx < 1,
0 0

then there exist ¢ and hg such that, for all # with 0 < & < kg, assumption (2.10) is
valid. Hence for h < hy our discrete problem defined by (2.4)+2.7) has a unique
solution. The condition in (2.15) is necessary to get a continuous solution of (1.1)
such that the maximum modulus max,o, 1) [u(x, t)| is a decreasing function in ; see

[3] or [2].

We will now give an error estimate for our discrete approximation of (1.1).

THEOREM 2.4. Assume that kg, k, € C*([0, 1]) are such that

Ikoll,qo,1p <1 and lkyllL,q0,1p < 1.

Let U? be the solution of (2.4)+(2.7) and ue C**([0, 1] x [0, T]) the solution of (1.1).
If0 < A < i, then there exists an hy such that

!U - uimxvy < (:h2 Hullw‘;ﬂfor h< ho.

ProOF. By the above remark there exists hy > 0 such that assumption (2.10) is
valid for all h < h,.

Let Z} = U} — u(x;,t,) denote the error at the mesh point (x;,,). We will apply
Lemma 2.1 to Z7, and hence we need estimates of the terms on the right hand side of
(2.11). We start with |2 Z] 4 x 4 From the definition of &£ and Z7 and (1.1) and (2.4)
we have

(£2); = (LU} — Lulx, t,)
ou  0*u - .
= f(xj, tn) — g“(xj, t,) = (E - ’5)’57) — (Ou — 0,0,u) = Tj.

By expanding the local discretization error 7 in Taylor series we get

(2.16) |LZux o < CH [ull:2.

We now consider the term |1, Z| . By the definition of I, and Z} and (1.1) and (2.4)
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we have

(ZOZ)n = U(’; - <K0’ Un> + <K03u("tn)> - M(O, tn)

1

= G'(‘) + <K07u(’9tn)> - j‘ ko(x)u(x, tn) dx — gO(tn)

0
1

= (Ko, ul"»1a)) — J ko(xu(x, t,)dx = ex(kou),

[}

and hence by (2.1)
@.17) loZle < CH? [[kottllw20 < Ch* |ullw2.0.

Similarly, for |l,Z|, we have

@.18) luZlse < CH? [kyully2:0 < CH? [ull 22,

and for the initial value Z{ we find
2.19) Z) = U} — ux;,0) = UY — uolx;) = 0.
From Lemma 2.1 and (2.16)2.19) we now conclude

U — thar < CH w2,

which completes the proof. n

3. The backward Euler method.

In this section we will study the application of the implicit backward Euler scheme
to our model problem. The integrals on the right hand side of the expression for
u(0,t) and u(1,f) are again approximated by the trapezoidal rule. In this case we
obtain the following system of equations:

3.0 BIU}’-—(Z?XEJ‘U} = Fj}, j=L..,.M—1, 1<n<N,
Ul = (Ko, U>+Gh) 1<n<N,
Ut = <Kp, U+ Gy, 1<n<N,
UY = ug(x;), i=0...,M,

where Ko ;, Ky j, G5, G} and F} are defined by (2.5H2.7).
We define the operator & = %, associated with the interior part of our system of
equations, by

(3.2) (U =3U'—0,8,U", j=1...,M—1, 1<n<N.
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The results in this section will be based on the well-known maximum principle for
the backward Euler method:
LEMMA 3.1. If £V < 0, then we have

max V< max (V§, Vi, V)
jedl, net jet, net

ProoF. The condition ZV < 0 is equivalent to
L4+ 20V < VP + MV, + V)

The proof is completed in the same way as that of Lemma 2.2. n

Our next lemma 1s an a priori estimate, which will be used to show existence,
uniqueness, and an error estimate for the solution U7 of our system of equations
(3.1), together with (2.5)+2.7).

Lemma 3.2, Assume that
(3.3) Kol 1> <<l and {Kyl,1><eg<l

Then

[Ulgxn < (LUl uxs + U + ULy + 1yUly)

1—g¢
The proof of this lemma is analogous to that of Lemma 2.1 and will not be

presented. Our next theorem gives existence and uniqueness for the solution of our
discrete problem (3.1).

THEOREM 3.3. If assumption (3.3) is satisfied, then (3.1) has a unique solution.

This theorem is proved in the same way as Theorem 2.3. We will now give an error
estimate for the backward Euler method.
THEOREM 3.4. Assume that ko, k,€C*([0, 1]) are such that

(3.4) lko e, q0,1p <1 and llkilh,l(m, < L

Let U7 be the solution of (3.1), 2.5}2.T)and u € C*([0,1] x [0, T]) be the solution
of (1.1). Then there exists hy > 0 such that

U — tlxy < Ch* + ) full w2 for h<ho.

PROOF. As in the proof of Theorem 2.4 there exists an /s, such that for h < hg
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assumption (3.3} is valid. With Z} = U} — u(x;, t,) we also have

(3.5) o Zly < Ch? |ul w20,
(3.6) lluZ)y < Ch? |ul Wi o,
and

3.7) 29 =0,

For (ZZ); we have

("?Z): = (gu);l - a?u(-xja tn) = F_'; - ju(xj, tn) = f(xjs tn) - gu(xj’ tn)
ou  *u ~ .
== (E — —éx—2> — (6,u — 6x5xu) = ’L'j.
The truncation error 7} is expanded in Taylor series as in the proof of Theorem 2.4

and it follows that

(3.8) 1 LZ) s < COH* + K) [l

The a priori estimate of Lemma 3.2, and (3.5)~(3.8) now give

U — tlyxw < CO? + k) w2,

which completes the proof of Theorem 3.4. ]

4. The Crank-Nicolson method.

In the previous section we discussed an implicit O(h? + k) method, based on the
implicit backward Euler scheme. We will now present another implicit method,
based on the Crank-Nicolson scheme, which is of order O(h + k). In addition to

the mesh points (x;, t,) = (b, nk) we define t,,+ , ;, = (n + 1/2)k. The discrete solution
is now given by the following system of equations:

= (Ut yri .
41 oU} - 6x61(~——’~——2—-—> = Fj, j=L..,M—1,
0<n<N-1,

Uy =<Ko, U +Gh, 1<n<N,
Us =<Ky, U> + Gj, 1<n<N,
U = uplx;)), j=0,...,.M,
where K, Ky, Gj, G are defined by (2.5), (2.6), and F} by
“.2) F} = [ tus 1)
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Since the maximum principle for the Crank-Nicolson method is only valid for the
mesh ratio A < 1, we will use the energy method to derive an error estimate in
maximum norm. For vectors V = (V,, V4,..., V3,) we thus introduce the norm

ji=1

1/2 h 2 2 Mt 12
VI =<y vyY ={3(V0 +VH+h Y V}

corresponding to the inner product <-,-, defined in (2.3). We also define discrete
analogues of the L,-norm on [0, T and [0, 1] x [0, T] by

N 1/2
Vi = (k ) (V")2> ;
n=0

and
N 1/2
MVily = (k 2 V"I!Z) .
n=0

In order to be able to give expressions such as {4, V, W) a meaning we extend the
vectors ¥V and W by Vo, =Vy, 1 =W_, =Wy, =0 In the case when
Vo = Var = Wy = W), = 0, we then have by partial summation that

(4.3) Gvwy=hy YV 5 W= Wies
i=0 h i=o h
= _<I/56xW>.

Asin the previous sections we define a discrete operator & = %, associated with
the left hand side of the first equation in our discrete problem (4.1),

urtt + Ut

5 ) j=l..M-1, 0<n<N-L

@4.4) (2Uy=oU" - axéx(

The operators [, and [, are defined by (2.9).
We are now prepared to state an a priori estimate for (4.1).

LeEMMA 4.1. Assume that there exist hy and ¢ < 1 such that for all h < hq

(4.5) IKoll + IKaell < 0(3/(4 + 2h3))"72.
Then we have, for h < hg,
(4.6) |ULxs < C{I1 LUy + 1U°] + 2.U°]

+ 104 Ullxy + 181 Ulln}-

The proof of this a priori estimate is based on the following two lemmas. The first
is an energy estimate.
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LeEMMA 4.2. Assume that Wy = Wy, =0, for | < n. Then
@.7) WoWIZ_, + 13w < 18 W°12 + I 2Wl7-+.

ProOF. By the definition of £ W we have

1+1 1
Wit + W,

oW} — a,ﬁx< >

Multiply this equation by hd, WJ-' and sum over j. By use of partial summation as in
(4.3) we find, since W} vanishes for j = 0 and M, that
Wl+ 1 + Wl

4.8) 6. W% + <5 3

,gxatW’> = {(ZW), oW

We now rewrite the second term on the left hand side as follows:

<5 Wl+1+Wl 5 6th>=<a Wl+1+Wl (_3 Wl+1___wl>

2 2 k
1 =
= EE(”axWH-IHZ — 1. W']1%)

= 30,118 W"|1%.
Together with (4.8) this shows
122 + 30,10 WH1> < (WY 6. W
<3 IEWYI* + 31w,
and hence
18 W12 + 8, 8. W' |1 < (LW
Multiplication of this equation by k, and summation over /, from O ton — 1 gives
the desired result. |
LeMMA 4.3. Assume that W} = Wy = 0. Then
max |W}| < 0, W"|.

je#

Proor. Since W§ = 0 we have that
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Hence, since W5 = Wy, =0,

max |Wj| = max
jet 1<jsM-—1

J
hY oW
=1

M-1

<h Y 0.9
=1
3 n h A n 3 n

= |0, W", 1) — 7 (0= W51 + 12 Wytl)

<8, W", 1> < [, W"l 1)) = 1|2, W™|. L

We will now prove Lemma 4.1.
Proor. Set

4.9 W =Uj— (1 - x){<Ko, U™ = (1U)"} — x;{<Kar, U"> — (lyU)"}.
Then we have
(4.10) (LW); = (2U); — (1 — x){<{Ko,8,U"y — 8,(loU)"}
—x;{<{Kp, 0, U™y — 0,1y UY"}.
Since the function W}" vanishes for j = 0 and M we may apply Lemma 4.2 to get
411) e Wlliz— o + 18 W™ < |8 W°)* + I € W3-, 1<n<N.
We will now estimate the right hand side of (4.11). We first note that

M-1

Hl—xm=H%H=<§®+%Mm5+h3_lfyﬁ=«2+WMW”Evh

J

We also note that
KK, 6,UD| < 1Kl 16, U], i=0,M.
Let a;, = yu(l| Koll + | K ) From equation (4.10) we thus obtain
(4.12) WZWlln-1 < LUlln-1 + 16 {(1Ko ]l + IKpe )18, Ullla-s
+ 10doUlla-1 + 10 Ullp-1}
<WLUln-1 + a0 Ul
+ 10:loUlla-1 + 10y Ulln—1)-

We now need an estimate of ||| 6,Ul||,— { in terms of {||6,W]|,_ . By taking a time
difference in (4.9) we have

oW =20U7—(1— x){<Ko, 8, Uy — 8,(l,U)"} — x;{<{Kp, 6,U"Y — 8(lpsUY'},
and hence

;U1 < M0:Wllla-1 + anll O Ul 1 + vall&loUlln—1 + 10:ly Ul ).
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By assumption we have a, < 1/2, and hence

N2:Ulla-1 <

S {10 Wlla-1 + 11010 Ulln—1 + 10:daUlln-1)}-
B

Using this in (4.12) gives

Oy

IZWll,-1 < 1 WO W -1 + 1L Ullln-1

Vu

+
1—o

(0o Ulln-1 + 10 Ullw—1).

For the second term on the right hand side of (4.11) we now have

Xy
l—ah

2
(4.13) |11§W|||5_1s(1+6)< >t||a,W|1|3_1

+ CONLUIE- 1 + 101UNZ- 1 + 18U},

where 6 > 0 is an arbitrary number. For h < h, we have o, < ¢/2 < 1/2 and hence
Xy
1—ugq,

< B < 1. This makes it possible to choose d, uniformly in h, such that

(1+5)(1f"ah>

Combining (4.11) with (4.13) yields
18W"1* < 18, WO + CUI LUNIZ- 1 + 10doUN2_, + l18duUlIZ- ),

and hence

f<1.

IA

(4.14) 13 W7 < 18.W°|l + CUILUlliy + 12doUlly + I2]aUlly), n<N.

From (4.9) we have
10 WOl < 19, U°l + e | UCIl + [l U)°] + (1 U)°,
which gives
1BW"| < CQILUlly + 1U°] + 18:U°] + 80Ul
+ [0 Ully + [ U)% + 104 U)°)), n<N.
By Lemma 4.3, we thus have
Wlaxs < CUILUN + U] + 13:.U°] + 186Ul
+ 1o U)°l + 10y Ully + 1 UY°).
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Finally, we have to replace W in the inequality above by U. From the definition of
W}, (4.9), we have

WUlaxw £ IWlaxw + UKol + 1Ku D) ULix s + 1loUlw + 1 Uly),
and, since by assumption [[Ky| + |[Ky | < \/3/2 < 1, we get
[ULuxs < CUILUlIx + I1U°] + 13,U°
+ Uy + 101oUlly + I Uls + 10da Uliw)-

The terms |[,N| 4, [l,;U|+ above can be estimated in terms of ||U°||, ||8,U°|| and
1015 Uln, |0, Ullx. To prove this, use the definition of Iy, /;; and estimates analog-
ous to Lemma 4.3. This concludes the proof of Lemma 4.1. ]

The existence and uniqueness of the solution to equations (4. 1) now follows from
Lemma 4.1.
THEOREM 4.4. If there exist hy and ¢ < 1 such that,
IKoll + IIKacll < (3/(4 + 2h3)'2,  for h < ho,
then our discrete problem (4.1) admits a unique solution.

The proof of Theorem 4.4 is analogous to that of Theorem 2.3.
We are now prepared to give an error estimate.

THEOREM 4.5. Assume that ko, k; € CX([0, 1]) are such that

(4.15) kol 0. 1p + &1 a0, 1 < /3/2-

Let ue C*3([0,1] x [0, T]) be the solution of (1.1) and U that of (4.1). Then there
exists ho > 0 such that

(4.16) U — tlgxs < CH* + K?) Jullw43, for h<ho
ProOF. The proofis an application of Lemma 4.1 to the error Z} = U} — ulx;, t,).

We first note that from (4.15) it follows that there exist h, > 0 and ¢ < 1 such that for
h < hy assumption (4.5) is true. We have

(ZZ): = (PUY — Pulx;,t,) = T

The local truncation error, }, is rewritten as in the proof of Theorem 2.4 and
expanded in Taylor series around (x,, t, 1,z). This shows

(4.17) lZlly = L Zlly < Ch* + k2) ]l w. 3.

For the initial value Z? we find

Z9 =U — u(x;,0) = U} —uo(x;) =0, j=0,...,M,
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and hence
(4.18) IZ°] = 16.2°| = 0.

We shall now estimate the term in (4.6) associated with the boundary x = 0. From
(2.17) we have

(loZ)" = exlkou.,1,))
and hence
0loZ)" = enlkosul., 14),
where g, is the quadrature error. By (2.1) we have

16l Z)'| < Ch? llkodu(. ta)lw2,0 < Ch* |8,u(., t,) [l w2; 0.

But
In+1 fy ou
Sulx,t) =k ! J —(x, 1) dt| < |—(x,.
|Buu(x, 1) e ] -
and hence
4.19) 1040 Zlln < Ch? el w2 1.

The estimate of |8,/ U ||y is analogous. Theorem 4.5 now follows from Lemma
4.1 and (4.17), (4.18), (4.19). ]

5. A numerical example.

In this section, we will present numerical experiments where we apply our three
discrete methods to a specific problem, namely

ou  *u

2

o
50) oL e~ )+
(5.1) Fre: e {x(x 1)+6(1+52)+2}’ xe[0,1], t>0,
1
u0,1) = —52j u(x, t)dx, t>0,
0
1
ul,t) = —52J u(x, t)dx, t>0,
o 52

ux,0) = x(x — 1) xe[0,1],

TSR

where é = 0.12. The boundary kernels, ko, = k; = — 82, are taken from an example
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in Day [1]. The exact solution of (5.1) is given by

= 6
ux, ) =e {x(x -1+ ——————6(1 n 52)}.

The forward Euler system is solved as described in Section 2. The backward Euler
system (3.1) and the Crank-Nicolson system (4.1) are treated as general linear
systems of equations, with full matrices, and solved by the NAG-library routines
FO3AFTF, for triangular decomposition, and FO4AHF, for calculating the solution.

Below are three tables, representing sample calculations using each of the discrete
methods. The first column in each table lists the mesh parameter M, the second
shows the error, measured in maximum norm on the M x N mesh, covering
[0,13 x [0, T]. In the third column the number of time steps required to compute
the solution to time T = 1.0 are listed, and the last column shows the amount of
CPU-time used, in seconds, for the computation on an IBM 3090 computer. Since
the implementation of the backward Fuler and Crank-Nicolson methods do not
take advantage of the structure of the matrices involved (tridiagonal with full top

Table 1. Forward Euler method, k = 0.4h°.

M Error Number of CPU-time
U — tl yxn time steps (seconds)
2 1.1-1073 11 0.07
4 1.5-107% 41 0.04
8 3.7-107% 161 0.03
16 9.4-107¢ 641 0.22
32 2.3-107% 2561 1.62
65 5.7-1077 10563 13.15
130 1.5-1077 42251 103.75
Table 2. Backward Euler method, k = \/ h
M Error Number of CPU-time
WU —ulgxn time steps (seconds)
2 35-1073 3 0.08
4 1.3-1073 8 0.08
8 44-1074 23 0.09
16 1.6-1074 64 0.18
32 5.6-1073 182 0.92
65 1.9-107° 525 8.34
130 6.7-1078 1483 81.90
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Table 3. Crank-Nicolson method, h = k.

M Error Number of CPU-time
WU~ tlgxns time steps (seconds)
2 7.5-1073 2 0.07
4 1.7-1073 4 0.07
8 36-107% 8 0.08
16 84-1073 16 0.10
32 2.1-1073 32 0.22
65 5.0-107¢ 66 1.13
130 1.3-10°¢ 131 7.51

and bottom rows), the CPU-time used by these two methods is not fully comparable
to that of the the forward Euler method.
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