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Upper Bound of the Speed of Convergence of Moment Density
Estimators for Stationary Point Processes

By E. Jolivet, Jouy en Josas® )

Summary: The speed of convergence of moment density estimators for stationary point processes
is studied. Under relevant assumptions the order of magnitude for its upper bound is the same as in
the i.i.d. case, when the process is Brillinger-mixing. The case of convariance density estimators is
also considered.

1. Introduction

Let P be some stationary point process on the space R?. In accordance with
Krickeberg {1982] the following notations are used for the various considered measures.

&)
» k)
7(k)
:y(k)

is the moment measure of order k%,

is the factorial moment measure of order k,
is the cumulant measure of order k,

is the factorial cumulant measure of order k.

As P is stationary, all these measures, when they exist, can be desintegrated in the
sense that, for »'¥) for instance, there exists »'(%) such that formally

v® @xy, .. dx)=v® @uy, . duy dx, (1)

whereui=xl.—xk,1= 1,...,k—1.

»'®) s the reduced moment measure of order k. In the sequel, a “‘prime” denotes a
reduced measure. Expression (1.1) shows that, for the knowledge of the process, it is
equivalent to estimate »(*) or »"(%),

The processes considered in that paper are mixing in the sense of Brillinger that is,
foreachk = 2,3, ..., the reduced factorial cumulant exists and is a o-finite measure
on RI&-D)
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In order to obtain asymptotical results, the domain of observation is choosen as

member of a regular family {Gr}rER growing to R? where r tends to infinity.
+

In this paper, an upper bound for the local estimation speed of density estimators
for reduced moments of any order is computed. Then, the global estimation speed of
a covariance density estimator is evaluated.

2. Density Estimation

Assume that the reduced factorial moment measure exists and admits a density
p(k ) with respects to AB& '1), Lebesgue measure on RIK-D) pet g be a bounded

continuous function on R¥*-1) , with integral 1. The family of functions
{8,},cp is defined by
+

g, (V) =6I%D g (@t v). (1.2)

where 7 > B, is a nonnegative application on R, B, decreasing to O as r tends to in-
finity. Clearly, AB -1 (g,) = 1, and when r tends to infinity, g, (v) tends to the

Dirac measure at point v in the sense of distributions.

2.1 Recalls on Existing Estimators

Brillinger [1975], and then Krickeberg [1982] proposed estimators of p(k ) (u),

when u is a point of continuity for p %,

Brillinger estimator

k
~(k) — -1 — — — —
p,"’ w, 1)=\(G,) fde\Ak ;11 IGr (g, 1 —xp —uy, ... X — X

—up I uxy), ..., u(dxy)
(2.1)

where A, = xe de; diandj such thatx; = x].}

Krickeberg estimator

i’,(k) @ww=AG)" [ 4 lg O )g, ey —xp —uy, oo xp =2 —uy 4)
R \Ak r

@) .. @) 22)
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Both of them are biased estimators of p(k ) (w):

E(ﬁ;k) (u’ I“l))z £-1g(vla- e ,Vk_l)P(k) (u1 +BrV1, N ,uk_l +
G
r

+B, v dvs . ..dvy .
E@® (u, w) = T 1)g(vi,...,vk_l)p”‘) Uy +B, Vi, .. up  +
(k-
+8, vk_l)dvl coedvy -

Brillinger [1975] states a theorem of convergence in law for ﬁ(k ) (u, w) on R. That

theorem can be extended to R? for both estimators. To prove it, it is necessary to
study the behaviour of the so defined estimator cumulants. In the sequel, only the

~(k)

case of p,*’ is considered, that of ﬁ(rk ) being very similar.

2.2 Cumulants of i)ﬁk )

Assuming the existence of the moments of the process up to the order kk, it is possible

to write the cumulant of order of ﬁﬁk) (u) [Jolivet].
The moment of order % is written as

kh I ] h
NG T T 3 oz O 0O dx_—z)- 0 1. (z.,)° 2.3
S Pos=1Q, Rgl m=1jep, Cm 5" 0 o, ) (23)

: IA’cC @) 8 Cyyper ~ 2 TH Ty T Zy T )
S\ (40
I Y*W @x, ... dx )
r=1 B Baq,
where %3 is the sum on all the partitions of {1, ..., kk}in [ subsets P P25
I
and X is the sum on all the partitions of {1, 2,...,1}in s subsets QisGQas---s Qg

The cumulant of order 4 is the sum of indecomposable integrals — that is: they
can not be written as a product of integrals on natural decompositions of (Rd)l —
included in the expression of the moments. Among these terms, only those with
argument of any function g, formed by % different points of R? are nonnul. On the
other hand, as g, tends to the Dirac measure, g, () g, (v) tends to a nonnul distribu-
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rion only when u = v. The only terms to take into account in the asymptotic estimate
of the cumulant are then of the type:

(A1) III 1. (x}) ni(xi —xi—u xi —xb—u )-
P kg G K& LT X T s Xy X Ty
R

#q)
AFEQD) 1 1 2 ) ) )
YFEQ (dyl,...,dy#ql)...'y (dyl,...,dy#qs).

The various assumptions:

g bounded, continuous, integrable

P mixing in the sense of Brillinger

integral on R¥"¥ indecomposable

enable the proof that such a term is asymptotically a O [A (Gr)l'h B‘ri (-1 'h)].

Accordingly, the leading terms of the sum constituing the cumulant are those
with I = 1 and then their sum is

ING)EEDPE o ghy, v P ® B e,y +
Rd(k-l)
+8, vk_l)dvl e dve g

Then, asymptotically, the cumulant of order # of f)ﬁk ) (u) behaves as

NGHEEDNp® @y s g v dv L dy
Rr4-1)

ifp(k) is continuous in u.

3. Overestimation of the Convergence Speed
3.1 Criterion Selection

As commonly used in density estimation works, the selected criterion of the
quality of the estimator is the expectation of the absolute difference between p(k )

and its estimator, to the power 4, for some 4 greater than 1, that is

E[Ii’,(«k) (u17 e 7uk_1)_p(k) (ul EACC 9uk_1) |h]

That quantity is overestimated by the sum of two terms, one for the bias and the
other for the random variations.

R, % @), p® ) =E 1% @) —p® ) "]

< EBP @50 @ 1" +15E @ —p® w11
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where
0 ) =E, 05 ).

3.2 Overestimation of the Bias

The bias overestimation no introduces any new problem with respect to point
processes. The framework adopted will be reasonable for applications, that is without
too many restrictive assumptions, as in the following lemma [Doukhan/Ghindes].

Let Df be the differential of f and || Df (x) || the norm of the linear application
¥ =><{y, Df (x)}, that is:

IDEx) = sup |<{y,Df(x)I.
lyi<i

Let & be the application x - Lg()i ) .
p? " \B
Lemma 3.1: Let g be a measurable function of R? into R, non negative and with sum

1;let B be a positive real number and f a measurable function of R? into R™ with one
of the following properties:

(i) fis differentiable in the distribution sense

(i) fis differentiable almost everywhere with locally bounded directional
derivatives

(iii) fis locally lipschitz.

It is assumed, in addition, that the differential application Df defined almost every-
where under these assumptions is such that:

I Dfug =[IDEG) 19 dx <o

and
IDffI, = sup {lIDf(x)NI} <oo ifg =+ oo
x&€R
Then:
f lf(x)—f*gﬁ ) 19dx<p?- [ llIxlI9g(x)ldx-|IDf||9 3.1
rY rY q
sup |f(x)—f*gﬁ @I<B- [ llxllgE)ldx - IDfjl_ ifg=+e. (3.2)
xeR R

With more assumptions on the function f and on the kernel g, the preceding lemma
can be extended to functions with derivations up to the order s, generalizing results
obtained on R [Bretagnolle/Huber].
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Let Df (u) be the differential of order s at point # and || D%f («) || its norm as
s-linear form on R? - g, function on RY, is said strong symmetric if

g(xl,...,xd)=g(oz1x1,...,adxd)foreveryset(al,.. ad)of{—l l}d

Lemma 3.2: Let g be a continuous bounded strong symmetric kernel such that

/] gx)ydx=1
Rd
¥
f xl. .xdd g(x)dx=0foreachsetofdpositiveintegersrl,...,rd,
O< E 7 <s

i=1

J o lx ¥ 1g(x) ldx <oo.
Rd

Let f be an s times differentiable function such that

IlefHZ = [ 1 Df ) 19 du < oo
Rd

I D°fil, = sup 1D fu)ll <ee.
ueRd

Then
Hf—f*gﬂ IIZ <p% . HDsfHZ . [l{d I* g (u) 1dul?
with

s s 1 5-1
g =114 G ( )d§

and

If—f*gsll, <8 - IDfl, fd g (u) | du.
R

(3.3)

B4

As on R, the proof of that lemma rests on the overestimation of the L7 -norm of the
convolution product of the rest of order s of the Taylor expansion of f by the kernel

$

8-

Kemels satisfying the above assumptions exist: one can choose products of Parzen

s-kernel on R.

3.3 Asymptotic Overestimation of the Random Part and Optimal choice of 3 ;

As mentioned earlier, the cumulant of order & of f)fk) (u) have the same behaviour

as

[A (Gr)Bf(k'l)]l'h PPw § g, .. Vi) dvi..dvy .
Rd(k~1)
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IfCy, G, ..., C; are the cumulants up to the order & of ﬁfk ) (u), the moment of
order A, Jl_lh ,of ﬁﬁk ) (1) can be written as

h
z z N, (n,....,n)C ...C
i=1 nl,...,niE{Z,...,h} h(l ') ny n;
n+... +nl.=h
where N, ny,... ’”i) is the number of partitions of {1, 2, ..., Ak} in i subsets with
respective cardinal numbersny,...,n,.

Taking into account the results of 2.2, if 1 is even, Mh is equivalent to
N, @2, ...,2)ch?

that is to say

h!

m g2 (v) dV]h/2 O\ (Gr) ﬂ’fd(k-l))-h/2.

P® @w
Rd(k-l )

If £ is odd,
El15{ @) =5 @) 1M <E GF @) —p @)1/ ED.

The right-hand side of the inequality is equivalent to

{ (h+1)! r/(’””

(k) 2 hi2 d(k-1)y-h/2
STy P @ J 8 a1 G gD

RA(k

Putting together this result and that of lemma 3.2, choosing A (G,) and 8, bound by
the relation

(A (G,) pAE-DV/2 gh — g

with Q some fixed real number, we have the

Theorem 3.3: If the point process P on RY is Brillinger-mixing and if the density

p(k ) of the reduced factorial moment of order k exists and is continuous in u;if
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p(k ) is 5 time differentiable and if the norm || Dsp(k ) (v) || is bounded; if, an the other
hand, the kernel g verifies the hypothesis of lemma 3.2 then

im A (G)* M2 2ED) B 15 (u) —p® (u) (3.5)
rtee

<C (p(k)(u))h/2 Q-(d(k-l)/(2s+d(k-1)) + || D p(k) ”Z Q(Zs/(2s+d(k-1))

where C depends only on s, # and on the kernel g

Remarks:

(1) Under the assumptions of the lemma 3.1, a similar result is obtained with
s=1

(2) because the reduced moment measures are not o-finite in the classical examples,
it will not be natural to introduce such an assumption in view to obtain a global
overestimation. A global overestimation result will be proved later for the co-
variance measure which is, by hypothesis, o-finite.

4. Case of the Covariance Measure
The cumulant of order 2, the covariance, being of a great interest in the applications

and also being rather simple to manage, we shall consider the problem of the estimation
of its density.

4.1 Estimation of the Density
It is assumed that the cumulants of the process admit a density up to the order 4.

z being the density of the itensity of the process, the density g(2) of the covariance
measure is estimated by

G2 W=NGC) S 2q g, ()8, (i ¥ —w) (W @)~
R \A2 r

—zX (dxy)) (1 (@x2) —z A (dx,)). 4.1)
The variance of c}ﬁz) (u) is given by

X (G,)* var @) (u)) =
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wN
e ap (X 1) b (n— T ) F(0) OUT 4
. 45 ‘9, Bm
exp 'xp (X — %) (b (n—Tx— tx) ‘8 (n— tx— 1x)8(¢x) 21 (%) +
, umx
£xp txp Txp (§x— Ix ‘Ex — 1X) ASE=| tx— £x) F(n— tx— 1x) m?b w +
y ) Q mm
Exp txp 'xp (PxX— Tx ‘Ex— 1X) (b (n— Fx— tx) ‘g (n— tx— 1) ‘2(¢x) 2y (%) +
. L0 ‘9, Em
Exp Txp 'xp (EX — TX “EX— 1X) (\h(n— Tx— £x)"F(n— tx— 1x) 20 21 (%) +
m
Exp Exp Tap (Ex — LX X WX) (b (n— fx— 1x) B (n— Tx— %) ‘3 (tx) “ 1(%*%) b +
vxp Exp txp Txp (Ex_ T v 1 tx__ €x) 1 vy) Oy (2 w mv
xp €xp 2xp 'xp ((x— 2X) ()b (Px— %) )b (n—*x— £x)"Z(n— Tx - 1x) (0 1 (%) +
pyd

F d
vxp Exp T 1ap (X 1X) (b (X~ 1%) ()b (n— Yx— ) B(n— - 1T P10 1 [+

q
py
#xp Exp T xp ap (PX— £x Px— Lx9x— 1x) (b (n— X — ) S (n— tx— 19) B (*¥) RIS



358 E. Jolivet

The same type of considerations as developed in 2.2 enables the demonstration of the
fact that, if the point process is Brillinger-mixing, and if q(z) is continuous in u, then

var (31 @) = N (G817 ¢P @) g 1} +0 [N (G,) 8. (4.3)

4.2 Overestimation of the Risk

Let us now consider the evaluation of the global risk for u in a compact K of RY.

Ry @, §)=Ep L@ @)~ 4P @)? du
= [var @® W) du L @® @) - q'» W)* du

where qﬁz) is the expectation of 2152).

Then, it can be proved without any other assumption than that of Brillinger mixing
that

{( var ((}9) W) du <
1

—lig*gl, (1@ i +41g% 0 +1gP 1) +11g13 14 1,
N(RY:

2 2
gl gl 1gP 13 a@))+ g *glh g 112 (4.4)
1 1 )\ (Gr)
If it is also assumed that

I ™ Coxdedyll, +11f ¢3¢, x)dxll +11¢P | <o
R2d Rd

then, the following relation is true

S var () (w)) du
K

1

< NelB 1P+
N(G,) B

1 4) (2) 2
+ hg*glly |1 @ (4 x+yx y)dxdyll +2 +
(A g*gly ( gdq ( y,x, y)dxdy |l g < ili

R

+.
+3 f ¢, ydxl, +20 f ¢ "—2 X dxu,,)+
rY r?

g1, 1P 1 -l gl MK)]. (4.5)
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Asymptotically, the right hand sides of formula (4.4) and (4.5) are of the same order,
and the choice of B, will be equivalent to get the optimal speed. That choice is preci-

sed in an assumption framework leading to the second overestimation. We restrict
ourself to the case, generally sufﬁc1ent for the a {})phcations where q( ) (3) (4) are
respectively bound continuous on R? R R , which ensure that the L norms in
formula (4.5) are finite.

Theorem 4.1:

If the point process P on RY is Brillinger mixing

if the densities q(z), q(3), q(4) are bounded continuous
if ¢'2) is s times differentiable and if || D® g |1 exists

if, on the other hand, the kernel g verifies the hypothesis of lemma 3.2.
Then

fim A (G)%/@s) g, ! @ @) —q'® @)* du
rtee

<C [ g® |, QD ) ps gD 2 g2s/(2s+d)y (4.6)

where C depends only on g and s.

The overestimation is optimal for

0=lgl3 %12 1@ 1, 11D, 4P 115 .

Then

iim A (G)¥/Cs* D g, { @® @) — 4¢P @) du
rteo 4.7)

<2 ”g ”‘21-S/(2S+d) ” Sg ”%d/(2S+d) “ q(z) “%S/(2S+d) ” DS q(2) “%d/(z.ﬁ‘d)‘

Remarks

(i)  Under the same assumptions on the q(U and g, the same overesttmatzon of the
global risk is obtazned on a family K, of compact subsets of RY such that
AK,)=o0(B; 7).

(ii) Under the same assumptzons an asymptotic speed of same order is obtained
taking A (K r/ of B ) but with a larger constant.

(iii) If the assumptions for g are preserved, but if q(Z) , q(3 ) and q( 4 are only assumed
integrable, a speed of the same order is obtained, with a different constant, K
being fixed.
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