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Results of an evaluation of the approximation accuracy of the temperature integral
obtained by means of different approximation equations are presented. The usability
for approximation purposes of the Schloemilch, asymptotic, Bernoullie and Vallet
series, depending on the number of expansion terms used in calculations, and the Doyle
logarithmic, Zsakd, Coats—Redfern and Turner—Schnitzer— Gorbachev equations
has been evaluated. Boundary values of z, above which the approximation accuracy
of a given equation is higher than or equal to the assumed one, are given.

The already widespread measurements of the kinetics of chemical reactions
under linear temperature increase conditions have emphasized the need for a
knowledge of the value of the integral shown below when elaborating experimental

results:

T,
= | exp(—E/RT)dT
To

(M

where E is the activation energy, R the gas constant and T, T, and T, are the
absolute, initial and final temperatures, respectively.
This integral can be rearranged to a simpler form by introducing

Hence

where

or in another way

where

x = E/RT
E j exp( x)

= x
ZO = E/RTO

= 26 - L)
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224 NORWISZ, HAJDUK: APPROXIMATING THE TEMPERATURE INTEGRAL

Integral L(z) is a convergent integral and cannot be expressed in the form of
elementary functions. Thus, for practical purposes, L(z) values [1, 2] taken
from tables or calculated from approximative equations [3] are used.

The accuracy of different approximative equations is different and for a given
approximative equation it may also be different for different z values. With regard
to the method of calculating the value of integral J via Eq. (5), it is important
that the approximation errors of both integrals L(z,) be of the same sign. Since
this error has the character of a systematic one, it is constant with regard to its
sign within a given variability range.

The aim of the present paper is to evaluate the accuracy of the approximation
to the integral L(z) using generally encountered approximative equations. For
each approximative equation discussed here, the approximation error has been
calculated and its sign is given. Calculations were made for z {1.70) every 5 units,
This range covers most of the values encountered in practice.

In this paper an analysis is made merely of approximative equations which are
given in the form of a function of variable z. Other equations, e.g. the Mac-
Callum — Tanner equation [4], where E and T are in the apparent form, will be
analyzed separately. The error of the approximative equation is defined by

B = D-4 1009 @)

D -

where D is the accurate value of integral L(z), and 4 is the value calculated from

the given approximative equation. The value B of the error has been assumed as

the basis for determining the limits of applicability of the respective approximative

equations. The intermediate values of the error have been calculated by the method

of linear interpolation. Hence, the boundary values shown in the tables are higher
than the accurate ones.

The numerically calculated values of integral L(z) have been assumed as values
D. The calculations of the value D were carried out twice, using the Gauss and
Simpson methods [5]. The error of value D was found not to be higher than
1.10-® of the value of L(z). The calculated D values are in agreement with
those given by Doyle [1].

The Schloemilch series [6]

The Schloemilch series, often encountered in the literature [3, 7, 8], is given
to an accuracy of two, four or eight terms
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As a particular case of the Schloemilch series, the Turner — Schnitzer equation
[9] may be considered, which has been presented for the second time by Gor-
bachev [10]. This equation has been obtained from Eq. (8) by limiting this series
to the two first terms. In order to evaluate the effect of the expansion of the
Schloemilch series on the approximation accuracy, calculations were made limit-
ing this series to two, three or more terms.

The calculations carried out have shown that the Schloemilch series approxi-
mates the L(z) integral very well. The accuracy of approximation increases very
rapidly with the increase of the number of terms used, as well as with the increase
of z. For z = 70, the accuracy of the eight-term series is more than 1.10-39.
The values of error B are positive when the series has an even number of terms,
being negative in the opposite case. For the Schloemilch series limited to five or
eight terms, a change in the sign of error B is observed when z < 5. Boundary
values z are given in Table 1, above which expansion of the Schloemilch series
will make it possible to determine value L(z) with an accuracy equal to or higher
than the assumed one. The data contained in Table 1 confirm Zsakd’s opinion [11]
on the accuracy of the Turner — Schnitzer — Gorbachev equation. For z > 18 an
accuracy of the above mentioned equation higher than 0.5% was obtained.
Attention must only be paid to the fact that for less accurate calculations, with
an accuracy of about 3%, the Schloemilch series limited to the first term alone
is sufficient.

Table 1

Boundary values of z for the Schloemilch series for an assumed approximation error

Number of Approximation error not above .
expansion % ofselrgr‘(l) . Remarks
terms 3| 1 | es | o1 | oot | oom
1 30.5 # # i Sid eid —
2 6.0 10.4 17.7 42.0 3 +* + Turner—Schnitzer—
3 1.3 4.0 5.8 13.0 30.6 69.9 — Gorbachev equa-
4 2.0 2.9 4.2 8.7 16.0 30.8 + tion
5 1.0 1.0 1.0 33 9.3 17.5 —
6 1.0 2.1 2.6 4.1 8.9 13.5 +
7 1.0 1.0 1.9 3.0 3.7 4.8 —
8 1.0 1.2 2.2 3.0 4.9 9.5 +

Asymptotic series

The asymptotic series is used relatively often in the calculations:

exp (—z) 21 3! i n!
L(Z) = 77(2¥ 1 - ‘; + "Z’"é“ + ...+ (“ 1) +1 Z(n"‘l—)‘ (9)
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According to Flynn and Wall [3], this series may be used for z > 10, provided
the number of terms used is lower than z. The Doyle [1] and Coats— Redfern
equations [12] are special cases of the asymptotic series. They are obtained from
the asymptotic series by discarding all terms of the expansion excepting the first
(Doyle) or the first two (Coats — Redfern).

Generally the asymptotic series may be used for approximating integral L(z)
when z > 10. Due to rapid improvement in the approximation accuracy around
z = 10, the boundary values for the approximation accuracy levels equal to 3%,
1% and 0.59 differ inconsiderably from one another. More accurate data are
shown in Table 2. Values calculated for a given z are higher than the accurate
ones (B < 0) when an odd number of terms of the asymptotic series are used;
in the opposite case these figures are lower. The approximation accuracy of the
asymptotic series rapidly increases with the increase of z and the increase in the
number of expansion terms. For z = 70 and an expansion of eight terms, the
approximation accuracy is 5 © 1089,

It results from Table 2 that Doyle’s equation is characterized by a low accuracy.
Doyle’s equation has an error lower than 109, for z > 20, and an accuracy
< 59 is achieved only when z > 40. The calculated boundary value z for the
Coats —Redfern equation practically agrees with the value given by Zsaké for
B=0.5% [11].

Table 2

Boundary values of z for the asymptotic series for an assumed approximation error

Number of Approximation error not above .
expansi:n % S;ffogf Remarks
terms 3 | 1 | es | o1 | oo | ooor
1 65.0 # #* # #* #* — Doyle equation
2 14.0 24.0 34.0 # # H# + Coats-Redfern
3 14.6 13.6 16.6 28.4 61.4 #* - equation
4 9.1 10.0 12.9 18.6 32.7 58.3 + .
5 9.1 9.8 10.2 14.7 32.5 36.8 - —
6 9.2 9.8 10.0 13.9 19.3 28.2 +
7 9.5 9.8 10.0 13.3 17.4 23.8 —
8 9.6 9.8 100 12.9 15.0 20.3 +

Bernoulli series

According to Flynn and Wall [3], the Bernoullie series may be used for = > 2:

- 0.998710  1.98487646  —4.9482092
ﬁpi—z) — 00000035 — ——— 4+~ — ——

Liz)~

11.7850792  20.452340  21.1491469  9.5240411

+ —
7t z° z® z’

+ 0.35-10-%| (10)
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The calculations carried out indicate the low usability of the Bernoulli series
for the approximation of integral L(z). The approximation error decreases very
slowly with the increase of z and the number of expansion terms used. For z > 15,
use of more than four terms of the expansion practically does not improve the
approximation-accuracy. For z = 70 and an eight-term expansion, the approxima-
tion error is 0.1%. The use of the Bernoulli series for z < 9 requires special
caution, as in this range a change in the sign of error B is observed for a four
and eight-term expansion. More accurate data are given in Table 3.

Table 3

Boundary values of z for the Bernoulli series for an assumed approximation error

| Approximation error not above ‘

Numbe}' of o * Sign of
expansion | __ 7 " error
terms 15 |4 | 05 0ot | oo 0.001 | |
|
1 ‘ | { +
2 less & % | o ow ] % | -
3 140 | 246 | 371 3+ # 4 { +
4 200 | 200 ‘ 20.0 4 # 3 +
5 70 | 96 127 * 4 4 \ 4
6 50 | 50 | 100 #* 4 # |+
7 50 | so0 | 97 4+ # # 0+
8 50 | 50 | 97 4 # ¥ 0+
| i

The Vallet series

Calculating integral J [Eq. (5)], Vallet accepted other limits than those given
in Eq. (6). Taking into consideration a change in the limit of integration, the
equation given by Vallet [13] may be presented in the form

L) ~ L) + 27 + ] iy T
2~ z TET T T2 T nn + 1!
— 0.5712798419 (11

This series is a rapidly converging one for z < 1, whereas for z > 1 it requires
a greater number of terms to be taken into account. The calculations carried out
have proved the above series to be entirely useless in the approximation of integral
L(z) for z > 1.

Doyle’s logarithmic equation

Doyle has reported [4] a relatively simple approximative equation in the
logarithmic form:

logy, L(z) ~ —2.315 — 0.457 z (12)
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The calculations carried out have shown that Doyle’s equation may be used for
30 < z < 45, for which range the error B < 39%. Attention must be paid to the
fact that error B changes its sign within this range, which substantially reduces
the accuracy of the calculation of the integral J [Eq. (5)]. The accuracy of the
approximative equation +39% for 20 < z < 60, given by Flynn and Wall [15]
refers to the approximation accuracy of log,, L(z) and not the L(z) value itself.
Doyle’s equation has an approximation error of integral L(z) of B = 10.24 %/ for
z = 25, and B = 4.64%, for z = 50. For values of z higher or lower than the
given ones, the error is substantially higher.

Zsakd’s equation

Based on the tabulated data [16], Zsaké proposed an approximative equation
of a relatively simple form [11]:

_ exp(-2)
L&~ e+ )
where
16
=i 9

According to Zsaké [11], the approximation accuracy of integral L(z) is greater
than 0.5% for 1.6 < z < 18.

The calculations carried out confirmed Zsakd’s opinion on the accuracy of
approximation by Zsaké’s equation of the temperature integral L(z). The approxi-
mation error is positive within the entire investigated range of the z, Values
calculated from Eq. (3) are below than accurate D values. The approximation
accuracy increases with the increase of z, and for z = 70, B = 0.07%,. Within
the entire examined z variability range, B < 0.5%,. More accurate data are given
in Table 4.

Table 4

Boundary values of z for the Zsak6 equation for an assumed approximation error

Approximation error not above
Ordinal % Sign of
number error
3 | 1 | os | o1 | oot | oom
1 1.0 1.0 1.0 ‘ 35.0 ’ #* ‘ 3 ‘ +
Conclusion

The calculations carried out made it possible to evaluate the accuracy of the
different equations approximating the temperature integral L(z) at present applied.
Data given in Tables 1—4 designate the applicability limits of the individual
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approximative equations in relation to the assumed calculation accuracy. Taking
advantage of the above-mentioned data, attention must be paid to the question
of whether the given approximative equation underrates or overrates the value
of the temperature integral. In a given cycle of calculations it is recommended
to use equations of the same sign of error B, as otherwise the calculation accuracy
may be substantially lowered.

Of the analyzed equations, merely Schloemilch’s and the asymptotic series
guarantee a high approximation accuracy, the accuracy of the Schloemilch series
always being higher than that of the respective asymptotic series. The accuracy
of the Turner — Schnitzer — Gorbachev equation is higher than that of the Coats —
Redfern equation. For z > 10, the accuracy of an eight-term Schloemilch expan-
sion is equal to that of Doyle’s tables. Two other analyzed series, i.e. the Ber-
noulli and Vallet series, are not very useful in the approximation of the tempera-
ture integral. The accuracy of Bernoulli series is not high, despite the high
accuracy of the numerical coefficients of the individual terms of the series. The
approximation error of the Vallet series increases very rapidly so that it cannot
be used in calculations for z > 1.

A relatively high approximation accuracy within a wide range of z is assumed
by Zsakd’s approximative equation. For z > 18 its accuracy is comparable with
that of the Turner — Schnitzer — Gorbachev equation; for lower z values, on the
other hand, the accuracy of the Zsako equation is higher. Due to its simple form,
the high approximation accuracy within a wide range of z values, the equation is
very convenient for calculation purposes, especially by means of small pocket
computers.

Doyle’s logarithmic equation, on the other hand, should be used with great
care. An approximation error of the temperature integral of lower than 3 %is
achieved with this equation only when 30 < z < 45, this range being characterized
by a change in sign of error B. This error should thus be used merely in assess-
ment calculations.

From among the above equations, the Schloemilch equation should be used
for very accurate calculations. Rapid calculations, on the other hand, require
the use of Zsakd’s equation, which is more convenient for these purposes.
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RisuMt — Dans cette publication, on a cherché a évaluer ’exactitude des équations
permettant d’atteindre par différentes approximations lintégrale de température. On a
étudié en particulier la possibilité d’utiliser & des fins d’approximation, les méthodes de
Schloemilch, Bernoulli, Vallet, Doyle, Zsakd, Coats-Redfern et Turner— Schnitzer—

[Ty

Gorbachev. On donne les valeurs aux limites de *‘z””, au-dessus desquelles I'exactitude de

I'approximation d’une équation donnée est supérieure ou égale a celle qui est supposée.

ZUSAMMENFASSUNG — Es werden die Auswertungsergebnisse der Anniherungsgenauigkeit
des mittels verschiedener Anniherungsgleichungen erhaltenen Temperaturintegrals gegen-
iibergestellt. Die Anwendbarkeit fiir Naherungszwecke der Schloemilch-schen, der asymp-
totischen, der Bernoulli-schen und der Vallet-schen Serien wird in Abhéngigkeit von der
Zahl der bei den Berechnungen gebrauchten Expansionsausdriicke und von der logaritmi-
schen Gleichung von Doyle, sowie von den Gleichungen von Zsako, Coats-Redfern und
Turner— Schnitzer— Gorbatschev bewertet. Grenzwerte von “z”, iiber welchen die Nihe-
rungsgenauigkeit einer gegebenen Gleichung hoher oder gleich der angenommenen ist,
werden gegeben.

Pesrome — B cTaThe mpeacTaBileHbl PE3YIILTATHI BBIYHCIICHUS IPHOIMKEHHON TOYHOCTH TEM-
HEPATYPHOrO HMHTErpajia, MOJIYYEHHOTO ¢ IOMOIIBIO Pa3/IMYHBIX HPHOIMKEHHBIX YPAaBHCHUM.
Bruta OleHeHa IPHTOAHOCTE IJIs NMPUOIMKEHABIX weneit cepmit IllitoMunxa, aCHMITOTHYCCKUX,
BepHy/wn W BajreTa B 3aBMCMMOCTH OT YHCIIA PACIHIMPEHHBIX BBIPAXKEHHH, HCIIONIB3YEMBIX B
BBIYUCIICHHAX ¥ B JIorapudMudeckoM ypaBaenun Jloiinu, ypasuenusx *Kako, Koyrca—Pendepna
u Typuep—IlInuTnep —op6advesa. JJaHbl TPAHMYHBIE 3HAYEHUS «Z, BBIIIE KOTOPHIX IPUGIHKEH-
‘Hasl TOYHOCTHb OAHHOIO YpaBHEHUS BBIIIE HIIM PaBHA HOMyCKaEMOMY.
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