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On the divergence of spherical sums
of double Fourier—Haar series

G. E. TKEBUCHAVA

Let f € L(I?), I = [0,1] and let a, »(f) be the Fourier coefficient of
the function f with respect to the double Haar system {xm(:z;)xn(y)}zn:l.
Furthermore, for B > 0 let

Sr(f,2:9) = D ama(f)xm(2)xn(y)
m2+n2<R?
be the spherical partial sums of the double Fourier-Haar series of the func-
tion f. We denote by |A| the 2-dimensional Lebesgue measure of the set

A. As usually, L(In* L)Y(I?), v > 0, is the class of all measurable functions
defined on I? and satisfying the condition

J [ 1590100 12,0 dedy < oo

where In" |u| equals to In |u| for |u| > 1 and 0 in the other cases.
In this work we prove

Theorem 1. Let ® : [0,00) — [0,00) be a function satisfying the
conditions ®(u) T 00 as u — oo and
(1) ®(u) = o(ulnu).
Then there exists a function f on I* such that ® o |f| € L(I?) and
im Sgr(f,z,y) = +oo
R—oo
almost everywhere on I2.
By replacing o with O this statement is no longer valid, since it is well-
known (see [3]) that f € Llnt L(I?) implies the convergence of Sg(f,z,y)

almost everywhere on I? as R — 0.
A consequence of Theorem 1 is

Theorem 2. Let 0 < n < 1. Then there ezists a function f €
L(In* L)'-"(I?) whose spherical Fourier-Haar partial sums diverge almost
everywhere on I2.
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Notice that, in the case = 1, in [4] one established for sufficiently
small ¢ > 0 the existence of a function f € L(I?) and a set E C I? such
that |[E| > 1 — ¢ and Sg(f,z,y) is divergent on E as R — oo.

For definitions and results concerning the above mentioned topics, see
the surveys [2], [6], [7], [8].

Proof of Theorem 1. In the sequel we shall use constructions similar
to those applied in [4], [5].
Let

(2) k() =2%, j=1,2,...,
(3) ) =[0,27*W] x [0,277], for r=1,...,k(1)-1,

k(1)—1

(4) B = U b,

1 -1

(5) diV = ﬂ oY,
(6) FY=r\BY,
(7) A(k) = (281 — B)27F 1,
(8) Y1 = 1.
Then
9) B =27, =1, k(1) - 1,
(10) |B{V| = 2=+ D (1),
(11) jaft)] = 220=KD),
(12) || = A(k(1)).
Now we can represent Fl(l) in the form

=y +1

where the le), £=+,4+1,...,72, are equal squares congruent to dgl) and
have pairwise disjoint inners.
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Similar considerations applied to each of the squares le), =7 +1,
.. .,72 taking into account (2)—(13) give

(14) IBYV| = 27 *0=1e())|QM], t=m 41,7
Y2
(15) | U BOY| =270 k)Y,
£=v1+1
(16) 1dV] = 220k QWY £ =y 41,07,
Y2
an | U D] = 20K D) = g2 A (1))@,
£=v1+1
Set
MW _ Wy 11 s
(18) FE'=R’\ U B’ .
) {=v1+1

From (14), (15) and (18) it follows
(19) [V = MEWIFD] = (k1))

Continuing this procedure we obtain the sequence {Fi(l)}?_f_l. Let Fi =
Nizy Fi(l). Then (see (19))

(20) |[F1| = 0.
Let us denote by D, the collection of all inner squares, i.e.
(21) Dy={dV:t=1,2..},
and by B; the family of all rectangles bg}g i.e.
(22) Bi={b):r=1,..,k1)-1; £=1,2,...},
and let their unions be

o0
(23) D, = U 21)7

=1
(24) Bi= Bﬁl).

=1
Then we get (see (16), (17), (23))
(25) |1 = 207K A4 ARD) + N (kD) +--)l@T ] =

92(1-k(1))

R COR
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Furthermore, for every rectangle b € B; we have (see (21), (22), (23))

(26) DinbeD
and
(27) |Dy Nb| = 22-FW)p).

If b is the symmetric image of the rectangle b € B; with respect to its right
or top side then

(28) D1 B < 27D (k(n)) 7" [b].
This completes the first step of the construction.
In the second step we divide each set Bgl), {£=1,2,..., into squares

being equal to its corresponding inner squares dgl) (while the partitioning
squares have no common inner points). For each of these squares we can
repeat all the considerations of the first step only by replacing the terms k(1)
by k(2). In particular, in this manner we obtain the families D; and By of
inner squares and rectangles, respectively, and the corresponding unions D,
and B; of these squares and rectangles (cf. (21)-(24)).

In the n-th step (with corresponding k(n)), with the notations D,,
B, and D,, B, for the families of inner squares and rectangles and their
respective unions and by setting F,, = I?\ B, we get

(29) |Dr] < 227K (k(n)) QS| = 227K (k(n)) .
For an arbitrary b € B, (see (20), (25)-(28)) we obtain

(30) DnNb € Dy,

(31) |D, 06| = 2275 ),

(32) |Dn 08| < 227K (k(n)) 8],

whence it follows

(34) |Ba| = 1.

Let a natural number ¢ > 1 be given. By condition (1) we have
®(2KMg) = o(2k(n)qln(2k(”)q)) as n — oo.
Therefore there exists a natural number n(g) > ¢ such that
Q(Qk(n(Q))q) < 2k(n(9) =2 m(gk(n(q»q),
and consequently,
(35) B(2%((D) g)2~-k) (n(g)) " <
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< 21—k(n(q))(1n(2k(n(Q))q))-lq,(Qk(n(q))q) <272
In view of the conditions of the theorem we can choose the sequence n(1),

n(2), ... to be strictly increasing.
Now we proceed to the construction of the required function f. For
every ¢ = 1,2, ... consider the functions
2k((D)-1g  for (z,y) € D
36 z, n(g)»
(36) fo(z,9) = { for (z,y) & Dng)-
For an arbitrary rectangle b € By(q) we have (see (29)—(33))
[ D) N8I
37 /f nta) TVOlok(n(a)-14 = 94
(7 a /==

and furthermore,

|Dn(q)nb| k - 4q
38 / Pn(@) N0l gkn(ap-1, . _ 29
(38) |b| fo= ="y < Enlo))

By (37) and (38), for every rectangle b € B,(g) the following estimate is
fulfilled:

(39) s ([[ 5= [Lr)>2-s

Let

(40) f(z,9) =3 folz, ).
g=1

Then ® o |f]| € L(I?). Indeed, by setting

T= U Dypg), Ug= Dn(a)\ U Dngy, U= U Uqs

g=1 i>q g=1
we obtain |T| = |U| in view of the estimate (see (29))

o0 o0 o0
|U D] € 2o 10ns)] € 8327 D k()] = 0, g — oo,
Jj=q Jj=q Jj=q

since T=UU (ﬂ;‘;l U;?';q D))
Taking this into account we have (see (36), (40), (35))

/,z‘“'f'2//11‘“'”5;//[,}%;&!s

o0
< 3 8HDg)| Dy | = 8 2D [k(n(9)] 1 B(2"g) < o0,

g=1 q=1
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To the proof of the divergence of the spherical partial sums of the
Fourier-Haar series of the function f we shall use some considerations from
[4, pp. 46-47] according to which (with our above notations) for almost
all (z,y) € N;2; Br(g)) there exist sequences by, R(q), Lq (in general
depending on (z,y)) such that

(41) (2,9) € bu(g) € Bn(q),
(42) Jim_ R(q) = +oo,
(43) qh_)néo Lq = f((l), y),

(44) Sr(e)(fyz,y) = Ly + 2|%(q)l(//b fo- //En(q)fq).

Now, since |Ug21 Bn(q))| = 1 (see (34)), taking into account (39), (41)—-(44)
we get the statement of Theorem 1.

n(q)

Remark. For a comparison of the obtained results with the case of
the multiple trigonometric system, we refer to [1] where, in particular, it is
proved that for every p € [1,2) there exists a function in the class LP(T?)
such that the spherical sums of its Fourier series diverge in measure on the
square T? = [0, 27]%.
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O pacxomumocTu chepUUecKNX CYyMM
JBouHEIX paxos Pypre—Xaapa

I'. E. TKEBYYABA

Jloxasana cliefylomas TeopeMa.

Oycrs @ : [0,4+00) — [0,+00) — dyHKUMA, yAOBAETBOPAIOMaA HPU 4 — +00
ycaosuam ®(u) T oo n $(u) = o(ulnu).

Toraa cymecTByeT mHTerpUpyeMas Ha [0,1] dynxmma f Taxasm, uto P o |f| €
L([0,1]%), a chepuueckue cyMMsl ee mBoiinoro paga Pypbe—Xaapa pacxoZATCA MOYTH
Bcioxay Ha [0,1]2.

®AKYJILTET NNPUKJIAAHON MATEMATUKU U KUBEPHETHUKHU
TBUJIUCCKUY TOCYIAPCTBEHHBIVI YHUBEPCUTET

YJI. YHUBEPCUTETCKAJ 2

TBUJIMCH 380 086
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