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1. Introduction

Let f(x) (—ee<Xx=<-+eo) be a measurable function such that

(LD FEt)=f(), [fx)dx=0.

It is well known that if f(x) is smooth enough and the sequence {n;} of integers
grows rapidly then the sequence f(m,x) of functions (0=x=1) behaves like a
sequence of independent random variables. A typical result in this direction (see [3],
[8]) is that if f satisfies (1.1) and the Lipschitz condition and

(1.2) Mpyr/ Mg >0

then f(n,x) obeys the central limit theorem and the law of the iterated logarithm
(CLT and LIL in the sequel). Here (1.2) is best possible in the sense that it cannot
be weakened to

(1.3) M/l =g > 1
even with a large g. This is shown by the example of ErRDOs and ForTeT (see [5])
f(x) = cos 2nx-+cos 2nmx, n, = mF—1

for which both the central limit theorem and the law of iterated logarithm fail to
hold. On the other hand, there exist many sequences {m,} satisfying (1.3) but not
(1.2) such that f(n,x) satisfies the CLT and LIL. E.g. n,=2* is such a sequence
(see [4]). It was Gaposhkin who characterized all the sequences {n.} (among the
sequences obeying (1.3)) such that f(m, x) obeys the CLT. Let us say that a sequence
{m} of integers belongs to class

B, if there is a constant C such that the number of solutions of the equation
m+m=v (k=1) is at most C for any integer v=0;

D,, if the (set-theoretic) union of the sequences {n}, {2n.}, ..., {mn,}, considered
as a single sequence, belongs to class By;

D, if {m} belongs to class D,, for all integers m=1,2, ....

GaAPOSHKIN showed (see [3]) that if {m,} belongs to D, (and satisfies (1.3))
then f(m x) obeys the CLT for all sufficiently smooth f; on the other hand, if {n}
does not belong to D, (but satisfies (1.3)) then there exists a trigonometric poly-
nomial f such that f(#,x) fails to obey the CLT.

The purpose of the present paper is to extend (the positive half of) Gaposhkin’s
theorem and to prove an a.s. invariance principle for the sequence f(m,x) under
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142 I. BERKES AND W. PHILIPP

the assumption that {n,} satisfies (1.3) and belongs to D.,. Our method (which
differs from that of Gaposhkin) makes use of martingale tools; in fact, it is a com-
bination of the methods of [1—2], [6]. In [2], § 3 an a.s. invariance principle was
proved for f(n,x) assuming a condition for {n,} (the so called A* condition) which
is slightly more siringent than D.,. The present improvement (which is now best
possible) is obtained by utilizing ideas from [6].

Our main result is the following:

THEOREM 1. Let f (%) (—oo <x= o) satisfy (1.1) and the Lipschitz condition.
Assume that {n} satisfies (1.3) and belongs to class D.,. Assume finally that there
exists a constant Cy=0 such that for any M=0, N=N, we have

(1.4) fl(J_MZJF'N]’(njx)]2 dx = C{N.

1] =M-+1
N
Let Sy= 2 f(mx). Then the sequence {Sy N=1} can be redefined on a new
K=1

probability space (without changing its distribution) together with a Wiener-process
{(¢) such that

(1.5) - Sy =Ly +o(NY*%)  aus.

where J.=0Q is an absolute constant and 7y is an increasing sequence of random
variables such that ty/by—1 a.s. where

(1.6) bN:(f(kév;f(nkx)]zdx.

Condition (1.4) in Theorem 1 cannot be omitted as it is shown by the example
f(x)=cos 2rx—cos 4nx, m=2* (cf. [5]).

Actually, the proof of Theorem 1 will yield the following result which gives
some information about what happens if we replace D, by D, in Theorem 1.

TuporReM 2. Let &=>0. Then there exists an m=mle, f) with the property
that if we replace the condition {m}€D.. by {m}€D,, in Theorem 1 then the statement
remains valid with the modification that for the random variable ty in (1.5) we have

1.7 : J—¢= lim X = fim X =1+¢ as
Nowby  Noo by
instead of ty[by—1 a.s.

In other words, if {#;} belongs to D, with a large m (“large” here depends
also on f) then the conclusion of Theorem 1 remains “almost” valid.

It is easy to see (cf. [2], Lemmas (2.1), (2.2) and their proofs) that Theorem 1
implies Donsker’s invariance principle (functional CLT) and the functional LIL
for f(m,x). These limit theorems need not be valid under the conclusion of The-
orem 2 but even under Theorem 2 we can state at least that f (s, x) obeys Donsker’s
invariance principle and the functional LIL “approximately”. Roughly speaking,
the smaller the ¢ in (1.7) is, the more precisely f(n,x) satisfies the above mentioned
limit theorems. (For precise details of this statement via “e-limit theorems”
see [2], §4.)
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Let us say that a rational number r=0 is of order k if in the reduced form
r=p/q the greater of p and q is k. The following lemma is easy to prove (cf. the proof
of Lemma (3.1) in [2]):

LemMA (1.1). The (set-theoretic) union of the sequences {m}, {2m}, ..., {mn.}
satisfies the Hadamard gap condition if and only if for any subsequences my,, ny and
any rational number r=0 of order =m the relations

. N Ty, .
lim 2 =p, Exp (G=1,2,.)
i—>o0 ]’ll; nli

are impossible.
The condition of Lemma (1.1) is satisfied e.g. if
a) nk+1/nk > m (k = l.y, 2, ...),

b) ]}im M1/ = where « is a rational number of order > m.
—- o

Since the Hadamard gap condition implies condition B,, in examples a), b)
the sequence {n,} belongs to D,,. For examples for sequences D., see [3] or [2], § 3.

It follows from example a), Theorem 2 and our remarks above that if {1}
satisfies (1.3) with a large ¢ then f(n,x) almost satisfies the CLT, the LIL and their
functional versions (this was also proved in [2], §4). Example b) shows that the
same conclusion holds if #,,,/m, tends to a rational number of great order (e.g.
to a rational number very close to an integer).

2. Two preparatory lemmas

In what follows, || f| and | f|.. will denote the L, and L, norm of f, resp.

2

For two numerical sequences a,, b, the relation a,~b, means lim aq,/b,=1.
H—o>co

LemMa (2.1). Let g(x) (—eo<Xx<+o) be a measurable function such that

1

gx-D) =g, [g®dx=0.

0

Then for any real a<b and A>0 we have
b 5 1
[/ g(Ax) dx] = —)—(f lg(x%)] dx.

This is Lemma (3.2) of [11.
For the formulation of the next lemma we notice that if f satisfies (1.1) and
the Lipschitz « condition then

2.1) =5l = An—*2

where A is a positive constant and s, (f) denotes the #-th partial sum of the Fourier-
series of f. (See [9], p. 64.)
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LemMa (2.2). Let f(x) satisfy (1.1) and the Lipschitz o condition and let
l=n<ny<...<ny be a sequence of positive numbers satisfying (1.3). Then, if
N=N, where Ny depends on f(x) and q, we have for any real a

a+1l N 2
@2 (S 70u0) ax = ciappisizismn
and ’
2.3) f (ENI f(nkx)] dx = C3N?

where C, depends on q and on the numbers A, o in (2.1) and C; depends on f (x) and q.
In view of the remark preceding Lemma (2.2), relation (2.2) follows from
Lemma (3.3) of [1]; on the other hand, by Lemma (3.4) of [1] we have for N=N,

@4 30 = G+

where &; and ¢, are random variables (functions) on [0, 1] such that, if P denotes
the Lebesgue measure, then we have

2.5 P&l = yVN)=Ce=C» (y=0) and [&ll..=1

where C, and C; depend on f(x) and ¢. (As a matter of fact, Lemma (3.4) of [1]
assumes || f—s,(f)|=A4An"* instead of (2.1) and states correspondingly [[&]=1
instead of |[&,l..=1 but the proof there applies with trivial changes in the present
case too.) Evidently (2.4) and (2.5) imply (2.3).

3. Main lemma
We first approximate the functions f (s, x) by step-functions ¢, (x) as follows.
By assumption, f(x) satisfies in [0, 1] the Lipschitz o condition for some 0<a=1.
Let now 2'=n,<2"*', put pz[l—i—%log k] and let ¢, (x) denote the function

in [0, 1] which is constant in the intervals [i2~?, (i+1)2~7) (0=/=2P—1) and these
constant values coincide with the respective values of f(n,x) at the points i272
(0=i{=27~-1). By the Lipschitz « condition we have

[T +1 i
(31) [f(nkx)_(pk(x)[ = C(—z—:;] = C[W] = C.2~Wlogk = Cf~10,

(Here and in the sequel, C will denote positive constants, not always the same,
depending (at most) on f(x) and q.) Let us now divide the set of positive integers

into disjoint blocks I, J;, I,, J5, ... in such a way that I, contains [k'/*] integers,
J, contains [k'/4] integers (k=1,2,...). Let
(32) Tk = gf(nvx): —Dk = ‘EZI] QD‘,(X)-
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Then by (3.1)
(3.3) D,-T)=C Sv®=C > y=9=Ck

veT, v=[&=1)1/2]
and thus using |[Dy|=CkY?, |T,|=CkY* and the mean value theorem we get
3.4 Di-T2=C, |Di-T{=C
Now we formulate our

MaN Lemma. We have

(3.5) |E(DD,, ..., D)) = Ck™2 (k= k)
(3.6) EDAD,, ..., Dy ) = CkY2 (k= k)
N
3.7 D E(DDy,y ..., D) ~dy as. as N->o
k=1
(3.8) ED:=Ck (k= k)

N
where szkgl’ED;‘;. Also, CN3*=dy=CN3* for N=N,.

Proor. We begin with the proof of (3.5). Let #,_, denote the o-field generated
by Dy, ..., Dy_,. In view of (3.3) it suffices to show that

(3.9) |E(T,| #, 1) = Ck—2,

?

Let b=b(k) denote the largest integer of the block I,_;, let / be an integer such
that 2'=n, <2+ and put w:[l+%log b] . From the definition of ¢, it follows

that every ¢,, 1=v=» takes a constant value on each interval of the form
(3.10) [i27v, (i+1)27") O0=i=2"-1)

and thus every set {Dy=ay, ..., D,_1=a;_,} where a,, ..., a, ., are constants,
can be obtained as an union of intervals of the form (3.10). In other terms, %, _,
is purely atomic and each of its atoms is a union of intervals of the form (3.10).
Hence to prove (3.9) it suffices to show that

i+1)2-w
(3.11) |2 [ TLax|=ck? ©0=i=2v-1).

jatw

Let c¢=c(k) denote the smallest integer of the block .. By (1.3) we have

=1 g 1

——=—~ l+g7 4 g 24..) = ———
A gn ( g '+q ) ey
and

% = g—(c=b = g=I—DV4-1 = oG-,
[+
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146 I. BERKES AND W. PHILIPP

Hence applying Lemma (2.1) and using the trivial relation b=2k%? we get

(i+pa-w i+1p2-w
(3.12) 22 [ Tax|=|2» [ GZI fn,x)|dx =
i2-w iz-w V&L
=wc 32 cz—w = ZEE T e = og-om s =

vern n, n, n, He
and thus (3.11) is proved.

To prove (3.6) it suffices to show (in view of (3.4)) that E(TE%,_,)=Ck'/?
and since & ;_, is atomic and each of its atoms is a union of intervals of the form
(3.10), the last relation will follow if we show that

(i+p2-v
» [ Tax=Ck? 0=i=2"-1, k=k).

i2=w

The integral on the left hand side is equal to

i+1)2-w i+1
(3.13) > f (> o0 dx = S/ (Z fm)par

where m,=2""n,. Evidently m, ,/m,=q=>1 for all the v’s appearing here. If
c=c(k) denotes the smallest integer of I, as above, then the smallest of the m,’s
is m,=n,/2¥ which is at least 1 (in fact it is =Ck? by a part of the estimate (3.12)).
Hence by Lemma (2.2) the integral on the right side of (3.13) is =Ck'/? for k=k,
which was to be proved.

To prove (3.8) it suffices to remark that, by Lemma (2.2), we have ETr=Ck
which, together with (3.4), implies (3.8).

We now turn to the proof of (3.7). We proceed in three steps.

a) Let L cHc... be any increasing sequence of o-fields such that D, is
&, measurable. Then the relations

N
(.19 > Di~dy as.
k=1
and
N
3.1% D E(Di| %-) ~dy as.
. k=1

are equivalent. Indeed, the sequence H,=Di— E(D} %._,) is a square integrable
martingale difference sequence (and consequently orthogonal) with EHZ=
=4ED}=Ck by Minkowski’s inequality and (3.8). Hence the Rademacher—Mensov

convergence theorem implies the a.s. convergence of > k~%2H, and thus by the
k=1

Kronecker lemma we have

(3.16)

N3/2 Z’Hk—»O a.s.

By condition (1.4) of the theorem ET2=CkY? for k=k, hence by (3.4) EDi=
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=CkY® and thus dy=CN®%? for N=N,. Also, by Lemma (2.2), ETZ=Ck'?
for k=k,, hence by (3.4) ED}=CkY® and dy=CN®*2. (We thus proved the
N

last statement of the main lemma.) Therefore (3.16) implies > H,=o0(dy) which
k=1

really shows that (3.14) and (3.15) are equivalent.
b) We now prove (3.7) in the special case when f is a trigonometric polynomial:

3.17) f= kgml (ag cos 2mkx+ by sin 2kx).
By a) it suffices to show (3.14) or, what is the same,
(3.18) kZNl (D}—ED2) = o(dy) as.
By (3.4) and dy=CN32 (3.18) will follow from
(3.19) kzNi (TR—ETY) = o(N¥?* as.

Let us express the left side of (3.19) as a trigonometric polynomial, using (3.17).
By (3.17),

f(n,x) = }’ (ay, cos 2njn, x+ by, sin 27jn, x)
and thus

(3.20) T, = 2 f(n,x) = 3 (¢;cos 2rn) x4 d;sin 2nA, x)
ver,

where all the /s are of the form m,, 1=¢t=m, vcl,. Denoting by N,, the (set-
theoretic) union of the sequences {m}, {2m}, ..., {mn,}, this means that all the
A’s belong to N,,. Also, for the coefficients ¢;, 4, in (3.20) we have

(.21) ol=M, ld|=M

where M depends only on f(x) and {n.}. Indeed, the trigonometric sums f(n,x)
and f(n,x), v<p can overlap (i.e. contain a term with the same frequency) only
if n,=mn, ie. overlapping is impossible if y—v=p where p is the smallest in-
teger such that g?=m. This remark shows that |¢|=pM,, |d|=pM, where
M,=max (|ay|, [b1], .., la,l, |b,]) and hence (3.21) is valid.

We notice also that the trigonometric sums in (3.20) are pairwise non-over-
lapping for k=k,. This follows from the fact that the largest 4, in T},_, is mmn,
and the smallest 4; in T}, is n, where b and ¢ are the largest integer of the block
I,_, and the smallest integer of the block 7., resp. By the separation of I,_, and
I, by the block J,_, of length [(k—1)'/%] and because of (1.3) we have mmn,<n,
for k=k,.

Squaring (3.20) and using well known trigonometric identities we get

(3.22) TR = —;— 2 (cf+-dP+ 3 (e;cos 2m;x+f, sin 2w x)
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148 I. BERKES AND W. PHILIPP

where |g;|=M?, |f]=M? and the ;s are the numbers of the form A,+24, with
the A’s appearing in (3.20). Hence summing (3.22) for M+1=k=M+ N (but not
collecting the terms with equal frequencies) we get that

M+N
(3.23) 2> TE= B+ 3 (r;cos 2n0;x+s, sin 2n0;x)
k=it1

where B is a constant, |r;|=M?2, |s;]=M? and the 0;s are the numbers of the form
At A, where A; and A, are from the same T,, M+1=k=M+N. Since the T’s
are non-overlapping for k=k, and N,, satisfies condition B,, there is a constant
C; such that at most C; of the 8;s can be equal. Hence collecting the terms with
equal frequency on the right hand side of (3.23) we get

M4N
(3.24) 2 T = B+ > (u;cos 2mjx+v;sin 2mjx)
k=M+1

where the sum on the right hand side is finite and |u;|=C, M2 |v,|=C, M2 Also,

the number of terms on the right hand side of (3.20) is =mk'?, hence in the
M+N

second sum of (3.22)is =m?k and on the right side 0of (3.23), 3.24)is = > m?k=
k=M1
=mEN(M+N)=m2[(M+N)2—M?¥. The number B in (3.24) is evidenily equal
M+N
to the expectation of > 77 (since the integral of the trigonometric sum on

k=M+1
the right hand side is 0). Hence (3.24) implies

M4+N 2 1
E[k ZI(T,?-—ET,?)] =y =

=M + - E

=

C2MEm* (M + N2 = M?) = Cy(M+N):— M?).

l\)[)—t

Applying the Gal-—Koksma law of large numbers (see [6], p. 134) for the variables
TZ—ET?, we get

N
2(TE—~ETH =O(NIog*N) a.s.
k=1 ’

and thus (3.19) is proved.

¢) Let now f be any function satisfying (1.1) and the Lipschitz o condition
and fix an ¢>0. Since the Fourier series of f converges uniformly to f (even (2.1)
is valid) we can write f=f,+f, where f; is a suitable partial sum of the Fourier
series of f (bence it is a trigonometric polynomial) and || fyl|..=e. (Evidently f;
and f; also satisfy (1.1) and they are also Lipschitz « functions.) In the same way
as we constructed the step-function ¢,(x) from f(n,x), we can construct o (x)
and @@ (x) from f;(n,x) and f,(n,x), resp. Then we have

T,=T®+T®» and D,=D{P+DP
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where
Tk(l) = Zfl(nvx)b Tk(z) = 2 f2(nvx)
vel, vEer,
DP = F o), DP= 3 oPx).
vel, verl,

Evidently (3.3), (3.4) hold for the D,, T.’s with superscripts, too:
DO —T| = Ck=%, [(DPYP—(TO¥| = C,

(3.25) (DY—(TOW =C i=1,2

If h=b(k) is the largest integer of I,_,, 2'=mn,<2!+1 w:[l+z—o?-logb] then,

as we showed, every ¢,, 1=v=>b and therefore also D,_,, takes a constant value
on each interval of the form (3.10). In other words, if ¥%,_, denotes the o-field
generated by the intervals (3.10), then D,_; is %,_, measurable. Since ¢V and
o® are step-functions with the same intervals of constancy as ¢,, not only D;_,
but also DY, and D{?, are ¥, _, measurable.

N
Let dP= > E(DV). Since f; is a trigonometric polynomial, the relation
k=1
N
(3.26) S (DW®P~dP  as.
: k=1

is exactly what we proved in b). As we remarked above, DV is ¢, measurable and
hence by the equivalence statement of a) (3.26) implies

N
(3.27) D E(DVP%, ) ~dP as.
: k=1
We now prove two simple estimates
(3.28) E((DPY|%, 1) = Ck'? (k= ko)
(3.29) : E((D@Y|%,_y) = Cek'? (k= ko)

which, together with (3.27), will easily lead to our aim (3.7).
The proofs of (3.28) and (3.29) are the same, we prove e.g. (3.29). In view of
(3.25) it suffices to show

E((T®)|9,_,) = Cek? (k= k)

and since ¥,_, is atomic with atoms of the form (3.10), the last inequality is

equivalent to
@+12-w

(3.30) 2 [ @@Pdx=Cekt 0=i=2"-1, k= k).

i2-w

Here the left-hand side can be written as

(i+12-w (+12-w i+1
@3z [ @@pdv=2" [ (3 fe0fdc= [ (3 fionn)di
j2-w 2w vel, i vel

Acta Mathematica Academiae Scientiarum Hungaricae 34, 1979



150 I. BERKES AND W. PHILIPP

where m,=n,/2¥. Exactly in the same way as in the case of the second integral
in (3.13), the numbers m, are all greater than 1 and they satisfy m, ,/m,=g=>1.
Let us also observe that since f; is a partial sum of the Fourier series of f i.e.
fo=f—s,(f) with a certain k, (2.1) is inherited for f, with the same 4, «. Since
Il il =| fall . =e, an application of Lemma (2.2) gives that the last integral in (3.31)
is at most Csk'2 for k=k, and thus (3.30) is valid.

To deduce (3.7) from (3.27), (3.28), (3.29) let us first integrate (3.29) to get
E(D®R=Cek? for kz=k,. On the other hand, by assumption (1.4) of the
theorem we have ET2=Ck'? for k=k, and thus (3.4) implies ED;=Ck">. We
thus get E(D®)ED:=Ce (k=k,) whence we obtain, using D,=D{"'+D{® and
Minkowski’s inequality,

1—CVe=EMDMPEDi=1+CVe (k= ky)
and consequently

(3.32) (1-CVe)dy < dP <(1+CVe)dy (N=N,).
Summing up (3.29) for k=1,2, ..., N and using dy=CN®? we obtain

(3.33) ) gNl E((D®)|%,_)) = Cedy (N= N,).

Also, (3.28), (3.29) and Schwarz’s inequality imply ‘E(D,ﬁ"D,E”ng_l){éc Ve kv
whence

N —
(3.34) > EQDPDP|%,_ )| =CVedy (N=z=N,).
k=1

Adding (3.27), (3.33), (3.34) and using D,=D®+D® and (3.32) we scc that
N -
(1~CV§)dN§kZIE(D,%lgk_l)é(1+CVa)dN
a.s. for sufficiently large N which implies, since &>0 was arbitrary,
N
kg]t E(D%ng_l) o~ dN a.s.

Since D, is %, measurable, the last relation implies (3.14) and (3.7) by the equivalence
statement of a). Hence the proof of the main lemma is complete.

ReMARK 1. In the proof of the lemma above, the assumption {m}€D. was
used only in the proof of (3.7); relations (3.5), (3.6), (3.8) are valid under the mere
assumption (1.3). We also see that if f is a trigonometric polynomial of order m:

f= Zm’ (ay cos 2mkx + by sin 2nkx)
k=1

then for the validity of (3.7) it suffices to assume {n,}€D,, instead of {n}cD.,
(see step b) of the proof of (3.7)). Together with step c), this shows that if {n,}€D,
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and || f—s,(/)l.=8 then instead of (3.7) we have
(3.35) (1-CVep)dy = ZNE(D,%;gk_I)g(HcVED)dN

a.s. for sufficiently large N where %, is the o-field defined above. Since D, is %,
measurable and by step a) we have (under (1. 3))

k;;D% ZE(D |Le-1) = 0(dy) as.
for any increasing sequence %, of o-fields such that D, is .%, measurable, (3.35)
implies
(1—cVEO)dN§,;=2iE(D§;D1, ooy Do) = (1+CVep) dy
a.s. for sufficiently large N. In other words, if {n}¢D,, for a large m (here “large”

depends also on f) then (3.7) is satisfied ‘“‘approximately”.
Let

Dy = D~ E(Dy|Dy, ..., Dy—y).
Then for the D,’s the main lemma implies the following
Lemma (3.2). We have

(3.36) E(Dy|#-) =0
(3.37) EDiF_) =Ck® (k= k)
N —_
(3.38) > E(DY| F_y) ~dy as.
k=1
(3.39) ED'=Ck (k= k)

where %, _, denotes the o-field generated by Dy, ..., Dy_,.

PrOOF. We have |D,—D,|=Ck~? (see (3.5), |Di|=Ck'2, |D\|=Ck'* and
hence by the mean value theorem

(3.40) IDi-Di|=C, [Di-Dij=C

The second relations of (3.40) and (3.8) evidently imply (3.39), furthermore (3.6)

and the first relation of (3.40) imply E(D}|D;, ..., Dy_)=Ck"? from which (3.37)

follows by taking conditional expectations of both sides with respect to %,

(which is contained in the o-field generated by Dy, ..., D,_y). In step a) of the proof
e .

of (3.7) we saw that (3.7) is equivalent to Z'D§~dN a.s.; now the first relation

of (3.40) and dy=CN?*? show that also ZDkrde a.s. is an equivalent state-

ment. Finally, the martingale argument of step a) and (3.39) show that
N

> Di~dy implies (3.38).

k=1
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REMARK 2. The main lemma concerns the “long” block sums D, and 7.
Defining the “short” block sums

(3.41) i = 2 f(nx), D:’c=v€ZJ’ ?,(x)

ved;
an analogous statement holds for these sums:
|E(D{ F_0)| = Ck™%, E((D?|F) = CIMA,

Z E((DPAFa) ~ dy as., E(Dpt= CKM2

where #;_; denotes the o-field generated by Dj, ..., Di_, and df= 2’ E(Dy2.

Also, CN3*=d;=CN%* for N=N,. The analogue of Lemma (3. 2) also holds
for the centered sums Dj=D;--E(Di|%;

4, Conclusion of the proof

Using the main lemma and Lemma (3.2) we can complete the proofs of The-
orem 1, 2 in a standard way, following [1} or [6]. We prove here Theorem 1; the
proof of Theorem 2 is the same (see Remark 1 after the proof of the main lemma).
Let ‘

N Pl —_— —
VN = kZ;E(Dnglv vy Dk—l)b

then Vy~dy a.s. by (3.38). Also, using (3.39) and JNECN 32 (see the main lemma)

we see that the sum > d73*ED} is convergent. By Beppo Levi’s theorem . this
k=1
implies the a.s. convergence of the series

3 di**E(D}|Dy, ..., D)
k=1
and since the general term of the series

x*dP(D, < x|D,, ..., D,_,)
X2y

@4.1) > V3,4

can be majorized by

1 ~ — 1 ~
7o J x*dP(D,<x|D,, ..., D,_ D= E(D4D,, ..., Dy_y) ~

—oco

I ~
da/z E(D4]D1’ cers Dk—l):
it follows that the series (4.1) is also a.s. convergent. Thus we can apply Theorem
(4.4) of [7] to the martingale difference sequence D, with f(x)=x%* and we get
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that there exists a Wiener-process {(¢) such that
4.2) Di+...4+D,={(V)+o(V}* " as.

with an absolute constant #=>0. (Strictly speaking, we first have to redefine the
sequence Dk on a new, larger probability space and {(#) will be defined over this
new space; in the sequel, however, we will speak as if (4.2) were valid for the original
sequence. This little inaccuracy essentially simplifies the formulas (we do not
have to use stars or superscripts for the “redefined” variables) and does not cause
any trouble.) Replacing D;+ ... +D, with 73+...+ T, on the left hand side of
(4.2), we commit an error C(1) (since |D,—T;|=|D,—Dy|+|D—Ti|=0(k"? by
(3.3) and (3.5)); hence (4.2) and V,~d, a.s. imply

4.3) Tyt o+ T = (V) +o(d/*)  as.

(In what follows # will denote positive absolute constants, possibly different at
different places.) We also remark that by replacing the left hand side of (4.3) by
T+ T{+...+ T+ T, (T are the short block sums defined in (3.41)) we only add
a term which is o(d{/>="), so it does not bother the right side of (4.3). (Indeed, (4.3)
has the exact analogue

4.4 T +.. . +T, =LV +o(d*"7)  as.

for the short block sums where V)= Z’E(D’ZIDI, o DI, di= Z’E(D 2,

Remark 2 at the end of § 3. Now it 1s suﬂi01ent to observe that the analogue of
(3.37) to the ‘primed’, variables D; ie. E(D;?| % )=CkY* implies V=0 (k"%
and thus d{=Ck5* and the standard éstimate {(¢t)=o(t2log¢) show that the
right hand side of (4.4) is o(k%® log k)+o(k®®—7) which is dominated by the re-
mainder term o(d}*~")=o(k**~*/2) in (4.3) if u is small enough.) Hence (4.3)
implies

Ti+T{+ . .+ T +T = (V) +o(dl* ") as.

which can be rewritten as

4.5) ’ Sw, =C(Vk)+o(di/2—") a.s.

where Sy= Z'f(n x) and N,= 2’([11/2]+[11/4])~— k3. Since CN®*=dy=CN3?

the remalnder term in (4.5) oan be also written as o(N}?2~"). Hence if we define
a sequence 7, of random variables by

TO = 0
4.6) Yy =V, for k=12, ..
7, 1is linear in the intervals Ny =n = N, for k=0,1,... (N,=0)

then (4.5) simply says that the relation
4.7 Sy = {(zy) +o(N¥*1) as.
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is valid for the indices N=N,. To get (4.7) for general N it suffices to show

48 W% ISy Sy = o) s
and
4.9) ymax L)yl = o0V as.

The first relation is trivial since

N

f(n,x)

va=Np +1

=C(N=-N) = C(Ney1—N) =

[SN_SNkl =

= C([(k+ 121+ [(k + 1)M4]) ~ CK2 = CNR2n,

To see (4.9) let us note that
TN,‘ = Vk = 0(k3/2) a.s.
and
Nkélznv_g_}}\rku oy =] = W= = Vi1 = Vi = Ok as.

by (3.37) and thus Lemma (3.6) of [1] (with r=3/2, s=1/2) shows the left side
of (4.9) is O(kY*log k)=O(N}?~") a.s. Hence (4.7) is proved and it remains to
show that ty/by—1 a.s. where by is defined in (1.6). To this end we notice that
Ty/ex—1 a.s. where ey is the numerical sequence defined (in analogy with (4.6)) by

€y = 0
eNk=dk fOI‘ k=1,2,...
e, is linear in the intervals Ny =n= N, for k=0,1, ....

(This follows trivially from the piecewise linearity of 7, and e, and the relation
Vi/d,~1 a.s. which is identical with (3.38).) Since Nkm-??kw2 and ey, =d,=Ck**?

we have e,=Cn and thus the remainder term in (4.7) can also be written as
o(eY/2-1). Hence (4.7) and 1,~e, a.s. imply that the distribution of Sy/Vey tends

to the standard normal distribution. Since the L, norm of Sy/}ey remains bounded
(this follows from the second relation of Lemma (2.2) and e,=Cn), the second

moment of Sy/Vey converges to the second moment of the standard normal distribu-
tion, i.e. to 1. In other words, ESZ/ey—~1 and since here ESZ=by (see (1.6)),
we see that the sequences ey and by are asymptotically equal. Thus 1y/ey—1 a.s.
implies ty/by—~1 a.s. and this completes the proof of Theorem 1.
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