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MARKOYV CHAINS, RIESZ TRANSFORMS
AND LIPSCHITZ MAPS

K. BALL

Abstract

It is shown that a version of Maurey’s extension theorem holds for Lips-
chitz maps between metric spaces satisfying certain geometric conditions,
analogous to type and cotype. As a consequence, a classical Theorem of
Kirszbraun can be generalised to include maps into L, 1 < p < 2. These
conditions describe the wandering of symmetric Markov processes in the
spaces in question. Estimates are obtained for the root-mean-square wan-
dering of such processes in the L, spaces. The duality theory for these
geometric conditions (in normed spaces) is shown to be closely related to
the behavior of the Riesz transforms associated to Markov chains. Several
natural open problems are collected in the final chapter.

Introduction

A classical theorem of Kirszbraun states that if H and I are Hilbert spaces,
Zis a subset of H and f : Z — K is Lipschitz, then there is an extension f :
H — K of f whose Lipschitz norm is no more than that of f. Theorem 4.4,
an application of the principal result of this paper, generalises Kirszbraun’s
theorem as follows: for each p in the interval (1,2) there is a constant C,, so
that if H is Hilbert space, Z is a subset of H and f : Z — L, is Lipschitz,
then there is an extension f: H — L, of f with ||f]ip < Cpl fllip-

For Kirszbraun’s theorem (and other classical results described in
[WW]) it is critical that the Lipschitz norm of the extension can be taken
to be the same as that of the original function; i.e. the theorems are “iso-
metric”. This means that the extension can be performed one point at a
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time. As soon as the codomain K is not Hilbert space (or an L-space)
the extension certainly cannot be performed isometrically. For this rea-
son, an approach is required which deals with arbitrarily many points at
once. (Note: the situation here is very different from that of linear maps.
Any linear map defined on a subspace of Hilbert space, extends trivially,
by composition with the orthogonal projection, and there is no increase in
norm.)

The methods used in this paper are inspired by the theory of type
and cotype of Banach spaces (see below for definitions, or [LT] for more
information). The type and cotype properties describe the behaviour of
sums of independent random variables in Banach spaces. In the non-linear
setting, such sums do not make sense. The analogues of type and cotype
introduced in this paper describe the behaviour of Markov chains in the
spaces in question. Independence in the linear theory is replaced by the
Markov property in the non-linear.

It has been known for some time that the problem of extending linear
maps is closely related to type and cotype properties of normed spaces.
A well-known theorem of Maurey [M] states that if X and Y are Banach
spaces, X having type 2 and Y having cotype 2, Z is a subspace of X and
T:Z — Y is a bounded linear map, then there is an extension T:X—>Y
of T and ||T|| is bounded by To(X)Co(Y)|IT|| (T2(X) and C(Y) being the
type 2 and cotype 2 constants of X and Y respectively). In Chapter 1 of this
paper it is shown that an analogue of this theorem holds for extensions of
Lipschitz maps, provided that the domain and codomain satisfy geometric
conditions that describe the speed at which symmetric Markov chains can
wander. These conditions will be called Markov type 2 and Markov cotype 2.
Neither of these conditions has previously been studied even in the context
of the linear theory. It is hoped that this paper will provide a stimulus to
the further investigation of Markov chains in normed spaces. It also seems
reasonable to hope that the Markov type and cotype properties will have
applications to the theory of more general manifolds, where the study of
Markov chains already plays an important role.

As mentioned above, the basic (abstract) extension theorem is proved
in Chapter 1. In Chapter 2 it is shown that the Markov type and cotype
2 properties are stronger than their linear (or Rademacher) counterparts.
Chapter 3 contains a discussion of uniform convexity and uniform smooth-
ness and in Chapter 4 it is shown that 2-uniformly convex spaces have
Markov cotype 2. This implies, in particular, that for 1 < p < 2, L, has
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Markov cotype 2 and completes the proof of the theorem described in the
first paragraph of this introduction.

The principal problem raised by this paper is whether L, has Markov
type 2 for 2 < g < co. Chapter 5 contains a discussion of the behaviour of
Markov chains in uniformly smooth spaces with some suggestions as to how
the Markov type 2 problem might be tackled. An estimate on the wandering
of Markov chains is proved, that is slightly weaker than the Markov type 2
condition.

Chapter 6 is intended to suggest future lines of research on the prob-
lems studied here. There is a well-developed duality theory for type and
cotype (due principally to Maurey and Pisier): see e.g. [MS] for details. The
problem of duality for the Markov properties is considered in Chapter 6 and
shown to be closely related to the theory of Riesz transforms. Some open
problems raised by this exposition are also collected in Chapter 6.

It is perhaps worth recalling some of the background on Lipschitz maps
and type and cotype, before embarking upon the main discussion. If (X, dx)
and (Y, dy) are metric spaces, a Lipschitz function f : X — Y has Lipschitz
norm defined to be

dY (f(.’L'), f(y))

”f"ﬁp = sup {

The general extension problem is as follows. Suppose X and Y are metric
spaces, Z is a subset of X and f : Z — Y is Lipschitz. Under what
conditions on X and Y (and perhaps Z and f) does there exist a Lipschitz
extension f : X — Y of f, and what can be said about || f||i;, in terms of
Il flhip? There are two classical theorems which provide answers in special
cases. Kirszbraun’s theorem, stated above, provides a positive answer if X
and Y are Hilbert spaces and the non-linear Hahn-Banach theorem gives
extensions for arbitrary X if Y is an Loo-space. Lindenstrauss [L1], proved
a less isometric result, stating that the extension problem can always be
solved if Y for example, is co, with || fllip < 2/ flhip-

In the papers [MarP], [JL] and [JLS], estimates are obtained for ex-
tensions of Lipschitz maps that are initially defined on finite sets. For
example, Johnson and Lindenstrauss showed that if Y is a Hilbert space
(X arbitrary), there is a constant K so that any f defined initially on an
n-point subset of X has an extension f with

| flhip < K/logn||fllip -
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Type and cotype play an important role in the theory of normed spaces,
providing a link between geometry and probability. Let (;)$° be an iid
sequence of Bernoulli random variables on some probability space. For
1< p < 2, a normed space X is said to have type p (or Rademacher type p)
if there is a constant K so that for all n € N and all sequences (z;)? in X,

n
E &;x;
1

Cotype ¢, 2 < g < 00, is defined similarly but with the inequality reversed.
(All normed spaces have type 1 and cotype oo if the definitions are extended
in the obvious way.) There have been several suggested definitions of type
for general metric spaces: examples of results using these may be found
in [E], [BMW] and [G]. The paper by Gromov uses a type 2 property in
connection with the eigenvalues of Laplacians on graphs. Given the close
connection between Markov chains and differential operators, this would
suggest that the Markov type 2 property should be explicitly studied for
manifolds.

On the other hand, no very convenient definition of cotype was found
for general metric spaces. In the context of the Lipschitz extension prob-
lem one can perhaps see why. For maps into a metric space Y to have
extensions, it is necessary that ¥ should consist of more than a few isolated
points. So one expects that a cotype property, appropriate to the extension
problem, will involve some existential assertion concerning points in Y. To
simplify the present exposition, it will be assumed that the codomain Y is
a normed linear space (or convex subset thereof). Some remarks concern-
ing the generalisation of cotype to arbitrary metric spaces are included in
Chapter 6.

I am indebted to several people for their suggestions concerning the
problems discussed here, in particular, W.B. Johnson, J. Lindenstrauss,
G. Pisier and G. Schechtman. I am especially grateful to Prof. Johnson,
without whose ideas and encouragement, this work would not have taken
place.

E

p n
<EPY flzil? -
1

1. The General Extension Problem

This chapter begins with a lemma which provides a necessary and sufficient
condition for Lipschitz maps to have extensions. This lemma is a variant of
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one used by Maurey. A related lemma was found earlier by Johnson, Lin-
denstrauss and Schechtman: their result actually characterises extensions
which factor through subsets of Hilbert space, a problem much closer to
Maurey’s argument. Their lemma provided much of the stimulus for the
present work.

The second lemma in this chapter, provides a further, slight, refor-
mulation of the problem. This is not really necessary but simplifies the
succeeding arguments. After this, the Markov type and cotype properties
are motivated and introduced and some equivalent forms of the Markov type
property are described. Finally, the basic extension theorem for Lipschitz
maps is stated and proved.

LEMMA 1.1. Let (X, d) be a metric space andY a normed space, Z a subset
of X and f : Z — Y Lipschitz. Then, there is an extension f:X Y™
of f with ||fllip < K if (and only if), for every n € N, n x n symmetric
matrix H = (h;j) with non-negative entries and sequence (z;)7 in X, there
is a map

f=fg{a, ..,z0} —Y*

which agrees with f on Z N{x,...,2,} and satisfies

Zhij“f(xi) — f@)|I° < K2 hijd(wi 25)? (1.1)

tj

Proof: Plainly, if f exists, its restriction to a finite set {z1,.-., 2o} will
satisfy (1.1) for any H.

Conversely, suppose the condition holds. The argument is in two steps.
The first is to show that for a finite set § = {z;,...,2,} in X, there is a map
fs © S — Y which agrees with f on ZN{z,...,2,} and has Lipschitz norm
at most K. Consider the set C' of n x n matrices M = (m;;) of the form
mi; = ”f(a:,) —f(xj)uz for some map f agréeing with f on ZN{z1,...,z,}.
Let D be the set of matrices of the form A + M’ where M € C and M’ has
non-negative entries. Finally, let T be the matrix t;; = K2d(zi,z;)?. The
aim is to show that T € D.

The set D is convex, for suppose f1 and f2 are “extensions” of f to S,
M; and M, their corresponding matrices and M{ and M} have non-negative
entries. For a fixed A € (0, 1), define an “extension” f Az, -z} oY
by

Flz) = Milz) + (1= Nfa(zi), 1<i<n
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and let M be the corresponding element of C. Then

mi; < (A (i) = filz)|| + @ = W falzs) = folzi)])?

<Mfie) = A + @ = V|| felz) = felz)|”
= AM)ij + (1 = A)(Ma);; .

Hence, there is a matrix A’ with non-negative entries so that
M+ M = XM+ M)+ (1-2) (M + M) .

Now, suppose that T ¢ D. Then there is a symmetric matrix H = (h;;)
and some o € R for which

Zh,-jm,-j Z a if (m,-j) €D

ij

but

Z hijtij < a.
tj

The definition of D ensures that each entry of H must be non-negative, so
that these conditions violate the hypothesis.

The second step is to find f. Assume that Z is non-empty, zo € Z
(say) and that f(z¢) = 0. For each z € X, let B, be the topological space
consisting of the set -

{y eY™: |y < Kd(x,xo)} ,

equipped with the weak* topology inherited from Y**. B, is compact and

hence, so is the Cartesian product B = [| B,. For each finite subset S
z€X

of X, containing z¢, there is a Lipschitz map f, : § — Y** “extending” f,
with norm at most K. Let b(*) be the point of B given by

(5) {fs(:c) lf.’L‘GS

0 otherwise

for each z € X. Note that the Lipschitz assumption on f, guarantees that
fs(z) € By, for each z € S. If b is an accumulation point of the bs)'s
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along the net of finite subsets of X which contain zy, then an extension
f:X — Y™ is given by

flz) =b,, ze€X. o

By the homogeneity in Lemma 1.1, it would suffice to consider only
those matrices H whose largest eigenvalue is 1. Let (h;;) be such a matrix
and 6 = (6;)} be an eigenvector with eigenvalue 1, satisfying

0; >0, 1<i<n and 2012:1.
1

There is a Markov semigroup associated with H as follows. Let A = (a;;)
be the matrix given by

ai; =0;'hi;0; 1<i,j<n.

For each 1,

Za,-j = 91—1 Zh,-]-aj =1
J J

while for each j,

Z 02ai; = Za,-h,-,-ej =62

So A has rows that sum to 1 and the vector (6%,...,62) is a steady state vec-
tor for A. The powers (A*)$2 , form a Markov semigroup of operators on R”
which is said to be symmetric (or time-reversible) with respect to the prob-
ability which assigns mass 67 to the state 7, 1 <7 < n. If My, M1, Ms,...1is
the Markov chain satisfying

PMy=i)=6? 1<i<n
PMi41 =7 | M =1) =aj 1<i,j<n, k=0,1,2...

then for any m € N and sequence i, ..., i,, of indices

P(M():iOaA/[l =21,,Mm=zm)
=P(A‘{O = dmyee s Mm =ZO) .

The simplest examples of such Markov semigroups are those for which 6; is
independent of i: i.e. H = A is a symmetric, stochastic matrix. Only these
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matrices will be discussed below: versions of all the results proved, hold for
general symmetric semigroups, but the added complication of this generality
is not needed. The next lemma explains why. From now on, a matrix (not
necessarily square) will be called stochastic if it has non-negative entries
and its rows sum to 1. The proof of the following lemma is easy but is
very tedious to write carefully. Only a sketch is given. Similar refinement
arguments appear in many places.

LEMMA 1.2. Let (X,d) be a metric space, Y a reflexive normed space, Z
a subset of X and f : X — Y Lipschitz. There is an extension f : X — Y
of f with ||f|lip < K if and only if, for all m,n € N, n X n symmetric,
stochastic A, n x m stochastic B, « € (0, 1) and sequences (z,)[* in Z, (z;)}
in X, there are points (y;)7 in Y satisfying

aZaU”yl y_7“2 + 2(1 -« szr“./z - (zr ”2
< K* (Y aijd(oi, 2, +2(1 - o) Zbird(a:i,zr)z) . a2

Sketch of proof: Given a symmetric matrix H, as in the hypothesis of
Lemma 1.1, reorder the indices so that the first m (say) correspond to
points in Z and the remainder to points in X\Z. Let H be

m{ (T BT>
B A

for appropriate matrices A, B and T. By approximating H and scaling,
assume that there is some « € (0, 1) so that each row of B has a sum which
is an integral multiple of (1 — &), say p; times (1 — &) for the i** row, and
then, by adding appropriate numbers to the diagonal of A, that the i*" row
of A adds up to p;a (for each i). Note that the diagonal of A is irrelevant
for the inequality (1.1). The aim is to construct new matrices in place of

A and B. First divide B by (1 — «), and then, for each i, replace the ith
row of - B with p; copies of L 1 times this row, to obtain B’ (say). Divide

A by a: replace the #*P row of 1A with p; copies of - times this row to
obtain A’. Now, replace the i*" column of A’ with p; coples of - times this

column. For example, if o =

o=
-

=1
and p2=2

o

1l
N
Wi O
(ST E ST
N—”’
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1 0 1
then EZ_(11)
0 1 0 3 3
a=l3 3] 4=y b
11 1 1 1
2 2 2 4 4

The new matrices B’ and A" are stochastic and A” is symmetric. Apply
the hypothesis (1.2) with these matrices, the above value of @ and, for each
i, p; copies of z;. This yields a collection of y’s: the y’s corresponding to
different indices in the i*? “block” may not be the same; but they can be
chosen to be, just by selecting the average, in place of all of them. The
resulting y;’s will then satisfy the hypothesis of Lemma 1.1 as the images

flzi). o

Lemma 1.2 motivates the definition of Markov type. Suppose, to begin
m

with, that the codomain, Y, is Hilbert space. Given A, B, and (f(z,)), ,
the aim is to choose (y;)} in Y so that the quantity

o aijlly — gl +20 - )Y biclly: — £ (1.3)

is small. But in Hilbert space, one can easily determine the minimum of
the quadratic form (1.3) over all choices of (y;)}: namely

(1-a) Y (BTCB).||f(z:) — f(z5)]” (1.4)

where

C=(1-a)I-ad)?

=(1- a)iak/{k : (1.5)
k=0

This minimum is attained when

Yi = Z(CB)i,f(mr) for each 1.

r

Note that, from (1.5), C is a symmetric, stochastic matrix: so each y; is a
convex combination of the f(z.)’s. It is natural to estimate (1.4) by

(1= )| flIf, Y _(BTCD)sd(zr, 25)*-
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Hence, Lemma 1.2 guarantees extensions if the domain X has the property
that for some K and for all A, B, o, (z,)} and (z;)7,

(1-0)) (BTCB)rsd(zr, 2,)’
< K? (a Za,-jd(:::,-,mj)2 +2(1-a Z bird(z;, z,.)2) .

This property could be taken to be the definition of Markov type 2. How-
ever, it is unnecessarily complicated. The proof of Theorem 1.7 below, will
show that it is enough to consider only the casesm =n, z; = z; (1 < i < n)
and B the identity matrix.

DEFINITION 1.3. A metric space (X, d) will be said to have Markov type 2
if there is a constant K so that ifn € N, A is an n x n symmetric, stochastic
matrix, o € (0,1) and (x;)} is a sequence in X,

(1 - a) Z cijd(a:,-,mj)z S Kzaz aijd(xi, .'I:j)z (16)
ij ij

where C = (1 — a)(I — aA)~1. The least K for which this holds will be
denoted M;(X). o

The matrix C plays the role of a Green’s function for the difference
equations defined by A: but as will be seen in Proposition 1.6, it is more
useful to think of C as a transition matrix for a Markov chain stopped at an
independent, geometrically distributed time. For 1 < p < 2, it makes sense
to define Markov type p by replacing the exponent 2 in (1.6) by p. Some
simple observations concerning Markov type are collected here.

PROPOSITION 1.4. i) Every metric space has Markov type 1.
i) Hilbert spaces have Markov type 2.
iii) If 1 < p < 2, L, has Markov type p.

Proof: i) Let (z;)} be points in a metric space (X,d). With A, and C as
above, C = (1 —a)l + aCA so
Z Cijd(x,', :cj) = Z C,‘kakjd(.’l:,', :Bj)
ikj
<a Z cicarj (d(zi, zi) + d(zk, 7))
ikj
=« Zc;kd(z;, .’L‘k) + az akjd(xk, .’L‘j) .
ik kj
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Subtracting o 3 ¢;;d(zi, x;) from both sides gives

(1 — Cl/) Zc,'jd(l'i, fl?j) < OtZa,-jd(x,-,mj) .

ii) This can be checked by expanding the inner product and using the
fact that if X is an eigenvalue of A, A < 1 and =% is an eigenvalue of C
with the same eigenspace.

The result also follows from the assertions made earlier. For, if (z;)?
is a sequence in Hilbert space, consider the quadratic form

@ aijllvi—vilP +2(1 - ) > floi — il - (1.7)
If v; = 2; (1 <7< n) then (1.7) takes the value
@) aijllei —a1* -
But, as was stated earlier, the minimum of (1.7) is
(1-a))_cijllzi — a5l -

iii) For 1 < p < 2, L, can be equipped with a new metric d by, d(z,y) =
llz — yl|%, and the resulting metric space embeds isometrically in Hilbert
space, by results of Schoenberg [S] (see e.g. [WW])). So iii) is immediate
from ii). o

Now consider codomains Y other than Hilbert space. The hope is that
Lipschitz maps defined on subsets of spaces with Markov type 2, into Y/,
should be extensible. So it is natural to ask that there be a K so that for
any sequence (z,) in Y and all A, B and as above, there exist points (y;)}
in Y with,

ay ailly - y;l* + 201 - @) D billys — 20
< K*1-aqa) Z(BTC'B)MH:cr — z,% .

Just as for type, it is enough to consider only the case B = identity. More-
over, at least for normed spaces, it seems to be appropriate to insist that
the y;’s can be chosen as in Hilbert space; i.e.

y,-:Zc,'j:L‘j (1<i<n).
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DEFINITION 1.5. A normed space X will be said to have Markov cotype 2
if there is a K so that if n € N, A is an n X n symmetric, stochastic matrix,
a € (0,1) and (z;)7 is a sequence in X,

aE Qaij “E CipZTp — E Cjss

where C = (1 ~ a)(I — aA)~t. The least K for which this holds will be
denoted Ny (X). o

Again, it is easy to check that Hilbert spaces have Markov cotype 2
with constant 1.

The next theorem is intended to explain the nomenclature; at least
the phrase Markov type. If X is a metric space, a Markovian sequence
My, My, ... of X-valued random variables will be called a simple, symmetric
Markov chain if there is an n € N, a sequence (z;)} in X and an n x n
symmetric stochastic matrix A = (a;;) so that

2
<KX (1-a)) cijllzi — 25l

P(Mo=:l‘i)=% (ISZSTL)

P(Mk*l‘l:leMk:zi):aij (ISZ,]STI) k=0,1,2,...,

Note: strictly speaking, it may not be possible to find such a Markov chain if
the x;’s are not all different. What one really wants is an X-valued function
of a Markov chain with state space 1,...n.

THEOREM 1.6. Let (X, d) be a metric space. The following are equivalent:
i) X has Markov type 2
ii) There is a constant K so that if My, M;,..., is a simple, symmetric
Markov chain in X and m € N,

m-—1

Ed(Mpm, My)® < K? Y " Ed(Mys1, My)?
k=0

= (szd(Ml 3 M0)2 .

iii) There is a constant K so that if My, My,..., is a simple, symmetric
Markov chain in X and T is a random time independent of (M}, : k > 0)
then

Ed(Mr, My)? < K2ET.Ed(M;, My)? .
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Proof: ii) = iii). For m = 0,1,2,... let p,, = P(T = m). Then by
independence

o0
Ed(My, Mp)? = Y pmEd(M,, My)*

m=0

o0
< K2 )" pmd(My, My)?

m=0

= K2ET.Ed(M;, My)? .

iii) = i) Take T to be distributed geometrically with P(T = m) = (1~a)a™,
m=0,1,2,... and note that

@

T =
E l-a

i) = ii) Suppose A, (z;)} and m € N are given. Let a = 1 ~ ~n71+—1 and
C=(1~a)({I~ad)! and observe that :

m;( m+1) Z(Ak)u (3, 2;)*

S (1 -— a) Zcijd(zi,zj)
< I(zaZaijd(xi,zj)z

m T Za,]d(x,, xj

Hence
ZZ(A )ijd(zi,z)? < K em(m+1)2amd(x“x,) ;
0 iy i

Le.

Y " Ed(My, My)? < K2em(m + 1)Ed(My, Mo)® .
k=0

Now for each k,
Ed(Myp, Mo)? < E(d(Mpm, My) + d(Mi, Mo))”

< 2(Ed(Mpy, M) + Ed(My, My)?)
= 2(Bd(Mypn—k, Mo)? + Ed(My, Mp)?) .
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Summing over k,

(m + 1)Ed(My, Mo)® < 4 Ed(My, Mo)?
k=0

and so
Ed(Mm,Mo)2 < 4K"’emEd(M1,Mo)2 . )

In view of the preceding theorem, Proposition 1.4 ii) is strengthened by
the observation that if My, M, ... is a symmetric Markov chain in a Hilbert
space

E| M., — My|? < mE|| My — M||?, m=1,2,....
Observe that in any metric space,

m—1

2
Ed(My, Mp)? < E( )3 d(MkH,Mk))
k=0
m-—1

<m Y Ed(Mgyr, Mi)?
k=0

= m2Ed(]\ll,Mg)2 . (18)

The principal result of this chapter is the following.

THEOREM 1.7. Let (X,d) be a metric space with Markov type 2, Y a
reflexive normed space with Markov cotype 2, Z a subset of X and f : Z —
Y Lipschitz. Then, there is an extension f : X — Y of f with

[l fllip < 3Ma(X)No(Y)| Flltip -

Remark: It seems likely that normed spaces with Markov cotype 2 are au-
tomatically reflexive (and hence, superreflexive). In Chapter 2 it is shown
that they at least have non-trivial Rademacher type.

Proof: Let (z;)7* be a sequence in Z, (z;)} a sequence in X, A an n X 7
symmetric, stochastic matrix, B an n x m stochastic matrix and « € (0, 1).
The aim is to show that there are points (y;)} in Y with

o> aiilly — yill? + 200~ @)Y billyi — £
< K2 (a Za;jd(x;,xj)z + 2(1 - a) Z bird(xi, Z,-)z) 5
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where K = 3M3(X).No(Y)|| fllip -
Let

yi=Y (CB)inf(zx), 1<i<n.
Then "
o aijlly: = il +200 - @) > birllyi — £z
SMY)P(1-a)) e Z birf(2r) — Z bjsf(zs) 2

2l -« wallyz ~ f)l?

by the definition of the Markov cotype 2 property, and the latter is at most
(Na(¥)? +2)(1 = @) 3 (BTCB)ss|| f(2) = £(z)||”
by convexity. The hypothesis on f ensures that this is at most
3N (Y2 fliRp (1 — @) D _(BTCB)rsd(zr, 2)* .
Now

(1-0) Y (BTCB)sd(2,2:)?
<(l1-a) Zcijbirbjs (d(_zr, zi)+ d(z;, :L'j) + d(l‘j, zs))2

ijrs
<31 a) [ cijd(zi, 2,7 +2 Y bird(zi, 2,)?]
since B and C are stochastic. The first term is at most
3My(X )20y aijd(zi,z;)°
and so the whole is at most

3M2(X)2 (aZa,-jd(m,-,xj)z +2(1 “Q’)Zbird(a:hzr)z) . o
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2. Connections With (Rademacher) Type and Cotype

The principal result in this chapter shows that Markov type implies (Rade-
macher) type and that Markov cotype is stronger than (Rademacher) co-
type. In fact, if X is a normed space and either X has Markov type 2 or X*
has Markov cotype 2, then X has type 2. This shows that ¢; does not have
Markov cotype 2 (since ¢ does not have type 2) even though L;-spaces do
have cotype 2. It is almost certain that there are spaces of type 2 which do
not have Markov type 2: very probably, any space with Markov type 2 can
be equipped with an equivalent 2-smooth norm (see Chapter 3).
The main tool used in this chapter is the following duality lemma.

LEMMA 2.1. Let X be a normed space and let K be either the M, constant
of X or the N, constant of X*. Then if A is a n X n symmetric, stochastic
matrix, o € (0,1), (z;)} is a sequence in X and C = (1 — a)(I ~ aA)™!,

(1 - a)z x; — ZC,‘jIL‘j

3

2
< K%Y agllei—zil’. (@21)
ij

Proof: If K = M,(X), (2.1) is obvious because C is stochastic so that by
convexity

r; — E Ci; T
J

2
S ZC,‘_,'”.’L‘,' - .1:_7'”2 for each 7.
J

Now suppose that K = No(X*). For 1 < i < n, choose a functional
¢; € X* satisfying

liill* =

2
T — ZC,'J':EJ' = (}5,‘ (1‘,‘ - Z c;jxj) . (2.2)
J J

Then,

-y

2
T - Z%‘%‘ =(1-0a) Z¢i (“ - Z Ciixi)
A i J

=(1-a) Z(I— C)ijdi(x;) -

ij
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It is easy to check that (1—a)(I-C) = «C(I - A) so that the last expression
is
a el - Arjdilz;) = Y (I - A)ejve(z;)
ij kj

where for each k, ¢ = Y, cx;¢;. This last expression is

az arj(Pr — ¥;)(zk — ;)

kj
1 7 7
<3 (S anlin = wsi#) " (o Sawlies ~ 1)
j
The hypothesis that X* has Markov cotype 2 implies exactly that

o) ajllve = il* < K21 - ) Y cuslidn ~ 65l

and the latter is at most

DN bt

aZakﬂbk(mk - JIJ') =
ik

1K1 - ) Y lIgl?

by the triangle inequality. Hence

o |
J
<x(-o Zumu‘*’f

(e aullex =21

=K ((I—Q)Z Ty — ch_,x} ) ( Zakjllxk—x3]] )%

by 2.2. This reduces to 2.1. o

The implications from the Markov properties to the Rademacher prop-
erties are now straightforward.

THEOREM 2.2. Let X be a normed space and K be either M3(X) or
Ny(X*). Then the (Rademacher) type 2 constant of X is at most 22 K.
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Proof: Let (z;)¥ be a sequence in X and for each ¢ € {-1,1}F let z. =
Z g;x;. The problem is to show that

275> llzel? < 8K |lail? . (2.3)
& 1

Let A be the transition matrix of the symmetric random walk on the
k-cube. Thus A is a 2% x 2% matrix whose entries are indexed by pairs (¢, 6)
of elements of {~1,1}* and

G5 = { k=1 if € and § differ in exactly one place
0 otherwise .
If s # 0 and € and § differ in the i*? place then ||ze — x5 = 2||z;||. Hence

4
Zacéllxe - x6"2 = 2k . ‘,;Z “1’,"2 .
i

Ifae€(0,1) and C = (1 — a)(I ~ aA)™! then, by symmetry, 3 c.szs is a
multiple of z. for each €. It is not hard to check that if o = M-Lz

ch.s:c,; = %1’5 for each €.

So for this value of o,

(l—a)z

2

Te — Z CebTs

57 2 el
=75 2 el
> E+2 44
1 2
='2(k—+272||$e” .
£

By Lemma 2.1,

1 § : 2 -2 2k E : 2
— < —_ i

K22% . 4
=57 2l

a

giving (2.3).
It is well known (and easily checked) that the type 2 constant of £, is
at least

V1+ |logyn] > /logn .

Hence, No(€7) is at least /142,
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3. Uniform Convexity and Smoothness

This chapter contains a brief account of the theory of uniform convexity and
uniform smoothness as it will be used in the sequel. In the standard texts,
e.g. [LT], it is usual to define the modulus of convexity é : [0,1] — [0,1] of
a space X by

) 1
o) =int {1 3o+l 2y € X, oll = ol = 1 and o=yl =<

The space X is said to have modulus of convexity of power type ¢ (for some
g € [2,00)) if there is a constant K for which

X
6 0<e<?2.
(€2, <e<g
For ¢ = 2 there is an equivalent definition which is more convenient for
many purposes.

DEFINITION. A normed space X is said to have modulus of convexity of
power type 2, or to be 2-uniformly convex, if there is a constant K so that
for all z,y € X

2l|=* + 1= IIyII2 <z +yl* + lle - ol* - (3.1)

The least K for which this holds will be called the 2-uniform convexity
constant of X .

Clearly, Hilbert space is 2-uniformly convex with constant 1 and no
space can have a constant smaller than 1. If 1 < p £ 2, L, is 2-uniformly
convex. The constant can be taken to be 1//p — 1. G. Pisier showed me
an argument by which this may be deduced from hypercontractivity results
of Beckner [Be].

Inequality (3.1) can be extended to cover X-valued random vectors. A
generalisation of this fact was proved by Pisier [P1], using results from [BG]
and [F).

LEMMA 3.1. Let X be a 2-uniformly convex space with constant K, and U
a random vector in Lo(X). Then

IEUN + 5 EIIU EU|* < E|lU] . (3.2)
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Proof: By the triangle inequality E||U||? > ||EUJ|?. So there is some non-
negative 8 (possibly 0) which is maximal with the property that for any
random vector V in Ly(X),

OE||V - EV|? < E|[V|? - |EV|* .
The problem is to show that § > K~2. For a given ¢ > 8, choose V
non-constant with

¢E|V - EV|? 2 E|V|? - |EV|]* .
Now, pointwise on the probability space

2
Wailev| + 2liv-ley
K2

2
2 2
3V +3 2By <IVIE+ BV

2

Hence,
¢E|lV - EV|? 2 E|V| - | EV|?

2
_ 2
|EV]| ) + I{'?E”

1 1
> - _
e

2+2
K?

1 1
> “V-—-=
_20E”2V 2EV

E”ZV—EEV

by definition of 6 and the fact that

1 1 1 1 1 1
—2-V+ §EV——E<—2—V+-2—EV) = §V—-§EV.

So ¢ > & + 5} and, taking limits as ¢ — 6, one obtains 8 > . D
Pisier used Lemma 3.1 to analyse the behaviour of martingales in uni-

formly convex spaces. Although the result will not be used in the sequel, it
is stated for completeness.

PRroPOSITION 3.2. Let X be a 2-uniformly convex space with constant K
and My, M, ..., M,, a martingale in Lo(X). Then
m=-1
>~ E||Miy1 — Mi||*> < K*E|| My, — Mo||* . o
k=0
It follows immediately from Proposition 3.2 that 2-uniformly convex
spaces have cotype 2 (in the ordinary sense). In the next chapter, Lemma 3.1
will be used to show that such spaces also have Markov cotype 2.
The property of normed spaces, dual to that of 2-uniform convexity is
2-uniform smoothness.
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DEFINITION. A normed space X is said to be 2-uniformly smooth (or 2-
smooth) if there is a constant K so that for all x,y € X,

lz+yll? + |z — ylf* < 2||=i® + 2K3||y})? .

The least K for which this holds will be called the 2-smoothness constant
of K.

The 2-smoothness constant of a space X is equal to the 2-uniform convexity
constant of its dual X* (and vice-versa), [L2]. Hence, for 2 < g < 00, Lq is
2-smooth with constant /g — 1.

There are analogues of Lemma 3.1 and Proposition 3.2 valid in 2-
smooth spaces [P1].

PROPOSITION 3.3. Let X be a 2-smooth space with constant IS,
i) If U is a random vector in Ly(X)

BIUI? < | BUIF + K*B|U - EUJ? .
ii) If (Mi)§ is a martingale in Lo(X)

m—1

E||Mp — My|*> < K* > E||Myeyr — Mili® - (3.3)
k=0

o

The proofs are the same as for the 2-uniformly convex results. Note
that (3.3) is exactly the condition for Markov type 2 stated in Theorem 1.6
(except that it refers to martingales).

4. Markov Cotype 2

The main result in this chapter states that L, has Markov cotype 2 for
1 < p < 2. This is deduced from Lemma 3.1 for 2-uniformly convex spaces.
The lemma is applicable because the Markov cotype property involves the
Green’s matrix, C, inside the norm. The situation for Markov type 2 is
rather different: martingale methods do not seem to work directly.

L, is not 2-uniformly convex and, as was shown in Chapter 2, does
not have Markov cotype 2. The estimate given for L,, 1 < p < 2 implies
that the lower bound N»({}?) > /logn gives the correct order of growth
of N(¢7). This leaves open the question of whether Lipschitz maps from
subsets of L, into L;, extend to the whole of Ly. There is a dearth of
genuinely non-linear examples which might shed some light on this matter.
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THEOREM 4.1. Let X be a normed space with 2-uniform convexity con-
stant K. Then
No(X)<2K .

Proof: Let A, a and C be as in Definition 1.5 and (2;)} in X. The problem
is to show that

a ) aijllyi - yill* S4K*(1 - a) ) eijllzi — 251

where, for each 1,
Yy = E CirZyp .

C=(1-a)l+aAC. (4.1)
Fix ¢ and j and define a random vector U € Lo(X) with
P(U=£L‘i-—yj)=1—-oz

Observe that

and
PU =y, — y;) = aa;, , 1<r<n.

Then
EU =(1-a)(z; —y;)+ azair(yr - yj)

= (1 - a)xi + azairyr = Y;
= Z [(1 = )] + aAC] P Tr =Y

= Zcirmr""yj =Yi—y;.
So, by Lemma 3.1,

It = 3517 + 51 = @l = wlP + gz il = il
<A -z -yl + ) airllye - yil* -
r
Hence (ignoring the second term on the left),
s = 4311 + g Y- aillys = wel?

<1 -a)lei -yl + oY airlly- - yill® -
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Multiply by c;; and sum over ¢ and j using the fact that C is stochastic:
1
D cislly = wil* + gz} airlly: - v ?
ij ir
<1 -a)) cjlle =yl + Y_(@AC)s5llyr — wslf* -
ij rj

From (4.1), the second term on the right is ¥ ¢,j|ly- — y;|? and so cancels
rj
with the first term on the left. Hence
@) awlly —yl? < K21 - )Y cijllzi - yill® -
ir i

To complete the proof, observe that, by convexity
Z cijllzi - y;l* = Zcij”xi - chk$k||2
k

< Zcijcjk”zi - ||
<23 ceie(lla = 212 + llz; — i)
=4 cijlle — )l - .

COROLLARY 4.2. For 1 < p < 2, the Markov cotype 2 constant of L, is at

most
2

p-1
CoROLLARY 4.3. Forn € N, the Markov cotype 2 constant of £} is at most
a constant multiple of \/T + logn.

Proof: The ¢; and £, norms are equivalent on R™ (up to a constant inde-
pendent of n) provided

o

<1+ ! o
P 141logn

The most important consequence of Theorems 4.1 and 1.3 is the fol-
lowing.

THEOREM 4.4. Let 1 < p < 2, Z be a subset of Ly and f : Z — L,
Lipschitz. Then there is an extension f : Ly — L, of f with

1l < Jpﬁ___ln fllio - ]
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Remark: As p — 2 from below, the constant in Theorem 4.4 does not
approach 1, the constant in Kirszbraun’s theorem. This situation can be
remedied if one chooses not to make the simplification B = I in the defi-
nitions of Markov type and cotype. The cost is that the formulae become
unintelligible.

5. Markov Type 2

This chapter contains a discussion of the Markov type 2 property for normed
spaces. The situation here is not as clear as for the cotype property. It
would be natural to conjecture that 2-smooth spaces have Markov type 2;
in particular, that this is true for L,, 2 < p < co. At present I am unable
to prove this.

An analogue of the proof of Theorem 4.1 easily yields the following.

PROPOSITION 5.1. Let A be an n X n symmetric, stochastic matrix and
(z;)} a sequence in a normed space X with 2-smoothness constant K. For

k=0,1,2,... set
2 =3 "(4k)jm; .
7

Then for m € N,

Z(A2m)””xl ~z; ”2 < 16]{2 Z Za’ (k) gk)||2 ) o

k=0 ij

Thus, in a 2-smooth space, Markov type 2 would be implied by an
estimate on the behaviour of the images of (z;)} under the (discrete) Markov
semigroup generated by A. It would be enough to find a constant M so that
for all A, (z;)} andk €N

k k 2
S aillzd? - O < M2 agjllwi - x5 (5.1)

ij ij

Equally, it would suffice to obtain a similar upper bound, uniformly in «,

on
2
E Qi E cirxr—_s_ CisTs
ij r 3

(5.2)

bl
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with C = (1 —a)(I —aA)~!. It is easy to see that such estimates hold (with
M = 1) if X is Hilbert space. In general, such estimates may be related to
the UMD property of normed spaces: this matter will be taken up again at
the end of Chapter 6.

For many natural matrices, estimates like (5.1) hold for all normed
spaces, with M = 1. An example is the discrete Laplacian matrix described
in Chapter 6. However, not all symmetric, stochastic matrices are so well-
behaved. The simplest example seems to be the symmetric random walk
on the dodecahedron. For this 20 x 20 matrix A, there is a sequence (z;)2°
in £32 for which

16
Y aillalt - 22 = 5 > ajllzi — a5®

The main result in this chapter is an estimate on the wandering of
Markov chains in 2-smooth spaces which is slightly weaker than that needed
for Markov type 2 but is much stronger than the trivial (1.8), valid in all
normed spaces. It will be convenient for the proof of this theorem, to work
with the continuous semigroup of matrices with infinitesimal generator I—A.

For a symmetric, stochastic A, let {S* : ¢ > 0} be the semigroup of
matrices

St =exp(—t(I-A)), t>0.

It is easily checked that X has Markov type 2 if and only if, there is a
constant K so that for all A, S! as above and (z;)} in X,

]

Y (SYijllzi - x50* < K2t agglla — a5 -
i

THEOREM 5.2. Let K > 1 and 0 < @ < 1. There is a constant M =
M(K,0) so that if X is a normed space with 2-smoothness constant K,
(z;)7 is a sequence in X and A and S! are as above,

> (8Yiillzi — 2i|® < (84 MEF0) Y " agjllzi — 251 (5.3)

ij ij
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Remark: The proof below gives an estimate on M of the form M < K7 so
that (by optimising over §) one could replace M#1+? by t exp (1/8log K v/Iog?).

The crucial step in the proof of Theorem 5.2 is a lemma which is analo-
gous to Lemma 2.1, but stated for continuous semigroups. While the result
could be deduced from Lemma 2.1 and Theorem 4.1, a direct proof is given
for simplicity. It will be convenient to abuse notation slightly: for a sequence
z = (z;)7 € £3(X) denote by S’z the sequence

n

(Z(St)iﬂj) 5

j i=

and by Stz; the ! term of this sequence.

LEMMA 5.3. Let X be a 2-smooth normed space with constant K, (x;)} in
X and A and S* as above. Then for eacht > 0,

D lei = S'zill? < K2ty agllei — )|
i J

Proof: Since S° is the identity, it suffices to prove that for each ¢t > 0,

d _ gup |2 2N gl — 212

%Zi:”x, S _ <K > aijllzi — a5)* (5.4)
Now, by convexity

Z”x — S 2z < Zs lz: — St ea;)? . (5.5)

Fix j and consider a random vector U in L2(X) with
P(U ==; — §**"z;) = S}, 1<i<n.
By Proposition 3.3 i),

Z |$z St+u$j”2

< ||18¥z; -s‘+"w,||'-’+1<2z !z — Staj)?
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The first term on the right involves only the index j. So, by convexity, the
whole is at most

) Shllze — S'erl? + K2 SESKNzi — melf? -
k ik

Sum over j (and use 5.5) to get

D llwi = S| <Y ek — Stanll?+ K2 S @i -zl
i k

ik

Hence
d i Su 2
=2 llwi = 5%l
. 1 . t+2u,, 112 i 2
= i g ( e = 5102l = 3 e = '
. 1 -2 2u 2
< lim —K ;Sik [l — @]

= K? Zaik”wi —z|?® giving (5.4) . o

Proof of Theorem 5.2: By homogeneity, it may be assumed that
Y aijllzi — z;]|? = 1. For t > 0, set

F(t) = Shllei - 5l .
ij
It is not hard to deduce from the trivial (1.8) that F(t) < ¢t + t2 for all t.
So, if M > 1, F(t) < t + Mt*? for ¢t < 1. For such an M, suppose that it

is possible to choose t > 1 so that F(t) > t + Mt'*? and choose the least ¢
with this property. It will be shown below that for any A € (0, %)

F(t) < (1 + g) F((1=X\t) + 3K+ K*F(2)t) . (5.6)

Then, by the minimality of ¢,
t+Mt1+0 S (1 + _3_) ((1 . /\)t+]‘4{(1 _ A)1+0t1+9)
+ 3I%t + 2K %Mt + 4RK2M A1 010

<t+M (1 - %) 110 L QK2+ AR MO0
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This implies that

A—Qu 8K2)\)t% < 4K?

and (since t > 1) that

@(1 8K2\%) < 4K? .

Choose A sufficiently small, to get an estimate for M.
To establish (5.6), fix ¢ and k£ and apply Proposition 3.3 with U a
random vector satisfying

PU=z;—z;)=8), 1<j<n.
This gives
Zskt”zz - 2% < |lwi = SMael? + K2 SpHl|SMak — x5
J

Multiply by .S’(1 A and sum over i and k:
> Shillei =zl < 30 SETV e~ SMallP + K2 Y7 SISN ok — )

< 3 SGTV (s - wull + ok — M)’
+ K2 SPzi — x|

by convexity. The second term is K2F(2At). To estimate the first term, use
the fact that for any a and b,

A 2 2 2
(a+b)? < (1+2>a +(1+X)b
to get :

(1+3) St tm -t (145) 3 S e = SVl
= (1+3) Fa-n0+ (143) 3l = Sl

Finally observe that by Lemma 5.3, the second term is at most

2\ ,. -
(l + —X) I\QAtZa,'j”:t,' - a:,-||2 < 3K%. o
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6. Open Problems

The aim of this chapter is to describe some of the lines along which one
would like to develop a full non-linear analogue of the linear theory of type
and cotype.

The first part of the chapter raises the questions of duality between
the Markov type and cotype properties for normed spaces: i.e., under what
circumstances is it possible to estimate M,(X) by Ny(X*) and vice versa?
For Rademacher type and cotype, the situation is well understood thanks
to the Maurey-Pisier theorem [MP] and Pisier’s K-convexity theorem [P2].
It is always true that Co(X) < T5(X*) but a reverse inequality holds (if
and) only if X (or equivalently X*) is K-convex. (A space X is said to be
K-convex if the Rademacher projections on Ly(X') are uniformly bounded.)
Moreover, X is K-convex if and only if it does not contain subspaces uni-
formly close to ¢} for all n. For the Markov properties, the situation seems
to be more symmetric. There is an analogue of the Rademacher projection,
for each symmetric, stochastic matrix A, and the boundedness of these pro-
jections seems to be needed to estimate No(X) by Ma(X*) as well as the
other way around. The fact that L; does not have Markov cotype 2 may
indicate that this symmetry is to be expected.

The second part of the chapter contains a brief discussion of the Markov
type 2 problem. For applications of the theory to Lipschitz extensions, this
is clearly the most pressing open problem.

The third part of this chapter asks whether Theorem 4.4 can be ex-
tended to include domains which are not uniformly convex.

The first lemma describes the combinatorial aspect of the duality the-
ory for Markov type and cotype and opens the way to a discussion of the
analogues of the Rademacher projection.

LEMMA 6.1. Let X be a normed space and assume that there is a constant
K so that for each A, and each (z;)7 in X, there is a sequence (¢;)} in X*
satisfying

1
Vel Y aillgi — 65117 <D aijllmi — 251
ij i
= Za,‘j((ﬁi - ¢j)(.’l§i - a:j) . (61)
i

Then,
M>(X) < KMy(X?*) (6.2)
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Na(X) < KMy(X*) . (6.3)

Remark: The assumption on X is that expressions like 3" a;;||z; — z;]|? can
be normed by expressions of the same type. In general, one could only
assume the existence of some antisymmetric matrix (¢;;) with entries in
X*, satisfying

3 aiillgil? = aijlle — zl* =) aijdii(e

Proof of Lemma 6.1: The argument below proves (6.3); the proof of (6.2) is
similar but simpler. Let A4, o and (z;)7 be given and C = (1—-a)(I—aA)™!.
For each 4, let y; = 3" ¢;;x;. Choose (¢;)} in X* so that

J

e Y aiile = uill? < 3 aijlyi - vl (6.4
=) ai(gi — ¢j)(xi — ;)
As in Lemma 2.1, observe that
(I - A)C =(1-a)I-C).
Hence
O’Zaij“yi - yj"2 = QZ aij(¢: — ;) (vi — y;)
=2y aij$i(yi - ;)
=2a) (I - A)ij$i(y;)
=20y [(I - A)C]; di(zx)
ik
=2(1 - ) Z(I = C)irdi(zk)
ik
=2(1 - a) Z ciedi(zi — k)
—(l—a)zc,k — ¢r)(xi — zx)
< [1- )3 cinllgs - ell’] :

: [(1 ~a) ) cillzi ~ xkllz] :
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From the definition of Markov type 2, the first factor is at most

25") [ 3 ali - el

which is at most

op

K.My(X™) [G’Zaz’k”yi ~ Yk ”2]

by (6.4). Hence

[« aisllys —v; IIZ]

as required. a

W
[V

< KAM(X7) [(1-0) 3 el = 1]

The property of X assumed in Lemma 6.1 is characterized by the
boundedness of certain projections. For a symmetric, stochastic A4, let L4
be the space of antisymmetric (n X n) real-valued matrices (u;;) with norm

ol = (3 o)

Let G : Ly — L4 be the orthogonal projection onto the subspace consisting
of matrices of the form (u; — u;) for some sequence (u;)} of reals.

For X a normed space, L4/(X) is defined to be the space of X-valued,
antisymmetric matrices with norm

el = (3 S eoli?)’

This may be regarded as a tensor product L# ® X in the usual way and
the map G ® Ix is a projection on L{(X): (Ix being the identity on X).
The image of a matrix (z;;) under G® Ix is the unique matrix of the form
(; - ;) with the property that for any sequence (¢;)7 in X*,

Zaij(¢i — ¢;)(zi;) = Z aij(¢i — ¢;)(®i — 25) .

The proof of the following lemma is standard.
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LEMMA 6.2. For any normed space X and symmetric, stochastic A,

IG® Ix|| = |G ® Ix-||
and this number is the least K for which the hypothesis of Lemma 6.1 holds

(for the matrix A). o

The projections G ® Ix can be regarded as projections onto gradients
of potentials. They are well-known to probabilists in connection with Riesz
transforms associated to Markov semigroups. (This was pointed out to me
by G. Pisier.) Let £ be the subspace of ¢§ consisting of sequences (u;)"
satisfying " u; = 0. Given an n x n symmetric, stochastic matrix A, define

grad : {f — L3 by
grad (u;) = (u; — uj)i;

and 3
div:L{ — 3 by

div(us)i; = (~ Za,-ju,-j)
j

Let L : £3 — {2 be the operator —div.grad : i.e. the matrix I — A. The Riesz
transform R: £§ — L4 is defined formally by

n

=1

’ 1
R = “grad —=".
sRe VI

To be more precise, for each sequence u = (u;)}, the limit

lim (Z(I - aA);,%ur - Z(I - aA)j—S%us>

a-—1=

exists for each ¢ and j and the matrix of these is an element Ru of L#. The
resulting map R is a linear isometry of ¢§ into L§. The adjoint R* : L& — {3
is defined formally by
1
R* = “____div” .
vL

It is easy to see that R*R: {§ — (} is the identity on £} and not difficult
to check that RR* : L§ — L# is the projection G defined above.
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Although Riesz transforms have been extensively studied, relatively lit-
tle seems to be known in the very general setting described here. Particular
examples, such as the Hilbert transform, are well understood. A discrete
version of the Hilbert transform arises in the above setting if the matrix A
is taken to be the transition matrix of a symmetric random walk around a
cycle: i.e. if there is an n-cycle o belonging to the group of permutations of
{1,...,n} with

ai; = {% ifo(i)=joro(j)=1
0 otherwise .
In this case L = I — A is a discrete version of the Laplacian on the circle.
The discrete Hilbert transform associated with this A is bounded on #3(X)
if and only if X has the so-called U.M.D. property. This is proved in [Bu]
and [B]. However, for this matrix A, the projection G @ I'x is bounded on
L#(X) for all normed spaces X.

The projection G can be approximated using the inverses (I — aA)™!

as & — 1 from below: the formal statement

G= “grad%div”

translates as follows. For every matrix u = (u;;) € L,

Gu = lim Guyu

a—1-
where, for each a € (0,1)

@
(Gauw)ij = m( E Cirlpglirs — S ijapunQ)

TS Pq

with C = (1 — o)(I — @A)~ as usual. If X is a Hilbert space then G, ® Ix
is a contraction on L(X) for all @. More interestingly, for any normed
space X, an estimate on |G, ® Ix| implies a corresponding estimate on
the expression (5.2) since if z;; = z; — «; it is easy to check that

2
2
o _;_ aij lE CirQrsTrs — chpapqmpq”
— 2 Al . . _ .
=(l-a) a;jllz; — xj — CirZr CjsTs

2
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and the latter is at least

(1-a)? (% Za,-j ”Zc,-r:c,. - chsacs g Za,-j”xi - xj||2> .

The principal problem raised by this discussion of duality is whether the
projections G ® I are bounded (uniformly in A4) on L4(L,) for each fixed
P € (1,00). If this is true it implies that L, has Markov type 2 for 2 < ¢ <
co. In the light of the linear theory it also makes sense to ask whether the
G ® I are uniformly bounded on L£(X) whenever X has Markov type 2 (or
Markov cotype 2). In an abstract setting one would hope that boundedness
of G ® I holds for UM D spaces of type 2 and their duals.

Probably the most important open problem raised by this paper is
whether L, has Markov type 2 for 2 < ¢ < co. As mentioned at the start of
Chapter 5, this would follow from estimates of the form (5.2). My feeling is
that 2-smoothness, by itself, is not enough to imply Markov type 2. There
is some evidence that spaces with continuously twice differentiable norms
might have Markov type 2. (It was brought to my attention by G. Godefroy
that it is not known whether every space with C%-norm is UM D.)

One natural question is whether Theorem 4.4 remains true if the codomain
Y is not assumed to be 2-uniformly convex; in particular if Y = L. It is
not known whether all Lipschitz maps from subsets of Hilbert space into
normed spaces extend to the whole of Hilbert space. My feeling is that this
is not true and I do not believe it even for Y = L,.

It would be nice to determine the correct rate of growth of M,(¢2 ) with
n. From Chapter 2 it follows that the constant is at least a fixed multiple of
VIogn. An estimate of the same order from above would imply the result
of Johnson and Lindenstrauss mentioned in the introduction because any
n-point set embeds isometrically in ¢7.

Finally, it is perhaps worth mentioning how Markov cotype may be
defined for general metric spaces. In view of Lemma 1.2, one could say that
a metric space (Y, d) has Markov cotype 2 if there is a K so that for every
A,B,a and (z,.)* in Y, there are points (y;)7 in Y with

@) aid(yi,y;)? + 201 — ) Y bird(yi, 2,)
< K*(1-0a)) (BTCB)red(2r,2)* -

However, in line with the proof of Theorem 1.7 it might be more natural
to split this statement into two. Say that (Y,d) is approximately convex if
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there is a K so that for every stochastic B, symmetric, stochastic C' and
(z,)[* in Y, there are points (z;)} in Y with

> cijd(@izi)? 42 bird(wi, 2,)? < K (BTCB)ad(2r,2,)% .

Then, if (Y, d) is approximately convex, say that it has Markov cotype 2 if
there is a K so that for every A, o and (z;)} in Y, there are points (y;)} in
Y satisfying

azaijd(yi, ¥i)? +2(1 - a) Z d(y;, i)
< I&'z(l - CV) Z cijd(x,',mj)z . (*)

Note that every normed space is approximately convex since one may take
z; = ) birz,. Thus a normed space has Markov cotype 2 provided only
r

that it satisfies (x). It is not clear whether this property of normed spaces
is equivalent to the one used in the text.
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