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P E R I O D I C  SOLUTIONS O F  N O N L I N E A R  

1 N T E G R O - D I F F E R E N T I A L  E Q U A T I O N S  W I T H  

A N  I M P U L S E  E F F E C T  

G. CH. SARAFOVA (Plovdiv) and D. D. BAJ[NOV (Sofia) 

Abstract 

The paper applies a numerical-analytical method for finding periodlo solutions of 
the  system of mtegro-differential equations 

t 

= Iff, m, ~ ~(t, 8, m(8))&), t ~ it(x), 

/txltffitg(x ) = I t ( m  ) . 

Two theorems for existence of periodic solutions are proved for the cases when t ---- t i 
and t = tt(x ). 

In  the present paper  a numerical-analytical method  is applied (see [2], 
[3], [5]) for finding periodic solutions of a system of integro-differential equa- 
tions of the following form: 

t 

= f(t, X,oS ~(t, 8, x(8)) a s ) ,  t ~ t,(x) (1) 

zlx]tft,(x) = I~(x,), 
where 

x = (xl, x2 . . . .  , x , ) ;  f( t ,  x ,  y) = (h,( t ,  x,  y ) , . . ,  f a t ,  x ,  y) ) ;  

9~(t, s, x) ---- (~h(t, 8, x) . . . . .  9%(t, 8, x)); I i ---- (i~i) . . . .  , i~,)); tt(x ) 

are scalar functions, i ---- 0, -}-1, -4-2 . . . . .  
An analogous problem has been considered in [I], but  for systems of 

ordinary differential equations. The paper  [6] is devoted to the problem of 
finding periodic solutions of integro-differential equations wi thout  impulses. 

Let  the following conditions (A) hold: 
A1. The functions f(t, x, y), ~(t, s, x), I i (x  ) and ti(x ) are defined and 

continuous with respect to their  arguments  in the region 

(2) G---- R×RxD~xD 2 , 
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where D 1 and D~ are closed and bounded sets in the spaces R ~ and R m, respec- 
tively, R = (-- ~ ,  + ~ ) .  

.42. The functions [(t, x ,  y) and ~(t, 8, x) are periodic with respect to t, 8 
with a period T. 

A3. There exists a natural number p such tha t  

(3) It+p(X ) : Ii(x ), tt+p(X ) : tt(x ) + T .  

A4. The functions t(t, x, y), ~0(t, 8, x) and I t ( x  ) satisfy the inequalities 

lit(t, x, y) - / ( t ,  x', y')lt < K111~ - ~'11 + K2 Ily - y' l l ,  

(4) lt~(t, 8, x) - ~(t, 8, x')ll < Ka llx - -  ~'11, 

lilt(x) - / , ( x ' ) l l  ~ K ,  ]Ix - -  x'll 

in the region (2), uniformly in t ~ R, 8 E R, i : 0,-4-1, :j:2 . . . . .  where 
K i, j = 1, 2, 3, 4, are positive constants. 

AS. The surfaces t = tt(x ) are given by the continuously differentiable 
functions in D 1, and 

(5) sup 0t(x) 
x E D, 0x ~ N, N = const. > 0 .  

Consider first the problem for existence of T-periodic solutions of the 
system (1) in the case when the instantaneous change of the state of the system 
occures at fixed moments, i.e. the hypersurfaces t =  t t(x ) are hyperplanes of 
the type t = t r Then for each two solutions the moments t = t t only the values 
of the jumps at  these moments are different and the system (1) can be rewrit- 
ten as 

t 

= f(t, x, S ~(t, 8, x(8)) d@, t ~: t , ,  
C6) o 

Axlt=t, = I t ( x ) .  

As it was noted in [6], the periodic solutions of the integrodifferential 
equations have a specific character. A necessary condition for existence of 
periodic solution is the equality 

T 

(7) l(o, ~,(o), o) = I(o, ~,(o), .~ ~(T, 8, ~,(s)) a s ) .  
0 

Particularly, (7) will hold if the following relation holds for each t: 

T 

(8) S ~(t, 8, ~(8))d8 = 0 .  
0 

We need the following conditions (B) as well: 
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B1. There exists a nonempty  closed set D O _ D x contained in D 1 together 

with its Mt  {1 + - - ~ }  ne ighb°urh°°d '  where 2 

(9) ~ = 0t~PT~ I1/(t, x, viii + m a x  sup II I,(x)ll 
l ~ i ~ p  x E D1 

x E DI,  y E D'~ 

:!32. The constants K/, j = 1, 2, 3, 4 satisfy 

(10 )  - ~  K 1 + - • + 2 p K ,  < 1 .  

Then the following theorem can be proved: 

TH~.OR~M 1. Let the conditions (A) and (B) hold for the system (6). Then, 
i f  this system has a periodic solution x = ~p(t) with a period T, having value t = 0 
at x o E Do and such that (8) is fulfilled, this solution is a limit of a uniformly 
convergent sequence of periodic functions { Xm(t, x0) } given by the relations 

t z 

(11)  Xm+l( t  , XO) = gC O -J¢- ~ {f('l~, Xm('g , gCO) , ; [V(~, 8, Zm(8 , XO) ) - -  
0 0 

¢ 

- q,(-~, s, x, . (s,  Zo))]ds) - -  f ( . ,  = r . ( ' ,  Xo), J" [~(~,  s, Xm(S, ~0)) - -  
0 

- ~o(,, 8, Xm(8, Xo))Jds)}  d *  + 2 '  I , (Xm(t,  - -  0)) - -  t X ( x , , , ( t ,  - -  0 ) )  ; 
O<h</ 

,v T .v 

0 0 0 

T 

~o(~, s, x(s)) = ~(~, s, x(s)) d s ,  

0 

1 
I(x(t i --  0)) = - ~  ~ Ii(x(ti -- 0)). 

0<tt<T 

PROOI~. Each of the functions of the sequence (11) is T-periodic with 
respect to t. For  x 0 E Do from L e m m a  1 of [2] for t E [0, T]  we get 

(12) ]] Xm(t' xo) -- xo [i ~ Moo(t) + 2pM 

for each m = 1, 2, 3 , . . .  where 

(13) ~(t) = 2t [1 -~t/ ~ L-T. 
T J  2 
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From (12) and (13) we obtain 

(14) I[xm(t'x°) --  x°l[ ~ M T  -[- 2 p M - -  M T  (1 + ~ - }  2 2 

From the last estimate it follows that  for each m ---- 1, 2 , . . .  ; t E R (from the 
periodicity) and for each x o ( D O the functions xm(t, xo) exist and belong to the 
set/)1. 

Now we prove the convergence of the sequence (11). For this purpose 
we estimate the expression 

Ilxm+l(t ,  Xo) - xm(t ,  Xo)[I • 

For m ---= 0 from (12), (13) and (14) we have 

(15) [IXl(t, XO) --  XOI I ~ Ma(t) + 2 p M  ~ - - ~  1 + = M 1 . 

For m = 1, R ing  I.~mma 1 from [2] and the inequalities (4) and (15) 
we get 

t 

[]x2(t, :~o) xl(t, Xo),] ~ ( 1 -  ~-) f {KI[IXl(T, XO) -- XO" -~ 
o 

+ g ,  II ~ [~(~, ~, ~1(~, ~o))- ~o(~, ~, ~(~, ~o))]d~ -- j~ [~(~, ~, ~o) -- 
o o 

f --q~(~, 8, Xo)]dsH} d~ + -~- {/xllXl(~, Xo)--xoll+g~ll [~(~,8, x~(8, Xo)) -- 
t o 

--  ~p( ~, s, xl ( s, Xo))J ds --  ~ [cp(l:, s, Xo) -- qo(~, 8, Xo)] dsll } d ~ + 2 p K ~M 1 
o 

t 

(1 - ~ } f  Xo) K2Ka{1-  f [[xl(s,~Xo) ds 

o o 
T T 

-t- K2K a T  f llxl(s, Xo)-  Xo[l ds} d r +  T j '[  K1]'x'l($' x°) --x°"@ 
v t 

~: T 

-~- g2g 3 [1 T} ~ ['x1(8' Z0) -- Z0[[ ds-~- g2g 3 T ~ '[x1(8' x0) x0[] ds] dT--~ 
0 ,: 
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Hence 

(16) 

Assume that for some m the following inequality holds: 

(17) HXm(t, xo) -- Xm_l(t, Xo)l] ~ (Kl + K2Ka-------T-T ) 2 - -  + 2 p K 4 M m - 1  ~ M m  . 

For m + 1 we find, using Lemma 1 from [2] and the inequalities (4) and 
(17) that  

t 

"Xm+l(', XO) -- Xm(t, ~O)" ~ {1-- '-~) ~ IKI"Xm(T, XO) -- Xm-I(T, ~O)" J¢" 
0 z T 

0 
T 

-- Xm-l(8, :Co)l' ~s l d~ -I- -~ f Kl"xm('~, Xo) -- ~Cm-l('c, :Co)" "l- 
t ~: T 

0 

+ 2pK4Mm ~ Mm+l. 
By the method of the mathematical induction we conclude that, for 

each m ---- 0, 1, 2 , . . . ,  

"xr,+l(t, Xo)- xm(t, Xo) H ~ I T  [KI+ K2Ka__........~T)+ 2,K,] Mm--'-- Mr,+l 
2 

where 

---~- 1 -I- 

• 

Hence, the last inequality can be rewritten as 

(18) Ilxm+~(t, Xo) - xm(t, Xo)ll ~ [ ~  + " .  

2 Periodica Math. 18 (2 
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Then for l[Xm+k (t, Xo) - -  xm(t, ~o)11 we  obtain the estimate 

X 2 

from which, by the condition B2 the uniform in (t, Xo) E R × D o  convergence 
of the sequence (11) follows. If  we denote x~ (t, Xo) = lira Xm(t , Xo) then the 
following estimation holds: m~ ~ . 

(20) IIx.(t, Xo) - -  Xm(t, zo)ll < 

Tending to the limit in (11) m -~ ~ we get that  x=( t ,  Xo) is a periodio 
solution of the equation 

:~(i, :~o)--~o + J {f(~, x(~,:~o), [~(,,~,:~(~, Xo))- ~(~,~,:~(~, ~o))]d,)-  
o o 

(21) - I (~,  ~(~, ~o), S [~o(~, ,, ~(~, ~o))) - ~(~, ~, x(~, ~o))] d~)} ~ + 
0 

+ . ~  I i (x( t t  - -  0)) - -  t I (x ( t t  - -  0 ) ) .  
O<t~<t 

On the other hand, since the function ~(t) is a periodic solution of the 
system (6), for which (8) holds, then from Lemma 1 of [1], the function will 
satisfy the condition: 

T ; ) l f , [  1 ~- z, ~(z), ~(z, 8, ~(8)) d8 dz + - ~  ~ Ii(~(tt - -  0)) = O. 
.L O<t~<T 

0 0 

Hence ~(t) is a solution of the equation (21) as well. 
In order to complete the proof we have to show the uniqueness of the 

solution of the equation (21). Assumothe  opposite. Let  x(t ,  Xo) and z(t, x0) be 
two solutions of (21). Then for their difference we have 
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i 

t 

[[xCt, xo) -- z(t, xo)il ~ (l ~-~} ~ {Kll[x(~,xo) -- z(~,Xo)ll + 
o 

+ KgKa (1 -- T} [Ix(s, Xo) -- z(s, Xo)Jl ds+ K~K 3 T f 'lx(s' x°) -- 
0 T 

T 

-- z(s, xo)lldsl dT + --~ ~ lKll]x(T, xo) -- z(T, Xo)ll + K2K3 {1-- T)  × 
t 

× Ilz(s, :~o) - z(s ,  zo)ll as + K~K a IIx(s, :~o) z(s ,  zo)ll a s  d ~  + 
0 .r 

Introduce the notation 

II:~(t, Xo) - z(t ,  xo)ll = rCt), 

Then (22) can be rewritten as 

l~(t)lo = m a x  l ~(t)I 
t 

t 

o 
T 

+¥  ----7-- 
t 

y I~(t)lo + 2pg ,  lrCOIo = 

= [ T ( K ~  + KzK3T) + 2pK~ lr(t)[o. 

If  we replace the right hand side of the inequality (22) with the right h a n d  
side of the inequality (23) and continue this process further then, after the 
m-substitution we have 

r($) ~ [-~ [Kl q- K2KaT} + 2pKa] m-1 Ir(t)[o, 

which implies: 

[r(t)[o~[2 (Kl + K ~ s T ' ) +  2pK.] m-1 [r(t), o . 

2* 
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Tending to the limit with m - *  oo in the last inequality from ]32, we get 
[r(t) [0 --- 0, i.e., r(t) = O. The proof of the theorem is complete. 

Consider the problem of existence of periodical solutions of the system 
(6). Denote by A(xo) the expression 

T t 

(24) A(XO) = T f f (t, x .( t ,  Xo), f ~(t, s, x.(S, Xo)) ds} dt + 
0 0 

1 
+ l t ( x . ( t t  - o),  Xo) 

O<tt<T 

where x.o(t, Xo) is the limit of the sequence (11). 
Since x.~(t, Xo) is a periodic solution of the equation (21), then for 

A(Xo) = 0 and 

 0(t, s ,  x . ( s ,  Xo)) = o 

the function x.o(t, xo) is a periodical solution of the system (6). In  such a way 
the existence of periodic solutions of the system (6) is connected with the 
existence of zeroes of the function A(x0) and with the relation 

cp(t, s, x.(s,  Xo) ) = o. 

However, to find the function A(Xo) is practically impossible. Then the fol- 
lowing problem arises: how, using the function 

T t 

(25 )  /Im(;ZO) = T f(t, Xm(t, XO), ~(t, 8, Xrn(8 , XO) ) d8) dt -}- 

o o 

1 
+ ~ It(xm(ti -- O, Xo) ) , 

T 0<t~<T 

to conclude about the existence of zeroes of the function A(xo). 
The following result holds: 

'I~oR~.M 2. Let the following conditions hold: 

1. The conditions (A) and (B) are fulfilled. 
2. For some integer m ~ 0 the function Am(xo) has an isolated singular 

point: Am(x° ) = O. 
3. The index of this point is different from zero. 
4. For each x o E Do uniformly in t E [0, T] there exists 

T 
lira S cp(t, a, xm(s, Xo) ) ds = 0.  
m--*~ 0 
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For this m for which Condition 2 holds, the condition 

~o(t, s ,  xm(s ,  Xo)) = o 

ia fulfilled. 
5. There exists a closed convex region D c D o with a unique singular point 

x ° such that on its boundary the following inequality holds: 

inf I]Ara(X)ll 
xErn  

Then the system (6) has a T-periodic solution :r, = x(t), for which x(O) ~ D. 

The proof of this theorem is analogous to the proof of Theorem 1 from 
[3] and uses the inequality 

IILl(Xo) - Am(zo)li < 

MT2 {1+ -~}{ Klq" K2Ks'------~Tq-2 2pK4} [~{K1 ÷ K~KsT} + 2pK41 m 

< 

Consider now the equations with a general impulse effect. Let the impulse 
effect occurs when the mapping point reaches the hypersurface t = tt(x ). Then 
the system (1) differs essentially from the system (6). In this case we cannot 
use an iteration process since at each step the function Xm(t ) has discontinuities 
different, in general, from the discontinuities of the function xm_x(t ). Moreover, 
in the system (1) it is possible to get "rolling" of some of its solutions on the 
surface t = ti(x), i.e., reaching of the same surface by the same solution several 
times. We assume that there is no "rolling" of the solutions of the system (1) 
on the surface t ---- tz(x), i.e., the solution goes through every surface only once. 
For that purpose we need some additional ssumptions for the functions ti(x ) 
and Ii(x ) which are given by the following lemma: 

LE~.A 1 (see [4]). Let the fundion Ii(x ) and tz(x) in the system of equa- 
tions (1) satisfy:the conditions CA) and (B) and the inequality 

(26) 0<.<1sup( Oti(x'+ al'(x))Ox ' I,(x)~ ~ O 

for all i = 1, 2 . . . . .  p and x E D1. Then for ,~rafficiently small N the solutions 
of the equation (1) pass every surface t = tz(x ), i = 1 , 2 , . . .  , 1o only once. 
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Further  we consider such equations only, for which the conditions of 
the Lemma 1 hold. 

For constructing a periodic solution of the system (1), we proceed as in 
[1]. We fix /9 points z ~) C ])1, j = l,  2 . . . .  ,p, and build a sequence of T- 
periodic functions 

t 

(27) ~ra+i(t, ~o, z(X), z(~) . . . .  , ~P)) = ~,o-t- ~ {f( 'gl 9gm('g, 9~0, 7-,(1)1 ",'~'~), • • • , z(P)) , 
0 

f [~( 'g, 819~ra(8, 9~ O, ~1),~(~.), . . . , ,,,,,~)))__~(.g, 81 9~m(8, 9~ O, ~1), ~ l ) ,  . . . 1 ~p) ) ) ]  d8 - -  

- f(~,Zm(V, ~o, ~)1 ~ ) ,  . . . .  z(P)), ~ [q,('~, 8, Zm(8, :~o, Z(~), Z(~), . . ,  z(P))) - -  
0 

- -  (P('gl 8, :vm(Sl :~o, z(1), z(~)l • " " ,  z(P))) ]  ds) }d~ + ~ I i ( z  (i)) - -  t I (z ( i ) ) .  
O<ti( )<t  

I f  this sequence converges uniformly in t E [0, T]  then the limit function 
x.( t ,  ~0, z(1), z(~) . . . .  z (p)) is a T-periodic solution of the system of equations 

t 

(28) ~ = l(tl ~ (0 ,  S [~O(tl 8, x(8)) - ~(tl 8, xO))]  d s )  - -  
0 

t 

- -  f(i~, ~(~), f [~ ( t ,  8, ~(8))  ~($, 8, ~(8) ) ]  ds)  - -  ~¢/, i-l'~d I i(;~(i)) ' t =?~ ti(~ '(i)) 
o 

Axlt_t,(~,~ ) = l t (z(O).  

I f  we choose x o, z (~), z (z) . . . .  z (p) from the conditions 

(29) 

where 

t 

f(t, x.Ct, xo, z ~ ,  . . . .  z~)) J" [~(t, s, x . ( , ,  xo, z(1), z~ . . . . .  z~p))) - 
o 

~o(t, , ,  :~.(8,  Xo, ~1~ . . . . .  ~p)) ) ]  a~) + l ~ , x , ( ~ o )  - o,  
r/1 i=1  

z(i) = x,o(ti(z(i)), Xo, z ( 1 ) , . . . ,  z(P)), i -~- 1, 9 . . . .  , p 

~(t,  8, x~,(s,  Xo, z(~ . . . . .  z(P))) ~ 0 

identically in t, then the l i m i t  function x..(t, ~0, z(1) . . . . .  z (p))  will be the 
desired periodical solution of the system (1). 

In such a way, for proving the existence of T-periodic solutions of the 
system (1) we need the following: 

• 1. Prove the uniform convergence of the sequence (27). 
2. Solve the system (29). 
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For getting 

~0(t, 8, Xoo(8, X 0, Z (l) . . . .  , z ( P ) ) ) =  0 

i t  is sufficient to assume that  for every point  from D 1 uniformly in t E [0, T] 

T 

lira 1 ~ ~(t, 8, Xm(S, x o, z a ) , . . ,  z(P))) ds = 0 .  
m - . , . T 3  

In order to simplify the exposition we assume that  p = 1 in the system (1). 
Then 

(30) I ,(x) = I(~) ,  t,(x) = t ( x ) +  i T ,  

and the sequence (277 caaa be writ ten as 

t T 

• m+l(t, Xo, ~) = ~o + S {f(T, ~m(T, ~o, ~), S [~(T, , ,  ~m(', ~o ~)) - -  
0 0 

(31) - -  ~(T, 8, :rm(8 , XO, Z))] aS)  - -  / (T,  3:m(T, :to, Z), S [~(T, 8, :rm(8 , 3~0, Z)) - -  
0 

O<t(z)< t 
- -  ~(T,  8, ~m(8, XO, Z))] d8)} aT -I- 

The conditions (29) can be writ ten as 

t 
. ~  I(z) - -  . ~  l(z), o ~ t ~ T  

t 

{ / } o ~®(t, =o,z), ~(t, s, z®(s, =o,Z))ds + - ~  (32) A(Zo, z) = ! t, = 
o 

z = z . . ( t (z) ,  ~o, z) 
if the condition 

~(t, s, x . ( s ,  z o, z)) = 0 

holds. 
From the proof of Theorem 1 it  follows that  the sequence (31) converges 

uniformly for every x o E Do and z ~ D 1 to the T-periodic limit function 

x..(t, ~o, z). 
We establish some properties of the functions Xm(t , Xo, z) and x**. 

L v . ~ A ,  2. There exists a positive con~tan/t K '  = K'(KI, '  K n, K n, K4) such 
that [or every y, z E ]:)1, t(y) ~ t(z) the following in~luality holds: 

(33) HXrn(t, x o, y) - -  Xm(t, z o, z)l I ~ g ' l ly  - -  zll 

uniformly ir~ 0 ~ t < t(y), t(z) < t ~ T for each m = 1, 2, . . . .  
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PROOf. From (31) for m :  0 we have 

t 

H~(t, X O, y ) -  xl(t, X O, Z),, ~ ( 1 -  T ) f  { KI''y --z,]+ K2K 3 ( 1 -  ~ - } X  
o 

T 

0 

T 

+ 

t 

t 

x f I l y -  ~11 ds 
0 

T 

t 

0 

T 

t 

+ K411y- zll < [(g~+ K~T} T ] ~-+ K, Ily zll 

when 0 ~ t < t(y) or t(z) < t ~ T. 
By the method of the mathematical induction we get that for each 

m ----- 1, 2, . . . .  
I lxm(t ,  x o, y )  - Zm( t ,  X o, Z)I I 

[ [K~ K2KsT.) T]m + K41--[IK~ + ~ 

1- [ { K ~ + - -  
2 j2jl 

2 / 2 J ~  

:From the condition B2 we conclude that 

Thus for completing the proof i t  is sufficient to take 

COROLL~a~Y. The/unctions zm(t(z) , xo, z) sati#y the IApeehitz condition with 
respect to z. 
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PROO:¢. Let  z E/)1, z' E/)1 and t(z) < t(z'). Then 

(a4) [[zm(t(z), ~o, z) - Xm(t(z'),  Xo, z')ll ~ Xm(t(z), X O, Z )  - -  

- ~m(t(z),  ~o, z')[[ + I[Xm(t(z), ~o, z') -- Xm(t(Z'), ~o, Z')II 
I':'llZ - -  Z'll + IlXm(t(z), ~o, Z') - -  :~,.(t(Z'), ~o, Z')ll 

K ' l l z -  z'l l+ M~V {2+ ~ 1 1 1 z -  z'll = [ K ' +  M N  (2+  1 } ] H z -  z',l 

for each m ---- 1, 2, . . . .  

I ~ . A  3. The function Xm(t(z), xo, z) satisfies the Lipschitz condition with 
respect to z with a constant 

The proof follows from the uniform convergence of the sequence Xm(t , :c0,z ) 
and from the corollary of Lemma 2. 

I f  N ' ~  1, the equation z = x.~(t(z),Xo, Z ) is solvable in the form 
z ---- z(x0). Then the problem of existence of T-periodical solutions of the equa- 
tion (1) is transformed to the problem of existence of zeroes of the function 
A(x 0, Z(Xo) ) and satisfying the condition 

~(t, s, zoo(x o, s, Z(Xo))) --: 0 .  
In many cases this problem can be solved using the function /lm(Xo, zm(Xo) ) 
under the condition that  

r 

lim 1 f , , - ~  T ~ q)(t, s,  xm(s, x . ,  z,.(Xo)) d s  - -  0 

o 

uniformly in t E [0, T]  where Zm(XO) is the solution of the equation z = 
= x, . ( t (z) ,  :~o, z) .  

The following theorem is true: 

THEOREM 3. Suppose that the following conditions hold: 

1. The conditions (A), (B) and (26) hold and N" ~ 1. 
2. For some integer m ~ 0 t/~e mapping 

Am(Zo, z.,(Zo)): Do ~ R"  

has an isolated singular point with a nonzero index. 
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3. For each x o E Do uniformly in t E [0, T] there exists 

\ T 

lira 1 t'o(t ' - -  s, xm) ds - -  0 
m---,oo T 

o 

and for this m for which Condition 2 is fulfilled, it  holds 

~(t, s, Xm(S, Xo, Zm(Xo)) = 0 .  

4. There exist8 a closed convex region D c_ D O having an isolated singular 
point such that on its boundary F v the following inequality holds: 

inf H/Im(xo, Zm(Xo)H 
xCrv 

MT 1 + 4P I I__ + K ' K s T +  2pK, K 1 + + 2p 
~. 2 T ] (  2 

Then the system (1) has a T-periodic solution x ---- x(t), x(O) E Do, and th~  
solution ca~ be found as a l imit  of the sequence (31). 

The proof of this result is analogous to the proof of Theorem 1 from [3] 
and uses the inequality 

[IA(x0) -  Ax0)ll < 
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