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Abstract  

In this paper. Ihc/h,.vura[ vihralimt analy.sis O/mmh, rate-thick rectangular plate.~ with 

.~[owll" var)'ing thickne.s~ using p('rturhation method is ~h'.v('rihed. and the cvplict 

e.vpres.vions t?/./kcc vibration /r(,quencies liar arbitrary thicknevv /imctionv are derived. 

k)'nallv, several nunwri('al examph,.v have been given and comparL~on.s havc been math" with 

other proposed soh, tion technique.s. This comparLson vhow~ that the method richly v(,rv 

.eood rc.~ults, so that this methodmay he regarded as tilt alternative e[li, ctive method lhr the 

vibration and buckling attalvsis t!l plate.~ atul .vhells. 

I. I n t r o d u c t i o n  

It is well-known that computational methods for the analysis of the natural frgquencics ~1 

flexural vibration of plates based on the classical thin plate theory cannot present their accurate 
values for the higher modes, and thus have limited application. Timoshekoltal(1921) was the first to 

include the effects of both transverse deformation and rotary inertia in the study of the flexural 

vibration of elastic beams. Later, MindlintT(1951) developed a theory for flexural vibration of 

elastic plates which included the influence of transverse shear deformation and rotary inertia. Since 

then, the application of Mindlin's theory to plate problems has been considered by various authors 

and a variety of methods have been developed to obtain approximate solutions, e.g., the Rayleigh- 

Ritz method m, the finite element method I~ ~l, the finite strip method I~' ~4. But there are relatively 
few analytical solutions Is 71, and only plates of uniform thickness have been considered Is1. 

For the vibration of moderate-thick plate with variable thickness, the solutions of the problem 

can be obtained only by approximate or numerical methods [~sj owing to the mathematical difficulty 

of solving the differential equations with variable coefficients. In this paper, the difficulty is 

overcome by means of expanding the thickness function in power serieS; in the thickness parameter 

and using perturbation method and the generalized Hale Law t41, and the explicit asymptotic 

expressions of free vibration frequency parameters for thickness functions are derived. 
To demonstrate the applicability of the method presented herein, the frequency analysis of 

plates with linearly varying thickness and edges simply supported is made,and the results are 

compared with those obtained by other.techniques. This comparison shows that the method .yields 

very good results, and estimated values for the higher modes can be obtained without any 

difficulties. Finally, this method is applied to plates with bilinearly varying thickness, and some 

interesting results are presented. 
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If.  E q u a t i o n s  o f  M o t i o n  

In Mindlin's theorv ~:1. the displacements are assumed to be 

u (x , ! l , ; ' )= - - zVx( .v ,~ l , t )  

u(x,!l,t.) =---c~v{x,u . t )  
I :v(x,~j,t) = w ( x , ,  d , t )  

The equations of motion of the ptatc arc written as 

12 . l )  

2~,I~,, + M , , , ,  - Q, + ,ohav),,, 1/12 = o 

i M , , , ,  + M , , ,  - C.')~ + pha~,, ,,,1 / 12 = 0 
t 

Q,, ,  + Q,,~-- t)hw.,,=O I 

The ~.'om, tituti'.c relations of the plate arc written as 

~2.2) 

3I , =  - -  D (  ~., . . . .  P~'w,, ) 

M w = - D( ~o,., + vu2,,,~) 

M , , = - D .  (w, , ,+~o, , , , ) (1 -v ) /2  (2 .3 )  

Q~=kGh(w,~--V),) 

Qw = k G h (  w , v - ~ o ,  ) 

where u. v. andware  displacements in the directions o f .v .v ,  and -. ~, and v2w represent 

respectively rotations in the xz and yz planes due to bending only. M,. M,. and M,, are the bending 

and tv, isting moments per unit length, Q, and Q, are the transverse shear forces per unit length. 

,o is the material mass density and thickness h is a function ofx  and .v. D is the flexural rlgid~t?, of the 

plate, v Poisson's ratio, G the shear modulus and K the shear coefficient. 

To solve the equations conveniently, tirstb,' we introduce the nondimensional parameters a,, 

follows: 

~.M~, M~, M ' . , } = h a D ; ' t 3 1 , .  3t , ,  31,~t 

tO', O'~}-hoDo Q,., Q, t  

1r a~-~-a l.{x. h~} 

~rl, /3t=b-~lg, hot 

tw*, h*}=h-o' {w, h} 

r=ooo;'4, kl=kGh'oD;' 

; , =  ,,,oh b o{, ) ( l z D 0 ) -  ' 

in which a and h are the length and ~ d t h  of the plate, and 7 is a fa.ctor rclatirtg to the Dec 

vibration frequency. 

S0hstituting the above equations into F.qs.(2.3) and (2 2) l,:adt, to the nondimcn'..~ona! 

governing equations (in which, for brevity, we omit the index * of nondimensionat parac:~c'..,-~,~ 

aM:,~+13Mr176 =~) : 

aM~,,.r f lM, . ,a_Q,+ ;v :h~ , . ,  =0 ! f ( 2 . 4 )  
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~c. l .,--IqC~)~,~---L27.:'D:c < - - : l  

).1,, = - - h  (g,'~',~,,~ - - , , . ; '  .. I 

. l l , ~ = - - t P . ( 1 - - , ' i ~ .  . : . . ~ _ ~  . . . . .  ;' 

CO,, = i , l q  ( i?,:t,.  , - t "  ' 

No,,~ ! ~, ~2 5J are  . , ubs t i tU l cd  i n t o  t"Lq.(2.4), v, :,!,,~,, : ! , . . .  :,..~ ,~,, ;; ,~;,,,: , ,  

d i . . p l ~ l . v m e n t  v a r i a b l e s  

-',:, ( - " . : '  " . ' " -  ' /7~t"~ '~ :~  : / ~ I ;  " ( t ~ V ;  .~ ' ,  ~,':. . . . .  , , i l l  . ~ "' ;de  I , "  . . . .  , ~ . . '  

, ,  ; - / ' l  t/~ ' , .  * r " ~ " t'1 , , ', . + , . 

, ' q { / ~ 7  .,~-. ,;~,,;,. ) t }  - ,  } , - '  . - t  ,~ t / ; ~ ,  �9 �9 , :  . )  -~clti , :u,u - w ,  I 

- },>.~/, ~,,,,, +--T -aa /~ 'h ,  ~ { l&,,.,, + av,, . .  ) -~ 3tJhah., ( lJw,. ,  -,- 

c~hlq ( a m  ,e.: - -  ~o~ ,:  ) + f lh te l  ( f lu . , .  ,,~ - -  ~o~ , ,  ) - -  1 2 V , ~ h u ~ , , ,  

~- a h  : k~ ( a a ' ,  : - -  w ) -.- rid ,,.~l ( du~,  ~ - -  V'~ ) = 0 

~,atW~,- ) - 0 

( 2 . 6 )  

Ill ba ' , l c  I'iq,{2 f~l. t h e  tlli~.kncs~, 1,, u f u n c t i o n  o f  < :rod tl , so t h e s e  dif lerci~t{ul  c q u u i l o n s  ~,f 

x a r i a h l e  coef l i c lcn t~ ,  a r e  d i f f h : u l t  to  be  s l o v e d  d i r e c t l y  b,. ana l ' ~ t i ca l  m e t h o d  Itl tili., p a p e r ,  thp.  

d i t ' I ] cu l tv  b, a x o i d c d  h_~ u~,ing t hc  P L K ' m e t h o d  in p c r t u r b a t h m  t h e o r ~  '! T h i c k n e s s  h. d : . p l a c c m c ~ I ~  

u .  ~.,.. ~ a n d  the  f r e q u e n c y  l a c t o r  /~: a rc  c x p a n d e d  m p o w e r  se r i e s  in ' h e  t ' , qh , ' ,  i;;g t , : :~ l ,  

m - ]  

) z =  1 +  \ ~  e=,;,~ 

I I 1 ~ 0  

r n - O  

~', ( a ,  ,7, r )  =. ~...~ e ' , / , , . , ( g , , j , O ,  

(2.7) 

wherc e is a s m a l l  p a r a m e t e r  r e l a t e d  to  t h i c k n e s s ,  t h e - ~ e c o n d c q u a t i ~ m i s i n t r ~  m u c h  

more  a c c u r a t e  r e l a t i o n  f o r  the frequency f a c t o r  ). can be found b,, e x p a n d i n g  ).z , rather than 

,;,, in a power  series in e to the same  order TM. 
Subst i tut ing  Eq.(2.7)  into Eq.(2.6)  and equat ing  like powers  o f  e lead to the f:~llowing 

recurrence differential  equat ions  with constant  coeff ic ients .  

Order e ~ 
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+ k~ (a,w,,~ - -~o)  -- y~O~o,.. = 0 

1--v t -~ ( afl~O~.~, + a'V~,o,r ) + (f lzr  + vaflf~o.r ) 

+ ~ (f lw~,,-  r -~,,,o,o,,, = o  

ak~ (aw0.~-Wr162 + ~k~ (flWo., ,-  ~,o.,) - 12VWo...-- o 

(~.8) 

Order ~ 

- -  3hz----~( fl Wr aflW,o.~) --klh~ { awo,r + V3.~P~,,,, 

+ 3kW!or162162162 
l - - v  

§ ;3h(,~W~o,,, -- 3h~,r (a/~p~,,, + a:~O~,,..,) (1 -v) /2- -3hn,~( f laW~o, ,+~a[~r176162 

- k~ h~, r ( a~wo, r -- a~#r -- k~ h~,, ( f f 'wo,,  -- t~ ,0 )  + 12yh~wo,,, 

(2 ~i) 

III. P e r t u r b a t i o n  So lu t ion  

Let us consider the plate with edges simply supported. The displacements in Eq.(2.8) are 

w~ ~.-t y~,w~.sinm,,r~.sinmrr/, e " . . t  1 

q)~0(~,r/,r) = ~ ~f-~v.osinmrr~.cosmrrl.e'" 
toni toni l 

~o(~,r/ ,r)  = ~ ~ . u = . c o s n m ~ . s i n n n r l . e ' "  

de~ribed as 

Wo(~, o, ~) =,P~, (~, 0, r) = M , .  ( i ,  0, r) = 0 

wa(~, 1, r) =~0r 1, r) = M,o (~. 1, r) = 0 

(~.I) 

where rn and n are the numbers of half waves in the x and y directions, It is apparent that all the 
following boundary conditions are satisfied. 

wo(0,r/, r) ~-~O,o(0,r/,~') -----Mc,(0,t/, r) = 0  

to0(1, r/, r) =Ip** (1,17,r) =M~o(1 ,rl, r)-----0 I (3.2) 
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Substituting the displacements Exp.(3. l) into the governing Eq.(2.8), the resulting expression:; 
have the following forms: 

[c,~ ] [ f ]  = 0 ( :~, :~) 

where 
[ f ] = { u . . ,  v . . ,  w . . }  r 

l - v  o o ~ . . 

c , , = ~, - k , -  - - T - f l -  n~ :r- - a~-m'-:r ~ 

l ' J1  "13  z'~ 2 
C 1 2 = r  = - -  2 apmn:T 

Cl a-= Cal = a m n k l  

czz = l ) - -  kl - -  ~---~aZm~ a : -  flZn%rZ 

Cza : ca: ---- fln~rk 1 

c~3 = 1 2 ~ - -  k , ~ r , ~  ~ - -  k l f f  nz n" 

The frequency factor IJ in the zeroth order approximation is obtained from 

[c . ]=0  (3.~) 

The solution of Eq.(3.4) yields the estimated values for the three natural frequencies and the 

corresponding eigenmodes. 
Before solving Eq.(2.9), we change Eq.(2.9) into the following form 

k u = f  (3.5) 

in which 
u={~r ~ , , .  w,} r 

f={P, ,  Pz, Pa} r 

L =  

- Oz , 1 - - v o z  0 2 a z 
~ ~-ggr + T "  -g~-~ - ~ ' - v ~ ,  

a f l l  + v O 2 
2 O~ar?' a k ,  

a z 02 z , Oz Oz ~ 0 a f l l  + v O 2 l - - V a  _.~.~_w p _ . ~ z _ _ , t  _V.~_.~z_r , f l k , T ~  
2 a~a~' 2 

O O 

- a ~ ,  ~ a~ ' - # k ,  ao ' 

O z O z 0 z 
a ~ k , T C -  + # % - N r  " - v ~  

P l = 2h l k l  ( aw~,r  --I#r + },22, ~r , -  - -  3hi  ,r ( a'tP r ,r 

+ v a f l ~ o , ~ )  - -  3h, ,~ (flz,)r ~ + afl~b~o, r ( 1 - - v ) / 2  

P z  = 2h l k l  ( f l w o , ~ - -  ~O~o) + ~,/l~ ~ o , , , - -  3h1,r (afl~0r 

+ a~0q0,r162162 

P 3 =  I2~,A~ wo,~,-- k thx ,r162162 - - k t h t , , ( f l z w o , ~ - - f l q J ~ o )  

Eq (3.5) is formally the same as the equation of forced vibration Owing to the properties ol 

eigenvalue }' , in general, there are no solutions in Eq.(3.5) except that 3. is a characteristic 
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, . , ! i t l c  tLl- ,cc: , ,n t h e  - , ~ ) l \ a h i l l t ;  , . < u l c h l i o n .  t h e r e  l ! l l l , , l  hi; 

i0I  ~ ~ 
~ !~,.,;,. u 3'; is the <.C)]Ii/ioD of equat ion Lru + -= (~ , / is the period of  vibration, k Tis the Iransposcd 

,,pc,'<~:~,r c ,f 'hc differential opcraltu L. In Fact. Iq . (3 .6) i s  the generalized form of  Hale l.a~v >!, Here, 

it Is apl-)i.iiClli that 

u~" = { ~ , ' . ' 0 . v / , , ,  w 0 }  ~' 1 , 3 . 7 )  

S i i h s l l t t l l ' i :  ' i ' i  I \ - )  i l l l :>  I ' -q . t3  (~1 l i l le]  i l l t i , , v t t l c i n , ~  I he  ! o i l e r ,  m e  p ; i r a m c t c r s  

II----{l I ' ~ t ,  ' . - ,{ / ) l . , ( ( t ' l ? l 'T l lm) ,  ' ~  1: : ( ( ' l ) ' t | 2 " H ' m n - - l i " , ) ) J H m r * ( ' ( ) c  l q T q S i i  l ' ?  ": 

v,z lTn.Tv .... ) u,,,,,s i n m . ~ g c o s m  -r .~s in a n = r / - -  ;:;/q .~ (, ,den TU .... 

~ (ljTl? ~ C m . ) f l r n .  COSLf t iT~c~i [ i t lT l l t iOSt l .~ ' l  "] �9 ( ] - - ! '  ) , ' 2  },ls 

i" 
" ' ] ' :=j  u" 2'/ci/'*l t';;tl'rw'n'--~"mn)t' m"sin'li'i'T2'COS::n'rrl- [ll!l (,9:fln.'TUm. 

-~- c(" m,r'o ,,, ,, ") -o ,~ , , cosm,  rS, s i n m , r , ~ c o s Z n v r l  �9 ( i - -  ~' ) / 2  + 31q,  ~ (tgZtl.T=',~, 

+ v<z/dmeru,~,  ) : '= . s  i a-'mx~, c o sn.,Tr/s i n m r r l  ~c d ~ , d q  

- l a = - "  t o {  k i t  q , r (a"m=rtum,~ - -  au,,, , ,  ) to ,,, , s  i nm. ,r  A c o s m : r  ~ s i n : n z l I  

+ k i t  i , ~ 1 , f f ' n . ' r w = . - - f l z - ' , , t . ) w , n , c i i n : m o r g s i n n . r r q c o s n : r r l [ d S . d r l  

. 1 o = = { "  , 2 ~ �9 , 3,~ u ; ,  cos mrre, s i n ' n , ' r r l a -  v ~= . s i n Z r n : r ' g c o s Z n . , r r l +  12w'. .  s i n Z m . , r ~ , s i n Z n z r r l } d ~ d r l  
J 

\u have the resulting cxpression in the follov, ing  form: 

a', = Y', < I  (a.  8) 
I ; -  I 

<~r :~riom, phttc~,x~thxar>inglhickness, we can obtain the frequency factor ,i~ in the first order 

l,i-roxhll:fl;,,9 h,. c.,h:ul~ltlng integral Exp (3.g). 

\ ,  a r  cxzl~p!< !he lice \ ihrnl ion frequencies of  the Mindlin plate with edges simply supported 

' .  >,'~} ,rod ;~:~r ( ih=.~)  and bilinear (th--=~r/) thicl~ness distributions are discussed and the 

r, ,tdts arc >m,~ n in I~Lblc i to Table 4. In order to compare  them with the existing solutions based 

~,,~ ~ i-<: vl~i~ plate thcor\  w; <Lnd M indlin plate theoryl~5[ we consider the SSSS plate with a taper ratio 

�9 , *!f, Ihc ,,,;c thickness ratios o f  the plate varies from 10 to 500. The numerical results for the 

t'tllldail;ciltgtl frcqtlenc', :ire shovvn in Fig. l. 

IV.  C o n c l u s i o n s  

It can be seen from1 tile example, the results of  the first-order per turbat ion solution agree very 

~cll ~ ith the results o f [ I  5]. and therefore, for Mindlin plates with arbi t rary variable thickness, it is 

not difficult to calculate tile free vibration frequencies by means o f  the method proposed herein. 

As can bc sccn from Fig. 1, the results obtained by the present method are close to the existing 

solutions, which is obtained ~:y: using the collocation method"~i, for the case o f  a / h 0 .'> 100, it may 
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2 25.0 / 

% 24.~ 

24.0 

10 

,, 

" I 

. . . .  [ lol  , .  
- -  - T h i s  I 

- -  E f I' I 

5~ I00 50( 

a/h, 

} i~ I k';:riali~,n ,,4 Iun,,l:lrncnlai trcqucnc~, with (a/h,,',) Ior SSSS plate (h'a I. (~) 

i :~ lc  i 

Table 2. 

,J/ho 1 10 

a 190G 

~,(~) 0.933 

fl'~ '~ rD i 0.456 

h ,  1 q 20 20 40 

,r 69.T[ 76.23 T7.70 78.'!5 

f,(~) 6,786 0.933 0.933 0.982 
/"!~.;) 0,. 39,q 0.46s 0.466 0.491 

~,=[D/(f,a'ho)]'".a.[l+B(h,)e]' ' 

20 30 40 50 60 
I 

19.56 19.66 19.62 19.73 19.74 / 

h 0,982 0.992 1.00 0,995 0.996 

0.49l 0.496 0.500 0.498 0.498 

, ,=[ I~0,~ '~ ,o) ] '  ~.(,.[i  +fl(t, ,)~], '~ 

80 i00 

19.84 20.04 

0.988 0.968 

0.494 0.484 

- - -  [ 
78.50 ;8.[~;. 77.05 7~.92 

8.988 0.992 L.04 0.995 

0.494 ~.496 0.52 0.,19~ 

Table 3 m = , = 3  ,,)= [ D/  (po'he) ] ' /2.a.[1 "4-B(h,)e]x 2 

o/ho 10 20 30 40 50 60 80 I ~ 

a 139.8 164.8 171.5 174.1 175.4 176.1 170.9 177.9 

/?(S) 0.637 0.863 0.933 0.960 0.974 8.982 0.992 0.984 

fl(tq) 0.319 0,432 0.466 0.480 0.487 0.491 0.496 0.492 

l a b l c  4. co=[D/(pa,ho)],"=.a.[ l  + f l ( h , ) e ] '  2 

a/ho 10 20 30 40 50 00 80 I00 

~z 219.9 278.8 297.3 304.9 308.7 310.8 3!3.5 314.0 

fl(~) 0.514 0.786 0.888 0.932 0.955 0.968 0.986 0.98b 
f l ( ~ )  0.257 0,393 0 444 0.466 0.478 0.484 0.493 0.494 

be o b s e r v e d  t h a t  the  p r e s en t  resu l t s  a re  a l m o s t  c o i n c i d e  wi th  the  s o l u t i o n s  o b t a i n e d  f rom class ical  

th in  p la t e  t h e r o y  "~l , so th is  m e t h o d  can  a v o i d  the  " ' l o ck"  p h e n o m e n o n  w h i c h  c a n n o t  be o v e r c o m e  

by the  f in i te  e l e m e n t  m e t h o d  I~u. 

A l t h o u g h  the  ana ly s i s  is l imi ted  to p la t e s  wi th  edges  s i m p l y  s u p p o r t e d ,  the  p r o p o s e d  m e t h o d  

m a v  be ex~ended,  ~ i t h o u t  specia l  t r e a t m e n t ,  to  the  s t ab i l i t y  a n d  v i b r a t i o n  p r o b l e m s  o f  M i n d l i n ' s  
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plate under initial stress and with other boundary conditions. 

In the present paper, since the explicit expressions of the free vibration frequencies are 

presented relating to the thickness function, it is very convenient to optimize further the thickness 

for dynamic problems. 

A c k n o w l e d g m e n t  Thanks are due to Prof. Dai Shi-qiang, for his direction and help. 
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