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ON THE BUSEMANN-PETTY PROBLEM
FOR PERTURBATIONS OF THE BALL

J. BOURGAIN

1. Introduction

Let K, K’ be two centrally symmetric convex bodies in R®, with
centre at 0. Let V,. denote the r-dimensional volume function. We
consider the following problem of H. Busemann and C.M. Petty (see
[BP], [Bul)):

Does the property

Vac1t(KNL) < Vo (K'N L) (1.1)
for each (n — 1)-dimensional subspace L of R™ imply that
Va(I$) < Vo(K') .

For n = 2, the question has an affirmative answer, as shown by Buse-
mann in [Bu2]. Larman and Rogers [LR] constructed counterexamples
in dimension n > 12, where K’ is the euclidean ball B, = {z € R" |

lz| = ( ;’mf)l/z < 1}. Observe that if K = B, (or an ellipsoid, by
the affine invariance of the problem) the answer is again affirmative.

Indeed, let || || be the norm on R™ induced by K’, i.e.

|zl = min{A e R |z € AK"} . (1.2)
Then Vi ()
it = [ el (13)

where 0,,_; is the normalized invariant measure on the sphere S,,—; =
{l‘ €R" | lz| = 1}. Similarly

Var(K'NL)

z|| "o, o (dx 14
T /S,.-m” n (dz) (14)
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identifying $®~!' N L and S™2.
Assuming V, (L") < V,(B,), it follows from (1.3) that

/an (/san ”x”—n”"‘z(d“'))“”(d”= fs el on-(de) < 1
(15)

where R is the normalized invariant measure on the Grassmanian
Gpn,n—1. Thus, for some hyperspace L

/ lzl| " on_1(dz) <1 (1.6)
Sn-inlL
obviously implying
[ el o) < 1 (1.7)
S»-1nL
and thus
Va1 (K'NL) <V, 1(B,NL) (1.8)

by (1.4). This proves the previous claim.

In fact, in our entire discussion we will consider only the case
where K’ = B,. K. Ball (see [Bal,2]) obtained counterexamples to
the Busemann-Petty problem in dimension n > 10, considering the
cube Q, = [~ 3,1]" and using his estimate

Voa1(QnNL) < V2 (1.9)

for every hyperplane L.
Lately(®), A. Giannopoulos [G] lowered the dimension to n > 7,
constructing counterexamples of the form

n—1

Zx?_{az , IxnISb} | (1.10)

K =A,(a,b)= {.1: €R"
1

(cylinders) for certain choices of the parameters a, b.
The aim of this paper is to do a more systematic investigation of
what happens when K is a small perturbation of B,, i.e.

6(K,By) < & (1.11)

1) Exposed by S. Pichorides, Orsay 1/90.
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where 6(A, B) stands for the usual Hausdorff-distance between two
sets A and B. The main idea is of course to study the variations of
1%, 284 etc. order of the volume ratio formula (1.3). This leads us
to explicit problems in function theory (related to Radon transforms)
and perhaps a better understanding of the role of the dimension.

Our main results are summarized in the following two theorems:

THEOREM 1. Let K be a convex symmetric body in R3, V3(K) =
V3(Bs) and 8(K, Bs) < 6o for some 8¢ > 0 small enough. Then, for
some 2-dimensional subspace L, Vo(K N L) > V3(By).

THEOREM 2. Theorem 1 does not hold in dimension n > 7 in the
sense that there are small perturbations K of B,, V,(I) = V,(B,)
and V,,_1(I{ N L) < V,,_1(Bn_1), for each hyperplane L.

Theorem 2 yields another construction of counterexamples in di-
mension n > 7, related in spirit to the original Larman-Rogers method
[LR] (in particular, probabilistic techniques are used). The variations
of (1.3) are however easier to deal with than the formula itself.

Theorem 1 excludes in dimension 3 counterexamples within a
neighborhood of the euclidean ball. The method of proof is again
based on analyzing the variations of (1.3) which is done by expanding
the perturbation in spherical harmonics.

Adapting the proof for dimension 4 seems difficult. The present
method fails in an essential way. This paper leaves unsettled dimen-
sious 4,5,6 for the local problem (in the sense of (1.11)). The author
feels the methods discussed below deserve further attention.

Letters ¢ > 0, d < oo stand for constants which are at most
dependent on dimension.

2. Approximation of the volume-ratio formula

Let K be a convex symmetric body in R™ and || || its induced

norm. Then Y
VallX) T "
e = (S I1) @

Put r(z) = ||z||~! and consider a perturbation

r(z) =1+ te(z) (0<t<1l and |p|<1).
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I(t) = (/SM (1 +t<p(w))")1/n :

Thus, taking derivatives

Put

1) =100 [+ 10>t
I"(t) -

= (1= n)I()~"I'(2) / (1+t0)" g+ (n = I~ f (1+ tp)"=2¢?

=(1- n)I(t>l-2"( Ja+ w)"-lw)z e (s

and also
ol <e 1o

Hence, by Taylor’s theorem

01 ([t [ (L]

(2.2)
< ct‘"'/S el

This formula will be used in the proofs of both Theorem 1 and Theorem
2. We start with Theorem 2.

<

3. Proof of Theorem 2

It clearly suffices to generate a perturbation K of B, s.t.

Vol K 1/">Su Vol KK N L\ #T 1)
Vol B, £ \ Vol Bn_; ' '

If K is given as in section 2 above, it follows from (2.2) that (3.1) will

hold if
2
(o) = (L) ]2
Ssn~1 2 Sn-—1 Sn-1
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(3.2)

_9 2
Lo 2 (oo
s-1nL 2 Sm-1nL S»—1nL

assuming |p| < 1.
In addition, in order to ensure I to be convex symmetric, we
impose a second derivative bound

t|D?*¢lleo < ¢ (3.3)
and the condition
@(z) = p(—z) for ze€S™ 1. (3.4)

Clearly (3.3) (for a suitable constant c¢) will imply indeed that t = 14ty
generates a convex bhody.

Choose § > 0 and partition the boundary of the cube [— %—, %]n in
cells of size & which are projected on S™~1. The function ¢ is defined
on those cells and transposed on S™~! by the radial map. Consider on

each cell a function of shape

Thus ||D?w|| < C6~% and 1 takes value 1 except on a set of relative
measure o(1). Define on the cell Q,

cpl 0. = Ea¥a (Yo reproducing )
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and where €, = %1 are signs which will be randomly chosen, with this
restriction that

0lQa = 0|Qa (3.5)

where Qa is antipodal to Q,.
The function ¢ on S™~! obtained this way has clearly the following
properties

@ is symmetric
ol <1
, (
[l =1-0(1)

|1D?¢|| < C672 )

(3.6)

Moreover, elementary probabilistic considerations yield that for ran-
dom choice of the signs (subject to condition (3.5), irrelevant for this
matter), one gets

‘/go' <CE~ T 6l = 05T (3.7)
1/2
/ ol < cs 5 (log %) , for each hyperplane L . (3.8)
snL

To obtain (3.9) consider a net in the Grassmanian G, ,—; and use the
(elementary) measure concentration properties for linear combinations
of Rademacher functions on {1, —1}¥. The reader will easily work out
the details.

Conditions (3.3) and (3.6) force

t~ 6. (3.9)

Clearly (3.2) is implied by

n—l/' 5 n—2/ 2
2 Sn—l(p 2 Sn-—lnLSO

'[S”“ SOI " /Sn-an(’g) + (/Sn_1 90)2 +t. (3.10)

>

i
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The left member of (3.10) dominates, by (3.6)

n-—1 n—2

2 2

-o(1) >

Wl —

By (3.7),(3.8),(3.9), the right member is bounded by

n-1 n-2 1 1/2 §—0
C$2&T+FTO%9 290

provided "—éﬁ > 2.

Remarks.

1. It will be clear in the next section (when studying the correspond-

ing Radon transform) that the probabilistic method of achieving
(3.8) yields an essentially optimal result (up to the logarithmic
factor).

. The method described above yields approximations of B; in C*-
topology (v < 1) which are (not necessarily convex) counterex-
amples. Observe that forcing convexity for the body K requires
a CZ-perturbation, although in general the gauge-function of a
convex body does not admit C2-bounds. This fact is one of the
reasons for the dimension gap comparing Theorems 1 and 2.

4. Proof of Theorem 1

Let I{ be given by r = 1 4 ¢, where

l¢lloo = 6 < 80 - (4.1)

One has to show that

(le+¢ﬁ)un<$p(LmJ1+pw*)ﬁﬁ, (4.2)

Writing p = o — [0+ J s ¥ and rescaling, one may clearly assume

L¢=o. (4.3)
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Again by (2.2), (4.2) is implied by the following inequality (let t = 1
in (2.2))

it feser el (o) 2| o= (L) ]}

(4.4)
Since the second term on the right of (4.4) is positive, it suffices to
show
/ PP+ 6« sup/ Y. (4.5)
s L JsnL

Observe that because K is convex and |[r—1||eo = §, one has |r—1| > £
on a ~ Vé-neighborhood of some point in S. There are in fact two
cases

separation

and

Hence, clearly
/ 992=/ [1—r]? >c§2(\/5)2 = c6® (4.6)
52 52
and (4.5) may be written

/ P < sup/ @ . (4.5)
s L Jsar

We need one more geometric fact

[r(€) = r(&)] = |0(€) - o(&")] < CVBe — €| (4.7)
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or equivalently
| Dol < CV6 . (4.8)

The proof of (4.7) follows from simple geometric considerations. Ob-
viously the problem is 2-dimensional. Assume r(§) > r(£'). The fact
that

K D conv ((1 - 8)Bs, r(£)¢)

is used to get a lower bound on r(¢')

With 6,6 as above, one has

r(€) = (1= 6)(1+tg%p)'/?
r(€') > (1-8)(1+1tg%0")'/? if 0<0' <8
>1-6 if 0'<0.
Since r(§) < 1+ 6
9 <CVs.

o Case (i): ¢ > 0.
Thus
r(€) = r(€)] = r(&) - (&)
< (1-6][(1 +t9%6)' /% — (1 + tg?¢")!/?]
1 1
= cosf cosf

<cple-o| < Velg-¢l.
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e Case (ii): ' <0.

Then
[r(€) = ()| < (1= 8)[(1 + tg%6)/% — 1]
<ClpP
<CVBlE-¢.

This proves (4.8).
Let

p=> %

k>0
k even

be the expansion of ¢ is spherical harmonics (since ¢ is even, only even
degree harmonics appear).
Define the Radon-transform

WQ:LMf

for € € S?, where L has the obvious meaning.
Since this operation commutes with the orthogonal transforma-
tions

F= Y MYk (4.9)

k>0
K even

where, from the Funk-Hecke formula

A ~ /1 Pu(t)(1 — £2)"5 8o (dt)
= P(0)

where 8y = Dirac measure at 0 and Pi(t) is a Legendre polynomial
(see [M] for these matters).
Forn =3

(-3)"

k4T (%>k“ -t

(Rodrigues’ formula) and it follows that

Po(0) =0 if k odd

k
~ (—%—) %(’:) (%) (—=t3)*/2 if k even .
N2

Pr(t) ~
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Hence, for k even
k 1
|)\k|~2—k( )N——-.
5/ Vk
Since [ ¢ = 0, also [ &= 0. Therefore

sw [ o=@ > [ 17

L

4.5") amounts thus to get
g

181> > lIYal3 -

We need two further observations.

(A) — One has
1213 < 182l Zlloo -

Obviously, from (4.7)

|3(6) — 3(e")| < CVBlE- €| .

11

(4.10)

(4.11)

(4.12)

(4.13)

Thus if |5(&)| = 7 = ||&leo, then |G| > F on the neighborhood of &

of radius ~ 6~1/27. Hence
1813 > er?- 67172 = 67|35
and from (4.13),(4.14)

~ ~ ~1t1/2
1B1Z < 8741811705

~ - —~ 2
I3l = 5415

(4.14)

(4.15)

(B) — The function ¢ has a harmonic extension to B3 again given
by 3 Y3, where Y}, are considered as functions on B;. From the general

potential theory
”an<P”L3(S) < ”vtangential SOHL’(S) .

One has
a,,,(p = Z kYk
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and it follows from (4.8) that

D R3S cb
Reduce by (4.15) inequality (4.12) to
11127 > 674 3 Ivlls
By (4.9), (4.10)
151 ~ 3 £I¥il -

Choose ko and estimate by (4.16)

YoVlE < Y IValls + okg?

k<kg
and replace (4.17) by
k<ko k<ko

Choose kg the smallest integer such that

Y lIYall3 > k52
k<ko

which is possible since

Do IYelif < 8%

It clearly follows from (4.16) that for this choice of ko

D IYal3 ~ 8k

k<ko

and

STVl > e > Yl

k<ko k> ko

3/4
( ) unuz) > 61/%3’4( $ [1Yall2 + 87

)-

GAFA

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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hence, by (4.6)

Y IYalE > cllollf > 8® . (4.21)
k<ko

Thus (4.18) becomes for this choice of kg

) ot ()"

k<ko k<ko

or

1/8 ,
(T mpg) " > et (4.22)

k<ko

By (4.21), this clearly holds for § — 0, concluding the proof.

References

[Bal] K.M. BaLL, Cube slicing in R", Proc. AMS 97 #3 (1986), 465-473.

[Ba2] K.M. BaLL, Some remarks on the geometry of convex sets, Geometric
Aspects of Functional Analysis, LNM 1317 Springer (1988), 224-231.

[Bul] H. BuseMaNN, Volumes and areas of cross sections, Amer. Math.
Monthly 67 (1960), 248-250 and 671.

[Bu2] H. BuseMaNN, Volumes in terms of cross-sections, Pacific J. Math. 3
(1953), 1-12.

[BP] H. BuseManN, C.M. PETTY, Problems on convex bodies, Math. Scand.
4 (1956), 88-94.

[G] A. GIANNOPOULOS, A note on the problem of H. Busemann and C.M. Petty
concerning sections of convex symmetric bodies, Preprint 1990.

[LR] D.G. LarmaN, C.A. RocEers, The existence of a centrally symmetric
convex body with central sections that are unexpectedly small, Math-
ematika 22 (1975), 164-175.

M] C. MULLER, Spherical Harmonics, LNM 17 Springer (1966).

J. Bourgain

IHES

35 Rue de Chartres
Bures sur Yvette 91440

France
Submitted: May, 1990



