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Abstract This paper describes a unified variational theory for
design sensitivity analysis of nonlinear dynamic response of struc-
tural and mechanical systems for shape, nonshape, material and
mechanical properties selection, as well as control problems. The
concept of an adjoint system, the principle of virtual work and
a Lagrangian-Eulerian formulation to describe the deformations
and the design variations are used to develop a unified view point.
A general formula for design sensitivity analysis is derived and in-
terpreted for usual performance functionals. Analytical examples
are utilized to demonstrate the use of the theory and give insights
for application to more complex problems that must be treated
numerically.

Nomenclature

The notation for analysis of nonlinear structural mechanics prob-
lems tends to be tedious and complex. To facilitate reading of
the paper, the nomenclature used in the development of various
concepts is summarized here. Bold faced letters represent tensors
or matrices, and a “¢” between two letters implies direct tensor
product.

a right superscript that identifies a quantity for the adjoint

structure
b design variable vector
B a strain operator

dV  differential volume in the undeformed configuration
dV  differential volume in the fixed reference domain
f body force per unit undeformed volume

g integrand of the displacement specified boundary integral
- in the response functional

G integrand of the volume integral in the response func-
tional
h integrand of the traction specified boundary integral in

the response functional

J Jacobian of the transformation from the undeformed con-
figuration to the reference volume

T area metric for transformation from the undeformed con-
figuration to the reference volume

n unit normal vector to the surface T’
r left superscript or subscript for quantities in the reference
domain

R surface traction

RO
R
S
ge

-~

prescribed surface traction

subscript referring to the traction specified surface
second Piola-Kirchhoff stress tensor at time ¢
stress tensor for the adjoint structure

time

total time

left superscript representing the quantity at the final time
T

right superscript indicating transpose of a vector or ma-
trix

Jacobian of the transformation for the time to the refer-
ence time-domain

subscript referring to the displacement specified surface
displacement field at time ¢

prescribed displacement field

prescribed adjoint displacement field

displacement field for the adjoint structure

coordinates in the undeformed configuration

coordinates of the particle of the body in the reference
domain

volume in the undeformed configuration and the reference
domain

virtual work expression in which arbitrary variations are
replaced by the corresponding adjoint fields

Jacobian matrix for the transformation from undeformed
configuration to the reference volume

inverse of the Jacobian matrix X

composite state vector consisting of displacement, veloc-
ity and acceleration fields

augmented ‘action’ functional defined in (9)

adjoint strain operator

gradient operator

variational operator

an operator for the adjoint structure defined in (26)
Dirac delta function

Green-Lagrange strain tensor at time ¢

strain tensor for the adjoint structure

Lagrangian maultiplier for the terminal conditions
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augmented Lagrangian functional defined in (9)
function that specifies the terminal conditions

surface in the undeformed configuration

e - T S

surface in the reference volume

I'r, I, traction and displacement specified surfaces in the un-
deformed configuration

functional for the constitutive law

mass density at time ¢

performance functional in the space-time domain
integrand of the performance functional ¥

time in the reference time-domain

L B -

terminal time in the reference time-domain

Derivatives

The ‘comma’ notation for partial derivatives is used, i.e. Gu=
dG/3u. An ‘upper dot’ represents material time derivative, i.e.
U = 0%u/dt’. A ‘prime’ implies derivative with respect to the
time measured in the reference time-domain, i.e. u’ = du/dr.
Design variations

The following varational notation is used for design variation of
various quantities:

§() total design variation of ( );ie. 8( ) = %(Bzéb

E() explicit design variation (partial derivative) of ( ); i.e.

§() = %516b for which state fields are frozen

6() design variation of the fields that implicitly depend on
the design variables, such as displacements, strains, ve-
locities, accelerations, etc.; also design variation of func-
tionals with respect to the implicit state fields; for this
variation, the explicit dependence on the design variables
is frozen

1 Introduction

The subject of design sensitivity analysis (DSA) is concerned
with the development of procedures for the calculation of
performance functional gradients with respect to design vari-
ables. DSA represents an important tool for design improve-
ment and is a necessary stage within the optimization pro-
cess. Considerable work has been done recently in develop-
ing DSA methods for various classes of problems (Haug and
Arora 1979; Adelman and Haftka 1986; Haug et al. 1986;
Haftka and Adelman 1989; Cardoso and Arora 1988; Tsay
and Arora 1990). Basically, the methods can be classified as
either direct differentiation or adjoint methods (Arora and
Haug 1979). Adjoint methods of sensitivity analysis may be
viewed as the gemeral Lagrangian multiplier method (Bele-
gundu 1985). Shape and nonshape problems have been ad-
dressed independently in the literature. Material derivative
idea and domain parameterization (or reference volume) con-
cepts have been used for shape design sensitivity analysis
(Dems and Mréz 1984; Haber 1986). The dynamic response
problem has been addressed by Haug and Arora (1979), Hsieh
and Arora (1984), Meric (1988), Haug and Mani (1984), Tor-
torelli and Lu (1990) and Choi and Wang (1990). Great
interest has recently been shown in optimization and con-
trol of structures and so-called flexible systems. Structural
and mechanical systems have been traditionally treated with

separate formulations and flexible systems have been mostly
included in the second group. Shape and control design
problems have also been approached separately and indepen-
dently; however the subject of integrated optimal control and
design has been addressed recently (Belegundu 1987; Khot
1988). For a more detailed review of the subject, Adelman
and Haftka (1986) and Haftka and Adelman (1989) should
be consulted.

Using the concept of a fixed reference volume (Eulerian
coordinates) for design variations, a Lagrangian formulation
to describe the deformation of the continuum, the principle
of virtual work and an adjoint structure, a unified variational
theory of design sensitivity analysis has been developed for
nonlinear static structures, including large strains and mate-
rial nonlinearities (Cardoso and Arora 1988; Tsay and Arora
1990). Within the framework of this theory, there is no dis-
tinction between shape and nonshape design if volume inte-
grals are used throughout the formulation. The theory has
been discretized with isoparametric finite elements and ap-
plied to DSA and optimization of nonlinear structural sys-
tems (Arora and Cardoso 1989).

This paper extends the foregoing theory to nonlinear dy-
namics of structural and mechanical systems. In order to
do that, virtual work is formulated as balance of virtual me-
chanical energy referred to the underformed configuration of
the system. The virtual fields are replaced by the state fields
of an adjoint structure. The idea of the fixed reference vol-
ume is extended to the time domain. An action integral of
the performance functional augmented with the virtual work
equation is transformed to the fixed space-time configuration
and the Lagrangian approach of sensitivity analysis is applied
to that integral. Simple analytical examples are used to show
use of the theory and gain insights for its application to more
complex systems.

2 Definition of the problem

Using the total Lagrangian formulation to describe the mo-
tion of the continuum, the equation of motion for the body
at the time t is

/(pﬁ06u+806€—f06u)dV—/R05udF:0, (1)

where all the quantities are referred to the initial or un-
derformed configuration, & represents variation of the state
fields, ‘e’ refers to the standard tensor product, the upper
dot -’ refers to the material time derivative, p is the mass
density at time £ = 0, u is the displacement field, S is the sec-
ond Piola-Kirchhoff stress measure, ¢ is the Green-Lagrange
strain tensor, f is the body force per unit volume, R. is the
surface traction, V is the underformed volume of the body,
and I' = I'p U I'y is the surface of the body; Iy and I'p be-
ing the parts of the surface where the displacements u = u®
and the loads R = R are prescribed, respectively; %u and
041 are the initial displacement and velocity, respectively. In
the formulation, the left superscript will represent the time
at which the quantity is measured, unless specified otherwise;
no left superscript implies time ¢. A left subscript will rep-
resent the configuration of reference, no left subscript means
configuration at t = 0.



The Green-Lagrange strain tensor is given as
1
e = 7 [(vaT) + (vu)T + (vuT)(vul)T]. )

The nonlinear stress-strain law, in general, may be written
as

S = &(e, b), 3

where b is the design variable vector. It is important to
note that, for many applications, the functional form for @ is
not known. In numerical implementations, the explicit form
is not needed. Only an incremental stress-strain relation is
required. For hereditary materials, @ takes an integral form.

Note that an inertial reference frame is used in deriving
the system equations (1)-(3). The procedure accounts for fi-
nite deformations and strains. In addition, the strain and
stress measures are invariant under superposed rigid body
motion. Therefore, the governing equations represent struc-
tural as well as mechanical systems.

Consider the general performance functional defined in
the space-time domain as

w=/¢m,

- / [ / G(Z,b,t)dV (b) + / g(R,b,1)dTu(b)+

+/Mmugmhwﬂa, (4)
where the vectors of the state fields at time ¢ are given as

Z=(S,e,z), z=(un0,i). (5)

Consider also a terminal condition
T6T2Tp, 1) =0, (6)

where [0,77] is the time interval of interest.

The DSA problem to be solved is to derive the total design
variation of the functional (4) for a system represented by the
equation of motion (1) and subject to the terminal condition

(6).

3 Lagrangian form of design sensitivity analysis

Considering the total design variation of the functional ¥ in
{4) with respect to the design b, we obtain

5 =0 + 6w, 7)

where & represents total variation with respect to the design
variables, and § and & represent explicit and implicit varia-
tions, respectively.

The basic idea of introducing an adjoint structure is to
replace the implicit design variations of the state fields in (7)
by explicit design variations and certain adjoint state fields.
After replacing the arbitrary state fields by the adjoint fields,

39

the virtual work principle of (1) may be written symbolically
as

Wwe=0. )

Using now the same Lagrangian methodology (Cardoso
and Arora 1988b; Arora and Cardoso 1991), we form an ex-
tended ‘action’ functional

AI:/Ldt+7T¢, L=y-wW", (9)

where 7 is a multiplier. Since SW?% = E(Tqb) = 0, the total
design variation of (9) gives

A =060. (10)

Now if we require the implicit design variation of Al to vanish,
Le.

SAT=0, (11)

then, the total design variation of the functional ¥ is given
as

50 =6A. (12)

Equation (11) leads to the definition of the adjoint problem
as explained in the sequel. Equation (12) shows that the total
design variation of the performance functional ¥ is given by
the explicit design variation of the action functional in (9).

4 Design sensitivity analysis

Before performing the design variations as stated in Section 3,
we proceed with the transformation of the various quantities
to a fixed reference domain (Haber 1986; Cardoso and Arora
1988). In the reference domain, the volume V is mapped onto
a fixed volume V' with the boundary as T'. This transforma-
tion of the independent variables needs to be introduced into
all the governing equations and state fields. The Jacobian of
the space transformation is given as

3(01'1) 01:2’ 01‘3) g

=|X|, X= =x"1
J =1X], 80z, T2y Trg)’ X=X (13)
The area metric J is defined as
7= J|X" xl. (14)

The time domain t € [0,T] is transformed to 7 € [0,(] as
T=T¢. (15)

In the foregoing equations, superscript or subscript r refers
to the reference coordinates and n is the unit normal to the
surface I'. For oriented bodies such as bars or beams, J and
|X| may be different from each other if we use volume inte-
grals throughout the sensitivity analysis. The time Jacobian
T may be the total time T if the time interval is transformed
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to the unit interval in reference configuration, it may be the
inverse of the frequency in problems where the reference con-
figuration is in the phase domain, or still it may be equal to
t/w if the reference configuration is in the frequency domain.

We replace the virtual state fields for the primary struc-
ture in (1) by certain adjoint fields identified with the su-
perscript ‘a’. Therefore, we have the following transformed
equations.

Virtual work equation (8) at time ¢

PV“E/(piioua-i—Soea—foua)JdV—

—/Rouajd—fzo, (16)

where £% replaces é¢ after substitution of fu by u®. Equa-
tions that determine these fields will be derived later.
Green-Lagrange strain tensor

¢ = B(ul),
_ 1 =T T  <T —

B() = {X VOl + VO X + X [rVOl-VOIX}. (17)
Adjoint strain tensor

= a@m), of)=3{X Y01+ VO X+

+X [ VO Vel 17X + X [ val ][ v ()X} . (18)
Velocity and acceleration fields
W = du/dt = (du/dr)(dr/dt) = T}, a=u"T 2 (19)

Functional for senstiivity analysis

V= /[/G(z,b,T)J(b)dV+/g(R,b,rﬁ(b) dTy+

+ / (s, b, 7)T(b) dT g| T dr . (20)

Note that the integrands in (20) are now given in terms of
the reference coordinates.

Carrying out the design variations as indicated in (12),
combining terms, and replacing certain terms by the adjoint
stress S (to be defined later), using (9) and considering time
T as an independent field, the total variation of the perfor-
mance functional 1s

- [ Fumyer e
) /U{[G’b‘gb* (G +GT ST +u® o (3¢ - i5p) -

(% —G,g) e 58 —S%ebc— S e 8% T+

+HG - piiou® —Sec +feutlss}dV+

+ / {[hy o Bb + (b +hT )3T + u® 0 SROT+

+{h+R eu5 T} dT p+ / {9390+ (g +aT ETIT+
+lg+u®e R]Si} dfu} Tdr+v(T¢4 080 +76,757),(21)

where 8¢ stands for design variations of the stress-strain law
(3) with respect to the material parameters, and explicit de-
sign variations of the primary and adjoint strains in (17) and
(18), due to dependence on X, are given as

e =5Bu’), B¢ =sa(ul). (22)
In derivations to follow, we will enforce

u? = —g,g on I'y, (23)
as the prescribed displacement for the adjoint structure, and

§¢ = (Ea - G!S) hd ¢75 —G)E ’ (24)

is the constitutive relation for the adjoint structure.
Tmplicit design variation of the extended functional is

A = / (LT + L8T) dr++5(T¢) =

= /{(Sw —SWT + 6T} dr + 75 (T¢) =

= /(/{_pu“.éﬁ-sﬂ.sg-s.sn“+(G,z +£,z ou®) 0 b2+
+(GT " + G+, ou®)3T)J dV+

+ /(gT‘1 +9,7)8T Tdlu + /{(h,z +R0 ; eu®) e b2+
HT 4 b 6T + RO pou®)oT )7 de)Tm

+7(T¢,2 82+ T9¢oT), (25)

where T is taken as implicitly dependent on the state fields,
as for the minimum time control problems (an example illus-
trates this point later),

e = be® + 81, de® = a(bu?),
~ ! T .
§nt = %{xT[,vua A2 &
— T p—
XL vsul)vus 17X}, (26)



and the following expression has been used since it constitutes
the equation of motion of the primary structure:

—puebu® —Sebet +febut)JdV + RYe6u’JdT g =
R
=90.

Substituting now for z from (5}, using the implicit design
variations of velocity and acceleration in (19) as

Fa=T "5u - T 2§ =T~ (u’ — wT),

Fa=T 28u" — 9T 3"§T = T 25" — T 1éT, (27)
and integrating by parts, (25) becomes

AL = /[/{-—pii“o@u—S“oge—Sogn“+[G,u—G,d+
1G5 +(Eu —f,5 +,5) o u® — (£, —2f .5 ) e 1+

+1,5 01?0 Su+ [G+ G T — G, ot — 2G, oii+

(BT — £ 0t — 2f, o + 2p88) e u®jT~ §T)7 AV +

+ / {9+ 07 TVT 6T T dTu + j (hyu—hog +hog +
+RY LRI, +RO yeu® — (R, —2RO ;) e %+
+RO,; 0ii%] 0 Su + [h+ by T — b, ot ~ 2h, oii+
+(R®#=T~R ; ea-2R0,; oii)oud|T 16T} dFR]TdﬁL
+ [{p@a®)+ 76, = Téa+(Tri~Tha) e Fut)-
TegeTa")edTu)+

Hop(Tu) + 76,5+ Tz 0 (Tut) 08 (Ti)} V4

+ /{[Thni Tha+(TR 4 -TR3) e (Tu)-

~TR; Ta)] o8 (Tu)+

+Thg TR (Tu®)] o 8 (M) }T dT i+

+9[Tg.u 08 (Tu)+Tg,5 08 (Tia)+

+70,5 08 (Tia) + TdcoT) (28)

where initial conditions have been assumed satisfied which
eliminates certain terms at t = (. Using the condition of (11)
in (28), the adjoint problem is defined as

41
/{p{i“ o fu+8° 05€+§ogna}JdV=

= /[G,u =G, +G i +(Eu —F 5 +£,5 ) e u—

—(£,4 —2f,5) 0 0% 41 ; 01%] @ buJ AV +

+ / (b —hog g (RO —RO ;4RO ;) o ul—

~(R%,; —2R0 ;) e 0® + RO ; ¢ii%} 0 §uT dT g, (29)
Jr i) o8 (Fwid7 = [(-T6,4+76-

Tty -Tt5)e Tu) + 75 ;0 Tu") o b (Tu)TdV+
+/{—Thnz +Thg —(TR,, -TRO ;) o (Tu®)+

+TR g o (Ta")} 05 (Tw)T dT g — 7T ) e (FTw), (30)
/ p(Tu)eé(Ta)sdvV =

- / (76,5 471,50 (Tu®)} o § (Tu)7 dV+

+ [ha+TR 50 Tt} o 5 (T)T aT
+7(Tg0)e8(Tw), (31)
1Fg)e8(Ta)=0, (32)
/ [ / {G+ G T = Gy ot — 26,5 oint

+(E7T — £, 00t — 2f 5 oii + 2pii) o u?}J dV+

+ /{h +hsT — b, ot — 2h,; i+

+(RO,=T - RO, ot — 2R ; oid) e u?} T dT p+

+ / {g+97TH dfu] §Tdr+ vy (T )T = 0. (33)

The adjoint equations (29)-(33) solve for the adjoint state
fields required for design variation calculations in (21). Equa-
tions (30)-(32) are the terminal conditions for (29), and (33)
solves for the Lagrangian multiplier y. Damping forces are
included as part of the applied body forces f and surface
forces R?. Comparing (29) with (1), we see that the adjoint
structural masses and primary structural masses are identi-
cal. Also comparing (29) with the incremental form of (1)
(Cardoso and Arora 1988), we observe that the adjoint stiff-
ness is the tangential stiffness of the primary structure. We
may note, however, that the adjoint system is dependent on
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the trajectory of the primary system. This means that the
history of the primary state fields must be memorized in or-
der to have it available for the backward integration of the
adjoint problem. Also note that the unknown fields appear
on the right-hand side of (29). This implies that iterations
will be necessary to solve (29). The other option would be to
keep all the unknown terms on the left-hand side of (29) and
deal with asymmetric operators which can also be computa-
tionally expensive. If the performance functional is linearly
dependent on the state fields, as is the case for many struc-
tural response functionals, and the primary system is linear,
then the adjoint system is not dependent on the state fields.
This leads to considerable simplifications in numerical com-
putations.

In (21), no distinction has been made between design and
control variables. Usually, control is included in forces f and
RO. Thus, design variations 6f and 8RO may be viewed to
include control variations, if we keep control variations inside
the time integral. This means that the continuum formu-
lation in time does not provide sensitivities with respect to
control in the sense of total derivatives §%/6b, but only con-
trol variations 8%. If b is not dependent on time (design
variable), then §¥/6b = [(6¢/&b)dt. For a time-discretized
system there is no such distinction.

5 Examples

8.1 Nonlinear freely vibrating structure

Consider the two-bar structure shown in Fig. 1, with an at-
tached concentrated mass M at the centre node. The mass of
the bars is neglected in comparison with the mass M. Con-
sider the free vibration of the structure induced by an initial
displacement 0w of the central node. Transformation to the
reference domain is shown in the figure. The design variables
for the problem are b = (M, E, A, L). The Green-Lagrange
strain measure and the stress in the members are given, re-
spectively, as

LEA U

a=AA

J=AL

Fig. 1. Two-bar vibrating structure and mapping of half the struc-
ture to a control volume

£= %[(tLZ -1%)/1%) = %wQL"Z, S = Ee. (34)

This is a geometrically nonlinear problem where the fre-
quency of free vibration depends on the initial conditions.
The velocity at the centre is calculated as (Panovko 1971)

Wl =

EALT3M 10wt — w?). (35)

DO =

It is required to perform design sensitivity analysis for
the velocity of the central node at the time ¢ = p, when

the corresponding displacement vanishes for the first time
(one fourth of the period of vibration). The functional for
sensitivity analysis is given as

1
= —Lid(e - 1)é(t — A =
= / 0/ _/(AL) §(¢ — 1)3(t — p)AL dA de dt
A

1
= _ —1w" _ 2 _ — _
/ 0/ 2[ (ALY lwd(€ — 1)8(t — p)ALdAde dt

=//GJALd7dt,

G=—(AL)Ywé( - )é(t —p), JT=AL,
Grw= —(AL)~ L8 — 1)é(t - p), (36)

where the symbol é represents a Dirac delta function. The
adjoint problem is given from (29) as

%Mﬁ)“ obw+ / (S%¢ + Sn®)J AV = / G 0T A7, (37)

with the time boundary conditions

P =Pyt =0. (38)
Substituting into (37) the quantities

fe = 6(%w2L'—2) = wl 26w,

% = ww®L™2, $%=Ec*,

86 = wL™26u® + w* L™ 26w = 8¢ + 817, (39)

we have the adjoint problem as

%Md}“ + g-EAL_3w2 o= _§(t—p). (40)

The solution for the adjoint problem is
t
w® = 2(M0%)~! /—3(5 —p)sin2%(t — o) do =
0

= 2M Y cos 2°(t — p),
where (2%)2 = 3M~1EAL 3w (41)

The adjoint total axial displacement and the displacement at
any point are given as

u?(L) = whsinf = wlwl™l, wl(€) = vtwl™le.  (42)

The general design sensitivity equation (21) reduces to
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5 = %EM/—z'i)w“ dt + / [//{[—5“345 — S%e — Sbe®+
0 0 07

+3G)J +[G — S5} dA df] dt. (43)

Various quantities for (43) are given in (39) and (41), and
5J = LEA+ ASL, 8GJ+GSJ =0,

56 = ¢§E, ¢ = -;-w23L_2 = —w?L %L,

e = ww?SL 2 = —ww®L33L,

P

/—w“w dt = —M"1P4p, (44)
0

Substituting these quantities into (43), we obtain
- - - 1 _
5% = (Pub) [—%M‘lﬁM + %E‘I(SE + 547184~
3 1=
—3L 6L] , (45)

which can also be obtained directly from (35).

5.2 Harmonic oscillator

Consider the simple harmonic oscillator shown in Fig. 2,
where the time T required for the mass M to move its initial
re-compressed resting position Oy = 0 to its final position,
u is the quantity for design sensitivity analysis with respect
to the vector b = (M, K, a), where a is the pre-loaded dis-
tance. The motion and response of the system are

M -~
z[T
u

Fig. 2. Harmonic oscillator

Mi+Ku=Ka, %u=" =0, u=a(l-coswt),

wr=K/M. (46)

The functional for sensitivity analysis is given as
T 1

WET:/dt:/GTdT, G=1. (47)
0 0

The adjoint problem of (29)-(33) is given as
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Mt + Ku®=0, MTi=-—vTpu)=—v,

1
Tu=0, [GdreyTic=1+T0)=0, (48)
0

and its solution gives
y=—Ta)™ !, u® = [Mw )] Vsinw(t —T). (49)
Now, the total design variation of the total time func-

tional of (47) is performed using (21), which for this case is
simplified as

T T
¥ = ?M / —u®udt + EK /(-—uau + au®) dt+
0 0

+baK [ u®dt. (50)

Substituting (46) and (49) into (50), we have
T T

/ua dt = —[Mw (Ta)~! /sinw(t ~-T)dt=
0 0

=[K (Td)]_l(l —coswT) = (KaTvl)_lu,

T

/-—uau dt =

0
T

= —[Mw (Tu')]_la /[(1 —coswT) sinw(t - T)]dt =
0

= (& (Fi)) " [a(1 = coswT) - %T(Tﬂ)] -

—%TK_1 +[K (Tzl)]_la(l —coswT),

T T

/—uail dt = —[M (Ta)) Lwa /cos wtsinw(t —T)dt =
0 0

1
= 5[ (Ti)) LawT sinwT = %TM‘I :
Therefore, the total design variation of ¥ from (50) is
— 1 = = =
5w = §T(M_16M - K75%K) + w(Tua) 6a. (51)

This result can be verified by first calculating the total time
from (46) as



44

T =w Leos 11 - (Tu/a)] , sinwT = (aw)—1 (Tu) ,

and then taking its direct design variation as

T= -Tw_lgcd + u(Tda)_lza =

x|

s

4

(M~ 130 — K715K) + u(Tia)"Ya,

[N

which matches with (51).

5.9 Nonlinear system with harmonic loading

The equation of motion of a nonlinear system harmonically
excited is given as

Mii+ kou + ku® = Psinwt, (52)

where the driving frequency is taken as w = ko/M to sim-
plify future calculations. This equation may represent a non-
linear pendulum where the function sin u is approximated as
[u—(1/ 6)u’]. The method of direct linearization gives an ap-
proximate equivalent governing equation and its steady-state
solution as

Mii+ Ku=Psinwt, u=7U sinuwt, (53)
where
K =ko+(6/DkU2, U=(K-M?)IP. (54)

Manipulating (54), we have for the maximum amplitude of
vibrations at the time t = ¢ = 7/(2w)

U = {(1/5)P/k}3. (55)

Consider the displacement at the time ¢ (maximum displace-
ment) as the functional requiring sensitivity analysis, and the
design vector as b = (M, kg, k, P). The direct variation of
the functional in (55) gives

3(fu) = 8U = %U(P*lsp — k" 1ER). (56)

For the adjoint method of sensitivity analysis, we may
write the functional as

T

V= /u&(t —qdt= /quwg(r - ;—r)w”l dr = /GTdT, (57)
0

0

G:uwg(‘r—g-), T=T¢, T=wl,

where we have used the time transformation 7 = wi or t =
wlr,
The ‘action’ extended functional is given, for this case, as
x/2
A = / {uwé(r - g) —u® {Mw2u" + kogu + kud—
0

—P sin T] }w—l dr, (58)

where it = w2y, u" = d%u/dr?. For total design variation
of the functional ¥, (21) is reduced as

w=Usint, o' =-Usint=-u, (60)

have been used. The adjoint system is governed by (29)-(31)
as

a\l a2, a _ = ¢ __7_r_
@+ (29%u® = Gu=wb(r-7),

90 =9 (u%) =0, (%)% =1+ 3keM w242, (61)
which has a solution as
a_ _ ayv—1 . oaf._ T
u = (MR twsin 2 (T 2). (62)
Substituting the adjoint field of (62) into (59), we have

/2
/ u® sinr6Pw 1 dr = (1/3)UP~ 5P,
0

/2
/ —~utu8Fkw Y dr = (1/3)Uk ™ok,
0

50 = (1/3)U(P~ 5P — k7 13k), (63)

which verifies (56). The first of equations (63) has been
checked by numerical integration for different values of the
system parameters. The second equation may be checked
by usin% the result of the first, the equation of motion, and
= —wu.

If P is a control variable, (59) and (61) are still valid,
now with different values for  and u®. In this case we could
obtain the control variation of ¥ as

/2
W = / (u® sin r6PwLdr. (64)
0

The sensitivity of ¥ with respect to control P would be taken
with respect to the point control P(r;), 7; € [0,7/2], as

0/5P(r) =w tutsint, forr >,
§W/5P(r;) =0, forT <0,

where 6P(7)/6P(7;) = 6(r — ;) has been used (Arora 1989).



6 Conclusions

A unified formulation for design sensitivity analysis of non-
linear dynamic structures has been derived that accounts for
shape and nonshape design variables, selection of material
parameters and controls. Structural and mechanical systems
have been addressed with the same formulation that is ex-
plained as follows.

1. The Lagrangian description of the motion referred to an
inertial reference frame that accounts for finite deforma-
tions and strains is used. Appropriate strain and stress
measures that are invariant under any rigid body motion
are used. This allows one to treat mechanical systems
within the nonlinear structural dynamics formulation.
Since a time-like parameter is already used in nonlinear
static analysis, all one needs to do to unify structures
and mechanical systems is to add the inertial term to
the principle of virtual work. This allows the use of the
same nonlinear analysis code for mechanical and struc-
tural systems.

2. Using Eulerian coordinates (fixed reference coordinates)
for design sensitivity analysis, volume integrals are trans-
formed to the reference domain and free domain prob-
lems are transformed into the fixed domain problems.
Using the volume integrals throughout the derivations,
shape and nonshape problems are unified in the same
formulation.

3. Extending the dimension of the problem domain to in-
clude time, the design space becomes included in the
control space. This way the design variables are simply
the control variables that are not dependent on time.
Using time integrals throughout the derivations, control
and design problems are unified in the same formulation.

4. Extending the dimension of the fixed reference domain
to include a parametric time variable, integrals in time
domain are also transformed to the fixed reference do-
main. This way the free optimal time control problems
are transformed into fixed time optimal control prob-
lems.

5. The adjoint structure concept is a major unifying factor
for design sensitivity analysis, since it does not depend
on the type of design variables but just on the type of the
performance functional. However, the adjoint problem
is a terminal value problem that needs to be integrated
backwards in time. This implies that the adjoint system
cannot be defined until the analysis problem has been
completely solved. Most of the information generated
during the analysis phase is also needed for solution of
the adjoint system. This may make numerical imple-
mentation of the method somewhat tedious compared
to the direct differentiation method.
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