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Constrained Best Approximation in Hilbert Space

Charles K. Chui, Frank Deutsch, and Joseph D, Ward

Abstract. In this paper we study the characterization of the solution to the
extremal problem

inf{||x]||xe Cn M},

where x is in a Hilbert space H, C is a convex cone, and M is a translate of a
subspace of H determined by interpolation conditions. We introduce a simple
geometric property called the “conical hull intersection property” that provides
a unifying framework for most of the basic results in the subject of optimal
constrained approximation. Our approach naturally lends itself to considering
the data cone as opposed to the constraint cone. A nice characterization of the
solution occurs, for example, if the data vector associated with M is an interior
point of the data cone.

1. Introduction

An important area of research in approximation theory is constrained approxima-
tion, which can be briefly described as follows. In addition to approximating or
interpolating a given set of data, the approximant is also required to preserve
certain shapes such as positivity, monotonicity, and/or convexity that the data
set dictates. In various specific formulations, this problem is often posed in data
analysis, computer-aided geometric design, and mathematical modeling (see [6]).
One common deficiency is the lack of a good criterion since the problem typically
has infinitely many solutions. The usual approach is to select the solution from
the ones that satisfy an optimization property. In other words, the mathematical
problem is to study the existence, uniqueness, characterization, and computational
aspects of the solution to the extremal problem

inf{l|x]|jx e C n M},

where x is in a normed linear space X, C is a convex cone that defines the
constraint, and M is a translate of a subspace of X determined by the interpolation
conditions. The available techniques in the study of this problem include the
Kuhn-Tucker optimization method, the Langrange duality, and various methods
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in variational calculus and optimal control theory. All these techniques are
essentially built on the Hahn~Banach separation theorem.

In this paper we introduce a simple geometric property called the “conical
hull intersection property” (or CHIP for short) that provides a unifying framework
for the basic results in the subject of optimal constrained approximation. In
addition to its simplicity, the property CHIP allows us to handle finitely many
constraint cones and it encompasses much of the known material. However, we
do not investigate the “dual” problem which is important for the development
of algorithms. For this line of thinking, the reader is referred to [4] and [17].
Our approach naturally lends itself to considering the data cone as opposed to
the constraint cone. Thus, for example, we show that the assumption used in
Micchelli and Utreras [17], which we call the MU property for short, is equivalent
to the corresponding data vector being interior to the data cone.

This paper is divided into six sections. Following the introduction, Section 2
lays the groundwork for the remainder of the paper by introducing the property
CHIP. In addition, several ancilliary results about CHIP are derived. In Section
3 we restrict attention to the case of a cone intersecting a flat. Various conditions
including the Slater point condition and the MU property appearing in [17] are
shown to have the property CHIP. Along the way we show that the MU property
is equivalent to the data vector being an interior point in the data cone, and thus
recover the result that the minimum norm interpolant has the form P(x), where
P denotes the metric projection onto C. In Section 4 we also recover the main
results of [16] and [22] by using the CHIP approach. Section 5 deals with the
case of infinite interpolation constraints while Section 6 interprets the CHIP
property in a geneal normed linear space setting.

Much of the notation is defined as it is used. However, certain symbols are
used repeatedly. In particular, int K, K, span K, and co K corresponding to a
set of vectors K are used to denote the interior of K, K closure, the linear span
of K, and the convex hull of K, respectively. In addition B(x, £) denotes the
open ball of radius & centered at x, and ®#(A) represents the range of a linear
operator A.

In this paper we concentrate our attention to the Hilbert space setting although
most of our resuits have Banach space formulations,

2. Dual Cones
The concept which is fundamental to our work is the notion of a dual cone of
a given set. Throughout this paper, unless otherwise specified, X always denotes
a (real) Hilbert space.

Definition. Let S be any nonempty set in X. The dual cone of S is defined by
2.1) §%:={xe X|(x, y)=0 for every ye S}.

We remark that the dual cone of § is also called the (negative) polar of S.
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The importance of the dual cone from our viewpoint stems from its role in
characterizing best approximations from convex sets. More precisely, we have
the following.

Proposition 2.1. Let K be a convex subset of X, xe X, and kye K. Then the
Jfollowing statements are equivalent:

(1) ko is the best approximation to x from K
(2) (x—ko, k—ko)=0 for every ke K;
(3) X ko € (K - ko)on

The equivalence of the first two statements is a classical result (see Moskovitz
and Dines [18]), while the equivalence of (2) and (3) is obvious. Here, recall
that ko K is a best approximation to x if ||x — k|| = inf{||x — k|j|k € K}. Further,
since K is convex, a best approximation, when it exists, is necessarily unique,
and we denote it by Py (x). Thus, ko= P (x) if and only if x—kye (K - k)"
This shows that to obtain detailed information on which element k,€ X is the
best approximation to x, we must have a precise description of the dual cone
(K —ky)°. In practice, K often has a representation as the intersection of a
collection of “‘simpler” convex sets K;, K ={"); K;, so that the dual cones (K, — k,)°
are “easier” to obtain. It would be desirable in this case to be able to express
the dual cone (K ~ k;)° in terms of the individual dual cones (K; — k,)°. We give
the precise condition on the collection {K;|i € I} in order that this is possible (see
property CHIP in the definition following Lemma 2.4). First, however, we record
some useful facts about dual cones.

Recall that a set C is called a convex cone if it satisfies

C+CecC  and pCcC forall p=0.

The conical hull of a nonempty set S in X, denoted by con S, is the intersection
of all convex cones which contains S. With the exception of part (4) of Lemma
2.2 and Lemma 2.4 whose derivations require the separation theorem, the follow-
ing four lemmas are standard and their proofs are therefore omitted.

Lemma 2.1.

(1) con S is a convex cone.

(2) con S:=con S is a closed convex cone.

(3) S=con S ifand only if S is a convex cone.

(4) con S={Y} pxi|p;=0,x,€ S, neN}.

(5) If S is convex and 0€ S, then con §={py|p>0, ye S}

Lemma 2.2, Let O# Sc< X. Then:

(1) S°is a closed convex cone;
2) 5°=(5)%

(3) $°={(con §)°=(con S)°
(4) $%=con S.
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As usual, the annihilator of a set S is denoted by S*.

Lemma 2.3. Let C be a convex cone and let M be a (linear) subspace of X. Then:

1) Cc®=_C;
(2) (C~y)°’=C°ny* forany ye C;
(3) M°=M",

In addition, the sum of a collection of subsets S; of X is denoted by ¥, S,.
Lemma 24. Let {C;lic I} be a collection of closed convex cones in X. Then
(22) (m ci)o =¥ C’.

We are now ready to introduce the notion of property CHIP.

Definition. A collection of convex sets {K;|i € I} is said to have property CHIP
(Conical Hull Intersection Property) if

(2.3) Eﬁm (K;~k) =rja>'ﬁ(1<,. —k)
for all ke(); K..

As mentioned earlier, property CHIP is the precise condition which allows a
representation of the dual cone of [}; (K; — k) in terms of the dual cones of the
individual sets K;— k. This is the content of the equivalence of (1) and (4) in the
next lemma.

Lemma 2.5. Let {K;|ie I} be a collection of convex sets in X. Then the following
statements are equivalent:

(1) {K;|ie I} has property CHIP;

(2) con("); (K, — k) >("); con(K; — k) for every ke(\; K;;

(3) con("); (K; —k)_is dense in (); con(K; - k) for every ke[ K;
@) (NiKi-k)\°= X (K= k)° for every ke K.

Proof. Since con{); (K;—k)=(); con(K;— k) is always true, the equivalence

of (1) and (2) is obvious. In addition, the equivalence of (2) and (3) is trivial.
To prove that (1) implies (4), we note that, by Lemmas 2.2 and 2.4,

(" Ki"'k)o: [ﬂ (Ki"k)] =[Egﬁﬂ (Ki“‘k)]o

0
= [ﬂ con(K; - k)] =Y [con(K; - K)I’=X (K;-k)°

i i

for any ke(); K.
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Now suppose that (4) holds for all ke(); K. If (2) fails for some k, there
exists an

X€E m E—O-ﬁ(K, - k)\ﬁ mi (K, - k).

By the separation theorem, there is a ze X so that
249 sup{({z, )|y e con ) (K; —k)} =0<(z, x).

Then {z, y)=<0forall ye[ ), (K;—k) so

] /]
ze [ﬂ (K;-k):l = {ﬂ K,»—-k} =X (K,v—k)°=z [con(K; ~k)1°.
Thus, there exist z, € ¥, [con(K; — k)]° converging to z. Since x € con(K; k) for
every i, we obtain (z,, x)=0 for all # and so {z, x)=0. But this contradicts (2.4).
Hence (2) must hold. |

As an immediate consequence of Proposition 2.1 and Lemma 2.5, we obtain
the main characterization theorem of this paper.

Theorem 2.1. Let {K;|ie I} be a collection of convex subsets of X which has
property CHIP and K =("); K;. Then, for each koc K,
(2.5) (K- ko)o"'z (K- ko)o-

Moreover, for any xe X and ko€ K, ko= Px(x) if and only if
(2.6) x—koe X (K~ ko)’.

To apply this theorem, it is essential to know when K can be represented as
the intersecton of some convex sets {K,lie I} that have property CHIP, The
following examples shed some light on this question. In the next section we
examine in detail the situation when K=CnV, where C is a closed convex
cone and V is a closed linear variety.

The next result follows easily from Lemma 2.4 and Theorem 2.1.

Proposition 2.2. Any collection of closed linear varieties {Vi|ie I} has property
CHIP. Moreover, for each ve V=), V,,

.7) (V—~ u)°=z M7,

where M; = V;—~ v, with v;€ V,. In addition, for any x € X and vye V, vy= Py(x) if
and only if

(2.8) x—-v,eY M;.

Before proceeding, it is perhaps worthwhile to give an example which shows
that not all collections have property CHIP.
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Example 2.1. Consider the closed convex cone
K,=con{(a, B, )|a*+(B-1)*=1}
and the closed linear variety
Ky=ko+{a(1,0,0)]a eR},

where ko=(0,0,1). It is easy to check that kye K,n K;, (K~ ko_)Q(Kz— ko) =
(0,0,0), and so con[(K; :_{c_g) N (K;—kg)]=1(0,0,0). But with con(K,~ko)=
{(a, B, Y)IB =0} and M = con(K,—k;) ={B(1,0, 0)|8 R}, we have

E&‘(KI - kﬂ) nEEE(Kz-_ k()) = M # (0; O) 0)3

so that {K,, K} fails to satisfy property CHIP.

While property CHIP fails in general even for a collection of two convex sets,
it is easy to show that the conical hull (rather than closed conical hull) can always
be interchanged with intersection, provided that the collection of convex sets is
finite.

3. Best Constrained Interpolation

In this section we consider the special case when the convex set K is the
intersection of a closed convex cone and a closed linear variety. This situation
includes a number of problems (e.g., “‘shape-preserving” or constrained interpola-
tion) studied by several authors in recent years (see, e.g., [4]-[6], [15], and the
survey article [23]).

Our set-up in this section is the following: X and Y are Hilbert spaces, C is
aclosed convexconein X, de Y, Ae B(X, Y), i.e., Aisabounded linear operator
from X into Y, V={xe X|Ax=d}, K=CnV={xeClAx=d}, xe X, and
ko€ K. We wish to characterize ko= Px (x) by using Theorem 2.1.

Note that V= N(A)+k,, where N/(A)={x e X|Ax =0}, and

K —~ky=(C — ko) n N(A).
Theorem 3.1. Let C, A, V, and K be as above and assume that {C, V} has property
CHIP. Then for any x € X and kq< K the following statements are equivalent:

(1) ko= Py (x);
(2) x—koe C°nkg+R(A¥), where R(A*) denotes the range of the adjoint A*,

Proof. By Theorem 2.1, ko= Px(x) if and only if x— kg€ (C - ko)°+ N (A)*. But
since it is well known (see [9]) that ¥/ (A)* = R (A%) and (C — k;)° = C° ~ k¢ from
(2) in Lemma 2.3, we have

(C~k)°+ N (A)Y = C’nks+R(A) = CON ki + R(A%)

which completes the proof. n

Before giving applications of this theorem, it will be useful to discuss and
compare various properties which guarantee that the pair {C, V} has property
CHIP.
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Note that K:==Cn V# if and only if d e AC = {Ax|xe C}. We call any
point in AC an admissible data point, and AC the data cone. Some conditions
stronger than d being an admissible data point are given below, and their
relationships are shown in Lemma 3.1.

Definition.

(1) d is called a Slater point if d € A(int C) (or equivalently, Vnint C # ).

(2) d is called a strong interior data point if there exist v,€ CnV and r>0
so that d eint A[C n B(y,, r)].

(3) d is called an interior data point provided d €int AC.

Lemma 3.1. Consider the following statements:

(1) d is a Slater point,

(2) d is a strong interior data point;
(3) d is an interior data point,

(4) {C, V} has property CHIP.

Then (2)=>(3)=>(4).
In addition, if A is surjective, then {1)=>(2). Furthermore, if Y is finite-
dimensional, then (2)< (3). However, in general, (2)5(1) and (4)=2(3).

Proof. (i) (2)=>(3) is obvious.
(ii) To show (3)=>(4), assume d € int AC. Then
(3.1) B(d, e)c AC
for some £>0. We first show that there exists r>0, §>0, and y€ Y so that
(3.2) B(y, 8)c A[{C ~ ko) ~ B(0, r)].
To see this, note that by (3.1)

UJ {AL(C = ko) ~ B(0, N)]~ B0, £)} = B0, ).
N=1

By the Baire category theorem, there exists an integer r= N, so that

A[(C — ko) n B(0, )]~ B(0, &)

contains an interior point y; namely,
(3.3)  B(y,8)<= A[(C —ko)n B(0, r)In B(0, ) = A[(C — ko) B(O, r)].

Given any y' € B(y, 8), there exists an x, € (C ~ ko) n B(0, r) so that y' =lim Ax,,.
Since {x,} is bounded, by passing to a subsequence, we may assume x,, > x weakly.
But (C—ky)nB(0,r) is closed and convex, hence weakly closed. Thus,
x € (C — ko) n B(0, r). Further, since A is weakly continuous, we have

y'=lim Ax, = Ax € A[(C ~ ko) n B(0, r)].
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Replacing r with anything bigger, we deduce that
y'e Al(C — ko) n B(0, r)]

and so (3.2) holds.
Next we show that there exist 8 >0 and »'> 0 so that

(3.4) B(0, 8"y = A[(C — ko) n B(0, r)].
To see this, note that by (3.3), ye B(0, ¢) so that ||y[|=e. By (3.1), we have
yeB(0,5)c AC~d = A(C—k,).

Now since —ye B(0, £), there exists xo€(C—k,) so that Ax,=-y. Let
r' =1r+3|xoll. Then for each we B(0, §/2), 2w B(0, §) so 2w+y) e B(y, 8) and
(3.2) implies that there exists an x&(C —ky)n B(0, r) such that 2w-+y = Ax.
Hence

Hx+x,)€(C—ko)n B(O, 1)
and
=3Ax—3y = AQ(x+x0)) < A[(C — ko) " B0, r')].

This proves that (3.4) holds with 8'=8§/2.

To verify that {C, V} has property CHIP, it suffices by Lemma 2.5 to show
that for each k,e CnV and each zecon(C—ko)n M, there exists z,€
con{C ~k,) M sothat z, > z, where M = V—k;=N(A). If z=0, we take z, =
for all n. If z # 0, then by scaling we may assume ||z}} = 1. Since z ¢ con(C — k),
it follows from Lemma 2.1 that there exist x, € (C — k;) and p, > 0 so that p,x, - z.
Then p,||x,|| > ||z]| = 1. There are two cases to consider.

Case 1. Suppose that {p,} is unbounded.
Then by passing to a subsequence, we may assume p, -> 0, 50 that }|x, [| > 0. Now

lAx, = ) | 4 (nx.,u)! bl a(p-2)
=%} JA]A,,
where
An= ﬁﬁzi%)pﬁ'{:ﬁﬁ >0

since p,||x,|| > 1. Set y, = Ax,. Then it follows that ||y,||< | A} |x.]|A, for all n.
Next choose r, - o so that:

(a) r.y.< B(0,8") (and hence (r,— 1)y, € B(0, 8"} and
(b) r.fix.{| > (and hence 1/r,||x,|| > 0 and p,/r, - 0). For example, we may
take 1, = 8'/2|[ya|| if y.#0 and r,=n if y, =0.
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Finally, by (3.4) we may choose w, € (C — k) n B(0, r') so that
Aw,=(1~r,)y, for all n.
Then {w,} is bounded,

w;:(r"-i)x,&;l*w,‘e(C-ka)

Tn

by convexity, and

w1 1 w1
Aw£,==r Ax,,+——~Aw,,=-—---r y,,+-1-(1-r.,)y,,=0.
T Tn ry Fy

Thus, w', € (C — ko) n M. Setting z, = p,w},, we see that z, € con(C — k) n M and

w1
(ot
rﬂ r'l

fen=zl=
r,—-1 1 Pr
= - +.~.....f..-.- n 0.
- (pwxn—2] I fwall >

Case 2. Suppose that {p,} is bounded.
Then by passing to a subsequence, we may assume that p, - po=0. Note that,
forall ¢,>0,
()
Prlal ] = Ppa > 2.
2

Choose a, > 1 large enough so that p;, = p,a, - . Then by convexity,

3‘£=~1—x,,+(1--1-)05(c~k0)
an aﬂ aﬂ
50 x,/a,=xLe(C—ky), pixy-z, and p,-». Now Case 1 applies. This
completes the proof of (3)=>(4).

(ili) Now assume that A is surjective. We have to show (1)=»(2). Suppose
that d is a Slater point, Then there exists v,€ V and £ >0 so that B(v,, g)<= C.
By the open mapping theorem, A[B(0, £)]= B(0, 8) for some 3> 0. Thus,

A[C N B(vy, £)]1= Al B(v,, £)] = AL B(0, &) + 1]
= A[B(0, £)]+d > B(0, §)+d = B(d, 5).

Thus, d eint A[C ~ B{(w, €]], so that (2) holds.

(iv) Finally, assume Y is finite-dimensional and d is an interior data point.
In this case we may assume that Y =R" and there exists an independent set
{x;,%2,...,%,} in X so that

Ax= ((x’ xi); (x’ x2>9 ey {xs xn))s xe X‘

Since d eint AC and all norms are equivalent in R", there is an £> 0 so that
B\(d, )< AC, where B,(d, €) denotes the /,-ball about d of radius &. Since the
set of extreme points ext B,(d, £) is finite, say

ext B,(d, 5) ={ela 92, AL | em},
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by choosing ¢;€ C so that Ac;=¢; fori=1,2,..., m, we have
By(d, e)=co{e;, €2,..., em} =C0{Ac;, Acs, ..., Acu} = AC,,

where C,=col¢, ¢3,..., ¢} < C In particular, C; is a bounded convex subset
of C. Choose any v,e CnV (s0 Avy=d), and let C,=co{C,, vy}, we see that
C, is a bounded convex subset of C. Finally, choose r> 0 large enough so that
B{v,, r)> C,. Then B(v,, r)nC > C, and

B\(d, £)<= B(d, ¢} = AC,= A[C ~ B(vy, 1)].

Since for some 0< &’ < & we have B(d, £') < B,(d, ¢), it follows that d is a strong
interior data point. Thus, (3)=>(2) when Y is finite-dimensional.
The last statement of the lemma follows from examples given below. |

Recently, Micchelli and Utreras [17] showed that under certain additional
restrictions, the conclusion of Theorem 3.1 may be strengthened; namely, the
closure bar may be removed from (2) and (3). (However, as we shall see in
the examples below, the closure bar is necessary in general.) It turns out
that the condition they assumed is actually equivalent to d being an interior data
point (Lemma 3.4). We now turn to this circle of ideas.

For the remainder of this section, we assume that Y is finite-dimensional and
A is surjective. Thus, we may assume Y =R" and

Axi= (%, xy), (0, X0, 0, (X, X)), xEX,
for some linearly independent set {x;, X,,...,x,} in X. Note that the adjoint
mapping A*: R" > X is then given by
A*Azzl\ixh A=(Ab’\29-“,/\n)€Rn~»
1

and the range of A* is the subspace R(A*)=span{x,, x;,...,x,}.

Clearly, K=Cn V#J if and only if d € AC. We should mention that the
data cone AC is not closed in general, even if C is closed and the range space
is finite-dimensional.

Example 3.1. Let X =L,[0,1] and C ={xe X|x=0}. We construct functions
x;, x;€ X so that if A: X > R? is given by
Ax=((x, %), (%, X)), xe€X,
then the data cone AC is not closed.
For any set S<[0, 1], let x5 denote its characteristic function. Set x, = xjo.1;
and x,=Y7 nxp-,-++. Then ||x,;| =1 and

« 277 o0
]|x2]]2=2f n’dt=y n*27" <,
1 2-n+l 1
Further, for any x< C,

1 o 27 ©
{x, x1}=f x(1) dt=2[ x(1)di=3 a,,
0 1 g2 1
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where
2-n
a, = I x(t) dt=0,
2-n+l
Also,
1 o © 2" «©
{x, %)= J x(t) ; nxpa-woy(t) dt =§1: n J‘ x(t) dt=Y na,.
0 —-n+1 1
Thus,

o-{(fom)

it

Hence, we may observe that (1/n, 1) € AC for every n, but (0, 1) 2 AC. This shows
that (0,1)e AC\AC and AC is not closed.

The next two lemmas characterize when a point is in the closure of the data
cone and the interior of the data cone, respectively.

2-—"
a,= J " x(t) dt, xzo}

2—»”

2-”
a,,=J x(1) dt,xzo}.

2-n+l

Lemma 3.2. Let deR”. Then de AC if and only if ¥, Ad; <0 whenever
Y: Ax;€ C° In particular, if d € AC, then ¥ Ad; <0 whenever ¥} Ax;€ C°

Proof. Since XC:JE a closed convex cone in R", it follows by the separation
theorem that d £ AC if and only if there exists A € R" so that

(3.5) sup{a, Axy=0<{A, d).
xeC
But (3.5) holds if and only if
LAl x)=0<Y Ad;
1 1
for every x € C, or, equivalently,
<x, Z A,x,-> = 0<Z A,-di
1 H
for every x € C. This may be formulated as

(3.6) TAxeC® and Y Ad>0.
1 1

Thus, d 2 AC if and only if there exists A € R" so that (3.6) holds. From this
the result follows. [ |

Lemma 33. Let de AC. Then deint AC if and only if 3, Ax; =0 whenever
z;’ )L,x, € Co and Z;’ J‘.,'d,- ={,



46 C. K. Chui, F. Deutsch, and J. D. Ward

Proof. (i) Suppose Y] Ax;e Cand Y] A:d; =0,but Y.} Ax; #0. Since A # 0, there
exist y© = (¥, ..., y¥)eR" so that Ily“"—'dll >0and ¥ Ay >0 for each k.
By Lemma 3.2, y”‘)E AC. Since y'¥' > d, d ¢int AC.

(ii) Suppose d gint AC. It suffices to show there exists Y| A;x; € CO\{0} with
Y1 Ad; = 0. If not, then, for all 3] Ax; € C°\{0}, we must have, by Lemma 3.2,
that ¥} Ad; <0. By scaling, we deduce that 3] A,d; <Oforall X eR" with ¥} A:x; €
C® and || Ax|} = 1. Since the set

XA = 1}
1

Y AxeCt, ’

1
is closed and bounded, hence compact, and the mapping A A>Y] Ad;cR is
continuous and negative on A, there exists 8 > 0 so that 2;’ rdi=s—8forallaeA.

Hence, there is £ >0 so that, for every ye B(d, £), Y| Ayi=—8/2<0 for all

A € A. This proves that Y} Ay, <0 whenever Y} Ax, e C°, |37 Ax:]) =1, and ye
B(d, £). Again by scaling, Z Ay; <0 for every ye B(d, £) whenever ¥ Ax; €
C°\{0}. By Lemma 3.2, ye AC for all y€ B(d, £). That is, d € int AC. Since AC
is a finite-dimensional convex set, it follows that int AC =int AC [20]. Thus,
d eint AC which contradicts the hypothesis. |

A:={AeR"

The following condition of Micchelli and Utreras [17] was an essential
hypothesis to their main results:
(MU) {A*yl(y, d)=0}n C°={0}.

We now show that (among other things) the (MU)-condition is equivalent to
the data point d being an interior data point.

Lemma 34. Let deR" and assume that K = Cn V#J. Then the following
statements are equivalent:

(1) the (MU)-condition is satisfied

(2) {A*y[y, d)=0}n C"={0};

(3) R(A¥)Nk*~ C®={0} for each ke K;

(4) R(AYNK* A C'={0};

(5) {Z;‘ AixilZ: Ax; € Co, Z? Ad; =0} ={0};

(6) d is a strong interior data point;

(7) d is an interior data point, ie., d €int AC.
Moreover, if any of the above conditions holds, then

Co'nk*+R(A*)

is closed for each k€ K.

Proof. By Lemmas 3.1 and 3.3 we see that (5), (6), and (7) are equivalent. Now
consider the sets

51={A*y[y, d)=0}n C°,

S, ={A*yy, d)=0}n C°,

S;=R(AY)NK*n C°

Si=8(k)=R(A*) " k*~C°  keKk,
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and

Ss= {Z Axi | Ax € Co, L Adi= 0}‘
1 H 1
To complete the proof of the equivalence of statements (1)-(7), it suffices to
show that all the sets §,,..., Ss are equal.
Let x€ §,. Then xe C° and x = A*y for some y € R" with (y, d)=0. For each
keCnYV,

0=(y, d)=(y, Ak) =(A*y, k)=(x, k)=0

so that {y, d)=0 and x€ S,.
If xeS,, then xe C° and x = A*y e R(A*) for some yed*. Hence, for any
ke K,

(x, ky=(A%y, k)=(y, Ak)=({y, d)=0

and this yields xe K* and x€ S;.

Since K* < k* for each ke K, it follows that S;< S,(k).

If xe S,(k) for some ke K, then xe k*n C® and x= A*A for soms A eR".
Thus, x =Y ] Ax;. Also,

Y Adi={(A, dy=(A, Ak)=(A*A, k)=(x, k)=0.
1
Thus, xe S;.
Finally, let xe S;. Then x=Y yx; for some yeR", xe C° and Y| yd;=0.

Hence x = A%y and {y, d)=0. Thus, xe §,.
We have shown that

S, 8,8, Sy(k)e S, 5,

for any k € K. Thus, all these sets are equal, or (1)~(7) are equivalent.
The proof of the last statement of the lemma follows from the fact which
derives immediately from the “Dieudonne separation theorem™ [10, p. 105].

Fact. If D is a closed convex cone and M is a finite-dimensional subspace in X
such that D~ M ={0}, then D+ M is closed.

To prove the last statement of the lemma, take D= C®nk* and M = R(A%),
and note that indeed D~ M = {0} by (3). u

During the course of the proof of the above lemma we have verified the
following curious fact which will be needed in Section 4.

Lemma 3.5. Foreachkc K, C°nk*nR(A¥)=C’n K n R(A¥).

Also, we should mention that each of the statements in Lemma 3.4 is equivalent
to the statement

(8) X =con{C—k)+N(A) for each ke K.
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This follows, for example, by taking dual cones of both sides of the equality in
(3) and (8). Statement 8 is closely related to (2.6b) of Proposition 2.1 of [4].

Now we can easily prove a variant of Theorem 3.1 which will be useful to us
throughout the sequel.

Theorem 3.2. Let C be a closed convex cone in the Hilbert space X, let Y be a
finite-dimensional Hilbert space, de Y, Ae B(X,Y), K={xe C|Ax=d}, and
assume {C, V} has CHIP and, for each ke K, C°n k*+ R(A*) is closed. Then,
for any x€ X and ky€ K, the following statements are equivalent:

(1) ko= Px(x);
(2) x—koe C°Nkg+R(A*);
(3) ko= P-(x+ A*y) for some yecY.

Note that the hypothesis in the above theorem is satisfied if, for instance, d is
an interior data point or any of the six equivalent conditions in Lemma 3.4 holds.

Proof. The equivalence of (1) and (2) follows from Theorem 3.1 using Lemmas
3.1 and 3.4. By Proposition 2.1, (3) holds if and only if x+ A*y ~kee (C - k,)°
for some y € Y. But, by Lemma 2.3, (C —k)’= C°n kg and the equivalence of
(2) and (3) follows. |

Using variational methods, Micchelli and Utreras [17] proved the equivalence
of (1) and (3) in Theorem 3.2. However, as we shall see in the next section,
Theorem 3.1 is valid even in certain cases where Theorem 3.2 does not apply.

4. Best Positive Constrained Interpolation

In this section we apply the theory of the preceding section to characterize best
approximations in L,(u) from the set of nonnegative functions which also lie in
a finite-codimensional linear variety. The main result is Theorem 4.2.

Let 4 be a measure on a o-algebra of subsets of a set T. As usual, L,(u)
denotes the Hilbert space of all (real) measurable functions x on T with

b= [ 1] <o

Then L,(u) is a Hilbert space with the inner product

(x, y)= f xy du.
T

Here, and in the following, we do not distinguish between two functions which
agree almost everywhere. Also, all sets are defined only up to a set of measure
zero. For any x & L,(u), the support of x is defined by

supp x = {te T|x(1) # 0},
and the positive part of x is the function
x.(t) = max{x(z), 0}.
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Let C denote the cone of nonnegative functions in Ly(u), let {x;, X2,..., XN}
be a finite set in Ly(u), d =(d,, d5,...,dn)€RY,

V:*"" {x & Lz(."«)KX, xi)= dl(i = 19 2’ veey N)},
and
K=CnV={xeL(u)x=0,{x,x)=d(i=12,..., N}

The problem then is to determine the best approximation Px(x) of a given
x€ Ly(p) from K,

First we note that since K is closed and convex, best approximations always
exist. Also, if we define A on L,(p) by

Ax = ((xa xl); (x9 X2>, saey (x’ XN)),
it follows that A€ B(L,(x), R") and the adjoint map A*: R™ - L,(u) is given by

N
1
50 B(A*)=span{x,, x,,..., xn}. Thus,

K={xeL(u)lx=0 and Ax=d}.

Our problem is now in the same form as that in Section 3.
To apply Theorem 3.1, first we need to prove the following.

Theorem 4.1. {C, V} has property CHIP.

Proof. By Lemma 2.5, it suffices to show that, for each ke K, con(C—-k)n M
is dense in con(C — k) M, where
M=V—k={xe L(u)x,x)=0(i=1,2,..., N)}.
Consider
Ey={te T|k(t)=0}, E ={te T|k(t)>1},
and, forn=2,3,...,
E,={teT|n '<k(t)<(n-1)""}.

Then {E,|n =0} is a disjoint sequence of measurable sets whose union is T.

Claim 1. con{C —k) > U, where

U={xeL(p)x= yxe‘,+212 ZXg,» ¥ € La(p), yxg, =0, z3€ Loo(p), n <o},

To verify this, let ye Ly(u), yxg, =0, and ¢ = yxg, +k Then cc C and
e, =c—ke(C-k)ccon(C-k).
Next fix any integer j = 1, and consider z;€ Lo(u) and z = zjx;,. Then

lzl=1z]= |z}« < 0.
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Also, for te E;, we have that k(t)>1/j. Thus, for any p >0 with p|z;{j.<1/j,
we see that, for 1€ E;,

1
k(t)+pz(t)2}—_—p||z||w>0

and, for t & E;,
k(D) +pz(ty=k{(t)=0.
Thus, k+pze C and

szE’.:z=%(k+pz-—k)econ(c-k).

Since con(C ~k) is a cone, sums of functions of the type yxz, and zyg, are also
in con(C — k). This proves the first claim.

Claim 2. Let
W= {xe Ly(p)|xxg=0}.
Then, con(C — k)= W,

To prove this, let x € con(C —k). Then x=p(c—k) for some p>0and ce C.,
Thus,

and | xe W. Since W is closed, con(C—~k)c W. If there exists an x,€
W\con(C -~ k), then by the separation theorem there exists ze L,(u) so that

sup{(z, M|y € con(C — k)} =0<(z, xo).

By (2) in Lemma 2.3 and (3) in Lemma 2.2, we have ze C°n k*. Thus, z<0 and
(z, k) =0. Since k=0, it follows that zk =0 so that z =0 on E§, the complement
of E,. Hence,

.zxodp,aj' Zxo du =90

Ep

X du +J

E

0<(z,x)=-,‘

Eo

which is absurd. Thus, W< con(C — k) and Claim 2 is proved.

To prove the proposition, it suffices by Claims 1 and 2 to verify that Un M
is dense in WM. Fix any x;e Wn M. Then xoxg=0 and {(xp,x)=0
(i=1,2,..., N). Setting

ﬂi:J' XOXE‘,xfdﬂ' (i=1,29"'3N)9
T

we see that §, xoxe:x; du = —B; for all i
In the space

Ly(Eg)={x € Ly(p)|xxg,=0},
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we see that the convex set

Uy= {f{: ngEiigj € Lo{u), n <oo}

={x € Ulxxg,=0}

contains all simple functions in L,( E§) and thus is dense in L,{ EG). Further, the
set

V0:= {xe LZ(E(CJ)I(X, xl')= “Bi (i= la2) LY N)}

is a linear variety of finite-codimension in L,(E§). It follows that U, V, is dense
in V,. Further, xoxz5€ Vo. Hence, given any £ >0, choose up€ Uy V; such that
|20 — Xoxegll < & But since uy=Y] zjxg, for some z; € Loo(), setting u = Xoxg, + o,
we see that ue U,

{u, x;)= j XoXEXi dp + L upx; dp =B~ B; =0
T

(i=1,..., N), so that ue M, and
flu = xol| = | tto — Xoxegll <.

This proves that U M is dense in W M. |

Lemma 4.1. Let xe L,(u) and ko€ C. Then:

(1) C'nky={ue Ly(u)|u=0,u=0 on supp ko}.
(2) The following statements are equivalent:
(i) ko= Pc(x);
(ii) x—koe C°nkE;
(iii) ko= x4.

Proof. (1) Let ue C°nkj. Then u=<0 and (y, ko) =0. Since uk,=<0, it follows
that uk,= 0 so u =0 on supp k,. Conversely, if u=0 and u =0 on supp kg, then
ue C° and (u, ko) =0.

(2) Using Theorem 2.1, and statements (1) and (2) in Lemma 2.3, we see that
ko= Pc(x)if and only if x — ko€ C° k3, or, equivalently, x — ko< 0 and x — k,= 0
on supp ko, that is, ky=x,. |

Before stating the main result of this section, it is convenient to isolate a special
case that will simplify the proof of this result as well as some subsequent ones.

Lemma 4.2. Let K be as defined above and define
(4.1) Q:= |J supp k={te Tk(t)> 0 for some ke K}.
keK

If xXoa=0 fori=1,2,..., N, then for each x € Ly{u.),
(4.2) Py (x)=xyxq-
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Proof. Since x;=0 on {} for each i, we have (k, x;)=0 for each ke K. That is,
K={yeL(p)ly=0,{p,x}=0(i=1,2,..., N)}.

It follows that K contains every nonnegative function whose support is in {). In
particular, ko= X, xq is in K. For any ke K, k= kyo=0 and so

kol = f el [ e d

na
SJ lx—kf? de*I Ix]* du =||x— k|
a na
That is, Px{x)=k;. L]

Now we come to the main characterization of best approximations in this
section. It states that the best approximation to x from K is the positive part of
the sum of x and an element in span{x,, x,, ..., Xy} multiplied by the characteris-
tic function of an explicitly prescribed subset of T.

Theorem 4.2. Let {x,,x;,...,xn}cLy(n), d=(d,,d,,...,dy)eR", and
assume that the set

K:={YEL2(#)IJ’ZO,(Y,xi)=di (i=192’-"; N)}
is not empty. Define
Q={1e TIk(t)>0 for some ke K}

andsetT = Tif {x|, X2, ..., Xn} is linearly independent over () and T = Q otherwise.
Then, for each x e L,(u),

N
(4.3) Py(x)= (x + aixi) xr

1 +
for any set of scalars a; chosen to satisfy the equations

N
(4.4) <(x+§l:a,»xf) xr,xj>=d} (j=1,...,N).

Proof. Equations (4.4) guarantee that the element in (4.3) lies in K. Also, by
replacing {x,,X3,..., %y} by a maximal linearly independent subset, we
may assume that {x,,x,,...,xy} 1is linearly independent. Let M=
span{x;, X2, ..., Xy}. We consider two cases.

Case 1. {x;,X3,..., X~} is linearly independent over ).

We first show that C°nk*+ M is closed for each ke K. By Lemma 3.4, it
sufﬁces to show that MAC°AK*={0} Let ¥} ax; EMnC°r\ K*. Then
Z, a;x; =<0 and (X‘ a;x;, ky=0 for every k€ K. Hence (Z, a;x;)k=0 a.e. for
each ke K 1mphes that supp(Z, a;x;)supp k= for each ke K. It follows
that supp(Z, ax)Nn=J so Zi\' a;x; =0 on {}. By the hypothesis, a;=a,=

TEANT 0.
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This proves C°nk*+ M is closed. By Theorem 3.2, for any x € L,(u),
N
Py (x)= Pc(x+2 aixi)
13
for some scalars «;. By Lemma 4.1,

Py (x)= (x+§ a,-,x;) .

-+

Case 2. {x,,x,,...,%n} is linearly dependent over ().

If x;xq = 0 for each i, then Pk (x)=x,xq by Lemma 4.2. Thus, we may assume
xxo # 0 for some i and, by reindexing, that {x,, x,,..., x;} is 2 maximal linearly
independent subset over 2, 1< j < N. Note that {x,xq, X2Xq, - - - , XjXo} is linearly
independent over {},

K ={)’ € Lz(.u)b’ao, <y9 xc‘Xn>= df (i = la 29 e sj)}s
and Py (x)= Py (xxa) for every xe L,(u). Applying Case 1 {to xyq instead of

x), we obtain

Py (x) = Py (xxa) = (x)m +‘;I asxs;m) = (x +é a;xs)+x9

4+

for some scalars «;.

Remarks. (1) Micchelli, Smith, Swetits, and Ward [16] considered the problem
of best positive constrained interpolation in any L,(x)-space (1<p<). In
particular, using arguments motivated by Lagrange duality, they proved Theorem
4.2 under the additional assumptions that L,(u) is separable, x=0, and
{x;, X2, ..., Xn} is independent.

(2) Theorem 4.2 suggests a possible method for computing best approxima-
tions. We first determine the set ()} and decide whether I'=T or I' = (). In order
that the element

N
ko= (x+2 aax,-) Xr
1 +

will be the best approximation to x from KX, it is necessary and sufficient that
the scalars a; be chosen to satisfy the interpolation conditions

(ko,xp=d; (j=1,2,...,N).

These conditions represent N (nonlinear) equations for the N unknown
scalars «;.

An example in [16] shows that the characteristic function cannot be dropped
as a factor in the best approximation. However, there is a class of examples
where the characteristic function may be dispensed with as a factor in the best
approximation. The next result gives a useful sufficient condition which allows
this.
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Theorem 4.3. Let {x,,..., xn} be a finite set in L,(n), (d,,...,dy)eR", and
assume
K = {yeLz(IJv)]J’EO,(}’, xi>=di (im 1a recy N)}

is not empty. If C°~ k*+span{x,,..., xy} is closed for each k € K, then, for any
x€Ly(u),
N
(4.5) Py(x)= (x+2 aixi)
1

-

Jor any scalars o, chosen to satisfy the equations
N

45) (x+Zam) 5)=d  G=1,0 M.
1 +

Corollary 4.1. Let {x,,x,,...,xn}beafinitesetin Ly(u),d =(d,, d,,...,dy)€
RY, and K ={ye L(»)ly=0, (5, x)=d; (i=1,2,..., N)}. Assume that d is an
interior data point or, equivalently, any of the other six statements of Lemma 3.4
holds. Then, for each x € Lo(u), Px(x)=(x +Zf’ a;x;)., for any a;eR chosen to
satisfy equations (4.6) of Theorem 4.3,

Easy examples show that the interior data point condition is not necessary to
obtain best approximations which are the positive parts of functions (without
characteristic functions as factors).

The following result is an easy consequence of Theorem 4.3.

Corollary 4.2. Ifx,,..., xy are nonnegative continuous piecewise linear functions
on{a, bl and d,,..., dy are positive numbers, and

K ={J’€L2{a, b]}yZO, <y7 xi)=di (izlﬁ“‘) N)}¢@’
then for any x € L,[a, b],
N
Py(x)= (x"' 2 aixi>
i=1 +

Jorany a,,..., ay€R, chosen to satisfy equations (4.6) of Theorem 4.3.

A nice application of Theorem 4.2 is that of constrained spline interpolation.
The reader should see [16], along with [10], [11], [12], [19], and [1], for more
details.

As a final application of Theorem 4.3, we recover and extend a result of Smith
and Wolkowicz [22].

Theorem 4.4. Let A be an m X n real matrix, d € L,(m), and
K={xehin)x=0, Ax=d}# .
Then, for each x € ly(n),
Pg(x)=(x+A"A),
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for any X € L,(m) chosen so that A[(x+ AA),]=d. (Here AT denotes the transpose
of A)

Proof. Letting x; denote the ith row of A, we see that x;¢ I,(n) and A is the
linear operator from I,(n) to L,(m) defined by Ax = ((x, x), (X, X2), .. . , (X, X)) .
Also, AT may be identified with the adjoint of A:

ATa=A*a =Y ax, aehLim).
1

The result now follows from Theorem 4.3 if we show that
C’n k*+span{x,, X, ..., Xn}

is closed for each k€ K, where C = {x € L,(n)|x = 0}. That this set is closed follows
immediately from the next lemma. |

Lemma 4.3. Let {y,, y»,...,¥n} be a linearly independent set in X, let E be the
convex cone

N
E= {Z pyilpi =0 for each i},
1
and let L and M be finite-dimensional subspaces of X. Then (E n L)+ M is closed.

Proof. Assume first that L =X, We claim that, for each x¢ E + M, there are
vectors e€ E and me M so that x = e+ m, where

lell+ml =inf{jle’| +|m'|||x=e'+m’, ¢'c E, m’ € M}=: r(x).

To see this, choose e, € E, m, ¢ M so that x=e,+m, and
1
”eﬂ”+”mn”<r(x)+;, n=1.

This proves that the sequences {e,} and {m,} are bounded. Since each of these
sequences lies in a finite-dimensional subspace, by passing to a subsequence, we
may assume that m,>me M and e¢,~> ec E (since M and E are closed). Thus,
x =lim(e,+m,)=e+m and |e]|+|m| =r(x).

Now assume x, € E+ M and x, » x. We need to show that xe E+ M. Choose
e,€ E and m, € M so that x, =e,+m, and |e,|| +||m,|| = r(x,). If either {e,} or
{m,} has a bounded subsequence, say {e,}, then by passing to a subsequence we
may assume ¢, — ¢ € E. Thus,

m,=x,—¢e,>x—e=meM

and x=e+meE+M.
The other possibility is that |le,]|>c0 and |[m,]| > . But we show that this
cannot happen. By passing to a subsequence, we may assume that

m,

fTm)

»meM, fim]|=1.
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Then

[4 X m
LT, LS. i —>0-—-m=ZeEE.
fmall lmall el

By reindexing the vectors y;, we may assume that
N
e= zl: P,

where p,>0 for i<k, and p; =0 for i> k.
Also, we can write

e N
" m" " = 'Zl PniYi for some Pni = Oa
n =

where
Pni = Di (i=1,2,...,N).

In particular, since p; >0 for i<k, there exists an integer n, so that
Pri > 30 (i=1,2,...,k)

for all n = n,. Hence

=T (pu—tpImcE
"mn" 2 2 ni — 2Mil)i

for n=n,.
Since e = —m e M, we have that

m
Z-+lee M.

lIm, |

It follows that

m
—tie>m+ie=—}le

flma |
and
e
“m"“-—%e-)e—%e=%e.
n
Hence we see that
e e m, e
(4.7) X, =|m (—-"——-—)+ m (—-'1—+—)
n=Imal(g2=3) + Iml (5
=eptm,,

where

e, e
e£,=|}m,,”(“m “—5>EE for nz=n,
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and

= (n ml 2 )GM

From (4.7) and the choice of e, and m,, we conclude that, for n=n,,

= --H [l

leall +limall = lenll + lma]l = [l

llm,

II m, H

SO

leall .
.| l

Passing to the limit in this last expression yields
lell+1=zlle[l+3llef = el

which is absurd. This proves that E+ M is closed.
But a moment’s thought reveals that the same proof shows that (E~ L)+ M
is closed for any subspace L. ]

+1=

,Jl

To see that Lemma 4.3 actually completes the proof of Theorem 4.4, note that

C’={xeh(n)|x=0}= {5:: pilp: 20};

where y;el,(n) satisfy y,(j)=-6;. Then take E=C° L=k* and M=
span{x;, Xz, ..., Xm}.

5. Infinite Interpolation

Much of the theory on constrained approximation has been devoted to the case
of finitely many constraints. There is good reason for this. Many of the techniques
employed to handle finite contraints fail badly in the infinite constraint situation.

While making no claims on handling general infinite constraint problems, there
are many infinite-dimensional situations where the techniques herein apply. In
this section we first wish to point out how a certain class of infinite-dimensional
problems is derived from the approach of this paper. Then we give an application
to interpolation by piecewise linear splines.

As usual, X denotes a Hilbert space. Let {x;}7 < X be an unconditional basis
(see [7]) for its closed linear span H :=span{x,, x,,...], and let A: X -1, be
given by

Ax=(xx), (5 %)), xeX,
so that A*: ,> X is given by

A¥ay, a5,...) =}; ax;.
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Let C be a closed convex cone in X, and let d =(d,, d,,...) be an admissible
data vector in the cone AC; that is, d € AC. Also, let

K ={xe Cl|Ax=d}
={xeX|xeC{x,x)=d;(j=1,2,...)}
The infinite constrained interpolation problem may then be stated as follows:
Characterize Px(x) for any xe X.
First we define a sequence of finite-dimensional problems based on the infinite
problem, For each n=1,2,... define A,: X » L,(n) by
Ax = (% X, (X5, %), .oy (X X)), XEX,
so that A%: L,(n)~ X is given by

A?;A :Z )l,'x;, A€ Iz(n).
1

For the given data vector d € I, define
d":=(d,, d,,...,d,)
and let
K,={xeClAx=d"}
={xeX|xeC{x,x)=d(i=1,2,...,n)}
We have the following result.

Theorem 5.1. Assume that d"™ cint A,C for each n, xe X, and assume that
An={An1, Anzs e, Agn) € b{n) is chosen so that

(5.1) PK"(X)zpc(X‘FA’:I\.") (n=1, 2,...).
If

(5.2) p'= s‘,ﬁ"(,-’?, Af.;) <o,

then

(5.3) Py (x)=Pc(x+A*)) for some Ael,.
Moreover,

Py (x)=1lim Py, (x).
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Proof. We first verify that the range of A%, denoted by Z(A*), is closed. Now
A* has a closed range if (and only if) A* is bounded below on the norm-one
elements of (ker A*)*. Clearly, ker A*={0}. Since unconditional bases for a
Hilbert space are unique, there is a constant p >0 such that

(5:4) [A*A]*=

2

1., 1
==Y Al==
ijJZ

20 ,,

for all {A;} with ¥ A}=1. Hence, ®(A*) is closed.
Next, let r,=d(x, K,) forn=1,2,... and ro=d(x, K). Since K< K,,,,< K,
we have 7, <71,.,%r, and

fimr,<r,<o.
By (5.1),

re=lx=Po(x+A¥r)| (n=12,...)

and hence {Po(x+ A¥A,)} is bounded. By the Eberlein-Smulian theorem, we
may pass to a subsequence and assume that

(5.5) Po(x+A%A,)— ¢

for some ce X, where —" denotes weak convergence. Clearly, ce K, for every
n so c€ K. Thus,

(5.6) ro=[|x—c||=liminfljx — Po(x+A¥A,) | =rs
implies that [|x — ¢|| = r, and ¢= Px(x).
To complete the proof, we verify that ¢ = P~(x+ A*)) for some A € l,.

By (5.2) the sequence {A¥A,} is bounded, so (again by the Eberlein-Smulian
theorem), by passing to a subsequence, we may assume that

w
A¥pr,— z

for some ze X. Since A¥A,e (A*) for each n and R(A*) is closed, hence
weakly closed, it follows that z= A*A for some A €1, and

A%A, — A*y,
By (5.5) and (5.6) we see that
x— Po(x+A¥A,) Sx—c
and
[x=Po(x+AFA)| > x=c].
This implies that

(5.7) e~ Po(x+AFA,)| 0.
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Using Proposition 2.1 and (2) of Lemma 2.3, we deduce that, for an element
y0€ C, yo= Pc(x) if and only if z—y,e C°nys. Using this, we see that, for
each ye C,

(x+A*A ~ ¢, y)=lim{x+ AFA, — Pe(x+ A¥A,), y)=<0
and
{x+A*\ —¢ )=Hm{x+A¥A,~ Pc{x+A%)r,), c)
=lim{x+A}FA, ~ Pc(x+A¥A,), c=Po(x+ A¥A,))=0
by (5.7). Again using the characterization of best approximations from C, we

deduce that ¢ = P-(x+ A*A) which completes the proof. n

The following example illustrates an application of Theorem 5.1. Let M, be
the piecewise linear B-spline having the values 0, 1, and 0 at the integers —1, 0,
and 1, respectively, which is supported on [--1, 1] and set

M(1)=M(t—j), —0<j<co,

It can be deduced from [3] that the B-splines {M;|j=0,£1,+2,...} from an
unconditional basis for the closed subspace they span in L,(R). Consider the set

K={ye L(R)|ly=0,({y, Mj)=d;, ~0< j <0}
={yeClAy=d},
where
C={yeL,(R)|y=0},

d=(...,d.\,do,dy,...)isin b=1L(Z), d;=(k, M}), and A: Ly(R) - I, is defined
by

Ax :=(~ LR} <xa M—l)a <xa MO): .o -)'
That is, (Ax)(j) =(x, M;), —00<j<co. In the following, we use the notation
{d}={f}

if there exist positive constants ¢, and c; such that ¢,d; <Jf; < c,d; for all j. Hence,
by setting d; = (k, M;) where k=Y. _ (5/(Ji|+ 1))x(;s+1/2 it is clear that k e L,(R)
and

{di}z{;‘_‘g‘i}"l}.

Consequently, K is nonempty. Our problem is to characterize Px(x) for each
x € L,(R). By a simple translation, we may simply consider the case x =0. Since
(», M;)~ 0 as | j} = co, the data cone will contain no interior points. Nevertheless,
we have the following resuit.
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Proposition 5.1. The element of minimal norm in K is given by

(220,
Jor some Ael,.

Proof. For each integer n>0, define A,: Ly(R) > L{—n,—n+1,...,n} by
Ax=((x, M_,), (x, M_,i11), ..., (X, M),
and set
d™=(d_,,d_pirs...,dy)EebL{-n,..., n}
and
K,={xeC|Ax=d"}.

Then by Corollary 4.2, since d;> 0 for all j, d (M eint A,C for each n. By Theorem
3.2, there exists A, =(Ayp, ..., Ann) € L{—n,..., n} such that

(5.9 Py, (0)= Pc(A%A,).
Let
p=sup|lAJA, [ =sup ) L AyM; H
n n j=—n

If p <o, then Theorem 5.1 implies that
P (0) = P-(A*)) for some Aek.
But, by Lemma 4.1,
Po{A*A)=(A*A), = ( ¥ )L,-Mj) .
—00 +
Thus, the proof is complete if p <00,
While it can be shown that p <o, the proof is rather involved and lengthy.

We prefer to take an alternate (and shorter) approach to verifying (5.8). By
Lemma 4.1,

S::=PC(AﬁAn)=( Z Ani‘M:i) .
+

j==n
We next prove that, for each j,

py= sup|A,y| <co.

This is accomplished by showing that lim, sup|A,;| =0 leads to a contradiction.
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Case 1. Sone subsequence of {A,;} diverges to +co.
By passing to a subsequence, we may assume that

A =|Ayl=00  as n-co.

Then since {d;}={1/(|j|+1)} and

1 j+1 1
(5«10) ""."'"—'—‘J S:A@‘=J (/\n.jqiMj—l+Aan+An,j+:ﬁ’fj+x)+M
i+ =1

-1
the following must hold:
Anjo1 = ~|Apjmt| > =0

and
Apji1= = Ay ] > —0 a n->0

for otherwise the integral would tend to infinity. Note that the restriction of S;
to[j—1,j+1],callit Sy, is a piecewise linear spline supported on [j—€nj+8a.l,
where g,-0, 6,0, and S ()= A

Now since {Sn;, M))=4d;, d; is approximately equal to 2~ Yen+8,)A,; which
equals the area under S, ;. On the other hand, the square of the L,-norm of S;,;
is equal to (&, + 8,)A2; which is approximately equal to 2dA,,;. Hence || Px (0)|® =

IStIP= ISl =2dA,;—> % as n->co. This contradiction shows Case 1 cannot
occur.

Case 2. Some subsequence of {A,;} diverges to —0.
By passing to a subsequence, we may assume that

I\ = —l"\ﬂ]‘_) -0,

nj =
We consider three possible subcases.

Subcase 2(a). Ap;-1<0, A,;—>—00, and A, ., =20.
From Case 1, A, j+1= pj+, for all n and hence the function

(A jmt Micy F XM+ Ay it M)+

has the graph of a triangle having maximum height p;,, and base shrinking to
zero. Thus, the expression in (5.10) is equal to

J+l

0<dj=J ()tn,j-lle—l+)lnjA’Ij+An,j+lM+1)NIj"o
J=t

as n- o0 which is absurd.

Subcase 2(b).  Apjo1> 0, Ay ~00, and A, ;44 <0. This is similar to Subcase 2(a).

Subcase 2(c). 0<A,j1Spj_1, Ay —0, and 0< A, 41 = pjss. This also follows
along the lines of Subcase 2(a).

Thus, we have proved that, for each j, {A,;} is a bounded sequence.

Note that

| P (0} = || P, (O} = || ST}
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for all n so {S,} is a bounded sequence. By the Eberlein-Smulian theorem, we
may pass to a subsequence and assume that

S —¢g
for some g € L,(R). The same proof as in Theorem 5.1 shows that g = Px(0) and
Is»—gl~o.

It follows that on any interval [—N, N1, lim, .S, =S, ie., g is the plus
function of a spline on [~N, N]. The coefficients in §*=(F, AM;).. are the
limits of the A,;. It follows that S* =g in L,(R), so §* = P¢(0) and the proof is
complete. B

6. Final Remarks

We point out that the definition of a dual cone may be formulated in any normed
linear space. Hence, property CHIP may be defined just as in the inner product
space setting. In particular, a result characterizing best approximations that
generalizes Theorem 2.1 and is the basis for many applications to non-Hilbert
space can be stated as follows.

Theorem 6.1. Let {K;jic I} be a collection of convex subsets of a normed linear

space X, K =(;K;, x€ X, and ko< K. Then ko€ Px(x) if and only if
D(x—ko) N (K —ko)°# &

Moreover, if {K}ic I} has property CHIP, then kye Py (x) if and only if

D(x—ky)n w*-cl[ Y (Ki— k0)°] # .
iel

Here D denotes the norm-duality map D: X »2*" defined by
D(x) = {x*e X*||x*|| = |||, x*(x) = [|x*|| x|}

and “w*-cl” denotes “weak® closure of.”
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