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Super Spline Spaces of Smoothness r and
Degree d > 3r + 2

Adel Kh. Ibrahim and Larry L. Schumaker

Abstract. The problem of computing the dimension of spaces of splines whose
elements are piecewise polynomials of degree d with r continuous derivatives
globally has attracted a great deal of attention recently. We contribute to this
theory by obtaining dimension formulae for certain spaces of super splines,
including the case where varying amounts of additional smoothness is enforced at
each vertex. We also explicitly construct minimally supported bases for the spaces.
The main tool is the Bernstein-Bézier method.

1. Introduction

Given a triangulation A of a set Q in R?, and given integers 0 < r < d, the space of
splines of degree d and smoothness r on A is defined as

(A) = {se C'(Q): s restricted to each triangle belongs to P,},

where P, is the space of polynomials of total degree d. Clearly, #3(A) is a linear
space. The problems of computing the dimension of this space and constructing
minimally supported bases for it are difficult, in general (see [1]-[15] and the
references therein).

This paper is based on several recent contributions to this problem area.
Dimension formulae and local bases for the spaces #(A) were obtained for
d>4r +1 by Alfeld, Piper, and Schumaker [4], [6], using Bernstein-Bézier
methods. These results were recently extended to d > 3r + 2 by Dong [10]. Chui
and Lai [8] pointed out that certain subspaces with double smoothness at each of
the interior vertices are of special importance, and they gave dimension formulae
and minimally supported bases for their spaces, which they called super splines.
These results were extended to a wider class of super splines for d > 4r + 1 by
Schumaker [15], where the connection with finite elements was also explored.
Super splines were studied in a different way by Chui and He [7], and are used by
Chui and Lai [9] to prove results on the approximation power of spline spaces.

The purpose of this paper is to investigate general spaces of super splines. We
require only that d > 3r + 2, and deal not only with the usual kinds of super spline
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spaces, but also with more general ones for which the amount of extra smoothness
varies from vertex to vertex. The paper is organized as follows. In Section 2 we
define the spaces of interest, and present our main resuits. In Section 3 we develop
some Bernstein-Bézier tools, while in Section 4 we establish dimension formulae
and construct explicit minimally supported bases for our spaces in the special case
where the amount of additional vertex smoothness is the same for each vertex. In
Section 5 we do the same for the general case. Finally, Section 6 is devoted to
remarks.

2. The Main Results
We begin by defining the super spline spaces of interest.

Definition 2.1. Suppose that A is an arbitrary regular triangulation of a set Q, and
that the vertices of the triangulation are denoted by v,,...,v,. Suppose d and r
are nonnegative integers such that d > 3r + 2. Finally, suppose p; are integers
satisfying

@1 r<p;<d, i=1...,V

and let

(2.2) 6 =(py,-.-> pv)-

We define the space of super splines by

2.3) FiA) = {se SYA):se C*(v),i=1,..., V},

where, in general, if v is a vertex of the triangulation A,

24 C*(v) = {s: s has derivatives up to order k at v}.

The super splines considered in [15] correspond to the case where p; = p, for all
i=1,...,V where r < p < d. For consistency with the notation used there, in this
case we write

@2.5) FiP(A) = {se #D):se Co(v),i=1,..., V}.

To present formulae for the dimension of super spline spaces, we need to
introduce some additional notation (see [3]-[6], [14], and [15]). Let

V; = number of interior vertices of A,
Vg = number of boundary vertices of A,
E,; = number of interior edges of A,
Ey = number of boundary edges of A,
V = total number of vertices of A,

E = total number of edges of A,

N = number of triangles of A.

It is well known that
(2.6) Eg =V, N=Vs+2¥—2, and E;=V;+3)-3.
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We also introduce
2.7 S = number of singular vertices of A,

where a singular vertex v is a vertex which is formed by two lines which cross at v.
Foreachi = 1,..., ¥, let E; denote the number of interior edges attached to v;, and
let e; denote the number of these with different slopes. Throughout this paper we
assume that the vertices are numbered so that the first ¥} of them are the interior
vertices.

Finally, we recall some additional terminology which is by now standard (see
[31-[6], [14], and [15]). A cell is a subtriangulation of A which consists of a set of
triangles sharing one common interior vertex (see [3]-[6], and [11]). We say that
the spline space & ?(A) has a minimally supported basis provided that it has a basis
of splines, each one with support on a cell.

The first of the following theorems gives dimension formulae for the spaces in
(2.5) where the order of extra smoothness is the same at each vertex; i.e., p; = p for
alli=1,..., V. The formulae depend on the size of p.

Theorem 2.2. Let A be an arbitrary regular triangulation. If 2r < pandd > 2p + 1,
then

. roran _ [P t2 d—3r—1\ ,fp—2r
(2.8) dim(&; (A))-( 2 )V+[( 5 ) 3( 5 ﬂN

L+ 12 —24p tr-2,

Ifd>3r+2andr+|(r+ 1)21<p<2rwithd>2p-+ 1, then

e =1 [(17) AL

d—4 — -
+(r+l)(2 p+r 2)E+(2r p+1>s,

2 2

where S is the number of singular vertices of A (see (2.7)). Finally, if d > 3r + 2 and
r < p < u, where

(2.10) ”=r+tr+1J’

2
then

o s 55
d—3r—1 r—ut1
¥ [( 2 ) B 3( 2 )]N

G+1D)2d—4u+r—-2)
* 2

E + o,
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where

Vi d

(2.12) o= Y i+ 1—je),.

i=1 j=p-—r+1

In all three cases, &7°(A) has a minimally supported basis.

Discussion. Ths first statement is contained in Theorem 2.1 of [15]. The remain-
ing statements are extensions of Theorem 2.5 of [15] which deals with similar super
spline spaces (but under the assumption that d > 4r + 1), and of the results of [10]
which deal with the usual spline spaces for d > 3r + 2. We delay the proof of (2.9)
and (2.11) until Section 4 (see Theorems 4.2 and 4.4).

The formulae in Theorem 2.2 can be rewritten as a single formulae which holds
in all three cases, as follows:

Corollary 2.3. In each of the three cases of Theorem 2.2,

z - d‘—' 2 — 2 4 _2
@13) dimyray = E oAz v drr =207 drp —20)

2
(2d* — 6rd — 3r* + 3r — 5p* + 12rp ~ 3p)
+ |4
2
—2d% 4 6rd + 3r — 3r + 6p% — 12 6 2
+( + 6rd + 3r r2+ p rp + 6p + )+a.

Proof. Using the Euler relations given in (2.6), straightforward algebraic manipu-
lation of the formulae in Theorem 2.2 lead to formula (2.13). n

In order to state results for the more general super spline spaces defined in (2.3),
we need some additional notation. Suppose that {¢;}£., is the set of edges of A. The
following theorem, which contains Theorem 2.2 as a special case, is the main
dimension result of this paper.

Theorem 24. Givend>3r+2andr <p,,i=1,...,V, let
(2.14) k; = max(p;, ), i=1....,V,
where p is the integer defined in (2.10). Suppose

(2.15) ki+k;<d  forall (i,j)eA,
where

N = {(i, )): v; and v; are neighbors}.
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Then
(2.16) dim(£3°(A))

-2 ()
+,.ZV:1 [(ki—;+ 1>~(pi-—;‘+ 1)_(2r—;c,.+ 1)-—("";2{)}1‘:‘
T (S N

+(r“)(2‘;“"2)5—(r+1)[2 5 "f*ik"E"]
i=1

i=Vyi+1

L € d
+Y Y H+1+j—je),.

i=1 j=pi—r+1

Moreover, there exists a basis of minimally supported splines.

Discussion. Formula (2.16) reduces to those in Theorem 2.2 in the special case
where p; = p,alli=1,..., V. We prove a more explicit version of this theorem in
Theorem 5.2 below. | ]

Example 2.5. Consider S2:°(A), where A is the triangulation shown in Fig. 3, and
0=1(3,2,2,2,2422).

Discussion. Using formulae (2.16), we calculate the dimension of this space to be
149. An explicit determining set of Bézier ordinates (as described in Theorem 5.2) is
given in the figure.

3. Preliminaries and Tools

Our analysis of the super spline spaces introduced in Section 1 follows the
Bernstein-Bézier approach pioneered in [6]. In this section we review the necessary
notation, and prove several preliminary results.

Suppose the triangles of A are denoted by T'), ..., T™ and that the vertices of
T are denoted by vl], v, 13 in counterclockwise order. In each triangle 71
2
PP = {P} = (il + jol + kolf)/d, it+j+k=d}.

Now associated with the triangulation A, let

d+2
we consider the set of ( N ) points

N
G1) P=2,=\) PV
i=1
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Note that points on the common edge between two triangles are included in 2 just
once, although they belong to two triangles. It is convenient to have the concept of
distance of a point from a vertex or from an edge. The points {P{L, ,,_}._, are
said to be at a distance i from the vertex v[},;. Similarly, the points {P{1;_, ; }4Z§
are said to be at a distance i from the edge whose endpoints are v}, and v{3,.

If v is a vertex of A, we introduce the ring of order p around v

(3.2) R, (v) = {points which are distance p from v}.
We also need the disk of order p around the vertex v defined by

P
(3.3) D,(v) = _Uo R o).
S

Now given a spline s € 9(A), we denote the restriction of s to the triangle T} by
sU. This is a polynomial of degree d which can be written in the Bernstein-Bézier
form

(3.4) SO = Y g,

o fema AR

where (o, §,7) is the barycentric coordinate of the point { with respect to the
triangle T,

Each se &9(A) is uniquely determined by the coefficients of its polynomial
pieces (3.4). Each of these coefficients can be identified with a domain point in the
set 2. Indeed, it will be useful to define a linear functional defined on ¥3(A)
associated with each domain point P € 2 as follows:

(3.5) Aps = the coefficient of s associated with the domain point P.

For splines s which are continuous, if P is 2 domain point on an interior edge of A,
then the associated coefficients of the two polynomial pieces of s which join along
that edge must agree. This ensures that A, is well defined. The set {(P, 1;5)}pc s is
called the Bézier net (see [3]-[6]). If I is a set of domain points, then we write

Ar = {A'P: Pe r}.

As in [3]-[6], our approach to establishing the dimension of spline spaces is to
use Bézier nets as a tool to obtain upper and lower bounds. Suppose & < ¥(A) is
a linear space of splines. First, to get an upper bound on the dimension of &,
suppose I' © 2 contains L points, and that Ar = {4,]5.5 is the corresponding set
of linear functionals. In addition, suppose that A has the property that it is a
determining set for & in the sense that

(3.6) se¥ and As=0 forall AleAr implies s=0.

Then, as shown in [6], it follows that dim (&) < L.

For a lower bound, we use the approach of [5]. Suppose now that I is such that
{Bp}per are splines in & satisfying

(3.7) APBQ = 5PQ’ all P, Q € r.
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Then dim(&5°(A)) = L. Clearly, if we can use the same set I for both the upper
and lower bounds, then dim($’) = L, and {Bp} . is a basis for & and A is a dual
basis.

As in [3]-[6], [10], and [15], in order to construct an appropriate set I', we are
going to divide the set of all domain points 2 into subsets such that the
corresponding linear functionals in two disjoint subsets are linearly independent
from each other. Suppose D < 2 is a typical such subset. Then the idea is to choose
2 < D with as small a cardinality as possible such that, for any spline s € &, the set
of values {Aps} .o determines {5} . p. In this case, we say that & determines & on
D. If 2 has a minimal number of points in it, we call it a minimal determining set for
& on D.

The exact way in which the set of Bézier ordinates is divided up will be different
for each of the cases of Theorem 2.2, as well as for Theorem 2.4. In general, the
subsets D of interest will be disks, triangles, and certain polygons formed from disks
and triangles. In the remainder of this section we present several lemmas which deal
with the process of choosing a minimal determining set & associated with a given D.

Our first lemma shows how to find a minimal determining set for &% °(A) in the
case where D is a disk around a boundary vertex.

Lemma 3.1. Letr < p < p <d, and let v be a boundary vertex of A with E interior
edges attached. Let D = D (v) be the disk of radius p around the vertex v. Suppose the
triangles with vertices at v are numbered counterclockwise as T!),..., TIE*1],
Finally, let 2 denote the following set of domain points:

1. All domain points in Tt D (v).
2. For each 1=2,...,E+ 1, the domain points in the last p —r rows of
T" n D ,(v) adjoining TV~ ", and outside of R (v).

Then @ is a minimal determining set for $1°(A) on D with

on e (T

Proof. This lemma can be established in the same way as Lemma 2.3 in [15].1

Our next lemma deals with finding a minimal determining set for &7 °(A) in the
case where D is a disk around an interior vertex.

Lemma 3.2. Letr < p <p <d and let v be an interior vertex of A with E edges
attached, where e of them have different slopes. Let D = D (v) be the disk of radius p
around v. Then there exists a subset @ of D with

(39) #-@=(p;2)+[(p—;+l)"(p*;H)]E

p-r
+ )Y (+j+1—je),

j=p-r+1
such that 9 determines &3°(A) on D.
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w3

p=pi=piz=9
Fig. 1. Two triangles sharing a nondegenerate edge.

Proof. The statement about the cardinality can be established along the same
lines as the proof of Theorem 2.2 in {14]. An explicit minimal determing set can be
constructed using the methods of [14]. In general, there may be many choices
which work. n

In the remainder of this section we deal with sets of domain points which lie
within a distance of at most r from an interior edge of the triangulation. In order to
simplify notation, for the time being, we work with just one pair of triangles T and
T Suppose these triangles have vertices w,,w,, w;,w, as in Fig. 1. Then
associated with the common edge w, w;, we define

(3.10) L ={PeTWy T™: distance (P, Wy W3) < r}.

Lemma 3.3. Let r <j < d, and suppose that the points in R{w,) N I are numbered
as&_,,..., ¢ sothat & _; and &, are the points in TV and T™, respectively, which are
distance i from the edge. Given s € (A), let ¢; = Ays,i = —r,...,r. Suppose that,
for somer + 1 = 2g,

(3.11) Aps=0  forall PeD;_ (w,)NnZ
and
(3.12) ci=c_;=0, i=r—qg+1,..,r

Then either of the following two conditions

(3.13) ¢; =0, i=0,..,r—2q
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or

(3.19 c_; =0, i=0,...,r—2q
implies

(3.15) =0 fordl i=-—r...,r

Proof. The C" smoothness conditions imply that (3.13) and (3.14) are equivalent.
Now suppose that (3.13)-(3.14) hold, and that the barycentric coordinates of the
vertex w, with respect to the triangle Tt are (o, 8, 7); ie., wy = aw, + Bw, + yws.
We assume that the vertices are located such that y # 0. The analysis of the case
where y = 0 is similar. In addition, we restrict our attention to the case where
r + 1 < 2q. The case where r + 1 = 2q is completely analogous.

Under the assumption that 1,5 = 0 for all P e D;_,(w,) 0 Z, the C' smoothness
conditions across the edge w,w, for I =r,...,r — 2g + 1 can be written as

Mr=0

With T = (C,_gs-+1 €ro2g4 1> Corm2g41)s- -5 Cogr—g)» @d

0O B
M= .
7
[ r ,},Zq-lﬁr—2q+1 e, r .qur—q ]
r—2g+1 r—gq
r—g+1 A=+ r—g+1 B
r—2g+1 r—g
Oisagq x gzero matrix,lisaq x gidentity matrix, and C is a certain ¢ x g matrix.

Factoring powers of y and f out of B and removing common factorials from the
rows, we see that the determinant of B is a nonzero constant multiple of

where

(316) B=

r _1 1

q! (g—1)! i

G = det : e,
111

(2¢g-1) (2¢-2) q!

Since this determinant corresponds to performing interpolation of the values
p(1), p(1),...,p (1) using polynomials which are linear combinations of
xYg,...,x* " 1/(2q — 1), it immediately follows that the determinant of G and
thus of M is nonzero, and (3.15) follows. ]
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We now need some additional notation. Suppose the triangle T% has the three

vertices W, = v;y), Wy = Uz Wy = Dpq as in Fig. 1. Then associated with T we
define

(3.17) AW = (P

. Yociom b2
Li-j,jlisi-mi=pp+1

This is the set of domain points in T* A £ which are within a distance r to the edge
w, W, but outside D, ,(w,), where Z is the strip defined in (3.10). We call A}’ the

cap associated with the vertex v;,, of T%. A typical such cap is illustrated in Fig. 1.
For later use, we note that

2,' — Pi + 1
(3.18) #Af,'l=( pz“" )

Clearly, we can define similar caps 44 and AY associated with the vertices
Wy = Djoy 2nd Wy = v;3q of THL

Before stating our next lemma, we need to introduce another useful concept.
Consider a neighboring pair of triangles as in Fig. 1 and 2. We say (see [3]) that the
edge w, w, is degenerate with respect to the vertex w, provided that the edges w; w,

and w, w, are collinear (see Fig. 2). An analogous definition applies with respect to
the vertex wj.

Lemma 3.4. Suppose that T and T" are a pair of neighboring triangles as in Fig. |

with vertices Wy = Uy gy, W2 = Uiy W3 = Uiaqys Wa. In addition, suppose that the edge
W, W, is not degenerate with respect to either w, or ws, and that u < p;;y, Pizg) With

.
. o
L)
e e o
s s & & &
e @& o & & @&
s 6 8 e s 3w 'T["l
*® * o o & & & 9
« 6 0 8 o o 8 2w
....Q‘...Q
.......'..‘ .
e e ® 8 5 8 6 0 0 & DP-:(WJJ
. .'..'.... .
LY AAANBEAAA ..
o o 0 AAENE« AA « 8 .
« s & @ AN UMW « A « s 4 e
s s o o @ o EE s e s o » @
¢ ¢« o« & 0o 0 [ s s o s e 0
wy ¢ & o & & 9 o -!: 2 e o 8 s ws
s & & o & 9 - & 8 " s o 8 0
o % o s o » « s e 0 « o 0 s o »
s s 9 ° 3 . & & ¢ o ¢ & & o O
s e 0 o o o o A LI I )
.« s 0 e s s o o A A « s
' e o 0o o o A AA . .
. e 8 & 8 8 % & & @ L]
L e o & & & v
. & @ s 8 & 8 & & @
. & ® s 9 ® & & 8
. e T R
« a4 “ e s 0
* & & TR ) qu
« a2 L)
* s .
¢ v
. o ®
. d=21, r=6
.

p=pa=pz=9
w2

Fig. 2. Two triangles sharing a degenerate edge.
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Pag + Piayy < d. Let

(3.19) A= ADU AW G AP U AW,
Then there exists a subset & of F n T with
(3‘20) 'g'— = [z\(Dp“(u(wl) v Dp,-:,(l)(WS))]

such that & U A determines A) on F and

(r+ 1X2d — 2p;14) — 2pi3y + 7 — 2]

(3.21) #(EVA)= >

Proof. We divide the analysis into three cases. To simplify notation, we drop the
when referring to il(}), i2(l), and i3(]).

Case 1 (2r < p;; < p;3).  In this case the set 4 in (3.19) is empty, and we simply
choose

E=F nTH,
It is easy to check that (3.21) holds.

Case 2(u < p;; <2r < p;3). We apply Lemma 3.3 to choose a total of r + 1
points on each of the rings R, ,;(wy),..., R, (w,). For each such ring we can
include the points which lie in A}~ % and AV ~ £. To get & we add all of the
points in [Z\(D,,(w,) U D, (w3))] n T,

Case3(u<p;; <p;3<2r). We use Lemma 3.3, starting with the ring
R, +1(w,). We then do one ring at a time until we reach the ring R, _ 2is(W1). Next
we do the ring R, ,(w;), then ring R,_,. ., (w,), and continue in this way

alternating between rings about w, and w, until all the points in & are accounted
for. As before, (3.21) holds. [ ]

The situation is slightly different when w, w; is a degenerate edge.

Lemma 3.5. Suppose that T™" and T™ are a pair of triangles as in Lemma 3.4 such
that the edge w, Wy is degenerate with respect to the vertex w, (see Fig. 2). Let F be
the set defined in (3.20), and suppose that pu < p;1q), Pizgy With piy gy + Pisgy < d. Then
there exists & © F  TY such that & U A determines S (A) on %, where

(322) A=APu AP O AP
and
(3.23) #(& o )= T+ D= 2000 = 2 +7 = 2)

2

Proof. The proof is based on applying Lemma 3.3 to each of the rings Ry(w,) for
i=pygy—r+1...,d=ps,—1 To simplify notation, we drop the ! when
referring to i1(l), i2(J), and i3(]). We distinguish two cases.
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Case 1(d > p;; + 2r). Fori=p; —r+1,...,r, the points in Dy(w,) u AV deter-
mine all points in & on the ring R(w,). Fori=r + 1,..., p;;, Lemma 3.3 asserts
that we can choose r +i— p;; points in R{w,)n T For each i=p, +
1,...,d — 2r — 1, we may choose the r + 1 points in R{w,) n T, Finally, for
i=d-2r...,d — p; — 1 Lemma 3.3 allows us to choose 2d — 3r — 1 — 2i points
on each ring (in addition to the points in the two sets A} and A{}). The total
number of points chosen is then

— D, 2r — p. 1 pit
()T B eri-o

i=r+1

d-pia—1

+r+Dd=2r—py -+ Y (2d—3r—1-2i,

i=d-2r

which is easily seen to be the number in (3.23).

Case2(d < p;; +2r). For i=p; —r+1,...,r, the points in D, (w,) L A
determine all points in R{w,)n%. For i=r+1,...,d - 2r -1, Lemma 3.3
requires that we choose r + i — p;; points. For each i=d — 2r,..., p;;, we may
choose 2d —3r —p;; —2 —i points in Ryw,)n TY. Finally, for i=p; +
1,...,d — p;; — 1 Lemma 3.3 says that we can choose 2d — 3r — 1 — 2i points on
each ring in addition to the points in the two sets 443 and AY. The total number of
points is then

% — p; 1 r — p.: 1 d=2r—1
(r I;,1+>+2<r l;;a+ )+ S i py)

i=r+1
pi1 d-piz—1
+ Y @d=3r—py—-2-D+ Y (2d-3r—1-2i,
i=d-2r i=pa+1
which is easily seen to be the number in (3.23). | |

4. Proof of Theorem 2.2

In this section we establish Theorem 2.2. Our approach is based on the idea
introduced in [6] of dividing the set of domain points 2 into subsets, and then
choosing minimal determining sets for each of them.

First we assume that g < p < 2rand d > 2p + 1 and prove formula (2.9). As in
Section 3, let T!,..., TI¥ be the triangles of A. We begin by dealing with certain
disks surrounding each of the vertices. For each vertex v; in A, let

(4. 1) gi = DP(U,-) N T[lil’

where T is some triangle with vertex at v;. Clearly, 2; is a minimal determining

set for D,(v;), and
_[p+2
#9; = ( 5 )
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We next choose certain of the caps defined in (3.17). Let v, be a typical vertex,
and let &, be the union of the caps A7, where T1# is a triangle with vertex at v;. If v,
is a boundary vertex, let o/, = 4,. If v, is a nonsingular interior vertex, we take ., to
be the set ¥, minus the union of those caps A such that the first edge of T/
(where the edges are ordered in counterclockwise order) is degenerate with respect
to v,. Finally, if v, is a singular interior vertex, let o, = A, where T! is any
triangle with vertex at v,. Clearly, we have

2r—p+1
4.2) #d,=(' ; >[E,~EP+5,],

where E, is the number of interior edges attached to v, EP is the number of
degenerate edges attached to v;, and

1 if v, is a boundary vertex or a singular interior vertex,
(43 o= .
0 otherwise.

Next we deal with the points in the middle of each triangle. Let
4.4 €= Ci={(iw; + jwy + kwy)/d:i>r,j>r,k>r},

where wy, w,, wy are the vertices of 1. The set &, is the set of Bézier points lying in
the triangle T"! which are at Jeast r rows away from the boundary. Clearly, %, is a
minimal determining set for C; with

@5) 44, = (d - 32’ - ‘).

A typical set &, is shown in Fig. 1 (where d = 21,r = 6,and p = u = 9).

We now consider domain points in strips near the edges ¢, ..., ¢ of A. Fix
1 <i < E. If¢;is an interior edge, we suppose that ¢; = w, w;, where TH and T
are the two triangles sharing the edge. We denote the vertices of these triangles as in
Fig. 1.1 ¢ is a boundary edge, we suppose that ¢; = w; w3, where w,, w,, w; are the
vertices of a triangle T!. Let T, be the set of domain points whose distance from the
edge is at most r (see. (3.10). Finally, set

(4.6) Fi=Z\LD,(w;) U D,(w;)].
It is easy to check that

r+0DQ2d—4p+r-2)
3 .

We now identify minimal determining subsets for each of the &,. If ¢, is a
boundary edge associated with triangle T™, set

4.7 U, = AP U AD,
where the sets A} and AY are defined as in (3.17). Then &; = F\4%, is such that
6; U U, is a determining set for &Z;.

If &; is an interior edge, we may use Lemmas 3.4 and 3.5. In particular, if ; is
nondegenerate, we take &; to be the set constructed in Lemma 3.4 such that ;v

#9'-:'=
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determines s on #;, where
4.8) U; = AP U AP L AV G AW,
A typical set &; is shown in Fig, 1 (which corresponds to the case where d = 21,
r=6p=p=9)

If ¢; is a degenerate edge, say with respect to w,, we define &; to be the set
constructed in Lemma 3.5 such that &, U %, determines s on %;, where
4.9) U, = AP U AP U AW,

A typical set &; for this case is shown in Fig. 2 (which corresponds to the case where
d=2l,r=6,p=u=9).
In all cases we have

(r+1)2d — 4p + r — 2)

#(EVU)=#F = 2

We are now ready to describe the complete minimal determining set for &5 #(A).

Lemma 4.1. Let
v N v E
(4.10) r=UdlUUg’UU@iUUgi.
1=1 1=1 i=1 i=1
Then I is a determining set for $%°(A), and its cardinality is given by the number in
2.9).

Proof. The set I is illustrated ford = 8,r = 1, p = u = 2 in Fig. 3. First we show
that I is a determining set for ¥ #(A). Suppose s € 3 °(A). Clearly, s is completely

d=8,r=2
8=(3,2,2,2,2,4,2,2).

Fig. 3. The minimal determining set for Example 2.5.
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determined on the disks D (v),i = 1,..., V,as well asin the sets €,/ = 1,..., N.In
addition, we claim that s is determined on all of the caps. Indeed, if v, is a boundary
vertex, then all the Bézier points in the caps near this vertex are included in I'. Now
if v; is a singular interior vertex, then in one of the triangles with vertex at v;, say
T™), all of the points in the cap nearest the vertex are included in the first set in
(4.10). By the C" continuity conditions, s is determined on the caps nearest v; in the
other three triangles with vertex at v;. Finally, if v; is a nonsingular vertex, then s is
determined on those caps which are not included in I" by using the C" continuity
conditions across degenerate edges. We have established that s is determined on all
of the caps in all of the triangles. Now in view of Lemmas 3.4 and 3.5, 5 is also
determined on the sets &, i = 1,..., E, by the points in the last term of (4.10). This
completes the proof that the set I determines s.
We now compute the cardinality of I'. Clearly,

4.11) #r=(”+z)v+(2'_p+ 1)[2E,-—E¥’+ Ve + 5]

2 2
+<d-3r—l)N+[(r+l)(2d—-4p+r—2)_2(2r——p+1):|EB
2 2 2
+|:(r+ 1)(2d—4p+r—2)_3(2r—p+1)]EP

2 2
+[(r+ 1)(2d —24p+r—2)_4<2r —-;4— l)]E,ND,

where E is the number of degenerate interior edges and ENP is the number of
nondegenerate interior edges. Now since 2E, + ¥ = 3N, it follows that (4.11)
reduces to (2.9). =

We now have the ingredients to establish formula (2.9) in Theorem 2.2 and at the
same time to present an explicit basis of minimally supported splines.

Theorem 4.2. Supposer + | (r + 1)/2] < p < 2r withd > 2p + 1. Then, for each
P in the set T described in Lemma 4.1, there exists a spline Bp e L3 ?(A) satisfying

(4.12) Z‘QBP = 5}:0, a” Q € r.

The set of splines {Bp}pcr is a basis for the space #;?(A), and the set of linear
functionals {Ap}p.r form a dual basis. Moreover, each of the splines Bp has local
support. In particular:

1. If P is in one of the sets 9; or of;, then B, has support on a cell.
2. If P is one of the sets &, then By has support on the union of a pair of
neighboring triangles.

3. If P is in one of the sets €;, then B, has support on the single triangle T'9.

Proof. Suppose P € 9, for some i. To define Bp, we need only give the value of the
coefficients of each of its polynomial pieces. We set the coefficient corresponding to
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P equal to one, and set all coefficients corresponding to Q e I" with @ # P equal to
zero. Now it is easy to see (see the analogous arguments in [4] and [5]) that the
other coefficients can be chosen to satisfy all smoothness conditions in such a way
that all coefficients outside of the disk D (v;) are zero. It follows that B, has support
on the disk. Similar arguments can be used to show that the other basis splines
have the stated supports.

Clearly, these splines are linearly independent because of condition (4.12). This
implies dim &% °(A) > L, where L is the number in (2.9). On the other hand, since
as shown in Lemma 4.1, T is a determining set for &7?(A), if follows (see Lemma
3.3 of [11]) that dim ¥3°(A) < L, and we conclude that dim &7°(A) = L. The
remaining statements are now obvious. | |

The remainder of this section is devoted to proving formula (2.11) in Theorem
2.2. In this case we work with the disks

(4.13) D), i=1,..¥,

where p is defined in (2.10). For fixed 1 < i < V, if v; is a boundary vertex, then by
Lemma 3.1, we can choose a set 2; < D (v,) with

(1) (52

which determines s € $;#(A) on D,(v), where E; is the number of interior edges
attached to v, Similarly, if v; is an interior vertex, then, by Lemma 3.2, we can
choose a set 9; < D (v;) with

2 - - wer
#.@u=(“’;r )+[(“ ;+1>—(" ;+1)]E,.+ S G+j+1—je).
j=p-r+1

which determines s € #;#(A) on D (v;), where we recall that E; is the number of
edges attached to v, and e; is the number of those with different slopes.

To deal with domain points in a strip near an edge, we introduce the following
analog of (4.6):

(4.14) Fi = Z\(Du(wy) U D(wy)),

where we use the same notation as before. When ¢, is a boundary edge associated
with triangle T, we take

(4.15) U= AV L A,

where the sets A and AY! are defined as in (3.17). Note that in this case
2r — 1

(4.16) #AN = A1 = ( ' é‘+ )

Clearly, the set &; = F,\%, is such that &; U %, is a determining set for .

For interior edges we may use Lemmas 3.4 and 3.5. If ¢; is nondegenerate, we
take &; as constructed in Lemma 3.4 such that the set &; U %; determines & °(A)
on &; where %; is defined as in (4.8). If ¢, is a degenerate edge, say with respect to
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w,, then we define &; to be the set constructed in Lemma 3.5 such that &; U %,
determines &7 *(A) on &; where %, is defined as in (4.9). We note that in all cases

r+1DQd—-4u+r—-2)

#(5,U%,)= #fi—_' 2

Finally, we choose point sets o, for/ = 1,..., Vand ¢, forl = 1,..., N exactly as
was done above in the proof of formula (2.9) of Theorem 2.2.

Lemma 4.3. Let

C~
C-~

4.17) =

i

D; v

1 i

¥
EAVEGR AV &;.
I=1 i

iCe

L}

1

Then I is a determining set for 3°(A), and its cardinality is given by the number in
(2.11).

Proof. The proof that I' is a determining set for $75#(A) proceeds exactly as in the
proof of Lemma 4.1. Clearly,

- d—3r—1 +2
(4.18) #r:(zr ;+1)[2E,-—E,D+VB+S]+( 2’ )N+<“2 )VB

()

Vi u-r
+Y Y +itl-—je),

i=1j=p-r+1

+[(r+ l)(2d—4;1+r-—2)_2(2r—;t+ 1)]EB

2 2

+ [(r + 1)2d —4u+r—2) _ 3(2r —u+ 1>]EP
2 2

+ [(r + 1)(2d —24;1 +r—-2) 4(2r ——;1 + I)JEFD,

where, as before, Ep is the number of degenerate interior edges and ENP is the
number of nondegenerate interior edges. Now using 2E, + V; = 3N and the fact
that the number o in (2.11) is equal to

V1 u—r —
2 X (r+j+1—je.~)++(2’ ““)s,

i=1 j=p—-r+1} 2

it follows that (4.18) reduces to (2.11). ]

We can now establish the third case in Theorem 2.2 by presenting a basis of
minimally supported splines for the space of super splines in (2.5).
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Theorem 4.4. Supposer < p < u withd > 3r + 2, where u is the integer defined in
(2.10). Then, for each P in the set I" described in Lemma 4.3, there exists a spline
Bp € L3 P(A) satisfying (4.12). The set of splines {Bp}p.r is a basis for the space
F°(A), and the set of linear functionals {4} p.r form a dual basis. Moreover, each of
the splines By has local support. In particular:

1. If P is in one of the sets @, or o;, then Bp has support on a cell.

2. If P is in one of the sets &,, then B, has support on the union of a pair of
neighboring triangles.

3. If P is in one of the sets €;, then Bp has support on the single triangle T'%,

Proof. The proof of the existence of splines satisfying (4.12) and with the stated
supports proceeds exactly as in Theorem 4.2. Clearly, these splines are linearly
independent because of condition (4.12). This implies dim & °(A) > L, where L is
the number in (2.11). On the other hand, since, as shown in Lemma 4.3, T is a
determining set for 5 °(A), it follows (see Lemma 3.3 of [11]) that dim #7%(A) <
L, and we conclude that dim #%°(A) = L. The remaining statements are now
obvious. n

5. Proof of Theorem 2.4

In this section we establish Theorem 2.4 on the dimension of the spline space
&7°%A) defined in (2.3), and give a local basis for it. Our approach is similar to the
proofs of Theorem 2.2 presented in Section 4. We need to describe a set of domain
points which determine #5%(A).

First, we consider determining s € #7°(A) on disks centered at the vertices of A.
Here we use disks of radius k;, where, as in (2.14), k; = max(p;, u). For fixed
1 <i<Vifvis a boundary vertex, then, by Lemma 3.1, we can choose a set
2; € D, (v;) with

s

which determines s € 7%A) on D, (v;), where E; is the number of interior edges
attached to v;. .

Similarly, if v; is an interior vertex, then, by Lemma 3.2, we can choose a set
9, € D, (v;) with

()L

ki—r

+ Y (+i+l-—je).

j=pi—r+1

which determines s € #7°(A) on D, (v;), where we recall that e; is the number of
edges attached to v;, with different slopes.
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We also need to choose certain cap sets. Let v, be a typical vertex, and let ¢, be
the union of the sets G;:= AY\D, (v)), where A} is the cap defined in (3.17), and
where TH is a triangle with vertex at v,. If v, is a boundary vertex, let o, = ¢,. If v,
is a nonsingular interior vertex, we take ., to be the set 4, minus the union of those
G; corresponding to triangles T whose first edge (where the edges are ordered in
counterclockwise order) is degenerate with respect to v,. Finally, if v, is a singular
interior vertex, let of; = G;, where T'/ is any triangle with vertex at ;. Clearly, we
have

2r—k + 1

(5.1) #d,=( 5

iz - 2P+ 0,
where, as before, E, is the number of interior edges attached to v, EP is the number
of degenerate edges attached to v, and 6, is defined in (4.3).

Next we turn to the triangles. For given 1 < I < N, let T" denote the Ith triangle,
and let C; be the set defined in (4.4). Suppose the vertices of the triangle are
Wi = Ui W2 = Uigqys W3 = Upag a8 in Fig. 1. We define

?l = Cl\(Dk“u)(wl) U Dk.-z(n(WZ) v Dki3(1;(w3))'
Note that

_(d—3r—1 kiyay — 2r Kizqy — 2r kizay — 2r
(52) #c?,_( 5 ) ( . - 2 - , )

Next, we consider domain points in strips near the edges of A. Fix 1 <i < E.Ifg;
is an interior edge, we suppose that &; = w,w;, where T and T™ are the two
triangles sharing the edge. We denote the vertices of these triangles as in Fig. 1. If ¢
is a boundary edge, we suppose that ¢; = w, w5, where w,, w,, w, are the vertices of
a triangle T". Let Z, be the set of domain points whose distance from the edge is at
most r (see (3.10)). Finally, let

(5.3) Fi= Ei\(Dkn(n(wl) v Dkuu,(ws))-

We now identify minimal determining subsets for each of the #,. If ¢, is a
boundary edge, let

5.4 U; = AP AW,
Then the set &; = F;\%, is such that &; U %, is a determining set for #,. We have

_(r+ 1)2d - 2k; ) — 2ky3q) + 1 — 2)
- 2

_ 2r d k“u) + 1 + 27‘ - k,'3(1) + 1
2 2 )

If ¢ is an interior edge, we may use Lemmas 3.4 and 3.5. In particular, if g is

nondegenerate, we take &; to be the set constructed in Lemma 3.4 such that &; U %;
determines s on &, where

i’

#&;

U= AP O AT G AW L A,
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In this case

(4 1)(2d = 2k — 2ki3y + 1 — 2)
- 2

o (2 kg + 1 + 2r — kisg + 1
2 2 )

If ¢ is a degenerate edge, say with respect to w,, we define &; to be the set
constructed in Lemma 3.5 such that &; U %; determines s on #,, where

#&,

U; = AP U AP L AR
In this case

_ (r -+ 1)(2d - Zkil(l) hand 2ki3(l) +r— 2)
B 2

2r - kil(l) + 1 2r — ki3(l) -+ 1
[( pot 1) o7l .

#6&;

Lemma 5.1. Let

o

v N 4
(5-5) r = U d,u U @l v U gi |9} gi’
1=1 =1 i=1 i

1

]

Then T is a determining set for #%%(A), and its cardinality is given by the number in
(2.16).

Proof. The proof that I is a determining set for #°(A) follows along the same
lines as in Lemmas 4.1 and 4.3. Clearly,

Vo —k 4+ 1 d—3r—1
(5.6) #r:lz(’ 2‘* )[E,—E{’+¢S,]+( 2’ )N
=1

N
_ kil(l) - 2?‘ ki2(l) b 2r ki3(1) - 21‘
& [( TR R U T R G

[(r -+ 1)(2d - 2ki1(l) - 2ki3(l) +r— 2)

+

le

2

_ 2r - kil(l) +1 _ 2r — ki3(l) + 1
2 2

+ z [(r + 1)(2d - zku(; - 2ki3(l) + r— 2)

_ 2r - kil(l) + 1 _- 2 2" - ki3(l) + 1
2 2

L

D
legy
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e

ledy

2

2r hand kil(l) + 1 2r -— ki3(l) + 1
- 2( 2 2 2

+Z[<p‘+2> ki (r+1+j—-je,-)+]+ i (k";2)

j=pi—r+1 i=Vi+1

)7

where E,, EP, and §, are defined as in Section 4 (see (4.3)), and where

[(r + 1)(2d — 2kyyqy — 2kzy + 1 = 2)

&® = {I: T has w; w; as a boundary edge of A},
&7 = {I: T" has an interior edge w;w; which is degenerate with respect to v;,},
&P = {I: T has an interior edge w, w5 which is nondegenerate with respect
to vy}

Now since the number of triangles attached to an interior vertex v; is E,, while the
number attached to a boundary vertex v; is E; + 1, it follows that

L) ()5

Y. [k, —2r Yo [k;—2r
= - : El' - ‘ .
i=zl ( 2 ) :=§+1 ( 2 )
Moreover,

[Z t Z +t;][(kua)+k.3(1))] 2 Z k+ZkE

ledB !s&? 1 i=Vi+1 . =

. . 2r—k;
Next, we observe that the terms involving factors of the form ( r ;(' + 1) can be
combined to obtain '

Vol —k 4+ 1 Yookt 1\ S (2 =k, +1
0 )R O s ()
i=1 2 i=Vi+1 i=1

where vy, ..., vs are the indices of the singular vertices. Finally, it is easy to see that
kizr S (2r—k, +1
55 (r+1+j—jei)++2( o ):a,
i=1 j=pi—r+1 i=1 -

where ¢ is the expression defined in (2.12). Now combining all these facts, we find
that the cardinality of I" is the number in (2.16). |

We now establish Theorem 2.4 and at the same time present a basis of minimally
supported splines for the space of super splines in (2.3).
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Theorem 5.2. Suppose the hypotheses of Theorem 2.4 hold. Then, for each P in the
set I described in Lemma 5.1, there exists a spline Bp € &7°(A) satisfying

(5.7) }”Q‘BP = 6pQ, all Q € r.

The set of splines {Bp}pcr is a basis for the space $7%A), and the set of linear
functionals {4p}p.r form a dual basis. Moreover, each of the splines B, has local
support. In particular.

1. If P is in one of the sets 9, or «;, then Bp has support on a cell.

2. If P is in one of the sets &,, then Bp has support on the union of a pair of
neighboring triangles.

3. If P is in one of the sets €, then Bp has support on the single triangle T'".

Proof. The proof is completely analogous to the proof of Theorems 4.2 and 4.4.
n

6. Remarks

1. Since ¥;3(A) = §3'(A), Theorem 2.2 subsumes the resuit of Dong {10]. Our
proof differs from his, however, in that the analysis in [10] is based on using disks
of radius r + | r/2 ], while we have used disks of radius r 4+ | (r + 1)/2 |

2. The super spline spaces considered in {8] correspond to p = 2r, while those
considered in [9] use p = r + [(d — 2r — 1)/2].

3. In [5), dimension results were given for triangulations with holes. In this
paper we have restricted ourselves to the case of triangulations without holes, but it
is not difficult to extend our results to such triangulations.

4, The results in [10] were established for triangulations which may include
subtriangulations which are joined together only at a single vertex. The results here
can also be extended to such triangulations.

5. It is easy to see that the arguments given here fail when d < 3r + 2. The
problem of finding formulae for the dimension of spline spaces with d < 3r +2
remains open (except for the one interesting and difficult special case of S3(A)
treated in [37).
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