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Analysis of Nonintrinsic Spatial Variability
by Residual Kriging with Application to
Regional Groundwater Levels'

Shlomo P. Neuman® and Elizabeth A. Jacobson®?

A method for obtaining pointwise or spatially averaged estimates of a nonintrinsic function
is introduced based on residual kriging. The method relies on a stepwise iterative regression
process for simultaneously estimating the global drift and residual semivariogram. Estimates
of the function are then obtained by solving a modified set of simple kriging equations writ-
ten for the residuals. The modification consists of replacing the true variogram in the kriging
equations by the variogram of the residual estimates as obtained from the iterative regres-
sion process. The method is illustrated by considering groundwater levels in an Arizona
aquifer. The results are compared with those obtained for the aquifer by the generalized co-
variance package BLUEPACK-3D.

KEY WORDS: Spatial variability, nonintrinsic, nonstationary, drift, kriging, residuals,
groundwater levels.

INTRODUCTION

A variety of geostatistical problems involve nonintrinsic phenomena exhibiting
a spatial drift. Examples include the topography of a hill slope, the elevation of
a dipping structural feature, and the thickness of a wedge-shaped stratum. Of
particular concern in this paper is the spatial variation of vertically averaged hy-
draulic heads in an aquifer. For groundwater to flow laterally within the aquifer,
the hydraulic head surface must have a distinct inclination in the main direction
of fluid movement. Suppose that the hydraulic head is represented by water lev-
els measured in a number of wellbores completed within the aquifer. To estimate
the hydraulic head at selected points between these wellbores by kriging, one
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needs to know the drift and semivariogram of the differences between actual and
mean head values. OQur problem is to estimate the drift and semivariogram from
the available wellbore data and incorporate these estimates in the kriging process.

Let Z(x) be the nonintrinsic function of interest where X is a vector of co-
ordinates. We assume that Z(x) can be expressed as the sum of a deterministic
drift component, u(x), and a zero-mean intrinsic residual component, R(x), such
that

Z(x) = u(x) + R(x) (1)

Since F[R(x)] =0, it follows that E[Z(x)] = u(x), E being the expectation sym-
bol. We further assume that R(x) can be characterized by an isotropic semivario-
gram, Yz (s), defined as

YR($) = FE[R(X +5) - R(X®)]? (2

where s is a displacement vector and s = ls [

Suppose that Z(x) was measured at a discrete number of points and we
" wish to use these data to determine the semivariogram of Z by means of a stan-
dard procedure (e.g., Journel and Huijbregts, 1978). Theoretically, such a semi-
variogram is an estimate of a function, vy, defined as

12(%,8) = FE[Z(x +38) - Z(0)]* 3)

Substituting (1) into (3), expanding and using the above definition of yx (s), we
find that

Yz(x,8) = YR (s) + & [u(x +5) - u(x)]? “

This shows that for arbitrary drifts, yz(x, s) remains a function of both x and s,
indicating that Z(x) is neither intrinsic nor isotropic. In the particular case where
(x) varies linearly with X, ¥z(X, s) increases quadratically with s without limit.
This feature, together with a strong anisotropy, can be used to diagnose the pres-
ence of a drift by examining the shape of a sample semivariogram, determined
from the data. If the diagnosis is positive, the appropriate variogram is yg (s), not
vz(x, s). The difficulty is that g (s) cannot be determined from measured values
of Z(x) without knowing p(x), and u(x) cannot be determined without knowing
TR (S)-

Past attempts to resolve this difficulty have led to three key methods: Uni-
versal kriging, generalized covariance, and simple kriging modified to account for
a prior estimate of the drift. Universal kriging was introduced by Matheron
(1969) and applied to various problems by Delhomme (1976), Haas and Jouse-
line (1976), Chiles (1977), and others. Good descriptions of the method have
been published by Delfiner (1976) and Beucher, Delhomme, and de Marsily
(1981). The method differs from simple kriging in that u(x) is introduced for-
mally into the kriging model as a low-order polynomial with undetermined coef-
ficients. Since such a low-order approximation may not be valid over the entire
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domain of interest, universal kriging is usually applied locally over small neigh-
borhoods. Theoretically, the model is written in terms of vz(s). In practice,
however, vz (s) is unknown. One approach is to replace yg(s) by vz. This can be
justified as long as vz is applied to small neighborhoods within which s is small
enough to disregard the square term in (4), so that yz =~ yg(s). Another ap-
proach is to estimate the drift on the basis of an assumed 7z (s) and then obtain
a new semivariogram from the computed residuals. The resulting bias depends on
the structure of the nonintrinsic function and the method used to estimate the
drift (Matheron, 1969; Huijbregts and Matheron, 1971; Sabourin, 1976; David,
1977, p. 247). The error in both the drift and the residual semivariogram can be
minimized by adopting an iterative generalized least-squares procedure similar to
that employed in this paper and alluded to by others (e.g., Ripley, 1981, p. 58).
This, however, eliminates the need for universal kriging, as we will point out
later. The (unnecessary) practice of applying universal kriging to local neighbor-
hoods restricts the method to sufficiently dense data sets, otherwise there may
not be enough points for kriging in each neighborhood. The local approach also
suffers from a lack of objective criteria to choose the order of the polynomial
drift and the size of the neighborhood within which universal kriging is valid.
Such choices can only be justified a posteriori by cross validation, a technique
in which the analyst eliminates one datum point at a time and compares its mea-
sured value with that estimated by kriging.

Closely related to universal kriging is the generalized covariance method of
Matheron (1971, 1973) and Delfiner (1976). Here again u(x) is taken to be a
low-order polynomial over a small neighborhood, leading to a system of equa-
tions similar to those arising in universal kriging. However, instead of working
with explicit forms of the drift function, the method seeks to determine yp(s)
by filtering out a polynomial drift. Such filtering is accomplished by considering
not only zero-order spatial increments of Z(x) as one does in simple or universal
kriging but also higher-order increments. In general, an increment of order m is
able to filter out a polynomial drift of similar order. Thus, if the residuals are
intrinsic, so are the mth order increments of Z(x), and Z(x) is therefore said to
be an “intrinsic random function of order m.” Clearly, the semivariogram of
such mth order increments, ,,(s), is identical to yg(s), the semivariogram of
zero-order increments of the residual, R(x). The function 7,,(s) is called “‘gen-
eralized semivariogram of order m.”

The number of data points required to estimate v,,(s) increases rapidly
with m. For this reason, m in practice is seldom taken to be greater than 2.
Since a second-order polynomial approximation of u(x) may not be valid on the
global scale, the method is usually applied to small neighborhoods. The ap-
proach, based on theoretical considerations, is to approximate 7,,(s) by a low-
order (<5) polynomial whose coefficients must satisfy certain predetermined
criteria. These coefficients are evaluated automatically by fitting theoretical mth
order increments to their experimental values with the aid of ordinary least
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squares (in some contrast to yz and yg(s), which are often fitted to the sample
semivariogram by eye). Just as in the case of universal kriging, the choice of
neighborhood size and m can only be justified a posteriori by cross validation.

Conventional universal kriging and generalized covariance techniques make
no attempt to define the global nature of the drift. One attempt to determine
the global drift explicitly has been reported by Gambolati and Volpi (1979) in
connection with land subsidence near Venice, Italy. Based on hydrogeological
considerations they argued that the drift, u(x), of the groundwater head surface,
Z(x), must vary logarithmically with distance from the subsidence-causing center
of pumping outside of Venice. They estimated the coefficients of this logarith-
mic function by fitting it to measured groundwater level data with the aid of
ordinary nonlinear least squares. This enabled them to compute the residuals at
all well locations and to construct an approximate residual semivariogram. The
authors then developed a kriging model incorporating the estimates of u(x) and
vr(5) that includes fewer constraints, and is thus simpler, than equivalent mod-
els based on universal kriging or generalized covariance (this is true even if u(x)
in the latter is treated locally as a polynomial of just first order). Unfortunately,
their approach is internally inconsistent because ordinary least squares treat the
residuals as being uncorrelated, whereas the existence of a semivariogram de-
pending on s implies that R(x) has an autocorrelation structure.

In the present paper we describe a consistent method for obtaining point-
wise or spatially averaged estimates of a nonintrinsic function based on simple
kriging of the residuals. The method is based on a stepwise iterative regression
process that yields simultaneous estimates of the global drift and the residual
semivariogram. A case study is included to illustrate the method, dealing with
groundwater level data from the Avra Valley aquifer in southern Arizona. Other
case studies can be found in the dissertation of Binsariti (1980) and in the thesis
of Fennessy (1982). The results of the Avra Valley case are compared with
those obtained for the same aquifer by the generalized covariance package,
BLUEPACK-3D, developed at the Ecole des Mines in Fontainebleau, France.

STEPWISE ITERATIVE REGRESSION

Let Z be a vector of Z(x) values measured at [ discrete locations, x;, i =
1,2,...,1, and let u be the corresponding drift vector. Then, by virtue of (1),
Z and pare related through

Z=pu+R (3

where R is the vector of residuals at x;. The latter vector is characterized by a co-
variance matrix, ¥, defined as

FE[RRT] =V 6)
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If R(x) is weakly stationary and g (s) is known, the (7, /)th term of ¥ can be de-
termined from

Vii=pr (Sij) = pr(0) - YR(sy) @)
where pg(s) is the covariance function of R(x), defined as
E[R(X) R(x +8)] = pgr(s) (®)

and s;; = ]x,- - x]-!. Clearly, p(0) is the “sill” of the semivariogram, defined as the
constant maximum value of vz (s) attained beyond a certain “range” of s values,
§23,.

Suppose that the drift at the pth step of our procedure is expressed as

Ip
pp(X)= 3 4 /;() 9)
j=1

where J,, is an integer satisfying J, ., >/}, 4; are coefficients to be determined,
and f;(x) are prescribed linearly independent basis functions. We can then re-
write (5) in the form

Z=Fa+R (10)

where F is an [ X J, matrix of the basis function values, f;(x;), and a is a vector
of the J, coefficients, a;. If ¥ is known, one can obtain an unbiased minimum
variance estimate of a, a, by minimizing the generalized least-squares criterion
(Schweppe, 1973, p. 101)

Q(a)=(Z- Fa)' V'I(Z- Fa) (11)
The resulting estimate of a is given by
a=V,FTyz (12)

where ¥, is the covariance matrix of the estimation error, a - a, defined as ¥, =
E[(a - a)(a - a)”] . This matrix is computed independently of Z from

V,=(FTVF)! (13)

Estimates of the drift, i1, and residuals, R, are given, respectively, by
p=Fa and (14)
R=Z- i (15)

These can be rewritten with the aid of (12) as
=PZ and (16)
=(I-P)Z (17

- DI~
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whereAP=FVaFTV_‘. According to (Al) in Appendix A, (I - P) F=0and
thus, R can also be expressed as

=(-P)R (18)

Equation (A2) shows that rank (- P)>1-J,, implying that the computed
residuals are generally linearly dependent. The rank becomes strictly equal to
(I - J,) when ¥V =I (Seber, 1977, p. 46).

Slnce R has mean zero, the same clearly holds true for R. On the other
hand, the covariance of R V=E [RRT] is given by (I - P) V(I - P)T which, by
virtue of (A3) and (A4), takes the simpler form

Vv=(-PV (19)
It follows that
V-V=PV=FV,FT (20)

is positive semidefinite and the covariance structure of Ris not exactly the same
as that of R. This means that the semivariogram, vz (s), determined from the
computed residuals, R will differ from g (s): in particular, the sill of yz (s) will
generally be smaller than that of yz(s). For this reason, we develop our kriging
equations in terms of y4, instead of yg, as is usually the custom. Implicit in this
approach, of course, is the assumption that a positive definite y5 exists. This is
true at best as an approximation when 7 >>J,,.
Let

v=R-R=p- fi (21)

be the_ estlmatlon error of R and [ By virtue of (18), E[v] =0, meaning that
both R and fi are unbiased. The covariance of », ¥, = E[w"], is obtained di-
rectly from (13) and (14) as

V,=FV,FT (22)
a

If the drift at an arbitrary point, x, is computed according to

J
A 4 A~
rx)= 3" a;f;(x) (23)
j=1
then the covariance, C,(x, x +8) = E{[(X) - u(x)] [d(x +8) - u(x +8)] }, of
the corresponding estimation error, 4(X) - i(x), is given by

)

Cu(x,x+5)= [iX) Vi fi(x t5) 24)
iz

-
-
—

where V,;; is the (7, /) th component of ¥,.
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Since yg(s) is initially unknown, ¥ is unknown, and the above regression
model cannot be used. We therefore proceed in two stages. In Stage 1, the resid-
uals are treated as if they were uncorrelated, and V is replaced by the identity
matrix, I. This is equivalent to ordinary, as opposed to generalized, least squares.
Starting with p = 1, we compute ﬁ, and use these residuals to obtain a semivario-
gram, Yz (s), in a standard manner. If y5(s) shows a distinct sill and no marked
anisotropy, it is adopted for Stage 2 of the analysis. Otherwise, p is incremented
by 1, and the procedure is repeated until v (s) attains the desired properties.

Stage 2 starts by computing ¥ from

Vii=pp(0) - va(si) (25)
in analogy to (7). Upon replacing ¥ in the regression model by I?', we proceed to
evaluate ﬁ, which leads to a new y4(s), which in turn yields a new 1% matrix,
and so on. This iterative process continues until the computed drift, f, and the
semivariogram, 5 (s), attain stable values.

The above procedure worked well in all the three case studies we have men-
tioned in the introduction. In principle, however, Stage 1 should work only if
the ordinary least-squares estimator of the drift is efficient with respect to the
(optimal) generalized least-squares estimator. When this is the case, the improve-
ment attained at'Stage 2 will be small compared to that attained at Stage 1, al-
though not necessarily insignificant (as we find in all three case studies). If Stage
1 does not show a marked improvement within a few steps, it may be necessary
to repeat it by iterating after each step, that is, applying Stage 2 after each step
of Stage 1.

Thus far, u,(x) has been taken to be linear in the regression parameters,
4;. Extension to the case where w,(x) is nonlinear in a (as in the work of Gam-

bolati and Volpi, 1979) is relatively straightforward. Assume that, instead of (9),
we have

J
P
up(x)= 3" fi(a,x) (26)
j=1
where a is a vector of K, coefficients, a, k= 1,2, . .. s Kp,Kp = Jp. Then (11)
takes the form
Q@)=@Z-a) v iz- @7)

which must be minimized by nonlinear mathematical programming to yield an
estimate of a, a. Let G be the 7 X K, Jacobian (or sensitivity) matrix whose
(i, k)th component is defined as

' 3f:(a,x)
ik = L 28)

a
j=1 0
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Then, to a second order of approximation [Neuman and Yakowitz, 1979]

V,~@GTV'6)"! (29)
V,~GV,6T  and (30)
Kp £p
Cu®,xt8)~ 3 > gp(X) Vagsgi(x +5) where 31
k=1 1=1
Jp af(aa X)
gr(x) = _]A_’“
]; a‘lk

Otherwise, the linear and nonlinear cases are treated in identical manners.

ESTIMATION OF Z BY RESIDUAL KRIGING
Suppose that we are interested in estimating the spatial average of Z(x),
1
Zy=— f Z(x) dx (32)
r, r,

over some finite domain, I';,. We can accomplish this by kriging the residuals and
adding the result to the drift. Let u, and R, be the spatial averages of u(x) and

R(x), respectively, over I',, and let 4, and 1%,, be the corresponding generalized
least-squares estimates. These quantities are related through

Zn:#n+Rn=ﬁn+Rn (33)

which can be viewed as a definition of R e
We define the kriging estimate of Z,,, Z5, as

Zy=int Ry (34)

where R}, the kriging estimate of the unknown generalized least-squares resid-
ual, R,,, is given by

Rjy= 3 NpiRp ' (35)

Ay
Here A,,; are “kriging coefficients,” and R,,; are components of R corresponding

to 7,,(<I) measurement points of Z(x), X,,;,i=1,2,...,1,, inside and/or in the
neighborhood of T',,. By virtue of (18)
ElZ3] = 1, (36)

and the kriging estimate of Z,, is, thus, unbiased for any choice of X,,;.
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Defining the kriging estimation error as
erz:Z;i;'anR:"ﬁn (37)
the covariance of this error, V¥, = Ele, €, ], becomes (Appendix B)

I,
V;I:m = _7I§(Fna Fm) + Z >\ni7f2(xnia Fm)

i=1

Iy Iy Iy
* Z >\mj71§(xmj’ Ty)- Z Z )\ni}\mj')’ﬁ(xni’ Xm]') (38)

j=1 i=1 j=1

where yp(x, y) = 'm(’)r yI) and yp(x, I") is the spatial average of v (X, y)
over all y € I'". This expression holds true provided that

Api= 2 A =1 (39

The kriging coefficients, A,,;, are determined so as to minimize V5, subject
to (39). Appendix B shows that this leads to the {I,, + 1) “residual kriging
equations”™

Iy
Z )\nj')/fz(xni’ an) +3n = 'Yﬁ(xniu Fn) i=1,2,... s[n (403)

J=1

In
2 A=l (40b)
i=1

where $,, is a Lagrange multiplier. Upon solving these equations for A ,; and 8,
the “kriging variance,” V5, can be computed from

Iy
V::n =“71§(Fn5r‘n)+ Z >\ni')/ﬁ(xnia Fn)'*’ﬁn (41)

i=1

which is obtained by substituting (40a) into (38) when m = n. The “kriging er-
ror” is defined as (V).

The above kriging equations differ from their conventional counterparts in
that they involve y3 instead of g . Since these equations are exact, knowing the
semivariogram of the true residuals, vz, would be of little help unless 4 was also
known exactly.
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RELATIONSHIP TO UNIVERSAL KRIGING

In universal kriging the estimate of Z,,, ZV, is written as

Z¥= 3 NuZui (42)

where Z,,; are the values of Z(x) at the [,, measurement points, X,,;, /=1,2, ...,
I,,. Since the method does not rely on a prior estimate of the drift, the latter is
filtered out by requiring that the kriging coefficients satisfy

Iy
j;-(Fn)= Z 7\nif}'(xni) (43)

forallj=1,2,...,Jp, where

= [ g ax
n vry,

This, by virtue of (23), implies that

Ip,

My = Z ikt (X5 1) and 44)
i=1
Iy

My = Z )\niﬁ(xni) (45)

i=1

. As shown in Appendix B, (44) leads to the universal kriging equations

I, Ty
2 A YRGnis X))t Y But i) = YR (Xuis T) 1= 1,2, 1,
j=1 =1

(46a)
Iy
Z )\nifl(xni) =fI(Fn) I=1,2,... ,Jp
i=1

(46b)

where f,,; are Lagrange multipliers and it is understood that f; (x) = 1. Similarly,
(45) leads to an equivalent set of equations in terms of vz . Both sets of universal
kriging equations exceed the number of residual kriging equations in (40) by
Vp- 1)

The increase in the number of equations and unknowns in universal kriging,
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as compared with residual kriging, stems from the attempt of the former method
to circumvent the need for estimating the drift coefficients, a. In addition to in-
creasing problem size, this attempt leads to ambiguities in the determination of
the semivariogram and the choice of the basis functions for the drift.

AVRA VALLEY CASE STUDY

We illustrate our method by considering groundwater level data from the
Avra Valley aquifer in southern Arizona (Fig. 1). A detailed description of the

ROE T T
.
. ARIZONA
ke \>/'
i(féo «PHOENIX
Ko
Qv & MAPPED
P S AREA{} TucsON

WATERMAN
MOUNTAINS

r's d
[} 2 4 [} 8 10 MILES

Fig. 1. Location of Avra Valley study area and finite clement grid.
Dots indicate location of wells in which water levels were measured.
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valley and aquifer can be found in Clifton (1981) and Clifton and Neuman
(1982). Figure 1 shows the location of 99 wells at which quasi steady-state water
level data are available. Superimposed on the figure is a finite element grid used
by Clifton and Neuman to simulate groundwater flow in the aquifer. Our objec-
tive is to estimate the steady-state water levels at all the finite element grid
points.

Let Z(x) represent water levels or heads in the aquifer. Figure 2 shows an
average sample semivariogram, vz, based on the 99 available Z data. The semi-
variogram is seen to increase with s at a rate higher than quadratic, suggesting the
presence of a drift.

To deal with this problem the basis functions, f;(x), in (9) were chosen to
be monomials of up to 4th order. In Stage 1 of the analysis, p varied from 1 to 4
so that u,(x) represented complete polynomials ranging from 1st to 4th order
(with J; =3, J, =6, J3 =10, and J,; = 15). For each value of p the coefficients
of the polynomial, a;, were evaluated by an ordinary least-squares fit to the data.
Figure 3 shows directional and average sample residual semivariograms, v3(s),
for all four cases. One can see that as p increases from 1 to 4, the spread of the
directional semivariograms gradually decreases, the presence of a sill becomes
more distinct, and the magnitude of the sill diminishes (note the gradual reduc-
tion in vertical scale from Fig. 3a to 3d). Based on these results, we decided to

B0 —T——TT—T T T T T 7T

30,000

25,000

T

20,000

15,000

Y(s) (£t2)

10,000

5,000

I IO U NN SO S SR |
0 2 4 6 8 10 12 14 16 I8 20

s (miles)

Fig. 2. Average sample semivariogram of water levels for Avra Valley.
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adopt a 4th-order polynomial as an acceptable representation of the global drift,
thereby completing Stage 1.

Stage 2 is a refinement accounting for the correlation structure of the resid-
uals. The effect of this refinement on the average sample residual semivariogram
is seen in Fig. 4. After only two generalized least-squares iterations, the sample
residual semivariogram appears to have converged to a stable shape. Figure 4
shows the spherical model fitted to the final version of the sample semivariogram
and used in all subsequent calculations.

The polynomial drift ii,(x), associated with the same spherical semivario-
gram model, is contoured in Fig. 5. The standard deviations of the corresponding
drift estimation errors, computed with the aid of (24), are presented in Fig. 6.

Having estimated both the semivariogram and the drift, the next step is to
obtain kriging estimates of the residuals at the finite element grid points and add
them to the drift estimates according to (34). The resulting water level estimates
are shown by the solid contours in Fig. 7. To compare our method with the gen-
eralized covariance technique described earlier, we applied BLUEPACK-3D (a
package developed at the Ecole des Mines in Fontainebleau, France) to our data.
The results are shown by the dashed contours in Fig. 7. Except for areas where
data are missing (see Fig. 1), the results agree reasonably well.

The kriging errors associated with our water level estimates are plotted in
Fig. 8. These are computed with the aid of (41) and represent estimation errors
of the solid contours in Fig. 7. Figure 9 shows contours of kriging errors as com-
puted by BLUEPACK-3D. The general configuration of the contours in the two
figures is similar in many areas. The largest differences between the two maps
occur near the bulge in the western boundary and the southern and north-

150
Nt 100 o I\ Ja
< ¥ : J
— ¢
C) 3
o~
Simple i
eration {
Model regression o
50 |-
Y= 90[15(3)-05(3)2]  s<4
Y(s)= 90 s24
o ] 1 1 I 1 l
o] 2 3 4 5 6 7 8 9 10
s (mites)

Fig. 4. Effect of iterative regression on the sample residual semivariogram for
-the Avra Valley with 4th-order polynomial drift. The solid curve shows a
spherical model fitted to a sample semivariogram from the 2nd iteration.
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Fig. 5. Drift associated with the spherical semivariogram model
for Avra Valley shown in Fig. 4.

eastern corners where the BLUEPACK-3D contours show steeper gradients and,
therefore, larger errors than our contours. These areas include very few data
points (see Fig. 1) and it is, therefore, natural that a local interpolator such as
BLUEPACK-3D would associate them with large estimation errors. A global esti-
mator such as ours interpolates across gaps in the data and thus tends to be more
optimistic.

A comparison of Figs. 6 and 8 will reveal that the kriging errors in the
southern and northeastern corners of the modeled area are smaller than the cor-
responding drift estimation errors. This simply shows that in these corners there
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Fig. 6. Standard deviations of drift estimation errors for Avra Valley.

is less uncertainty in the estimation of Z than in the estimation of its compo-
nents, u and R.

To study the autocorrelation of our kriging errors, we consider the six tra-

verses AA', BB', CC', DD', EE’, and FF' shown in Fig. 1. Fig. 10 shows the auto-
correlation along each of these traverses. The distance along which the errors are
positively correlated varies between 1 and 2 miles, as compared with the 4-mile
range of the spherical semivariogram model. Negative correlations are small or
nonexistent. Unfortunately, our results cannot be compared with BLUEPACK-
3D because autocovariances and autocorrelations are not included in its output.
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! Fig. 7. Kriged water levels for Avra Valley. Dashed contours
show estimates obtained with BLUEPACK-3D.

CONCLUSIONS
The following conclusions can be drawn from this paper:

(1) The drift and residual semivariogram of a nonintrinsic function can be deter-
mined simultaneously by stepwise iterative regression. The method is easy to
implement and appears to converge rapidly.

(2) Once a prior estimate of the drift has been obtained, the function of interest
can be estimated by residual kriging. The residual kriging equations differ
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Fig. 8. Kriging errors for Avra Valley.

from their conventional counterparts in that their exact form involves the
semivariogram of the residuals estimated by regression, rather than the un-

known true residuals.

Our estimates and estimation variances compare favorably with those ob-
tained from the same data by means of the generalized covariance package
BLUEPACK-3D. However, we were not able to compare the estimation
error autocovariance and autocorrelation structures because these are not in-
cluded in the output of BLUEPACK-3D.
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Fig. 9. Kriging errors for Avra Valley obtained with BLUEPACK-3D.

Let P=FV,FTV ™' Then PF=FV,FTV 'F=FV,V;' =F and, thus

6 8

L
10 MILES

APPENDIX A

(I-P)F=0

§17

(A1)

A lower bound for the rank of (- P) is established by noting that (Pearson,

1974, p. 903)

rank(P) = rank(FV,FTy™1)

< min [rank(F), rank(V,), rank(F ), rank (¥ 1)]

=JP
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Fig. 10. Sample autocorrelation of estimation errors
along selected traverses in Avra Valley (refer o

Fig. 1).

since the columns of F are linearly independent. Thus, for 7 > J,,
rank(f ~ P) 2 rank(Z) - rank(P) =1 - J,

On the other hand

(A2)

PVPT =FV,FTv vV 'FV,FT =FV,FT

=PV

- and since PV and V are both symmetric

Pv=@WT =ypT

(A3)

(A4)
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APPENDIX B

Let €, = R% - R,. Then (35) implies that the covariance of € is

Elejem) =E [<Z ARy - Rn) < Z )\m]‘ij - Rm)]
i=1 i=1

I, Iy I

”~ ”~ n N N
= Z Z )\nixij[Rniij] - Z KniE[RniRm]

i=1 j=1 i=1
I e ”~ e Ay
N )\ij[ijRn] +E[Ran] (Bl)

3

~.
[t}
—

If the kriging coefficients satisfy (39) then, by virtue of (25), (B1) reduces to
(38). The kriging equations (40) are obtained by minimizing

In
E{eizz] +ﬁn(z Ani = 1)

i=1

with respect to A,,; and the Lagrange multiplier B,,.

In the case of universal kriging, the kriging variance can be expressed by
virtue of (44) as

I, 2
E[(ZVIZJ - Zn)z] =K [:( Mnilni = Zn) J

I

- In ; 7 2
=E Nnilni ~ Z Aib(Xpi) = Zp + iy

i=1 i=1

Iy

=FE (Z ApiRni - Rn) :l = Elex] (B2)
L.

i=1

The universal kriging equations (46) are obtained by minimizing

J I

2 n

E[GE,] + Z an [Z )\nif}'(xni) - f}(rrz)]
j=1 i=1

with respect to A,,; and the Lagrange multipliers §,,;. If, instead of (44), one uses

(45) in (B2), the result is a set of universal kriging equations equivalent to (46)
but expressed in terms of v5 instead of yp.
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