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In this paper we give a complete classification of (smooth, closed, orientable)
3-manifolds that admit a linear circle of equal volume contact forms (see Def-
inition 1.1 for the precise meaning of this term; there we introduce the name
taut contact circle for this type of structure). One of the most intriguing as-
pects of this classification is that it relies on the Enriques-Kodaira classification
of compact complex surfaces and Wall’s study of locally homogeneous geo-
metric structures on these surfaces. We show that if M? admits a taut contact
circle, then M3 x S' is a complex surface and the obvious free circle action is
by holomorphic automorphisms. Complex surfaces of this type will be classi-
fied (up to diffeomorphism) in Section 4. The additional structure on M3 x S!
provided by the taut contact circle allows to recover M?* from M3 x S', this
yields the classification Theorem 1.2. Furthermore, we relate homotopies of
taut contact circles to the complex geometry, and show that any taut contact
circle is homotopic to a certain distinguished type of taut contact circle that
we call Cartan structure (Definition 1.1, Theorem 1.6).
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The motivation to study taut contact circles is twofold. First of all, they
arise naturally as the Liouville-Cartan forms on the unit cotangent bundle of a
Riemann surface (see Remark (2) after Definition 1.1). Secondly, we were led
to these structures by our study of certain quaternionic analogues of contact
structures [8, 12, 13].

In [13] the second author showed that every 3-manifold admits a triple of
pointwise linearly independent contact forms. In [8] we showed that every 3-
manifold admits a triple of contact forms with pointwise linearly independent
Reeb vector fields, which is equivalent to saying that the differentials of the
three contact forms are pointwise linearly independent.

In this context it seemed natural to ask which 3-manifolds admit a pair or
triple of contact forms such that every non-trivial linear combination of these is
again a contact form (pointwise linear independence of the two (or three) con-
tact forms and their differentials, respectively, is clearly a necessary condition).
We call such structure a contact circle or contact sphere, respectively.

We then observed that by imposing an additional equal volume constraint
on these contact forms, one uncovers a rich complex geometric theory asso-
ciated to the theory of taut contact circles. In the present paper we explore
this holomorphic theory to arrive at a variety of classification results for taut
contact circles and spheres.

1 Definitions and main results

Our initial object of study is a pair of contact forms w;, w, on a 3-manifold
such that any non-trivial linear combination 4,w; + Ay, with constant coef-
ficients 4,4, € R is also a contact form. (Recall that a contact form on a
3-manifold is a 1-form w such that w A dw is nowhere zero, that is, a volume
form.) Clearly it suffices to check this non-degeneracy condition for the pairs
(41, 42) € S', where S' denotes the unit circle in R?.

Definition 1.1 We say that a 3-manifold M> admits a contact circle if it
admits a pair of contact forms (wy,w:) such that for any (A,1y) € S' the
linear combination Lyw, + 2w, is also a contact form.

We say that this circle is a taut contact circle if the contact forms Ay, +
Jaw, define the same volume form for all (A1, 1) € S'. This is equivalent to
the following equations being satisfied:

o) ANdoy = w3 ANdw, (F0),
oy ANdwy = —wy ANdwy.

Notice that these equations can also be written as w ANdw =0 with o =
w; + iw;.
We say that the pair (w;,;) is a Cartan structure on M? if the following
equations are satisfied:
wi Adwy = wy Adwy (£0),
oy ANdwy =0=wy Ndw,.
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Remarks. (1) By slight abuse of language, we shall usually refer to (wy,w2)
as the (taut) contact circle. Also, we shall sometimes use the expression “equal
volume contact forms” for contact forms that define the same volume form.
This should cause no confusion since “volume” in its more restricted meaning
of integral of a volume form over a manifold will not be used in this paper.

(2) The Liouville-Cartan forms on the unit cotangent bundle ST*X of a
Riemann surface 2 can be written in local coordinates as w; = p, dqy + p2dq
and w; = p,dg; — p2dq,, where q; + ig; is a local complex coordinate on X
and the p; are the dual coordinates of the g,. It is then a straightforward check
that (wy,wy) is a Cartan structure.

(3) Our terminology “Cartan structure” seems justified by the fact that
the Liouville-Cartan forms play an important role in E. Cartan’s theory of
moving frames (where these forms arise in the structure equations for the
natural Riemannian connection), as well as by the natural relation between
Cartan structures and the Maurer-Cartan form of certain Lie groups ¥; this
relation will be explained below. See in particular Section 7.

(4) Clearly the forms w; and w; of a contact circle have to be pointwise
linearly independent. One can also consider triples of contact forms wy, w;,an
such that any non-trivial linear combination with constant coefficients is a
contact form. Then these forms parallelize the 3-manifold, and no such family
of four or more contact forms is possible because they will be linearly de-
pendent at every point. In analogy with Definition 1.1 we call such a triple
(w1, mn,w3) a contact 2-sphere, and again we have the corresponding notion
of a taut contact 2-sphere. A particular case of taut contact 2-sphere is an
S%-Cartan structure, defined as a triple (w1, w2, w3) where each pair (w,, w,)
is a Cartan structure in the sense of Definition 1.1.

Our main classification result is the following.

Theorem 1.2 Let M3 be a closed 3-manifold. Then M admits a taut contact
circle if and only if M> is diffeomorphic to a quotient of the Lie group %
under a discrete subgroup I' acting by left multiplication, where 9 is one of
the following.

(a) 83 = SU(2), the universal cover of SO(3).

(b) §Z2, the universal cover of PSL;IR.

(¢) E,, the universal cover of the Euclidean group (that is, orientation
preserving isometries of R?).

All these manifolds admit a Cartan structure.

It is well-known that two 3-manifolds in Theorem 1.2 of different type (a),
(b), or (¢) cannot be diffeomorphic. See [23], as well as Section 5.3, for a
detailed description of the Lie group SL,, and Section 5.4 for a description
of Ez. All the manifolds in Theorem 1.2 are Seifert manifolds whose Seifert
invariants can be described explicitly [21], see also [9]. We also note that
the left-quotients of E, are precisely the 72-bundles over S' with periodic
monodromy, and there are exactly five such manifolds (up to diffeomorphism).
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To explain the main ideas in the proof of this theorem and in order to give
a reasonable classification criterion for contact circles, we need to introduce
the concept of homothety.

Given any smooth function v and a 1-form @ on M3, we have

(vw) A d(vw) = v*o Ado.

This implies that if (e, ;) is a contact circle on M> and v a nowhere zero
function, then (vw,,vw;) is also a contact circle. Furthermore, we can rotate
the forms w;, w, by a constant angle 8. If we set

®| = w; cosf — wy sin 0,

= w sin 0 + w, cos b,

then (w}, ®}) is again a contact circle, in fact, the circles spanned by w,, ®;
and o}, ), respectively, are identical. This suggests the following definition.

Definition 1.3 The homothety class of a contact circle (wy,w,) is the col-
lection of all pairs (w),wh) obtained from (w\,wy) by multiplication by the
same positive function v and rotation by a constant angle 0.

The relation of a homothety class to a representative (w,, ;) is analogous
to the relation of a contact structure 2 to a contact form w defining 2 = ker w.

Notice that if a contact circle is taut, then so are all the contact circles
homothetic to it. Hence, rather than classifying taut contact circles, one wants
to classify their homothety classes.

The key step in the proof of Theorem 1.2 and the classification results
that will be stated below is the following theorem (= Corollary 3.12), which
points to a close relationship between the theory of taut contact circles and
holomorphic geometry.

Theorem 1.4 There is a natural bijection between the following families:
(i) Homothety classes of taut contact circles on M3, where we identify
homothety classes that are equivalent under a diffeomorphism of M>.
(ii) Pairs (S,X.), where S is a complex surface and X, is a nowhere zero,
holomorphic vector field on S, satisfying the following two conditions:
(1) There exists a diffeomorphism § = M> x R taking X = 2Re X,
to 0;,
(2) There exists some holomorphic symplectic form Q on S satisfying
the identity Ly Q = Q.
In particular, if M® admits a taut contact circle, then M3 x S' is a com-
pact complex surface.

The proof of the necessity part of Theorem 1.2, that is, that no other 3-
manifolds than those listed in the theorem admit a taut contact circle, is then
carried out in three steps: In Section 4 we classify complex surfaces (up to
diffeomorphism) of the form M? x §! with holomorphic S'-action, in Section 5
we classify (up to biholomorphism) those complex surfaces of that form that
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can arise from a 3-manifold M?* admitting a taut contact circle, and finally we
consider the possible holomorphic S'-actions on these complex surfaces and
determine which 3-manifolds occur as quotients under such an action.

Section 3 lays the technical groundwork for this classification scheme.
There we give formulae for recovering the pair (w;,w;) from the complex
surface (Proposition 3.10) and provide a universal local model for taut contact
circles (Theorem 3.6).

For the sufficiency part of Theorem 1.2, that is, to prove the existence of
a Cartan structure on each of the manifolds listed there, a simple Lie algebra
argument is used. Let % be one of the (simply-connected) Lie groups in The-
orem 1.2. We express the Maurer-Cartan form wy of % in terms of a basis
e1,e2,e3 for the Lie algebra of 4,

wp = wie; + waex + waes,

and show that the basis e|,e;,e3 can be chosen in such a way that (w;, ;)
defines a Cartan structure on % (and such that (@, w2, ;) defines an $2-Cartan
structure if ¥ = SU(2)). These structures clearly descend to any left-quotient.
The details of this existence proof will be given in Section 2.

We shall also see in Section 2 that if we fix a discrete, cocompact subgroup
I' C % then the above construction, for all admissible choices of Lie algebra
basis, yields Cartan structures on I' \ % which are diffeomorphic to one another
in a natural way. We thus consider these Cartan structures as one, which we
call the standard Cartan structure for this choice of the subgroup I'. In Section 6
we shall give a more concrete description of the standard Cartan structures in
terms of holomorphic objects. Given a manifold M? from Theorem 1.2, there
is a discrete, cocompact subgroup I' of ¥ and a diffeomorphism I'\ ¥ —
M?>. Then we can use this diffeomorphism to push forward to M a standard
Cartan structure on I' \ 4. But the diffeomorphism type of M?> alone need not
determine the choice of I'. The conjugacy class of I’ need not be determined
either. So there may be non-equivalent standard Cartan structures on M3,

Liouville-Cartan forms are a particular case of standard Cartan structures.
To see this, notice that the Lie groups % in Theorem 1.2 are the universal
covers of the groups of orientation preserving isometries of S?, the hyperbolic
plane H?, and the Euclidean plane E?, respectively. If X is a real surface with
metric of constant curvature 1, —1, or 0, then given a description of ST*X
as a left-quotient of ¥, the Liouville-Cartan forms on S7T*X lift to a pair of
linearly independent, left-invariant forms on % which can be used as a choice
for w; and w, in the above construction.

We now define a further equivalence relation on taut contact circles.

Definition 1.5 4 rtaut contact circle (v}, }) is called homotopic to a taut
contact circle (wy, wy) if there is a smooth 1-parameter family of taut contact
circles (', wh) with (0, 3) = (w1, 02) and (v}, 0)) = (v}, ).

In Section 6 we use the results of Sections 3 and 5 to classify homothety
classes. In particular, we prove the following theorem.
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Theorem 1.6 Let (w,w;) be a taut contact circle on a (compact) left-
quotient M> of one of the Lie groups % listed in Theorem 1.2.

If 4 = SL, or E,, then there is a particular discrete subgroup I' of 4 and
a diffeomorphism I' \ % — M> which pulls back (w;,w,) to a taut contact
circle that is homothetic to the standard Cartan structure on I' \ 4. The same
is true if M* is a left-quotient of S* under.a non-abelian discrete subgroup.

If M3 is diffeomorphic to I'\ S* with I' trivial or cyclic, then there are
taut contact circles on M3 that are not homothetic to any Cartan structure,
and there are also Cartan structures that are not equivalent to the standard
one up to homothety and diffeomorphism.

If M3 is a left-quotient of S3, then M* admits a unique taut contact circle
up to homotopy and diffeomorphism.

In all cases, for any taut contact circle (wy, ;) on a left-quotient M> of
& there is a discrete subgroup I' of % and a diffeomorphism I'\ 4 — M?
which pulls back (w),w;) to a taut contact circle that is homotopic to the
standard Cartan structure.

As a by-product of the proof of Theorem 1.6, we determine the moduli
space of homothety classes on the lens spaces L(m,m — 1) (including L(1,0) =
5%). To give a flavour of these results, we state the classification theorem for
taut contact circles on S°.

Proposition 1.7 There are two disjoint families of taut contact circles on S°,
up to homothety and diffeomorphism. The first family is given by

o +iw; = j*(azidzy + (a — 1)z2dzy),

where j denotes the standard inclusion of S* as the unit sphere in €2, and
the complex number a satisfies 0 < Re(a) < 1. Different values a and o
yield equivalent taut contact circles if and only if @’ = 1 —a. The homothety
classes containing Cartan structures correspond to the real part (0,1) of that
slab.

The second family forms a discrete set {P,} and is given by

o + iwy = j (nzydzy — zadz) + 25dzy), -

where n ranges over the positive integers. These homothety classes do not
contain any Cartan structures.

The existence of non-trivial moduli shows that the analogy described above,
contact form/contact structure < taut contact circle/homothety class
fails in one important respect. Contact structures are stable, that is, if two
contact forms on a closed manifold are homotopic through contact forms, then
the underlying contact structures are diffeomorphic (in fact, isotopic). Thus,
in spite of the existence of a universal local model for taut contact circles
— a “Darboux theorem” in the language of symplectic and contact geometry
— there is no global stability, i.e., homotopic homothety classes are not, in

general, isotopic.
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Corollary 1.8 Homothety classes of taut contact circles do not satisfy global
stability.

It will be shown in Section 6 that Theorem 1.6 also entails the following.

Corollary 1.9 If w, is a contact form (on a closed 3-manifold) that is part
of a taut contact circle (wy,wy), then the contact structure &, = ker w; Is
tight.

See [5] for the definition and relevance of a contact structure being tight.

We have already pointed out that the left-quotients of SU(2) admit an S2-
Cartan structure. We shall see that no other manifolds admit a taut contact
2-sphere.

Theorem 1.10 Lez M3 be a closed 3-manifold. Then M> admits a taut contact
2-sphere if and only if M3 is diffeomorphic to a quotient of SU(2) under a
discrete subgroup acting by left multiplication.

This theorem will be proved in Section 8.

We close this section with a few remarks on (non-taut) contact circles.
Since the first version of this paper was written, we have made considerable
progress on the existence problem for contact circles, and there is evidence that
such structures exist on every closed 3-manifold. For the moment, however,
we only state the following theorem, which is proved in [10].

Theorem 1.11 Let M? be the connected sum of any number of copies of the
Sfollowing manifolds.

(a) All the manifolds listed in Theorem 1.2,

(b) T2-bundles over S',

(c) $* x S".
Then M? admits a contact circle consisting of tight contact structures.

We have an ad hoc construction of a contact circle on each of the inde-
composable manifolds listed in the theorem, and we can show that at least
in the neighbourhood of some point on the manifold this contact circle may
be assumed to satisfy the equal volume condition. Then, based on the local
model for taut contact circles and the connected sum construction in [12], we
can show that one can attach l-handles near points where the contact circle is
of equal volume and extend the contact circle over this 1-handle.

Section 3 discusses the close relationship between taut contact circles and
holomorphic geometry. To give a simple example that illustrates the failure
of complex geometric methods in the general setting, we may consider the
manifold RP*#RP?. This manifold admits a contact circle by Theorem 1.11,
but (RP*#RP?) x S' does not admit any complex structures (cf. [27]).

See also [6] for related results in 4-dimensional symplectic geometry.
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2 Proof of Theorem 1.2 — Part 1

In this section we prove that the manifolds listed in Theorem 1.2 do indeed
admit a Cartan structure. In fact, on each left-quotient I' \ ¥ we construct a
particular Cartan structure which depends only on the subgroup I', and we call
this the standard Cartan structure for the subgroup I'.

The reader may wish to refer to [19] for the basic facts on the relevant
3-dimensional Lie algebras, in particular, the existence of bases with the prop-
erties described below. N

The Lie algebra of ¥ (where 4 = SU(2), SL, or E“z) admits a basis e}, ey, e3
with

lei,e2] = ces, [er,e3] =€, [e3,e] = ey,
where € = 1 for SU(2), ¢ = —1 for SLy, and ¢ = 0 for Ez, respectively.

Let w, wy, w3 be the coframe dual to ey, e, e3. In other words, wy, w;, ws3
are the components of the Maurer-Cartan form of % in terms of the basis
ey, ey, e3 for the Lie algebra of 4. We regard the ¢; as left-invariant vector
fields on ¥, so the w, are left-invariant 1-forms on %. Let Vol be the left-
invariant volume form on % such that Vol(e|,e;,e3) = —1. Then

wy Adw (e}, ez,e3) =dwi(er,e3) = —w([ez,e3]) = —1,
Thus w| Adw; = Vol. Similarly, we see that
wy Adw, = Vol,
w3 Adwy = eVol,

and
w; ANdw; =0 for i+].
Hence, (w;,,) is a Cartan structure on %, and this structure descends to
any left-quotient.

Remark. As mentioned in Section 1, there are only five compact left-quotients
of £, (cf. [21]), namely, the T*-bundles over S' with periodic monodromy.
(Up to taking the inverse and transposition, there are exactly five periodic
matrices in SLyZ.) This allows to give explicit descriptions .of these manifolds
as quotients of IR?, and to write down explicit formulae for the Cartan structure

(w1,02).
For instance, consider the manifold M3 corresponding to the monodromy

matrix ( _? (]) ) of period 4. We can regard M> as the quotient of IR® under
the group I' generated by the three maps that send (x,y,z) € R? to
(X + %’Zr_y)’ (x’y + I’Z)’ (x’yaz + 1)9

respectively. Set
w| =cosxdy —sinxdz,
w; = sinxdy + cosxdz.

These forms are invariant under I' and induce a Cartan structure on M3,
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We notice that in fact (w;,w, ;) is a left-invariant S?-Cartan structure
on SU(2). More generally, let V5 be the space of left-invariant 1-forms on ¢
and define a bilinear form B(-,-) on ¥ as follows:

aAdp = B(a, ) Vol, o€ V5.

Then the matrix of this bilinear form with respect to the basis wy, w;,w; is
diagonal, with diagonal entries 1,1,¢. Hence B(:,-) is a symmetric bilinear
form, and it corresponds to a quadratic form Q* on V. The value of Q0* on
the general element 4w + A, + Azws of V5 is

(a) AT + A3+ A% for ¥ = SU(2),

(b) 22+ 22— 22 for = Sk,

(c) B3+ A2 for 4 = £,
that is, we have a 1-sheeted hyperboloid of left-invariant equal volume contact
forms on SL, (and a 2-sheeted hyperboloid of equal volume contact forms with
volume form —Vol), and a cylinder of equal volume contact forms on Ej;.

Notice that the left-invariant Cartan structures on % are (constant multiples
of) the orthonormal bases for the 2-planes in V3 on which Q% is positive-
definite. .

For 4 = SU(2) or SL,, the coadjoint representation of % on V3 covers the
full orientation-preserving isometry group of Q*. For E,, it covers the group of
orientation-preserving isometries of 0* which fix every element of the null line
Rwj;. From this it follows that given any two left-invariant Cartan structures
on ¥ there is an element y € % such that right multiplication by y takes one
Cartan structure to (a constant multiple of) the other.

Now, right multiplication by the elements of % descends to any left quotient
'\ 9, and so the Cartan structure we have constructed on I' \ ¥ is unique,
up to diffeomorphism and constant factor, once the subgroup I' C % is given.
We call this the standard Cartan structure on I'\ %.

3 The complex structure

In this section we establish the relationship between taut contact circles and
complex surfaces.

In Section 3.1 we study the basic linear algebra of 1-jets of contact circles.
A natural consequence is the construction of an almost complex structure from
certain pairs of 2-forms. This construction applies to contact circles, where
it yields an almost complex structure with special features. We discuss these
features in Corollary 3.3 and in Proposition 3.4.

In Section 3.2 we discuss the integrability of the almost complex structure
and show that it is related to tautness in a very strong sense.

In Section 3.3 we begin the investigation of the converse of this construc-
tion, where taut contact circles are derived from holomorphic objects. This
construction is universal enough to allow a classification of the possible 3-
manifolds admitting taut contact circles, of the homothety classes of taut con-
tact circles (up to diffeomorphism), and of which homothety classes contain
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Cartan structures. We end the section with a brief sketch of the programme
for solving these classification questions.

At several places in this section we deal with open 3-manifolds. These
results are not needed in the sequel, but we include them for the sake of
completeness.

Notation. Throughout this section we use U to denote a not necessarily closed
3-manifold. As in the rest of the paper, we reserve the notation M3 for closed
3-manifolds. We shall often consider the product U x IR, and then ¢ will denote
the R-coordinate.

Given a pair (w;,w;) of 1-forms on U, then the complex 1-form w; + iw;
will be denoted w. An asterisk as exponent of a real or complex l-form on U
indicates the pullback of that 1-form under the obvious projection U x R — U.

3.1 Construction and properties of J

It is well-known that a 1-form ; on U is a contact form if and only if the 2-
form d(e'wy) is a symplectic form on § = U x R. Thus, a pair (w;,w;) of 1-
forms on U is a contact circle if and only if any non-trivial linear combination
of d(e'w}) and d(e'w3) is symplectic on S.

This is a non-degeneracy condition for the pair

d(e'wf)p , d(e'w})p

at each point P € §. We are now going to analyze the linear algebra of this
non-degeneracy condition.

To that effect, let V4 be a 4-dimensional real vector space and set V, =
A2V} Then on Vs we define a symmetric bilinear form Q by

QA A"y =A"nA"; A, 4" € Vs,

where A*V} has been identified with R. Note that Q has signature (3,3). The
problem is to understand the real 2-dimensional vector subspaces of Vg on
which Q restricts to a posititve-definite form. We call such.subspaces positive-
definite planes.

It turns out that, up to linear isomorphism of V4, there is only one positive-
definite plane in Vs. Moreover, these planes (with an orientation chosen) are
in one-to-one correspondence with the complex structures on V.

In order to state the precise theorem, notice first that a 2-plane in V is
positive-definite if and only if it admits a Q-conformal basis, that is, a basis
{Al,Az} with

O(41,41) = O(42,42) > 0 and Q(4;,42) = 0.

Theorem 3.1 Given a non-zero, complex-valued, anti-symmetric bilinear form
O = A, +id, on Va, the following are equivalent:
(1) There is a complex structure J on Vy for which & is of type (2,0),
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(2) We have & =0, and the real part of @ is non-degenerate,

(3) The pair A\,A7 is a Q-conformal basis for a positive-definite 2-plane
in Vé.
Moreover, if A\, A4} is another Q-conformal basis for the same plane, giving
the same orientation as A\, Az, then @' = 4] + id}, equals ¢® for some com-
plex number c. Thus we have a bijection between oriented positive-definite
planes in Vg and complex structures on V.

A 2-plane in V4 is a complex line for J if and only if O induces the zero
form in this 2-plane.

Remark. Another characterization of the Q-conformal bases 47, 4} defining the
given orientation 1s

Ay =40,
as A} ranges over the non-zero elements of the 2-plane. Therefore the opposite
orientation in the plane corresponds to —J.

Proof. Given A, and 4,, consider the complex-valued 2-form @ = A4; + i4;.
A quick calculation shows that the equations

041, 41) = O(A42,4;) and Q(41,42) =0

are equivalent to @? = 0. On the other hand, the algebra of anti-symmetric
complex-valued forms on V; is identical to the exterior algebra over € of the
complex vector space V,; + i¥;. Hence, from @ = 0 we deduce the existence
of a pair of complex-valued linear forms / and ¢’ on ¥4 such that @ = £ A /.
Separating these linear forms into their real and imaginary part,

{ =171+ il>,
=1+ ilh,
we get the identities

Al =0 N = NG,
Ay =CLI NS+ N,

and the extra requirement that 4, have rank 4 implies that {/|,£,,7},/}} is a
basis for V). These formulae provide a universal model for the Q-conformal
bases of positive definite planes; in particular, this implies that such planes are
unique up to linear isomorphisms of V.
The map
(4,0 : Vs — @

is a real isomorphism, and it is clear that the only complex structure on V4 for
which @ is of type (2,0) is the one pulled back from C? by this isomorphism.
Then £ and ¢’ become complex linear coordinates for Vj. If one wants to see
this complex structure as an endomorphism of V, whose square is —1, one
only has to take the unique automorphism J of ¥, which satisties the identity

Al('?') = A2(J5)



158 H. Geiges, J. Gonzalo

It is a straightforward check that
AT ) = 4 0), i =1,2.

If By,B; is a different positive Q-conformal basis for the 2-plane spanned

by A4y,A4>, we have

B| = P"Al — SA2,

Bz = S'A] + rAz,
or

By +iB; = (7‘ + iS)(A1 + iAz).

This implies that By and B, arc related by the same complex structure J.
Conversely, we see that the automorphism relating a basis B, B, that is not
Q-conformal is not a complex structure, because it equals ¢’ - (identity ) + ¢”J
with ¢’ +c"i+ +1i.

To prove the last statement of Theorem 3.1, we first observe that the (2,0)-
form @ induces the zero form on any complex line, since @(e,Je) = iO(e,e) =
0 for any e € V. On the other hand, if {e;,e,} is the basis of a 2-plane in V,
which is not a complex line, then the vectors ej, e; are also linearly independent
over € (which acts on V4 via J), and in the factorization @ = / A ¢’ we can
choose ¢ and ¢’ so that

/(el) =1 N [(62)—_—0, //(62)4:0,

and O(e|,ex) = £'(e2) +0.
This completes the proof of the theorem.

The following is immediate.

Corollary 3.2 Let 2y,Q; be 2-forms on a 4-manifold W such that any non-
trivial linear combination is of rank 4. Then there is a unique almost complex
structure J on W such that the (non-vanishing) forms of type (2,0) for J
are precisely those of the form A, + id,, where at each point A,4; is a
QO-conformal basis for the plane spanned by ., and defining the same
orientation as £,,£2,.

A real surface C in W is a J-holomorphic curve if and only if it is almost
Lagrangian for both Qi and @, that is, Q|TC =0, i = I,2.

Remark. The characterization of holomorphic curves in this corollary is similar
to the class of special Lagrangian surfaces in IR*, as studied in [14].
The unique 2-form Q") of type (2,0) and with real part £ is
.Q(l) = .Q] + iQ](—-J', )
Stated a different way, we have Q) = Q; +iQ|, where @/ is determined by
the following three conditions:

e {Q,Q!} and {Q,2,} define the same oriented plane at each point,
[ Q]/\Q[ ZQQ/\QI“
[ 4 Q] A 91 =40.

Thus Q) equals @, + iQ, if and only if (2, +i£2;)* = 0.
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Corollary 3.3 Let (wy,m7) be a contact circle on a 3-manifold U. Then the
Jorms Q; =d(e'w?), i =1,2, on S = U x R satisfy the conditions of Corol-
lary 32, and so S inherits an almost complex structure J. This structure is
invariant under translation in the direction of the factor R of U x R, ie.,
the flow of 0, is by automorphisms of J.

Moreover, if we define Q = Q, + i€, we have the identities

Ly Q=0Q and o = j3(5,]Q),

where jo maps U into U x R by p— (p,0). The contact circle is taut if and
only if Q is of type (2,0) with respect to J, that is, if and only if Q* = 0.

Proof. The identities are straightforward. Also, we compute
QF =284t A o* Ado?,

so the identity Q2 =0 is equivalent to w Adw =0, which is the tautness
condition.

Finally, we have to check the statement on translational invariance of J. The
flow in time #, pulls back Q,Q, to "Q,e"€,, respectively. So the pulled-
back 2-forms still span the same oriented plane at each point, and therefore
determine the same J. Because of the naturality of the construction in Corol-
lary 3.2, the pulled-back J equals the almost complex structure induced by the
pulled-back forms. This proves the statement.

The tangent bundle of an almost complex manifold S diffeomorphic to
U x R (orto U x §') splits into the complex tangencies to the level sets U,, =
{t = tp} and the complex lines spanned by J,. In the case of the construction
in Corollary 3.3, this specializes further, as explained in the next proposition.

Proposition 3.4 Let J be the almost complex structure constructed in Corol-
lary 3.3. The complex tangencies to the level sets U,, = {t = t,} are spanned,
as real planes, by the Reeb vector fields & and & of w, and wy, respectively.
The complex line spanned by 0, equals the real 2-plane spanned by 0, and
the line

ker wy Nkerw, in TU,,.

Thus TS is topologically trivial as a complex vector bundle.

The contact circle (w\,wy) is taut if and only if J&\ = &,
Proof. Lift &, and &, to U x R as vector fields tangent to the level sets of 7.
Then we have

Q1(&1, &) =e'(dt Ao} +dof) (&1, &) = €& Jdw (&) = 0.

Likewise (22(¢;,&) = 0. By Theorem 3.1, the plane of &;,& is a complex
line.

Let Y be a non-zero vector field on U which spans ker w; M ker w,, and
lift it to U x R as tangent to the level sets of ¢. Then, for £k = 1,2, we have

Qu8,Y) = €' (8,](dt A wf +dwt))Y) = ewf(Y) = 0.

Thus the span of J; and Y is a complex line.
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Finally, we prove the equivalence between tautness and the equality J&; =
&;. We have seen in Corollary 3.3 that if Q) = Q, +iQ] is the (2,0)-form
with real part @, (that is, Q{(J-,-) = ©,), then the contact circle is taut if and
only if @ = ©,. We have

&)Qy = —e'dt = & Q) = (JE))] Q).

Hence, if Q] = Q,, then the non-degeneracy of this form implies J&, = &,.
Conversely, suppose J&; = &. Then &, Q] = —e'dt. Now Q] is a (point-
wise) linear combination of @, and Q. But £ ]Q; induces a non-zero form
on the level sets of ¢, since & |dw, +£0 (because of the linear independence of
dw; and dw;). Thus we must have Qf = (.
We now address the issue of integrability of J, first for the construction in
Corollary 3.2, and then, in Section 3.2, for that of Corollary 3.3.

Proposition 3.5 Let Q1,Q, be as in Corollary 3.2 and suppose Q2 is closed.
Then J is integrable if and only if the (2,0)-form Q) = Q| + iQ] is closed.

Proof. The assumption that the (2,0)-form Q! has closed real part ; can
be written as
dQY +dQM = o,

But for integrable J the form dQ(!) is of type (2,1), while the form dQ(! is
of type (1,2). Thus they must be zero separately, so Q" is closed.
Conversely, if QU1 is closed, then we deduce integrability of J by using
the Newlander-Nirenberg Theorem as follows. If X| and X are complex vector
fields of type (0,1), then QU(X;, ) = Q(X,,-) = 0 and one computes

0=dQ"(X), X, Z) = —Q (X1, %], 2),

for any complex vector field Z. Hence [X;,X5] | Q1Y) =0, thus [X),X3] is of
type (0, 1), which implies that J is integrable.

Remark. Theorem 3.1 and Proposition 3.5 together imply that a complex,
closed 2-form € on a 4-manifold W is holomorphic symplectic with respect
to a (necessarily unique) complex structure J on W if and only if €? = 0 and
Re(Q) is symplectic. Proposition 3.5 says that if Q) is closed and if €,
induce an integrable almost complex structure, then we can induce the same
structure from a holomorphic symplectic form. See [6] for more information
on these symplectic aspects of the theory.

3.2 Tautness and integrability

The almost complex structure induced from a taut contact circle is always
integrable. We can deduce this from Proposition 3.5 and Corollary 3.3, in which
case we would be quoting the Newlander-Nirenberg Theorem. But actually we
do not need this theorem, because the local model for taut contact circles
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that we develop next provides a special holomorphic atlas. This approach was
suggested to us by the referee.

If w,z are complex-valued functions on some domain in U, we are go-
ing to use w*,z* to denote their respective pullbacks to U x R as functions
independent of 7.

Theorem 3.6 A taut contact circle (v, w;) on U always admits the following
local expression,

Wy + iy = wdz,

where w and z are suitable local complex-valued functions.

Conversely, given w and z, the real and imaginary part of wdz form a
taut contact circle if and only if w is nowhere zero and the map (w,z) is
an immersion transverse to the radial directions of the first factor of (C —
{0}) x C. That is, the map (w/|w|,z) must be an immersion into S' x C.

If we take all such pairs (w,z) for a given taut circle on U, with domains
restricted to make them embeddings, then the maps (e'w*,z*) on U x R
form a holomorphic atlas. The corresponding complex structure is that from
Corollary 3.3.

Proof. Let Y be a vector field on U which spans ker w; Nker w;. Since w
and w; are everywhere linearly independent, the complex 1-form w = w| + iw,
defines a real isomorphism from the quotients T,U/(Y) onto €. Let Jy be the
unique complex structure on 7U/(Y) making w a complex isomorphism on
each fibre. Since the flow of Y preserves Y, it induces isomorphisms between
fibres of TU/{Y). These isomorphisms preserve Jp if and only if Lyw is a
complex multiple of c.

Now, taking interior product with Y in the tautness condition w A dw = 0,
we get —w A Lyw =0, which implies ‘that Lyw is a complex multiple of @
since @ is nowhere zero. Thus Jy is indeed invariant under the flow of Y.

Let now (Up,x1,x2,x3) be a flow box for Y as follows. The image of
Uy under the coordinate maps (x;,x;,x3) is D x (interval) for some domain
D C R?, and in these coordinates Y is é,,. The invariance of Jy under the flow
of Y now means that there is a unique almost complex structure on D of which
Jo is the natural lift. As D has complex dimension one, we have by the classical
result of Gauss (extended to non-analytic metrics, as for example in the work
of Ahlfors-Bers) that there are local holomorphic coordinates z = x + iy for
this structure on D. We can shrink Uy so as to make z defined on all of D.
Lift z to D x (interval) as constant in the interval direction, and then pull it
back to Up. Now dz is a complex 1-form on Uy with the same null line () as
w, and defining the same transverse complex structure Jy. Therefore w = wdz
for some complex-valued function w on Ujp.

For the converse, start with complex functions z = x + iy and w, defined on
a domain Uy C U. Clearly w must be nowhere zero if Re(wdz) and Im(wdz)
are to be contact forms. Then we can locally write w = re'’, for suitable real
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functions r,0, with » > 0, and (Re(re'’dz),Im(re’dz)) is a taut contact circle
if and only if (Re(edz),Im(e’dz)) is a taut contact circle. The latter is

(cosOdx — sin O dy,sin 0dx + cos0dy),

which is the pullback under the map (6,x, y) of the Liouville-Cartan forms
on the unit tangent bundle of the Euclidean plane. Therefore we have a taut
contact circle if and only if the map (6,x, y) has rank 3 everywhere, and this
is the same as (w/|w},z) being an immersion.

As for the last statement, it is obvious that e‘w*dz* = e'w*, so that if
z; = e'w* and if z; = z* then dz| A dz; = d(e'w*), hence (z),2z;) are complex
coordinates for the structure J which makes d(e’w*) a (2,0)-form.

This concludes the proof of the theorem.

Remark. 1t is very easy to check directly that the coordinate changes between
the maps (e'w*,z*) are holomorphic. This gives a construction of J, in the
case of taut contact circles, which avoids the linear algebra we have developed
since Theorem 3.1. We have taken the longer route because it allows to treat
more general situations such as that of Corollary 3.2 and the case of non-taut
contact circles. Furthermore, studying taut contact circles in this more general
context, the integrability of J is seen to be equivalent to the tautness condition,
in a sense made precise in the following propositions. This equivalence holds
in a particularly strong sense for closed 3-manifolds (Corollary 3.9), but first
we formulate two slightly more technical propositions. With these results we
also begin the analysis of how to recover taut contact circles from the induced
complex structure.

Proposition 3.7 If the almost complex structure J induced on U x R by a
contact circle (wy, wy) is integrable, then it is also induced by a taut contact
circle of the form

(w1,m2) = (w1, (A1 /h)wy — (1/h2)wy),

where hy < 0 and h = h| + thy is a complex function on U which extends
over U x R as a o,-invariant holomorphic function.

Proposition 3.8 If w = w| + iw, represents a taut contact circle on U, in-
ducing J on U x R, then the contact circles (my,ny) inducing J are precisely
those given by

T +im =Ho+ o,
for any K B : U — C that extend as 0,-invariant holomorphic functions on

U x R and satisfy |W'| < || everywhere. The circle (ny,my) is taut if and
only if B =0.

Remark. If 3= HW w, then (Re(n),Im(n)) is a taut contact circle inducing J.
We have n; + iny = n+ g7, with g = A/l and g being constant is equivalent
to (my,cymy + ¢amp) being taut for a suitable choice of constants c;,c; with
¢, > 0. In general (for instance, for a small domain U), there is much more
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freedom in the choice of g (J,-invariance of g essentially means that g is
a holomorphic function in one variable), so there are many contact circles
(m,m;) that yield an integrable J but which are not taut, even after passing
to (my, 17 + ¢pmy) for any constants ¢,c;. On the other hand, there will be
cases where U is not closed but ¢ is still forced to be constant, since it takes
values in the unit disk.

Corollary 3.9 For a closed manifold M3, the only contact circles induc-
ing integrable almost complex structures on M* x R are those of the form
(wy,c1w) + cawy), where (w1, w,) is a taut contact circle and c,,c, are con-
stants, with ¢; > 0. Such circles are the (positively oriented) ellipses centered
at the origin in the plane of w, and w,.

Proof of Proposition 3.7. We have @ =d(e'w}), and Q%) = Q; +iQ} of
type (2,0), k=1,2. By Proposition 3.5 we know that Q) and Q) are holo-
morphic symplectic. Thus Q") = hQ?), where h = h| + ih; is a nowhere zero,
holomorphic function. It follows that ©, = 7,2, — h,Q{, and the orientation
requirements imply A; < 0. We can then solve for Q] :

h 1
o ="lg _ ~
U h

2.
Since Ly, = &, k = 1,2, and since Q,Q] is a Q-conformal basis for the
plane of Q,€,, we conclude that L, 2} = Q}, and so L, Q") = Q). Likewise
Lo Q2 = Q@) This has the following consequences.

e 0,h=0.

o1y =e7"0,]Q) is a I-form on U x R satisfying Ly #n5 = 0 and 53(d;) =
0. That is, #; is pulled back from a l-form on U, which we denote #5.

o The identities L, £ = £} and dQ{ = 0 imply Q] = d(e'n}). So the holo-
morphic symplectic form Q1) can be written as d(e(w} + in3)), which means
that (w),n;) is a taut contact circle inducing J.

It only remains to express #, in terms of w; and w,. We have

h 1
n o= 0(e”'Q)) = 0,] e 0, — —e™'0,
hy hy
= hlw* — ! w5
e T

and restricting this identity to {# = 0} gives the desired expression for #;.

Proof of Proposition 3.8. Let n;, k = 1,2, denote the pullback of m; under
the obvious projection U x R — U, define I1; = d(e'nf), and define II} by
the requirement that I1¥) = I, + Il be of type (2,0) with respect to J, for
k =1,2. We know that the II®*) are holomorphic.

Since Q = d(e'(w] + iw})) is holomorphic symplectic for J, there are d,-
invariant holomorphic functions 4", 4®) such that IT®¥) = K®Q, k = 1,2.
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We consider IT = I, + ill, = d(e'(n} + in})). This form is important for
recovering 7; and 7,, because e'(n} + in}) = 0,]I1. We compute

T =ReldV 4+ iRe I?¥
1 —_— —
= {0 (1)) (2 (2)
2( +hQ+2<h Q+h Q)

B L@ D 4 i
_ —;l Q+h -;l 0.

which displays I1 as a form without (1, 1)-part. Let

A + ih2) /S AC)
- h// -
7 and 7 ,

then
e'(n} +iny) = 0,11
= 1,0+ 15,0
= e'(hw* + h'w*),

hence 7, + in, = Ko+ 8w

We now have to prove that if #’,h” are J,-invariant holomorphic functions,
then 7, + iny = K'w + K w represents a contact circle inducing J if and only
if (A < |W].

The holomorphic 1-forms dh’,dh”,e'w* all annihilate J,, therefore

dh' A o* = dh' A w* =0,
and so
d(e'(n} +in3)) = Hd(dw* )+ h'd(ew*)=hQ + Q.

At a point where A’ = 0, the form d(e'(n} + in3)) is of type (2,0) with respect
to the conjugate structure —J, and so (m;,7;) would induce —J there. We
conclude that 4’ is nowhere zero.

Then ¥ = A’'Q is a holomorphic symplectic form for J, and

d(e'(nf +in3)) =¥ + g7,
with g = h” /K. Consider the real and imaginary parts,
Y=Y +i¥, and g=g +ig,

then (7, m;) is a contact circle inducing J if and only if d(e'n}) and d(e'n}
are linearly independent and define the same orientation as ¥, ¥,. Direct
calculation yields

Y4+ g¥% =(1 +g)¥1 — @V +i(—g%1 + (1 — g1)¥2),
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and the condition becomes

l+g1  —¢ 2 2
0 < det ~ .
( g l—g g0

that is, [g] < 1.

Notice that if |g| > 1, we still get a contact circle, but the complex structure
it induces is the conjugate one —J.

Finally, the circle (m;,mz) is taut if and only if d(e'(n} + in3)) is of type
(2,0) with respect to J, and it is clear that this is equivalent to 4" = 0.

This finishes the proof of Proposition 3.8.

3.3 Construction and study via holomorphic objects

For the remainder of this paper, we consider taut contact circles only.

Proposition 3.8 provides a construction of a family of (taut) contact circles
starting from a taut contact circle that serves as reference. The formula w =
Ji(0,]) of Corollary 3.3 gives a clue as to how we can construct a family
of taut contact circles without starting with a reference one. Instead, we need
a holomorphic 2-form Q and a vector field X (playing the role of J,) and, to
keep the situation of Corollary 3.3, we impose the identity Ly = € and that
the flow of X be made of holomorphic maps.

It is convenient to consider the complex vector field X, déf(1 [2UX — iJX),
from which X is easily recovered as 2ReX,. Note that X, is holomorphic if
and only if the flow of X is made of holomorphic maps. Also, as Q is a (2,0)-
form, we have X |Q = X, |Q and Ly Q = Ly Q. Now all the relevant conditions
can be formulated in terms of the holomorphic objects €, X,.

Proposition 3.10 Let S be a complex surface on which we have

(1) a nowhere zero, holomorphic 2-form Q,

(2) a nowhere zero, holomorphic vector field X,

(3) a real hypersurface j: U — S,
and suppose that

(i) Ly 2=,

(11) j is transverse to X = 2ReX..

Then w; + iwy = j*(X.|Q) defines a taut contact circle on U which induces
the complex structure of S if we identify a neighbourhood of U x {0} in
U x IR with a neighbourhood of j(U) in S, taking 0, to X.

A complex surface S comes from a taut contact circle as in Corollary 3.3
if and only if it has a pair X.,Q, satisfying (1), (2), and (i), and where
2Re X, is complete, with open orbits, and admits a global transversal which
pierces each orbit exactly once.

Proof. Let @ = X.|Q. This is a nowhere zero, holomorphic 1-form which
satisfies

dCT]:Q, LI\QCT):L)((FI):(’I), and CT)(XC)Z&V)(X)EO



166 H. Geiges, J. Gonzalo

Since we are in complex dimension 2, we have local expressions @ = z,dz;,
where z; = x; +iy; and z; = x3 + iy, are holomorphic functions, and z, has
no zeros. Now dw = Q translates to dz; Adz, = Q, hence z;,z; define local
complex coordinates and we are back to the situation in Theorem 3.6, so let
us compute the radial vector field in the z;-direction.

The equation X, |(dz| Adzy) = z)dz; implies X, = z,0,,, therefore

X = 2Re(2162,) :x,&xl + ylay,

is the radial vector field in the z,-direction. By Theorem 3.6, the real and
imaginary part of w = j*& define a taut contact circle if and only if j is
transverse to X.

Consider now the immersion @, from a neighbourhood of U x {0} in U x
IR to a neighbourhood of j(U) in §, which maps (p,0) € U x {0} to j(p) and
whose differential takes J, to X. Let J* be the pullback under ¢ of the complex
structure of S. This is the unique almost complex structure for which ®*Q is
a (2,0)-form. We have to show that J* agrees with the complex structure
induced on U x R by the taut contact circle (Re (w),Im(w)).

The identities &)X ) = 0 and Ly = @ pull back to the identities

(P*®)3,) =0 and Ly (9" ®) = &*d,

hence @*@ = e'w*, where w* is the pullback under the projection U x R — U
of ji®*w = j*® = w, here jo(p)=(p,0). Thus J* is the almost complex
structure for which &*Q = d(e'w™*) is a (2,0)-form, i.e., the complex structure
induced by the taut contact circle (Re (@), Im(w)).

A real vector field X on S is d,, for some product structure S = U x R,
if and only if it is complete, with open orbits, and it has a global transversal
piercing each orbit exactly once.

The proof of Proposition 3.10 is now complete.

For w; + iw; = j*(X.|Q) to define a taut contact circle, X = 2Re X, need
not be J; for any product structure S = U x R (indeed, X need not be com-
plete), and the transverse immersion j need not be injective. But obviously
we already get all taut contact circles if we restrict ourselves to quadru-
ples (8, X.,Q,j) satisfying (1), (2), and (i) of Propostion 3.10, and where
X =2ReX, is complete, with open orbits, and j is an embedding transverse
to X and piercing each orbit exactly once. The pair (X, j) represents a product
structure § = U x R.

The choice of one such product structure is implicit in Proposition 3.8,
because it gives all (taut) contact circles (7, n;) such that J is the only almost
complex structure for which d(e'(n} + in)) is of type (2,0). It is then clear
that the projection § — U and the function ¢:S — R have been fixed in
Proposition 3.8, and this is the same as fixing a product structure § =2 U x RR.

Of the two data (X, j) which determine the product structure, we now allow
changes in the second part j. This gives a much larger family of taut contact
circles, which we again restrict by fixing a choice (up to a multiplicative
constant) of the holomorphic 2-form.
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Theorem 3.11 There is a natural bijection between the following families:

(i) Homothety classes of taut contact circles on U, where we identify
homothety classes that are equivalent under a diffeomorphism of U.

(ii) Triples (S,X.,Q), where S is a complex surface, X. and Q satisfy
(1), (2), and (i) of Proposition 3.10, and X = 2Re X, is complete, with open
orbits, and has a global transversal diffeomorphic to U piercing each orbit
exactly once. We identify two such triples (S,X.,Q) and (S',X., Q") if there
is a biholomorphism between S and S’ taking X, to X! and pulling Q' back
to a constant multiple of Q.

Proof. The embeddings of U into U x R, transverse to ¢, and piercing each
orbit exactly once are, up to reparametrization, the graph embeddings

ju:U — UXxR
p — (pu(p))

for u any smooth function on U.

We conclude that, for a quadruple (S, X,, 2, /) as above, the set of embed-
dings transverse to 2Re X, and piercing each orbit exactly once is the set of
reparametrizations of the embeddings

Jn(p) = ou mU(p)),

where ¢, is the flow of 2Re X, and u ranges over the smooth functions on
U. Then j = jj, and the identity Ly(X.]|Q) = (X,|Q2) implies

()" (X | Q2) = €"j" (X ] Q).

Therefore, if we let w; + iw; = j*(X.|Q), then as ;' ranges over all such
embeddings, the taut contact circle made of the real and imaginary part of
J'¥(X.]Q) ranges over all diffeomorphic copies of the taut contact circles
(e"m,e"w,), for any smooth function u on U.

If we further let zy range over all complex constants, then the taut contact
circle made of the real and imaginary part of j/*(X.|(zoQ)) ranges over all
diffeomorphic copies of all taut contact circles homothetic to (w;,w,).

If we drop the choice of j and consider the triple (S, X, Q), up to isomor-
phism and multiplication of Q by complex constants, then we determine, up to
diffeomorphism, a homothety class of taut contact circles on U, in the explicit
way we describe next.

We first recover U as the orbit space of X =2ReX.. A more concrete
model for U is provided by any transversal to X which pierces each orbit
exactly once. Then the homothety class is recovered by inducing the 1-form
X.]Q in that transversal, and taking real and imaginary part of the induced
form.

Conversely, fix a taut contact circle (w;,w,) on U, and let (n,1) be
a homothetic taut contact circle. If we set w = w; +iw; and n =1 + iny,
then there are a function u and a complex constant zy such that # = zpe*w.
It follows from the proof of Proposition 3.10 that if @ is the diffeomorphism
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of U x R which preserves ¢, and satisfies ® o jy = j,, then & pulls ¢'w”
back to ¢'(e“w)*, and therefore it pulls back the quadruple (S,X,,Q, jy) to the
quadruple (S’,X/,(1/20)2, j,,). Here S is U x R with the structure J making
Q=d(w*) a (2,0)-form, and X. = (1/2)(0, — iJ0,); likewise §" is U x R
with the structure J’ making Q' = d(e'n*) a (2,0)-form, and X, = (1/2)(¢, —
iJ'0,).

In particular, we see that homothetic taut contact circles induce complex
structures on U x R isomorphic through a diffeomorphism which preserves ;.
Moreover, this diffeomorphism makes the corresponding holomorphic symplec-
tic forms isomorphic up to a multiplicative constant.

Theorem 3.11 is now proved.

Corollary 3.12 Classifying homothety clusses of taut contact circles on closed
3-manifolds, up to diffeomorphism, is the same as classifving pairs (S,X;)
where S is a complex surface and X, is a nowhere zero, holomorphic vector
field on S, satisfying the following two conditions:
(1) There exists a diffeomorphism S = M> x R taking X =2Re X, to 0,
(2) There exists some holomorphic symplectic form Q on S satisfying the
identity Ly Q = Q.

Proof. The only fact that needs to be checked is that € is unique up to a
multiplicative constant. The holomorphic 2-forms Q' satisfying Ly Q' = Q' are
given by Q' = hQ, with h a J;-invariant, holomorphic function. But we have
S 2 M3 xR, with X = 0, and M? compact, hence 4 must be constant.

This proves the corollary.

From here to the end of the paper, we consider only the case of a closed
3-manifold M>.

We shall next give an outline of how the classification of homothety classes
and of the manifolds M? is carried out in this paper. The main tools will be
Theorem 3.11, the classification of compact complex surfaces, and the descrip-
tion of geometric complex surfaces (in the sense of [27]) as quotients under
discrete group actions.

For the c1a551ﬁcat10n of the trlples (S, X, 2), let S be the universal cover of
S, and let (XC,Q) be the lift to S of (X, ). The real vector field X =2ReX,
is the lift of X = 2Re X,.

Let I' be the group i (M?) = 71(S), considered as a transformation group
of S by the monodromy representation. Then I’ is a group of holomorphic
automorphisms of S which preserve X, and Q. From the quadruple (S r XC,Q)
we determine the trlple (S X., Q) as follows. The surface S is obtained as the
quotient § = I' \ S. Now X, and Q descend to this quotient, thus defining X,
and Q and allowing to recover the homothety class as explained in the proof
of Theorem 3.11.

Notice that the possible 3-manifolds M 3 are also obtained here. There is
a diffeomorphism S = M? x R taking X to &, where M3 is the universal
cover of M>. The hypersurface M3 x {0} C § = M*> x R lifts to a hypersur-
face Hy in S which is I'-invariant and pierces each orbit of X exactly once
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and transversely. Clearly Hy is diffeomorphic to the orbit space of X. As X
is [-invariant, the transformations y € I' map orbits of X to orbits of X and
therefore induce diffeomorphisms of the orbit space of X. Then we have

= I'\ (orbit space of X) =T\ Hy = '\ H,,

where H, is any [I'-invariant hypersurface piercing each orbit of X once and
transversely. The choice of H;| does not matter because they are all isotopic
to one another, due to the uniqueness up to isotopy of the global transversals
of X in §. _ _

Consequently, it is sufficient to classify the quadruples (S, I’ ,)?C,Q). We
relate them to compact surfaces in the following obvious way.

Use ¢, to denote both the flow of X and the flow of X. Then, for each
positive number ¢y, we define

S(l()) = <(pt()> \S’

which is a compact complex surface diffeomorphic to M3 x S'.

Notice that S is also the universal cover of S(#), for all t; > 0.

The vector field X, descends to each S(#), defining there a vector field
which we also denote by X.. Similarly for X, and the relation X = 2 Re X,
holds also on S(#). The pair (S(#),X.) determines #y as the common period
of all orbits of X.

The diffeomorphism @, constructed in the proof of Theorem 3.11, descends
to a diffeomorphism of S(4) for any #, > 0, that is, homothetic taut contact
circles on M? not only induce isomorphic pairs (S, X.) and (S/,X/), but also
isomorphic pairs (S(#),X.) and (S'(#), X)) for each tp > 0. Pairs with different
ty cannot be isomorphic.

We have thus associated to each homothety class a family of pairs
(S(t), X.), parametrized by a real number 7y, and this family is a diffeo-
morphism invariant for the homothety class. We shall use this observation
in Section 6 to distinguish homothety classes.

The I-invariance of X, implies that each map ¢, of S commutes with
every element of I'. Thus, if we let G be the group m;(S(#)), considered as a
transformation group of S by the monodromy representation, we have a direct
product decomposition

G = <(plu> xT.

The vector field X, is invariant under every element of G. An element of G
leaves € invariant if and only if it is in I, because we have ¢;Q = Q for
all .

Remark. In the proof of Theorem 3.11 we have seen that the global transver-
sals j, piercing each orbit of X in S exactly once, form a single isotopy
class. By mapping these under the projection S — S(%), we determine an
isotopy class of transversals piercing each orbit of X in S(#) exactly once.
The isotopy classes of transversals in S(#) correspond to the elements of
[M3,8'] = H'(M?;Z). Thus it is not immediate to determine the pair (S,X)
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from the pair (S(f),X), unless H,(M>;Z) is a finite group. We deal with this
delicate point by giving the following alternative description of the covering
space S of S(1):

S=T\S,

where S is the universal cover of S(tp) and I' is the isotropy subgroup of Qin
the monodromy~representation G of m(S(%)). Thus the determination of the
possible forms Q implies the determination of the possible (non-compact) sur-
faces S. This shows that it is convenient to work at the level of the quadruples
(§, r ,)~(C,Q) rather than at the level of the quotients S(#y), although these will
be needed to make the classification possible because they are compact.

In Section 4 we classify those compact complex surfaces of the form M> x
S! where the obvious circle action is by holomorphic maps. We obtain seven
classes of such surfaces. If one such surface is (¢, )\ S, where § = M3 x R
has complex structure constructed as in Theorem 3.6, then the special features
stated in Corollary 3.3 and in Proposition 3.4 for the complex structure of
S impose additional restrictions, and not all surfaces found in Section 4 are
allowed. We use this idea in Section 5.1 to show that a surface S(#y) has to
be in one of the following classes:

(a’) Hopf surfaces,

(b’) Properly elliptic surfaces of geometric type §Zz x E',

(¢”) Hyperelliptic surfaces with Euler class (0, 0),

(c”) Complex tori.

For each of these four classes, the surfaces S(4) form a proper subclass.
These subclasses are completely determined in Sections 5.2, 5.3, and 5.4.

Notice that the four classes above give a description S(#4) = G \ S, where S
is known and either all possibilities for G are known (case of Hopf surfaces) or
G is a subgroup of the isometry group of some standard homogeneous metric
on §. Then we apply the conditions:

) ):(C is G-invariant and nowhere zero,

e (2 is holomorphic symplectic, and LZQ =0,

e Qis T -invariant,

e G is the direct product (¢@,) x T,
to determine the triple (I’ ,)?(4,52) up to biholomorphism of S. Surfaces of
classes (b’) and (c’) are elliptic, and we prove in Section 4 that the ellip-
tic fibres contain the orbits of X. This helps in the determination of X, for
these two classes. o

At that point, the quadruples (S,I,X., ) are finally classified up to bi-
holomorphism.

For example, for class (b’) we get S = :S'Zz x E' with the standard com-
patible complex structure, =X is the unit vector field along the £'-factor, and
I' is a discrete subgroup of the obvious action of SL, by left multiplication.
Since not all discrete isometry groups of S’Zz x E! are equivalent to the direct
product of a subgroup of S‘Zz, acting by left multiplication, and an infinite
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cyclic group of translations along the E'-factor, we see that not all properly
elliptic surfaces of this geometric type are surfaces S(#) arising from a taut
contact circle. _

In particular, the vector field X' has a unique canonical form for class (b’).
The same is true for classes (¢’) and (¢”), but for class (a’) the situation is
more complicated, and we get a continuous family of non-equivalent canonical
forms as well as a discrete set of additional canonical forms. The families
of taut contact circles of Proposition 1.7 are obtained from the families of
canonical forms for X in class (a”).

After classifying the quadruples (5, r ,)?C,?z) up to biholomorphism, we
obtain the list of all possible 3-manifolds M? by the procedure indicated above.
Cases (a) and (b) of Theorem 1.2 correspond to surfaces S(¢y) in the classes
(a’) and (b’), respectively. Case (c¢) of Theorem 1.2 corresponds to surfaces
S(%) in classes (¢’) and (c”).

Returning to the example of class (b’), the hypersuface Hy = SLy x {0} is
a transversal for the unit vector field along the E'-factor, and it is invariant
under left multiplication by any subgroup I' of SL,. Thus, we can write:

M? =T\ SL,,

and these are the 3-manifolds arising in case (b) of Theorem 1.2. One arrives
at cases (a) and (c¢) of Theorem 1.2 in the same way.

With the help of the invariant (S(#), X, ), we completely classify homothety
classes corresponding to case (a). For cases (b) and (¢), we give a construction
of all homothety classes, which we further discuss in Section 7, but the study
of the moduli spaces in these two cases is left to a forthcoming paper [11].

Simultaneously with the description of all the homothety classes, we discuss
Cartan structures. This is possible because we have a characterization, also in
terms of holomorphic objects, of the homothety classes which contain a Cartan
structure. We end this section with such a characterization.

Proposition 3.13 Let a taut contact circle (wy,w;) be constructed as in
Proposition 3.10, that is, ) + iwy = j*(X.]Q). Then (v, m;) is a Cartan
structure if and only if JX = —21Im X, is tangent to the immersion j.

Proof. Tt suffices to check the condition locally. So let X, =z,d;, and w, +
a» 3j*(2|d22). Then

wy Ndwy :j* ((—y,@x, +x10),I)J (dxy Ndy, ANdx; /\dyz))
=" (=2(ImX.) | (dx; Ady) ANdxy Ndyr)).
Thus @) A dw, =0 if and only if ; is tangent to —2 Re X..

Since (wy,w,) is a taut contact circle, the identity w; Adw; =0 is the
only condition for it to be a Cartan structure.

Corollary 3.14 Let (w),wy) be a taut contact circle on a closed 3-manifold
M3. Then (w,w,) is homothetic to a Cartan structure if and only if there
is a compact hypersurface in M* x R, transverse to 0,, piercing each orbit
of 0, exactly once, and tangent to Jo,.
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4 Complex surfaces

This and the following section rely heavily on the Enriques-Kodaira classifi-
cation of compact complex surfaces in general, for which [1] is a standard
reference, as well as on Walil’s detailed study [27] of geometric structures (in
the sense of Thurston) on these surfaces. We freely use some fundamental
results on geometric manifolds. For this the survey by Scott [23] is a good
introduction; the most relevant references for us are [25, 26, 27].

In the light of Theorem 1.4, the first step towards proving Theorem 1.2 is
the following.

Theorem 4.1 A compact complex surface W is diffeomorphic to a complex
surface of the form M> x S' on which the obvious smooth S'-action is by
holomorphic automorphisms, if and only if W is one of the following.

(a) A Hopf surface that is (topologically) of the form (I' \ 8%) x S' with
I' a discrete subgroup of U(2).

(b) A properly elliptic surface of the form (I'\(H x E')) x S' or (I'\
:S'zz) x S', with I' a discrete subgroup of the identity component of the isom-
etry group of H x E' or 322, respectively, where H denotes the hyperbolic
plane and E' the Euclidean line.

(c) One of the hyperelliptic surfaces (which are topologically T*-bundles
over T? with monodromy A,I, where A € SL,Z is periodic and I the identity
matrix, A+I) with Euler class (0,0). Up to diffeomorphism, there are four
such surfuces.

(d) A complex torus, diffeomorphic to T*.

(e) A primary Kodaira surface, which is topologically a T*-bundle over
T? with trivial monodromy and non-zero Euler class.

() A secondary Kodaira surface of the form (I \ Nil*) x S', where T is
a discrete subgroup of the identity component of the isometry group of Nil®
(the Heisenberg group).

(g) A ruled surface of genus | that is topologically §* x T2.

Proof. All the manifolds listed in the theorem are of the form A x §' and
can be endowed with a complex structure such that the obvious S'-action is by
holomorphic maps. This can be seen from [27], since all the manifolds in the
theorem admit a geometric structure in the sense of Thurston and a complex
structure compatible with the geometry.

We have to show that no other complex surfaces are possible. Note that
there may be different decompositions of W as M?> x S, not necessarily com-
patible with the geometric structure, so the classification of the corresponding
M? is not a straightforward consequence.

Observe that W = M3 x §' has to be minimal. For any rational curve C
in W necessarily represents a class in H>(W) that lies in the image of i, :
Hy(M3) — Hy(W). Hence C has self-intersection 0.

Also, W is clearly (real) parallelizable, so in particular its Euler number
¢; equals zero. Then from the Enriques-Kodaira classification (cf. [1]) we see
that W is among the following:
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(i) surfaces of class Vi,
(i1) ruled surfaces of genus 1,
(1i1) hyperelliptic surfaces,
(iv) primary and secondary Kodaira surfaces,
(v) tori,
(vi) minimal properly elliptic surfaces.

We now deal with these complex surfaces in turn.

(i} Surfaces of class VIl have first Betti number b, = 1. Hence, if W =
M? x S, then by (M?) = 0. So by(M?>) = 0 by Poincaré duality and therefore
B(W) = 0. By a famous result of Bogomolov ([2, 3]; see also [24] for an
alternative proof of this result), such a surface is a Hopf surface or an Inoue
surface.

If W 1s a Hopf surface, then by [16] it has to be as described in (a).

We now make the following observation.

Proposition 4.2 No Inoue surface is diffeomorphic to a 4-manifold M> x S'.

Proof. Let W be an Inoue surface. We show that the fundamental group 7, (W)
does not have a direct summand Z.

There are three families of Inoue surfaces, Sy, Sy and Sy (see [15]). The
fundamental group m;(Sy) has generators g, g1, g2, 93 and relations

g.9; = g;9, for i,j =1,2,3,

gogigy ' = 9" g37g5" for i =1,2,3,
where M = (m;,) € SL;Z is a unimodular matrix with eigenvalues o, B, B such
that o > 1 and f+p. An element of m; that yields a free generator of
Hi(Sy; Z) has to be of the form
9145 95 9o
(or an inverse of that). The condition that this commutes with gg in 7, is that
(a1,a3,a3) is an eigenvector of M with eigenvalue 1, which cannot happen.

This proves Proposition 4.2 for the surfaces Sy. The proof for the other
two families of Inoue surfaces is similar.

(i1) Up to diffeomorphism, there are only two ruled surfaces of genus 1, the
trivial and the non-trivial S2-bundle over 72. A standard argument shows that
the latter has non-vanishing second Stiefel-Whitney class wy( W), and hence is
not parallelizable.

(iii) Up to diffeomorphism, there are seven hyperelliptic surfaces. These
are elliptic surfaces without exceptional fibres over an elliptic curve, hence
topologically T?-bundles over T2, with b (W) = 2. The elliptic fibration is
unique up to bundle isomorphism, even in the topological category [22] (that
is, there is a unique fibration of this surface as a T2-bundle over T2, without
any reference to the complex structure). The holomorphic S'-action on W has
to send fibres to fibres (see Lemma 4.3 below), so it projects to an S'-action
on the base torus. Hence the quotient of W under this S'-action is either a
T?-bundle over S', if the projected S'-action is non-trivial, or an §'-bundle
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over T2, if the S'-action is along the fibres. The latter cannot happen, since
then b)(W) =73 or 4. In the former case, the torus bundle is easily seen to
have Euler class (0,0) (see [22] for the definition of this class), and precisely
four of the seven hyperelliptic surfaces meet this condition (cf. [25]).

We shall have to use this type of argument several times in the sequel, so
we formulate it as a separate lemma.

Lemma 4.3 Let n: W — X be a ruling or an elliptic fibration of a complex
surface W over a complex curve X, and assume that W admits an S'-action
by holomorphic automorphisms. Then this S'-action sends general fibres to
general fibres and each exceptional fibre onto itself. So the S'-action projects
to an action on X, and this action is again by holomorphic automorphisms.
Furthermore, if the action is free, there are no singular fibres, that is, the
only exceptional fibres are multiple fibres.

Remark. We use the term ruling in the sense of [1], meaning an analytic fibre
bundle with fibre CP'. Other authors refer to this as geometric ruling.

Proof. Consider a general fibre Fy. Let @, : W — W be the action of ¢ € S'.
Then F, = ¢@(Fy) is a complex submanifold of W isotopic to Fy. Since all
general fibres represent the same homology class with self-intersection 0, we
have, for any general fibre F, either F,NF ={ or F, = F.

By a similar argument, the S'-action has to send each of the finitely many
isolated exceptional fibres (in the elliptic case) onto itself.

So the S'-action projects to an S'-action by holomorphic automorphisms
of X, with at least as many fixed points as exceptional fibres.

Let X be the real vector field that induces the S'-action on W. We have
seen that X has to be tangential to the exceptional fibres. A holomorphic action
cannot move any singular point of such a fibre to a non-singular point. Since
X is nowhere zero if the action is free, we conclude that the only exceptional
fibres are multiple fibres.

(iv) The primary Kodaira surfaces are listed as (e) in Theorem 4.1; it
remains to show that among the secondary Kodaira surfaces only those listed
in (f) are possible. From Wall [27, Lemma 7.2] we know that a secondary
Kodaira surface (which has Kodaira dimension x = 0 and b;(W) = 1) admits
a unique elliptic fibration, and this fibration has no singular fibres. Furthermore,
W is modelled on the geometry Nil®> x E' and the base orbifold of the elliptic
fibration is a sphere with three or four cone points (corresponding to multiple
fibres) [25, 27], since the base orbifold has to be orientable and of orbifold
characteristic 0 (the base cannot be a torus, for then there would be no singular
fibres and we would have a primary Kodaira surface). As shown in Lemma 4.3,
the projected S'-action has fixed points at these cone points, hence is trivial. In
other words, the S'-action is along the fibres. This implies that the quotient M3
under this §'-action is a Seifert bundle over a sphere with three or four cone
points, and it has to be of geometric type Ni/®, that is, a Seifert bundle with
non-zero Euler class. This follows from the fact that W is a Seifert T2-bundle
with non-zero Euler class or from [27, Theorem 10.1], where it is shown that
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the geometric type of W is uniquely determined. Then M? = I' \ Nil®> with T
as claimed in (f).

(v) The tori give class (d) in Theorem 4.1.

(vi) The minimal properly elliptic surfaces are surfaces with ¥ = 1. Topo-
logically these are Seifert T2-bundles over base orbifolds of negative orbifold
characteristic. Again Wall shows that the elliptic fibration is unique and that
the possible geometric types are H x € and EZZ x E'. Lemma 4.3 shows that
there are no singular fibres. Furthermore, the base orbifolds clearly admit no
non-trivial §'-action and so the circle action on the surface has to go along
the fibres. Now argue as in (iv) to obtain class (b).

This completes the proof of Theorem 4.1.

5 Proof of Theorem 1.2 — Part 11

In this section we use the notation of Section 3, and we follow the outline
(except for Section 5.5) given in Section 3.3.

In Section 5.3 we describe in detail the complex structure on SL, x E! and
its canonical holomorphic symplectic form f)H; in Section 5.4 we describe the
complex structure on E> x E' and its canonical holomorphic symplectic form
Q.

The main result we are going to prove is the following.

Theorem 5.1 A quadruple S,r ,)N(c,f)) is associated to a taut contact circle
on a closed 3-manifold M?, as described in Section 3.3, if and only if it is
biholomorphic to a quadruple in any of the following four classes:

(@) §=q? -~ {(0,0)}, Q= (constant) - dzy Ndzy, T' is any finite sub-
group of SU(2), X is given by Proposition 5.5 below. Then S(ty) = ({¢,,) X
N\ (2 — {(0.0)}) is a Hopf surface, and M} =T\ S5

(b*) S = SLZ x E', Q = (constant) - QH, @, is tramlatton by —t in the
E'-direction, and I' is any discrete, compact subgroup of SL, acting by left
mudtiplication. Then S(&y) = (I' X {£5))\ (SLy xE') is a properly elliptic sur-
face and M3 = I'\ SL,.

(c’) S = E, x E', Q = (constant) - Qg, @, is translation by —t in the E'-
direction, and T is any discrete, cocompact subgroup of E,, acting by left
multiplication, with not all elements of I' translations. Then S(ty) = (I' x
(to)) \ (E, x E'Y is a hyperelliptic surface with Euler class (0,0), and M* =
r\ E, is a T*-bundle over S' with non-trivial periodic monodromy.

(c”) S, Q, @, are as in (¢’), and I' is any lattice of rank 3 in_the transla-
tion part € x (2niZ) of Ey. Then S(to) = (I' + {0} x (t,Z)) \ (E, xE') is a
complex torus, and M> = I' \ E, is diffeomorphic to T?, the T?-bundle over
S' with trivial monodromy.

Notice that Theorem 1.2 is contained in Theorem 5.1.
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The other important result is the complete classification up to biholomor-
phism of the surfaces S(f) in class (a’) of the above theorem, and of the
corresponding pairs (S(#),X.). This is done in Section 5.2.

We now explain how the present section is organized. In Section 5.1 we
use elementary topological arguments to show that ruled surfaces, properly
elliptic surfaces of type H x C, and Kodaira surfaces can never be a surface
S(ty) constructed from a taut contact circle. That is, we reduce the list of com-
plex surfaces in Theorem 4.1 to Hopf surfaces, hyperelliptic surfaces, properly
elliptic surfaces of type SL, x E!, and complex tori. In Section 5.2 we find
which Hopf surfaces can be constructed as S(¢), similarly for properly elliptic
ones in Section 5.3, likewise for hyperelliptic ones and complex tori in Sec-
tion 5.4. Except for certain Hopf surfaces and complex tori, all the surfaces
determined in Section 5.1 are elliptic, and the arguments to reduce the diffeo-
morphism classification of these surfaces to a diffeomorphism classification of
the corresponding 3-manifolds are already contained in Section 4, where we
were able to describe the properties of the circle action even without knowing
any details about the biholomorphism classification of these surfaces.

As for complex tori, they give M> = T3 by a very short argument given
at the beginning of Section 5.2 below.

Therefore, except for the non-elliptic Hopf surfaces, it would be enough
to prove Theorem 5.1 up to diffeomorphism rather than biholomorphism. We
give an outline of the topological arguments of such a proof in Section 5.5.

However, for the homothety classification of taut contact circles and to
understand which 3-manifolds correspond to non-elliptic Hopf surfaces, we
need to prove Theorem 5.1 up to biholomorphism. The Hopf case is by far
the most difficult, due to the fact that not all Hopf surfaces are geometric. By
comparison, the result in the other cases is a fairly straightforward consequence
of the invariance conditions imposed by the geometry.

Notation. The following conventions will be used in Sections 5, 6, and 7. When
dealing with Hopf surfaces, the coordinates on €2 will be denoted (zj,z7).
When dealing with properly elliptic surfaces, the upper half plane in € will
be denoted H and the coordinates in H x € will be denoted (z,w).The cor-
responding point (z,ew) in H x (€ — {0}) will be denoted (z,w). Finally, in
the context of hyperelliptic surfaces, the coordinates on € x € will be denoted
(z, w).

5.1 Reduction of the problem

At several places in this section we use the fact, from Proposition 3.4, that the
Reeb vector fields &, &, span a complex line complementary to the complex
line which contains X.

First we show that M? x S! cannot be a ruled surface. Suppose that it
were, and let C be a holomorphic sphere from a ruling. By Lemma 4.3 the
vector field X is either tangent to C or transverse to C. The former possibility
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is ruled out by the hairy ball theorem, hence X must be transverse to C. The
same is true for all constant linear combinations of X and JX, because C is
a holomorphic sphere. Since the Reeb vector fields £, &, determine a comple-
mentary complex line distribution, they give a parallelization of C, which is
absurd.

This shows that the complex surfaces in class (g) of Theorem 4.1 do not
arise from a 3-manifold admitting a taut contact circle.

Next we show that from the construction in Theorem 3.6 (or Section 3.3) no
surface of geometric type H x € can arise. This is one of the two possibilities
in case (b) of Theorem 4.1.

The complex surfaces of geometric type H x € are elliptic fibrations over
an orbifold of negative orbifold characteristic. Such orbifolds do not admit
a non-trivial S'-action, so from Lemma 4.3 we conclude (assuming that the
complex surface arose from the construction in Theorem 3.6) that X is tangent
to the fibres, hence so is JX. Then &, and &, span a distribution transverse to
the fibres. Topologically, the surfaces of geometric type H x € are Seifert T2-
bundles with zero Euler class. This means that we can find a section, that is,
an immersed surface (of negative Euler characteristic) transverse to all fibres.
The Reeb vector fields would provide a parallelization of such a surface, which
is impossible.

The third class of complex surfaces we want to consider in this section are
the Kodaira surfaces (classes (¢) and (f) in Theorem 4.1).

Let S be a primary Kodaira surface. Topologically, this surface fibres in
non-isomorphic ways as a T>-bundle over 72 (see [22]), but the elliptic struc-
ture is unique [27, Lemma 7.2] and is as described in Theorem 4.1.

Suppose that S arose from the construction in Theorem 3.6. As shown in
Lemma 4.3, the vector field X sends fibres to fibres, so it can induce either
the trivial action or a free S'-action on the base torus. In the latter case, the
M? quotient would be a T%-bundle over S' with non-trivial monodromy, and S
would fibre holomorphically as a T2-bundle with non-trivial monodromy and
zero Euler class, which is impossible. Hence, X is everywhere tangent to the
fibres of the elliptic fibration.

Consider a fibre Fy =S' x S', where we may assume that X is tangent
to the first S!-factor. We see that F, is transverse to M?>, so a priori £y
intersects M? in a finite union of circles. However, since any orbit of X has
to intersect each of these circles, and it intersects M3 only once, we conclude
that Fo N M3 = S!. Since ¥ =JX — fX is tangent both to Iy and M3, this
intersection circle is in fact an orbit of Y. So the common kernel of «,; and
> has closed orbits. Moreover, we see that it is these orbits that make M?>
into an S'-bundle over T? (with non-zero Euler number ¢). Note that the Reeb
vector fields are everywhere transverse to this fibration.

Let D be a 2-disc in the base torus T2. Fix a section o of the S'-bundle over
72 — D, and identify a(T? — D) with T? — D. Projecting ¢; along the fibres
onto 7% — D, we obtain a nowhere zero vector field Z on 72 — D. Along the
boundary of 72 — D, we may view Z as a vector field tangent to D, and this
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vector field has rotation number zero with respect to the centre of D since T2
has Euler characteristic zero.

Over D we have a section g, and we write D| = ¢,(D). In identifying the
boundary tori of the trivial bundles D; x §' and (T2 — D) x S!, the boundary
0D is identified (homologically) with d| — e¢, where d| is the class of 0D,
and ¢ the class of the circle fibre in dD; x S'.

Clearly the Reeb vector field &; (regarded as a vector field tangent to D)
has rotation number zero along ¢D; with respect to the centre of Dj, since it
extends as a nowhere zero vector field over D;.

As we move once around a fibre over a point in JD,;, the Reeb vector
field makes m full turns with m=0 (and m locally constant on 9D, hence
constant), since the fibre is an integral curve of the contact distribution ker w1,
which forces the contact plane to keep rotating with positive angular velocity
along this curve (because of the non-integrability of the contact distribution),
and this also forces the rotation of &;. This implies that Z has in fact rotation
number —me along 0D with respect to the centre of D, a contradiction if e=0.

We note this as a separate result (see also [9] for related statements and a
more detailed account of the preceding argument).

Proposition 5.2 Let M3 be a non-trivial S'-bundle over T?. Then M? does
not admit a contact form whose Reeb vector field is everywhere transverse
to the fibration.

Finally, we consider secondary Kodaira surfaces. We have seen in the proof
of Theorem 4.1 that the S'-action has to be along the fibres, so we would
obtain a Seifert bundle M> with non-trivial Euler class over a good (in the
sense of [23]) euclidean orbifold (a sphere with three or four cone points),
and with Reeb vector fields transverse to the Seifert fibration. M 3 is finitely
covered by an S I_bundle M3 over T? with non-zero Euler class, and the contact
forms on M3 would lift to contact forms on M> whose Reeb vector fields are
transverse to the fibration, which is impossible by the proposition above.

5.2 Hopf surfaces

Before dealing with Hopf surfaces, we consider the case where S(5) = M 3 x
S! is a complex torus. Here S = €? and X, = (1/2)(X — iJX) is holomorphic
on €? with fourfold periodic coefficient functions, hence constant. So X is a
constant slope vector field, and the quotient of S(#4y) under the circle action
generated by X is necessarily a 3-torus.

This simple case contains the basic idea necessary to deal with the Hopf
surfaces: If S(#) is a Hopf surface then X, is holomorphic on €2 — {0} and
extends to €2. Then X also extends because it is 2Re()~(c), and we shall use
the flow structure of X to determine the Hopf surface and the 3-manifold.

A Hopf surface is a compact quotient of €2 — {0} under a discrete group
G of automorphisms. By Hartog’s theorem, any automorphism of €2 — {0}
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extends to a self-mapping of €*. This extension is also an automorphism. Thus
we can view G as a group of automorphisms of €2, such that the elements of
G not equal to the identity fix only the origin.

A list of the possible groups G can be found in [16]. Call a map 7 : € —
@©? a contraction if for any (z;,2;) € €2 the sequence T’(z;,2z2) converges to
(0,0) as v goes to oo, and this convergence is uniform in (zy,z,) ranging over
compact sets. Then G is always a semidirect product (T)I" of the infinite cyclic
group (T} generated by a contraction 7 and a finite subgroup I" C U(2) which
acts freely on S°. The possible factorizations of G with an infinite cyclic factor
are (TyI" for any y € I', where the generator Ty is always a contraction and
where the factor I' cannot be changed because it is the torsion part of G.

There are non-cyclic abelian subgroups of U(2), such as {1} x {+1},
but if an abelian subgroup of U(2) acts freely on S°, then it has to be cyclic
and of a special form. First of all, we can diagonalize the elements of I
simultaneously, so I” is conjugate to a subgroup of U(1) x U(1). Secondly,
assuming without loss of generality that I" C U(1)} x U(1), the condition that
I acts freely on §° implies that it acts freely on S' x {0} and on {0} x §', and
so the projections of U(1) x U(1) onto its factors inject I' into U(1). Thus
I’ must be the cyclic subgroup of U(1) x U(1) generated by (e;,e;) with e
and e; primitive mP roots of 1, where m is the order of I'. Conversely, the
cyclic group generated by any such pair of primitive roots of the same order
acts freely on S°.

If I' is contained in SU(2) then it automatically acts freely on 53, because
SU(2) is the same as S° acting on itself by left multiplications. For each
m = 1, there is a unique cyclic subgroup of order m in S(U(1) x U(1)),
namely the group of all pairs (£,67') where £ ranges over the m roots of 1.
We shall denote this group by I',,.

For any factorization G = (T)I", the holomorphic coordinates (z;,z;) (with
domain and range all of €?) can be chosen so that with respect to them
I' C U(2) and T is of one of the two following types.

Type (1): T(z1,22) = (221, z2), O < fof < 1,0 < |B] < L.
Type (2): T(zi,22) = (¢"z; + Azf,022), 0 < || < 1, A=£0.
It is also proved in [16] that if y is a holomorphic self-mapping of €2
which commutes with the contraction 7', then i/ is as follows.
If T is of type (1), then ¢ has to be linear.
If T is of type (2), then yi(z(,22) = ("2 + Azl &22).
Moreover, in type (2), i has finite order if and only if 1=0and & is a
root of 1.
Suppose now that S(t) & M* x S' is a Hopf surface. From the description
given above of all possible factorizations of G with an infinite cyclic factor,

it follows that the contraction 7 can be chosen so that 7 = ¢4, for a suit-
able choice of sign, and then G = (T) x I = {(¢,,) x I' is a direct product.
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Moreover, the torsion group I equals the group m;(M?) acting on S by the
monodromy representation, and so 7;(M?*) is finite and the universal cover M?>
of M? is compact. Now every element of I' commutes with 7, and we apply
the above given facts to find extra restrictions on 7" and I,

If T is of type (1) then I" can be non-abelian only if a = f5, otherwise it
is either trivial or cyclic as described above. If T is of type (2) then I' has to

be either trivial or the cyclic subgroup of U(1) x U(1) generated by (ef,e;)

th

where e is a primitive m-" root of | and (n,m) = 1.

Remark. Surfaces of type (1) are elliptic if and only if o" = [f”” for some
positive integers n’ and n”, and they are geometric if and only if |x| = |f].
Surfaces of type (2) are neither elliptic nor geometric.

We give next an equivalence result for Hopf surfaces. This is valid for
all Hopf surfaces, regardless of their being a surface S(#) or not. It will be
essential later for the distinction between homothety classes.

Lemma 5.3 4 Hopf surface of type (1) is never biholomorphic to a Hopf
surface of type (2). If a Hopf surface is of type (1), then the unordered pair
{lec|, |BI} is determined by the complex structure. If a Hopf surface is of type
(2), then the complex structure determines |u| and the integer n.

Proof. Here we use the same method as the one employed by Kodaira-Spencer
in the proof of Theorem 15.1 in [18]. Suppose there is a biholomorphism
between the quotients

W =(T)[H\(C*—{0}) and W' =(T")[")\(C* —{0}).

There is a lifting of this map to an automorphism @ of €2 — {0} which conju-
gates the group (T)I to the group (7')I". (Conversely, if such a conjugating
automorphism exists, then W is biholomorphic to W’.) This & extends to an
automorphism of €2, Let @y, Ty, T denote the differentials at the origin (0,0)
of &, T,T’, respectively. These are elements of GL(2,C). We have

DoTod ' =(T")*"Y forsome y €I

The left-hand side is a contraction, so the exponent on the right-hand side is
+1. Taking differentials at the origin, we get

Q)OOTOO(DO_l: (;)),.

Suppose first that 7 is of type (2) and 7’ is of type (1), and let us derive a
contradiction. Since T’ and y’ are diagonalizable and commute, their product
T’y is diagonalizable and so 7 would be biholomorphically conjugate to a
diagonalizable linear map. In particular, there would be two transverse complex
curves through the origin invariant under 7. If n = 1, then 7j has the following
Jordan canonical form
o 1
()
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and it cannot be linearly conjugate to 7§y = Iy,
If n = 2, then Ty is equal to

(06" 2) with Ja"| < |,

and its only invariant lines are € x {0} and {0} x C. Therefore, if T has
two transverse invariant curves through the origin, then these curves must be
tangent to € x {0} and {0} x € respectively. We see that € x {0} is indeed
T-invariant. A complex curve through the origin tangent to {0} x € is locally
a graph z; = f(z;) for some convergent power series f(z;). The image of this
graph under 7 is the graph

a=af (3)+2(3)
o o
and it is trivial to see that it has at best a contact of order n — 1 with z; = f(z3)
(meaning that they differ by a non-zero multiple of z7). Hence, a contraction
of type (2) cannot be biholomorphically conjugate to any automorphism with
two invariant tranverse complex curves through the origin. Thus T is not bi-
holomorphically conjugate to 77’

As the order of contact is a diffeomorphism invariant, we also conclude that
the integer n is associated with T in a way that is invariant under biholomorphic
conjugation. The same integer n is associated with 7y for any y € I', and so
the complex structure of W determines n.

Suppose now that 7 and 7’ are both of type (1), in which case T = T
and 7' = T;. Then ®goTyo®,' =T}y implies that T and T’y have the
same cigenvalues. The eigenvalues of 7 are o and f, and those of T’y are
o’ and B'e, where €,¢; are roots of 1. Hence either || = |o'| and |B] = |f/|
or |a = |f'] and |B] = |o/|.

Suppose finally that 7 and 7’ are both of type (2), with the same integer
n. Then @go Tyo &y = T}y" implies that the eigenvalues o,a of Ty equal
the eigenvalues a™e™,o’ek of Tjy'. We conclude o = o’ef. A fortiori, we must
have |a| = |of|.

The lemma is now proved.

We now consider a Hopf surface obtained as S(#) from a taut contact
circle on M>. Then, as explained above, G is the direct product {¢,,) x I, and
T = ¢4, is a contraction for a suitable choice of sign. We are now going to
determine this sign and the form Q.

The holomorphic 2-form Q is clearly invariant under 7;(M?) = I'. We can
extend Q to the origin as a holomorphic 2-form, and then write

Q = h(z\,2)dz, Adz,

where h(zy,z;) is an entire function. We have 4(0,0) 0, for if hS0,0) = (0, then
by the WeierstraB preparation theorem we would get zeros of & in C? - {0}
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We have (p;‘fj = ¢'Q for all ¢, and the real part of Qisa symplectic form
on €2. Therefore ¢, can be a contraction only for negative f. We conclude
that ¢_,, = T, and we have

T*Q = (p*_,()?) =e Q.

We can write T(z1,2;) = (azy + 425, fzz), for both types (1) and (2), by al-
lowing 4 =0 and imposing the condition A(a — f") = 0. Then the relation

T*Q = e~ Q) translates to
af-(hoT)=e "h

or
e—to

hoT = —h.
o (xﬂ

Therefore, for all (z;,2;) € €2,

—f\"
lim <eaﬁ > h(z1,22) = lim W(T*(z1,22)) = h(0,0)+0,
and this convergence is possible only if aff = e~%. But then A(z,z;) = h(0,0)
for all (z,,z7), and A is constant. Thus

Q = cydzy Adzy, ¢ € C.

Now the I-invariance of Q means that I' C SU(2). This guarantees that I’
acts freely on S3, because SU(2) is the same as S° acting on itself from the
left.

If I' is abelian (hence cyclic, as was observed above), then it has to be
equal to I',, for some m.

If T is of type (2), then I' =1, is generated by (ef,e;) where ¢, is a
primitive mt root of 1, and so n+ 1 must be a multiple of m. Equivalently,
n is of the form n = mg — 1 for some positive integer q.

Now we can state a corollary of Lemma 5.3 for surfaces S(#) which are
Hopf surfaces.

Corollary 5.4 The positive number t, is determined by the complex structure
of the Hopf surface S(t).

Proof. We have just shown that aff = e~ ", Then e = |a||S], which for T of
type (2) can be rewritten as e~ = |a|"*!. Thus, by Lemma 5.3, the quantity
e~ is determined by the complex structure, and so is #.

We are now going to determine the vector field X, by using the relations
¢, =T and Ly Q=20

together with the fact that each map ¢, commutes with each element of G.
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If T is of type (1), then the ¢, must be linear, that is, there exists a constant
matrix Ay such that

@, = exp(tdy) for all ¢

Since ¢_,, = I is a linear diagonal map, the Jordan canonical form of A4, has
to be diagonal.

If I' is abelian, then 4y and all elements of G are simultaneously diagonal-
izable, and we can choose the linear coordinates (z;,z;) such as to keep the
diagonal form of the elements of G and giving ¢, the following expression:

P(z1,22) = (€“z1,€" 23),
where g and b are constants. It follows that
)N(c = az,0;, + bz,0,,.

If I' is non-abelian, then Ay has to be a scalar multiple of the identity,
for otherwise the fact that each element of I' commutes with ¢, would allow
us to diagonalize all elements of I' simultaneously with Ay, and I’ would be
abelian. So for non-abelian I" we get a = b in the above formula for X..

The relation Q = L~Q is equivalent to a+ b = 1. Also, since ¢_,, is a
contraction, the numbers Re(a) and Re(b) must be positive. Thus for 7 of
type (1) we have

X, =az0;, + (1 —a)zd., with 0 < Re(a) < 1,

and if I' is non-abelian, then a = 1/2.
If T is of type (2), then ¢, is a one-parameter group of mappings of the
form (o"zy + fz4,9z2;). It follows that there are constants @ and by such that

A21,22) = ("2 + byte" 28, e z,).
@ 2

Thus
= (naz, + byz5)0,, + az,0;,

and the condition L~§~2 =Q gives a = 1/(n+1).
The relation ¢, = T implies by =0, for otherwise " would be of type (1)

We are now ready to state the biholomorphism classification of (I, XC,Q)
for surfaces S(#y) which are Hopf surfaces. We also have the biholomorphism
classification of the surface S(#y) itself, and of the pair (S{#),X.).

Proposition 5.5 If S(t)) = G \ (€* — {(0,0)}) is a Hopf surface constructed
from a taut contact circle (wy, ;) on M3, then, in suitable coordinates, Q
equals co - dz) A dza, for some constant ¢y, and G equals the direct product
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{@_4,) X T, where to > 0, @, is the flow of)N( = 2ReX,, and the possibilities
for I' and X, are those given below.

('Y I is a non-abelian subgroup of SU(2) and
-1 i
X = E(Zlazl + 220, ).
(1) I' is the cyclic subgroup I'y, of S(U(1) x U(1)), and
X, =az10;, + (1 — )20, with 0 < Re(a) < 1.

) I'is Iy, and

~ n 1
X = bozy | Gz + ——220.,,
<n—|—121+ 022) ,+n+122 2

where by+0 and n = mq — 1 for some g € N.

All these Hopf surfaces actually arise in such a construction.

In cases (1) and (2), the integer m € N is determined by the homotopy
type of the surface.

For two such surfaces to be biholomorphic it is necessary that they be of
the same type, (1'), (1), or (2).

Two surfaces of type (1) are biholomorphic if and only if they have the
same I', up to conjugation in SU(2), and the positive number 1y is the same
for both. The number ty and the homotopy type of the surface determine
together the complex structure, which in turn determines the vector field X..

Two surfaces of type (1') are biholomorphic if and only if they have the
same value for the pair (m, ty) and the respective values for a are related by an
element of the group generated by the rotation R :a — 1 — a and the trans-
lation a — a+ (2ri/mty). Thus the moduli space of surfaces of type (1"), for
fixed (m,to), is the quotient orbifold Q, of the slab {0 < Re(a) < 1} under
this group of two generators. The vector field X, determines the unordered
pair {a,1 — a}, hence the moduli space of pairs (S,X;) of type (1), for
fixed (m, 1), is the quotient orbifold Q of the slab {0 < Re(a) < 1} under
the rotation R. The canonical map Q) — Q has infinitely many sheets, and
so every surfuce of type (1) admits an infinite sequence of non-isomorphic
vector fields X..

Two surfaces of type (2) are biholomorphic if and only if they have the
same value for the triple (m,q,ty). The vector field X, is determined by the
complex structure.

Remarks. (1) The orbifold Q;, i = 1,2, is topologically a disk with i cone
points of multiplicity 2.

(2) The surface is geometric if and only if it is of type (1') or of type
(1) with Re(a) = 1/2, independently of #. The surface is elliptic if and only
if it is of type (1") or of type (1”) with a € Q@ + (27ni/1p)Q.
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Proof of Proposition 5.5. A good part of the proposition has already been
proved above. What remains to be proved is the statements about moduli
and the fact that all such Hopf surfaces do indeed arise from taut contact
circles.

We first treat type (2), because this case is simpler.

The linear automorphism of €2 whose matrix is

¢ 0
(0 1) , ¢#0,

conjugates every element of U(1) x U(1l) to itself, and pushes forward the
vector field

n 1
bozh ) 0., + ———z30,,
<n+12‘Jr 022> a0

to the vector field

n " 1 R
<n " 121 + (cbo)z2> 0, + mzzb’zg-
We conclude that all pairs (S(#).X.) of type (2), with the same values for m,
n, and #y, are isomorphic to one another. We can restrict our attention to the
value by = 1/(n+ 1) and so

~ |
Xc = m((nzl +Z§1)5z. +2202_v )’

but sometimes it will be convenient to let by take on arbitrary values.

It is easy to see (cf. the proof of Lemma 5.3) that two pairs (S(%),X.)
and (S'(¢)),X/) of type (1’) are isomorphic if and only if #, = ; and the
corresponding torsion groups I' and I are conjugate in GL(2,C). The list of
such finite subgroups of SU(2) is well-known (cf. [28, 20]), and it is the same
list up to isomorphism or up to conjugation. Therefore the complex structure
is determined in this case by the homotopy type and the number #.

Let now (S(#),X.) and (S'(#),X/) be pairs of type (1”), with the same
values for m and for 7. Let a and a' denote the parameter values for )N(( and
X!, respectively.

Again using the ideas in the proof of Lemma 5.3, we see that the surface

th

S(y) is biholomorphic to the surface S'(f) if and only if there is an m™" root

e of 1 such that the matrices

etu(l 0 Ee/()(l/ 0
0 elu(l—a) and 0 a—let(>(l~a')

have the same cigenvalues. This condition is the same as

toa’ toa tva' fo(1—a)

either g =e or g =e

The space of biholomorphism classes of surfaces of type (17), for fixed f
and m, is thus the quotient O, of the slab 0 < Re(a) < 1 under the group
generated by the rotation R and the translation a — a + (2mi/mt).
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The pair (S(%),X;) is isomorphic to the pair (S'(%), X)) if and only if the
unordered pair of eigenvalues at the origin is the same for both, that is, a = o'
or a =1 —a'. The space of isomorphism classes of pairs (S(#y),X,) of type
(1), with t, and m fixed, is the quotient of 0 < Re(a) < 1 under the rotation
R. In particular, every surface S(#) of type (1) admits an infinite sequence of
non-isomorphic vector fields X,, because it determines a sequence of parameter
values

a + 2nik/mty, k an integer ,

which are pairwise non-equivalent under the rotation R.

Remark. For any Hopf surface S(#) constructed from a taut contact circle, the
vector field X, determines #y as the common period of all the orbits of 2 Re(X,.).
It should be noted that for surfaces of type (1) the complex structure does
not determine X., but it does determine £,.

It remains to show that all the Hopf surfaces in the proposition are actually
surfaces S(fy) for some taut contact circle. Here we use Corollary 3.12 and
the method indicated in Section 3.3 for finding the 3-manifold M>.

The sphere S° = {(z1,22) € C*: |z1]* + |z2]* = 1} is a U(2)-invariant
transversal for all vector fields X of types (1') and (1), and also for those of
type (2), prov1ded by is sufficiently small (e.g. by = 1/(n + 1)).

Since X and Q = dzy A dz, are I'-invariant, they descend to the surface
S =T\ (C?~-{(0,0)}). Thus on S we have X. and Q satisfying condition
(2) of Corollary 3.12. Since S* disconnects €> ~ {(0,0)}, we conclude that
all orbits of X in €2 — {(0,0)} arc open, and that (S,X.) satisfies condition
(1) of Corollary 3.12 with M3 the orbit space I'\ S*> of X in S. By this
corollary, we have that ((¢,) x I')\ (€2 - {(0,0)}) = (¢,) \ S arises from a
taut contact circle on I"\ S°.

The proof of Proposition 5.5 is now complete

At this point we know that a Hopf surface is a surface S(#) if and only
if it is in class (a’) of Theorem 5.1, and that the corresponding 3-manifolds
are the left-quotients of the group SU(2) = S>. Also, we have classified these
Hopf surfaces and the corresponding pairs (S(#),-X;) up to biholomorphism.

5.3 Properly elliptic surfaces

We first give a brief description of the geometry SL2 x E' (following [23]
and [27]) and then go on to study the trlples (r, XC,Q) for surfaces S(#)
which are properly elliptic of geometric type SL2 x E'.

Let H denote the upper half plane in €, with the usual hyperbolic metric.
The identity component of the isometry group of H is the group PSL; =

PSL,R. If z is the usual coordinate on €, then an element ( : Z ) € PSL,
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r s rz+s
row )@ =7 ;
'z +u
and the isotropy group of this action is S'.

One can identify PSL, with the unit tangent bundle STH by choosing any
vector vg € STH at some fixed point of H and forming the map

acts on H by

PSL, =5 STH A A, (o).

Under this map, the natural metric on STH is pulled back to a left-invariant
metric on PSL, which is independent of the choice of vg. We further pull this
metric back to :S‘Zz, and then give :S'Zz x E' the product metric.

One can also identify PSL, x E' with the bundle 7o/ of non-zero tangent
vectors on H via the map

PSL, x E' =5 ToH (4, ) — *4, (o).

For the product metric on PSL, x E' the fibres of ToH are product cylinders
S' x E' where the S'-factor has length 27. Then SL, x E' is the universal
cover of ToH, with a special metric where each covering fibre is a Euclidean
product E' x E'.

The bundle 7oH is biholomorphic to H x €*, and we let (z,w) denote
the usual coordinates on €2. We put this holomorphic structure on PSL; x E'.
The universal cover of ToH is biholomorphic to H x @€ with coordinates (z, w),
again induced from C?. The relation between these two coordinate systems is
w = e". We consider (z,w) as coordinates on §Zz x E'.

We use the notation 4,6 for the real and imaginary parts of w, that is, we
write W = A + i@, Notice that A is the linear coordinate of the E!'-factor, and
0 is the angular coordinate on the fibres of STH (resp. the linear coordinate
on the fibres of the universal cover of STH).

The identity component of the full isometry group of ToH = PSL, x E' is
PSL, x ©*. An element of PSL; acts on ToH by

r s (z,w) rz 4+ s w
Zw) = | ——) ——— |,
! ou tz +u’ (tz + u)?
An element ¢**'? € €* acts on TyH by multiplication on the fibres,
ez w) = (2, "W).
Consider now the following one-parameter subgroup of PSL,,
(cgsr ~smr> CER,
sin 7 COS T
and let .«/(7) be its lifting to a one-parameter subgroup of SL,. The kernel of

the projection homomorphism SL, — PSL; is the infinite cyclic group gener-
ated by /(n).
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We now define an action of the direct product :S‘Zz x € on SL, x E! =
H x C. Given an element 4 € SL, that maps to A = ( : ; ) under the natu-

ral projection SNLZ — PSL,, then

(A4, Wo Yz, W) = (rz +s W+ wy — 2log(ez + u)) .
z+u
Notice that log{zz + ) is multi-valued on PSL; X H, but it defines a single-
valued function on SL2 x H, normalized by the requirement that it equal 0 on
(Identity,z). Its value on (/(n),z} s ni forallz € H.
This defines a surjective homomorphism

ﬁiz X €~ Isomg(g‘zg X E‘)

from :S’fz x € to the identity component of the full isometry group of SL, x E\.
It is obvious that
(,,Qél(?!), O)(Z7 {Z')) = (Zv iz’ - 27&)3

hence the action by S’Zz x € is not effective, its kernel being the infinite cyclic
group generated by vy = (&f(n),2ni). Therefore

Isomo(SLy x E') = (SL; x ©)/(y0) = SL xz C.

The 1sometry group Isomg(SLz x E') contains the subgroup SL, as the set
of classes [(A 0)] with Ade SLZ It also contains the subgroup € as the set of
classes [(Identity, wy)] with wy € C.

We have an obvious projection homomorphism

§ZQ Xz C-— PSLz.

For I' a discrete subgroup of 3‘22 xz €, we write I’ for its image in PSL,
under this projection (note that I'' is again 1 discrete subgroup, cf. [27, p. 125]).
Complex surfaces of geometric type SL, x E' are quotients

W:G\(;ﬁsz‘)xG\(ﬂxC),

where G is a cocompact discrete subgroup of SLyxzC. These surfaces have
a unique elliptic fibration [27, Lemma 7.2], where the fibres are given by
z = constant. The generic fibres are all isomorphic to the quotient of € under
the lattice G N €. The multiple fibres result from taking further quotients under
finite groups of automorphisms of the generic fibre.

It is straightforward to see that wd,, is a nowhere zero, holomorphic vector
field on PSL; x E' that is invariant under PSL, x €*. Its lifting (3;; to 3‘22 x E!

is invariant under :Siz xz C. Likewise, Qy = dz Ad(1/w) is a nowhere zero,
holomorphic 2-form on PSL, x E! that is invariant under PSL, and satisfies

Wy = wo“‘ - Qy for wy € €,

where w denotes the pull-back under left multiplication by we.
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The lifting of Qp to SL, x E' is
Qu = —e "dz A dw,
this is invariant under :S‘Zz and satisfies
Wi Qy = e Qy for all W € C.

Notice that Wy = 27 can be identified with .«/(—7) in SL,, hence Qy is invari-
ant under an isometry of SL, x E' if and only if this isometry can be realized
as left multiplication by an element in SL,. Indeed, a much stronger fact is
true.

Lemma 5.6 A diffeomorphism of SL, x E! preserves Qu if and only if it is
left multiplication by some element of SL,.

Proof. Since Qy determines the complex structure, such diffeomorphism has
to be a biholomorphism of H x €. The Kobayashi pseudodistance (cf. [17])
degenerates along the C-factors of H x €, thus a complex automorphism of
H x € has to take C-fibres to C-fibres. Also, any automorphism of € is of
the form w — aw + b. Therefore the general complex automorphism of H x €
is of the form
P(z,w) = (A(z),a(z)w + b(z)),

where 4 € PSL, and a(z),b(z) are entire functions, with a(z) nowhere zero.
Given this matrix 4 = ( : i ) choose any sheet of the function log(zz + u)

and write
D(z,w) = (A(2), a(z)w — 2log(tz + u) + by(z)),

where bg(z) = b(z) + 2 log(zz + u) is also an entire function. We compute
&*Qy = —a(z)exp(—a(z)w — by(z))dz A d.

The identity <I>*S~2H = f)H is satisfied if and only if there exists a sheet of the
function log a(z) for which we have

—a(z)w — by(z) + loga(z) = —w.

Since z and w are independent variables, we must have a(z) = | and by(z) =
log a(z) = 2nik, for some integer k. Thus

B(z,w) = (A(z), W — 2 log(tz + u) + 2mik)

equals left multiplication by an element of SL;.

The lemma is proved.

Let now S(#) = M3 x S' be a properly elliptic surface of geometric type
SL, x E! arising from a taut contact circle on M>. The elliptic fibration is
given by

G\ (SLy x E') — I\ H,
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induced from the natural projection H X € — H. Here I' C §i2 xz € 1is the
subgroup m((M?>) of G, and I'" = G’ is the image of G under the projection
to PSL,. _

On S = SL, x E' we have the form Q w~hich isNthe lift of Q = d(e'(w; +
iwy)) from M3 x R, and the vector ficlds X and X, the lifts of X and X,
respectively. We observed in the last paragraph of Section 4 that the flow of
X is along the fibres of the elliptic fibration. Since X has to be invariant under
the fibre lattice G N €, we find that

)~(c = a(z)0,

for some nowhere zero, holomorphic function a(z) on H.

We can write G =T x (¢,,), where ¢, denotes the flow of X. Note that
Q is invariant under T N

Because of the invariance of 6; under the full group SL; xz €, we con-
clude that a(z) is I'-invariant, and so it defines a global holomorphic function
on the base orbifold X = I'" \ H of the elliptic fibration of S(#y). This implies
that a(z) is a constant a = ay, say.

Since H x € is simply-connected, there is a holomorphic function ¢(z,w)
such that

E) = e"’f)H.

Then the condition L)~( Q = Q translates to
o¢
— -1 =1,
“ (5 1)

¢ = o) + (1 + i) W,
a

whose solutions are

for any non-zero complex constant a, and any entire function ¢o(z) indepen-
dent of w. Therefore

Q = —exp(¢o(z) + (1/ag)W)dz A diw.
Now define a holomorphic automorphism ¥ of H x € by
¥(z,w) = (z, —ao(Po(z) + W)).

This automorphism takes C-factors to C-factors, it pulls X = ao(?; back to
—0~, and it satisfies

Y*Q = — exp(cho(z) + (1/a0 )(—a0)(po(z) + W)) dz A (—a)dW = —aoQ.

Although ¥ need not be an isometry, it conjugates I" into another group of
isometries. In fact, since I' preserves Q, the group P! olI'o ¥ preserves
(—1/ap)?*Q2 = Qy and by Lemma 5.6 it is a subgroup of SL,.
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Hence, up to biholomorphism of the universal cover S=H xC, we may
assume

/YC:—@*V:, E):E)H, and FCS’ZZ
Note that this allows to identify ((p,(,> with the subgroup (f) of E'.

As a I'-invariant transversal for X we can use the hypersurface SL2 x {0}.
Therefore

M? = T\ (orbit space of X) = I"\S'Zz,

which is a Seifert fibred manifold over the base orbifold ¥ = I'" \ H.

For any discrete, cocompact subgroup I' C 522, the compiex surface S =
'\ (:S‘\l/,z x E') satisfies conditions (1) and (2) of Corollary 3.12, with X. and
Q induced from —d~ and Qu, respectively, and so the corresponding surfaces
S(to) do arise from a taut contact circle on M> = '\ SL,.

We have now proved that a properly elliptic surface is a surface S(t)
if and only if it is in class (b’) of Theorem 5.1, and that the corresponding
3-manifolds and triples (I X, EZ) are as stated in that theorem.

The group G now has the following description:

G=r><<to>C§1:2 xz C.

The fibre lattice G N € has generators # and 2miry, for some positive integer
ro determined by the condition I' N € = 2mi(ry).

It is easy to see that the only orthogonal bases of the fibre lattice, positively
oriented with respect to the complex structure, are the following:

{to, 2mirg }, {—to, —2mirg }, {2miry, —to }, { —27mire, to}.

The complex structure of S(#y) determines the elliptic fibration and so it deter-
mines the complex structure of the generic fibre, which implies that the fibre
lattice is determined up to multiplication by a non-zero complex constant. Thus
the following unordered pair of ratios is determined by S(#):

2miry —1Iy . to

> . - l
ty 2nirg  2mry

This means that the complex structure of S(#) determines the unordered pair

Yo l‘é

t6 b ro b
where #) = to/2n. If a homothety class is given on M> up to diffeomorphism,
then the complex structure of S(#)) is determined as a function of fy, and the
above unordered pair is also known as a function of £. Thus the positive
integer ry is determined when the homothety class on M? is known up to
diffeomorphism.

Remark. 1t follows from [21] (cf. {27, p. 141]) that there are strong restic-
tions on the possible values of ry, in particular, ry has to divide the Euler
characteristic of the 2-manifold Xy which covers the orbifold X.
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5.4 Hyperelliptic surfaces and complex tori

We begin with a description of the geometry of E> x E' and the complex
structure compatible with this geometry.
We write an element of the group of Euclidean motions of E? as

((:)-)

where the action on E? is given by

X cosfl —sinf x u
— . + .
y sin 0 cos{ y v
We obtain the universal cover E by allowing any real value for 0, hence,
we may regard £, as R? with multiplication

Uy u
(OROK
. cosfy —sinty u m
-<<sinﬁo cosﬁo) <U)+<v0 Oo+0 ).
From this description it is obvious that the standard metric on R? yields the

left-invariant metric on E, under this identification.
We write an element of E; x E' as

(()-24)

and we give E, X E' the complex structure pulled back from €2 by identifying
such an element with

(z,w) = (u+iv, A + i0) € C*.

The identity component of the group of isometries of E, x E' that preserve
this complex structure is the semidirect product of translations R* and unitary
maps U(2). If such an isometry fixes the 3-dimensional space {4 =0} (we
shall call such an isometry a complex isometry of E;), it has to be of the
form

u 0.0 — cgs()o — sin (g u n g 04004,
v sin Oy cos Oy v vo

ity

or

(z,w) — (€"z + zg, w + i0}),

and such an isometry can be interpreted as an element of E acting by left
multiplication if and only if 6y = 0, mod 27.
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Now consider the holomorphic 2-form
!~25 =e "dz ANdw

on E; x E', and observe that a complex isometry of E> pulls back Q,L to
“”“‘“"QE so0 it preserves Qg if and only if this isometry is an element of
E,. Also notice that translations in /-direction send Qg to positive multiples
of itself.

Now let S(#y) = M* x S' be a complex torus or a hyperelliptic surface
(with Euler class (0,0)) that arises from a taut contact circle on M?.

A hyperelliptic surface with Euler class (0,0) can be described as follows
(cf. [1, p. 148], [25], and [27, pp. 141-142], but note that in our description as
compared with Wall’s, the roles of z and w are exchanged; we have opted for
this change to get Qﬁ into the same form as QH, but whereas the elliptic fibra-
tion in the properly elliptic case was given by (z,w) + z, in the hyperelliptic
case it is given by (z,w) — w). Let first ¢ be a primitive mt root of 1, where
m = 2,3,4,6, and take the quotient L \ €2, where L C € x {0} is a lattice of
rank 2 invariant under multiplication by €. Then one takes the further quotient
under a lattice of rank 2 in {0} x € C €2, thus creating a quotient which is
the product of two elliptic curves, where we think of the first factor as the
fibre and of the second factor as the base. Finally, one takes the quotient under
an action of a cyclic group of order 2,3.4, or 6, respectively, whose generator
acts by

(z,w) (g2, w + wo),

where wy is an element (of order m) of the translation group of the base.
(Note in particular that hyperelliptic surfaces with Euler class (0,0) have no
translational monodromy ).

If S(#) is a hyperelliptic surface, then it is easy to see that invariance
under all the generators of the deck transformation group G forces X. to be
of the form X, = ay0,,, for some non-zero complex constant «g.

Analogously to the previous section, we have

_ el/)ég,

and as there we conclude from L;f) = Q that

Q= exp(do(z) + (L/ag)w)dz N dw.
Consider now the automorphism ¥ of €? defined by
¥Y(z,w) = (z, —aop(Po(z) + w)).

This map pulls /\7( back to —¢,,. It also pulls Q back to -a0§~25.
Any transformation y € G is of the form

Wz, w) = (az + zg,w + wy ),
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with |a| = 1. The conjugate of this map by ¥ is
¥~ oyo P(zw) = (az +z0,w + f(2)),

where f(z) = ¢o(z) — ¢olaz + z9) — (w1 /ap) is an entire function independent
of w.
If y is in I, then it preserves Q and so P-loyo ¥ must preserve the

pullback P = ~aoQg, and this means that
qge V@ = eV,
hence f(z) = loga for some choice of loga. Thus the conjugate group p-lo

I'o ¥ is contained in E,. _
We conclude that, up to biholomorphism of § = €2, we may assume

X.=-8,, Q=QF and T CE,.

_ If S(%) is a complex torus, then invariance of X, under G is equivalent to
X, = by0; + ap0y, for some complex constants ag, by, but we may have by +0
and even ay = 0. Let first ¥, be a linear automorphism of €? pulling X, back
to —d,,. The identity N _

L PiQ2=%Q
implies _

PrQ = ™Dz A dw.

Now ¥;(z,w) = (z,w + ¢o(2)) pulls —3,, back to itself and pulls ‘I’,*é back

to Q.
The group G now consist only of translations. As ¥ is linear, every ele-
ment y € ‘I’]_l oG o WP is a translation

Wz, w) = (z +z0,w + w).
Then the conjugate of this map by ¥ is
¥y'oyo ¥alz,w) = (z+20,w + f(2)),

where f(z) = ¢o(z) — ¢o(z + z9) + wi. This conjugate map preserves Qp if
and only if f(z) =2nik for some integer k, i.e., if and only if it is in the
translation part € x (2niZ) of E,.

We conclude that, up to biholomorphism of €2, a complex torus S(zy) has

X, =8y, Q=Qp, and I C C x niZ).
The hypersurface E> % {0} is a I'-invariant transversal for —d,,, therefore
M’ =T\ E,.

Given any discrete, cocompact subgroup I C E’z, the surface S = I' \ (Ez X
E') admits a pair (X,, Q) (induced from —d, and Q) satisfying the conditions
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of Corollary 3.12, thus § arises from a taut contact circle on the orbit space
of X =2ReX. in S, which is I' \ ;.

We have now proved that a hyperelliptic surface or a complex torus is
a surface S(zy) if and only if it is in classes (¢’) or (c”), respectlvely, of
Theorem 5.1, and that the corresponding 3-manifolds and triples (I, )Q,Q) are
as stated in that theorem.

Since in Section 5.1 we proved that a surface *E(]O) has to be a Hopf
surface, a properly elliptic surface of geometric type SL; x E', a hyperelliptic
surface with Euler class (0,0), or a complex torus, we have completed the
proof of Theorem 5.1 and consequently of Theorem 1.2.

5.5 Topological arguments

In this section we give a brief sketch of the topological arguments that can be
used to prove Theorem 5.1 up to diffeomorphism.
The key fact is that a complex surface W = S(ty) = M> x S' that arises
from a taut contact circle on M? has trivial Chern classes (cf. Proposition 3.4).
Given a complex surface W with covering surface W and deck transfor-
mation group G, one can define a complex line bundle ¥ over W by forming
the quotient

W x C/~,
(x,z) ~ (e, () "'2), v €G,

where u € Hom(G,C"). Note that W — W is the associated principal G-
bundle of ¥ — W.

Now a standard argument (cf. [9]) shows that under the (weak) assumption
that (W) = 0, the condition ¢,(.#) = 0 implies that u|TG® = 0, where TG®
denotes the torsion part of the abelianization G* of G.

One then applies this topological lemma to the canonical line bundle of
Hopf surfaces and properly elliptic surfaces of type SL, x E', arising as S(¢y)
from taut contact circles. In both instances we have seen that there is a nowhere
zero, holomorphic 2-form Q on W that is preserved by an isometry y of W
if and only if y € SU(2) in the Hopf case and y € SL2 in the properly elliptic
case. This is sufficient to conclude the proof in the former case, in the latter
one also has to take care of 2g free generators of G coming from the base
Z of the elliptic fibration (where ¢ is the genus of X). However, these differ
from elements in :S‘Zz only by a translational component along the fibres of
the elliptic fibration, and this component may be changed arbitrarily (and in
particular be set to zero) without changing the diffeomorphism type of W. This
follows from the work of Ue, since he shows that the diffeomorphism type is
determined by the fundamental group 7y = G of W, and the relations in G are
not affected by changing the translational part of any of the free generators
coming from the base.
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6 Homothety classes

In this section we apply the results of Section 3, together with Theorem 5.1
and Proposition 5.5, to give a list of all pairs (M3, homothety class), up to
diffeomorphism, and to show that the list has no repetitions when M?> is a
left-quotient of S*. Thus we deduce Theorem 1.6 and Proposition 1.7. We also
prove Corollary 1.9.

We keep the notation of Section 5.

Before we start, recall the definition of the standard Cartan structure on
I'\ ¢, given in Section 2. This is induced by any left-invariant Cartan structure
on Y.

For % = S, with the ordinary inclusion j : S* — €2, the complex 1-form
J¥(z1dzy — zadzy) is left-invariant (see below) and its real and imaginary part
form a Cartan structure. In the present section and the next, we take the stan-
dard Cartan structure on "\ §* to be induced by (the real and imaginary part
Of) Z|d2'7_ - szZ|.

Similarly, we take the standard Cartan structure on F\Siz (resp. on I'\
E>) to be induced by e "dz (resp. e "dz).

Let first S(#) be a Hopf surface. We can take §3, with ordinary inclusion j,
as the transversal for X in €2 — {(0,0)}.

We now follow the terminology of Proposition 5.5. If S(¢y) is of type (1),
we consider o

W) + iy = j (X |Q),

where for © we take 2dz) Ndzy and

~ ' -
)((‘ = E(Z](‘_q +22p‘:3 )s

whence
w) + iwy = jN(z1dzy — 2pdzy),
that is,
w, = j*(xldXZ —xodxy + y2dy) — vidya),
w; = j*()qd_Vz — vadx| + vidx; — V)Qdyl ),

which are two of the standard Maurer-Cartan forms on S°. Thus, to surfaces
of type (1') there corresponds the standard Cartan structure on '\ S°.

If S(t9) is of type (1”), we use the same j as above, for Q we take
dzy ANdzy, and

)~((. =az|(-, + (1 —a)z-,, where 0 < Re(a) < 1.

Two pairs (S(f),X.) with the same ¢, and I" are isomorphic if and only if
they have the same unordered pair {a,1 — a}. Since diffeomorphic homothety
classes give isomorphic pairs (S(%),X.) for each f, we conclude that the
moduli space of homothety classes giving surfaces of type (1”), for fixed
I' =T,, is the orbifold quotient Q; of the slab 0 < Re(¢) < | under the
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rotation R : @ — 1 — a. By slight abuse of language, we call them homothety
classes of type (1").
The contact circle is given by

Wi + iw; :j*(azldzz +(a — 1)zadzy).

Such a circle descends to the lens spaces L{m,m — 1), including S* = L(1,0).
By Corollary 3.14, the homothety class contains a Cartan structure if and
only if there is a transversal in M3 x R tangent to Jé,. As I',, is finite, this
lifts to a compact transversal tangent to —2 Im()?(.) in €2 - {0}.
The flow of —2Im(X,) is given by

¥ (z1,22) = (€2, 7V zy),

and if Im(a) is non-zero, then every point with at least one coordinate non-
zero goes to infinity as ¢ goes to one of {+oo, —oco}. Hence, in this case no
compact real submanifold of €2 — {0} tangent to ~2Tm(X,) can exist.

If a is real, then —2 Im()?c) is tangent to S°.

Therefore, the homothety class on L(m,m — 1) given by

azidzy + (a — 1)zxdz)

contains a Cartan structure if and only if a is real. The quotient of the interval
0 < a < 1 under R is a ray in Q) going from the cone point to infinity, and it
is the part of the moduli space coming from Cartan structures on L(m,m — 1).

Every point a on the slab 0 < Re(a) < 1 can be moved to the interval
(0,1). This gives a homotopy of any homothety class of type (1”) to one
containing a Cartan structure. If we actually move « to the point 1/2, then the
homotopy ends in the homothety class of the standard Cartan structure.

Let now S(%) be a Hopf surface of type (2). In this case M3 is a lens
space L(m,m — 1) = I',,\ S*. Fix some ¢ € N and let n = mq — 1. Let j be
as before, and we take (n + 1)dz A dz; for @, and

~ n 1
X(, = <n+ 121 +b02£’> (73‘ -+ "t 122(321,

where by =0 is small enough so that 2Re()~(p) is transverse to j(S>). Then,
following the proof of Theorem 3.11, we get a taut contact circle on S* by
setting

w| + iwy = j¥(nz1dzy — zadz) + (n + 1)byzidz;),

and this contact circle descends to L(m,m — 1) because of n+ 1 = 0 mod m.
The resulting homothety classes will be called homothety classes of type (2).

For given m, n, and f,, all values of by give the same pair (S(#),X.) up to
isomorphism. Therefore there is a one-to-one correspondence between homo-
thety classes, up to diffeomorphism, and pairs (m,n). Here m is a homotopy
invariant of M?>, while n = mq — 1 is geometric.
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The flow of —2Im(X,) is
Wi (z1,22) = (exp(int/(n + 1))z + ibot exp(int/(n + 1))z5, exp(it/(n + 1))z2).

We see that a point with z; non-zero goes to infinity as ¢ goes to infinity. So
there is no compact real hypersurface of €2 — {0} tangent to —2Im(X,) and
the homothety class does not contain any Cartan structure. We can move by
until it reaches the value zero, while keeping it small so that S3 is always
transverse to 2Re(X.). This is a homotopy of the homothety class into one
containing a Cartan structure. It is an interesting homotopy because it is a
‘jump’ homotopy: While by =0, the homothety class is being deformed into
equivalent ones, but for by = 0 it is a new one. This jump phenomenon has
been pointed out by Kodaira-Spencer in [18, pp. 435-436] for the case n =1,
where it prevents the construction of a ‘good’ moduli space of Hopf surfaces
in the case where the contraction 7T is linear with double eigenvalue. For this
reason, we define the moduli space on the lens spaces L(m,m — 1) only for
homothety classes of type (1”). The homothety classes of type (2), up to
diffeomorphism, simply form a discrete set.

The diffeomorphism from the homothety class given by bg+0 to the one
with by = 1/(n + 1), is induced by the linear map of €* given by the matrix

(5 7)

where ¢ = 1/((n + 1)by) goes to infinity as by goes to zero. ~
As we pointed out in the proof of Proposition 5.5, the vector field 2 Re(X,)
is transverse to S° for by = 1/(n + 1). This particular choice gives

w; + iwy :j*(nzldzz — zpdzy -l-Z;de)
= j*(z3 exp(z1/23) d(z2 exp(—z1/25))).

Therefore the integral curves in S3 of the common kernel ker m, Nker w, can
be described by the equations

21> + |z =1,

zp exp(—z)/z; ) = constant.

Since surfaces of different types (1’), (1”), (2) are not biholomorphic, we
also have that homothety classes of different type are not diffeomorphic.

Observe that in all cases we can homotope the taut contact circle (w;, ;)
on I'\ S* to the standard Cartan structure: In case (1”) we let a go to 1/2,
in case (2) we let by go to 0 and n to 1 (for the purpose of a homotopy, n
need not be an integer). Moreover, we noticed in the proof of Proposition 5.5
that the isomorphism type of I’ (as an abstract group) determines I' up to
conjugation in SU(2), hence, there is a unique standard Cartan structure (up
to diffeomorphism) on M3 = I' \ S, even if we only fix the diffeomorphism
type of M3 and not a specific subgroup I C SU(2).

We have thus proved Theorem 1.6 for the left-quotients of S3, as well as
the following statement on moduli, of which Proposition 1.7 is the part for S°.
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Proposition 6.1 The moduli space of taut contact circles of type (1') on the
lens spaces L(m,m — 1), including S®, up to homothety and diffeomorphism,
is the orbifold Q,. The homothety classes of type (2), again up to diffeomor-
phism, form a countable, discrete set {P,}, where n ranges over the positive
integers of the form n=mq — 1, and P, is the homothety class induced by
the complex form nz\dz, — zdz) + zjdz,. The homothety classes containing
Cartan structures corrvespond to the part of Q) coming from the real inter-
val 0 < a < 1, where 1/2 gives the cone point and represents the homothety
class of the standard Cartan structure.

Next, suppose that S(#) is a properly elliptic surface. Then X, = —0d~ and

we use H x (iR) as transversal for X = —,. Notice that —2 Im ()~(C) = —dy is
tangent to this transversal. We let j be the inclusion of H x (iIR) into H x C,
and o ~

w + iy = j (X |Qp) = j (—e"dz)

is invariant under the left action of SA'Ijz, because )?c and S~2H are. Thus we get
the standard Cartan structure on I' \ SL.

The argument in the case ¥ = E, is completely analogous.

This concludes the proof of Theorem 1.6.

To deduce Corollary 1.9, we argue as follows. We have seen that any taut
contact circle is, up to homotopy, covered by the standard Cartan structure
(w1,0;) on 4. For ¥ =S or E,, it is easy to see that &, = ker w, is the
standard tight contact structure on S> or IR?, respectively. Since the condition
of not being tight (hence, being overtwisted in the sense of [5]) is defined
by the existence of an embedded 2-disc on which the 1-dimensional foliation
induced by the contact structure has a closed leaf and a singular point inside
this leaf, a contact structure covering an overtwisted contact structure is clearly
overtwisted. Therefore, if the contact structure on the cover is tight, so is the
contact structure on the quotient.

For ¥ = S‘Zz, explicit symplectic fillings of the contact structures on left-
quotients of ¥ that come from the standard Cartan structure have been con-
structed in [7], by [5] this implies that these structures are tight.

The fact that contact structures coming from taut contact circles are tight
might be very important for a complete homotopy classification of taut contact
circles. For instance, it can be shown by elementary means that any taut contact
circle on T3 is homotopic to one of the form

W = cos(rols)dO + sin(rob;)d 6,
Wy = — Sin(r093)d01 + COS(I"()Q} )d@g,

where the 0, are the angle coordinates corresponding to the three S'-factors
and ro € IN. Recent work of Eliashberg-Hofer-Salamon and Giroux suggests
that every tight contact structure on T3 is of this form and that structures
corresponding to different values of »y are not homotopic. This would imply
that we have a countably infinite family of taut contact circles on 7> and that
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every tight contact structure on T° can be realized as part of a taut contact
circle.

Similar considerations apply to the other 72-bundles over S' with periodic
monodromy.

We conclude by pointing out that it is possible to give a more detailed de-
scription of the set of of homothety classes, up to diffeomorphism, in the cases
4 = :S'Zz and 4 = Ez as well, and it is also possible to describe the complex
structure of these sets when such structure exists. For instance, the following
proposition shows that the problem in the SL, case reduces essentially to a
problem in Teichmiiller theory.

Propesition 6.2 If the discrete, cocompact subgroups I'(1), Iy of 3‘22 have
the same image I'(\y =T, in PSLy, and if they yield isomorphic pairs

(Sr,,,»Xc) and (Sr,,,X.), then I'yy and I' 5y are conjugate in /SZZ.

This proposition can be proved using the methods of Section 5.3. We plan
to discuss the moduli problem in greater depth in a forthcoming paper [11].

7 Cartan structures

The purpose of this section is twofold. First we give a construction of all
manifolds in Theorem 1.2 from (real) surfaces with a Riemannian metric. The
construction actually yields a 3-manifold with a certain Cartan structure induced
from the Liouville-Cartan pair of that real surface. Then we characterize these
particular Cartan structures among the class of all Cartan structures, and we
also discuss the set of Cartan structures within a homothety class.

Let Zy be a closed, oriented surface of any genus, with a Riemannian
metric. We do not require the curvature of this metric to be constant. Let &
be a finite group of orientation-preserving isometries of Xy, and denote by d 7
the set of the differentials of the elements of %#. Then d.% is a finite group
of isometries of STX,, where it acts freely.

The quotient manifold d.% \ STZX, has a canonical Seifert fibration over the
2-dimensional orbifold X = F \ Z,.

It is obvious that if zy € Xy has non-trivial isotropy group (necessarily
cyclic of order ¢, say), then the fibre of STZ, over zy becomes a multiple
fibre of multiplicity ¢ in d# \ STZ,.

Remarks. (1) The manifold d% \ STY,; is what in [23] is called the unit
tangent bundle of the orbifold F \ Z.

(2) Suppose that X, is as above, only non-orientable. Let Xy — Xy be
the canonical orientable covering surface, and let 2y — Xy be the bundle of
orthonormal frames (whose fibre is the disjoint union of two circles). There is
a natural map FXy — STZ, which is a diffeomorphism. For any group # of
isometries of Xy, there is a naturally defined isomorphic group # of isometries
of ¥y, and a natural diffeomorphism d.# \ FXy = d# \ STZ,.
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Sometimes we can also find 3-manifolds M3 having a Seifert fibration over
2 and a covering map
M? — dF \ STX,,

which takes fibres to fibres, with base map the identity ¥ — X. If r¢ is the
number of sheets of this covering, then each fibre of M3 wraps r, times around
the fibre of d.% \ STX, over the same basepoint, for some positive integer rg.
Notice that this is equivalent to giving a manifold M* with a covering
map M3 — d.F \ STX, such that the inverse image of each Seifert fibre of
# \ STZX, is a single circle, and then let these inverse images in M> define
the Seifert fibration of M3 over X. That is, the projection from M> to X is
the composition of the covering map followed by the projection of d % \ STZ,
onto 2.

Theorem 7.1 A compact 3-manifold arises from the construction explained
above, where the surface Xy has genus 0, 1, or greater than 1, if and only if
M3 is a left-quotient of S°, E,, or SL,, respectively.

Remark. The greater part of this theorem is essentially implicit in [21]. How-
ever, the subsequent discussion in the present section refers to details in the
proof of this theorem, so it seems convenient to present a complete proof,
which also allows us to fix notation.

Proof. Let 4 be one of these three Lie groups, and let 2 be the corresponding
simply-connected, 2-dimensional space form.

Suppose M* = I' \ ¥ for some discrete, cocompact subgroup I" of %. Let
I'" be the image of I' under the obvious projection

G — Isomo(f)

of & onto the group of orientation-preserving isometries of z.

If I'" is discrete, then I'\ % has a canonical Seifert fibration with base
the 2-dimensional orbifold ¥ = I'"\ S If%is S3 or S'\l/,z, then I'" is always
discrete, but if % is E, this is not always the case. We proceed now assuming
that I is discrete and, since the statement of the theorem is topological, we
shall only need to check that in the case 4 = E, we already get all topolog-
ical types of left-quotients if we only use subgroups I with discrete image
r.

We can always find a description X = & \ X, where Xy is a closed, ori-
ented 2-manifold (no cone points), and % is a finite group of orientation-
preserving isometries of Xy, for some metric on Xy with the corresponding
constant curvature. Equivalently, we have 2o = I'y \ 2, where Iy is a normal
subgroup of I'" with finite index, acting freely on . . The genus of Xy is 0 if
4=8,1if¥= E,, and greater than 1 if ¥ = SL,.

Let now I be the inverse image of I'y under the projection of % onto
Isomo(f ). The quotient fo \ ¢ is the unit tangent bundle ST7%y. Define also
I' C % as the inverse image of I'". Then we have an isomorphism of Seifert



202 H. Geiges, J. Gonzalo

spaces over X2, _
I'\% =dF\ STZ,.

Since I and T both project to the same discrete group I”’, the quotients I' \ %
and I' \ 4 have Seifert fibrations over the same orbifold X =TI"\ X.
The inclusion I' C I' induces a covering map

which takes fibres to fibres, with base map the identity X — 2.

Since I'\ % is dF \ STX, as a Seifert space over Z, this proves that
M? =T\ ¢ arises from the construction explained above, provided I'" is dis-
crete. We must now check that every left-quotient of E, is obtained, up to
diffeomorphism, from such a special I

For T 3~ this is obvious: take a lattice of rank 2 in E? and form its inverse
image in £>. This produces a lattice of rank 3 and the quotient is a 3-torus.

Let M? be a torus bundle over S' with non-trivial periodic monodromy
of order m = 2,3,4,6. To construct such M?, let first € = exp(2mi/m). Take
an e-invariant lattice L C € of rank 2. For m = 2, any lattice in € of rank
2 is valid. For m = 3,4, 6, the lattice L equals (1,&) up to multiplication by
a non-zero complex number. This defines a special complex torus Xy = L\ €
with a flat metric, such that multiplication by ¢ in € determines an isometry
of X, of order m, which we also denote €. Then M> can be described as the
quotient of R? = € x (i/IR) under the lattice

L+ (0,2ri)Z
and the transformation
(2,i0) v (ez,i0 + 2ni/m),

which is the lift to the universal cover of STX, of the differential de. It follows
that M? is really (de) \ STX,. Alternatively, the image I”’, of the group at hand,
is the group generated by the translations of L and the rotation € and is discrete.
To complete the proof, we must prove the converse statement, that is, if
M3 admits a covering map M3 — d.% \ STX, such that the composite map

M - dF \STZy — %

is a Seifert fibration, then M3 is a left-quotient of ¥.

It is well-known that any metric on a closed, orientable surface X, is
conformal to a metric of constant curvature, so that a finite group of isometries
for the original metric still is a group of isometries for the new metric. So in
the construction we already get all possible topological types M* if we restrict
ourselves to metrics on Xg of constant curvature.

If 2o =52 then d# \ STZ, is a left-quotient of SO(3), hence a left-
quotient I" \ S* whose covering spaces are all left-quotients of S> under sub-
groups of I'. Similarly for Xy a Euclidean or hyperbolic surface.
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We then get M> = I' \ 4, where the image I’ of I in Isomo(f) has the
orbifold & \ Zy as quotient I''\ . Hence I’ is discrete.
This concludes the proof of the theorem.

Remarks. (1) Notice that we have proved more: any covering space of the
manifold d% \ STZ, is actually a left-quotient of 4. Thus given any covering
map M*® — dF, \ STZ, we can change % into a smaller group % and factor
that covering map through a new covering M> — d.# \ STX, where inverse
images of Seifert fibres are connected.

(2) From the construction it is also clear why the Seifert fibrations of
left-quotients of SL, have non-zero Euler class: the Euler class of the Seifert
fibration M> — X is a factor of the Euler class of the Seifert fibration ST, —
2y, which is a negative integer.

Definition 7.2 A4 Liouville-Cartan structure is a Cartan structure obtained as
Jollows: take a closed, oriented surface Xy with a Riemannian metric; take
a finite group F of orientation-preserving isometries of Xy, finally take a
covering map M? — dF \ STXy. Since the Liouville-Cartan pair of STZ is
invariant under dy for any orientation-preserving isometry v, it descends to
dF \ STZ, and then is pulled back to M3 via the covering map.

Remark. Let X be non-orientable, but otherwise as above. The bundle FX, of
orthonormal frames has two tautological 1-forms 0', 6%, which form a Cartan
structure. We have already pointed out a natural diffeomorphism d.% \ FZ, =
dF \ STX,, where X, is the oriented covering surface of X;. This natural
diffeomorphism takes the Cartan structure on d.# \ FX, induced by (6',6°) to
the Liouville-Cartan pair on d.# \ STZX,.

Given a diffeomorphism of M>, we can use it to change the map from M3
to dF \ STZy. Hence the pullback of a Liouville-Cartan structure under any
diffeomorphism is again a Liouville-Cartan structure.

Notice that we already obtain all Liouville-Cartan structures if we restrict
ourselves to coverings M> — dF \ STZ, where the inverse images of Seifert
fibres are connected.

The principle found in the proof of Theorem 7.1 is that there is a re-
lation, going both ways, between Liouville-Cartan structures arising from 2-
dimensional space forms and discrete, cocompact groups I" whose image I is
discrete. Let us examine this relation more carefully.

Suppose I' C % is a discrete, cocompact subgroup whose image I is dis~
crete. We have at least one pair (X4, % ) for which there is a covering

[\% — dF \ STZ,,

constructed as in the proof of Theorem 7.1. Because of the invariance of the
Liouville-Cartan pair under the maps dy, the construction in Definition 7.2,
applied to Xy, defines a Cartan structure on I' \ % which only depends on I,
and not on the particular choice of normal subgroup Iy, C I'". This also means
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that different pairs (2o, # ) can yield the same Cartan structure, as the orbifold
X can have several descriptions & = % \ Zy.

In sum, we have a Liouville-Cartan structure associated with every group
I' whose image I’ is discrete. Recall from Section 6 that the standard Cartan
structure is the one induced from the standard complex 1-form zdz; — z2dz;
for 3, e~vdz for 3'22, and e "¥dz for Ez, respectively. Then the real and
imaginary parts of the standard form are the lifts to % of the Liouville-Cartan
forms on the unit tangent bundle of the corresponding simply-connected space
form X. We conclude that the Liouville-Cartan structures, arising form surfaces
with metrics of constant curvature, are precisely the standard Cartan structores
for the groups I’ whose image I is discrete.

For a first description of the other Liouville-Cartan structures, the use of
homothety classes is most convenient.

Proposition 7.3 Given any homothery class of taut contact circles, the set of
Cartan structures in this class is, if not empty, of the homotopy type of S!
and its inclusion into the whole homothety class is a homotopy equivalence.

If the homothety class contains one Liouville-Cartan structure, then all
Cartan structures in this class are Liouville-Cartan structures, and they are
in bijection (up to constant rotation) with the F-invariant metrics within
some conformal class, where F is a finite group acting on a compact real
surface.

The homothety classes containing Liouville-Cartan structures are the stan-
dard homothety classes for the groups I whose image I, in the corresponding
isometry group, is discrete.

Proof. If (wy,0,) is a Cartan structure, then so are the rotates by any constant
angle. In fact, there is a unique vector fleld ¥ such that Y|dw; = —w, and
Y|dw; = w, and then the constant rotates are the pullbacks of the original
pair under the maps of the flow of Y. In particular, the constant rotates of a
Liouville-Cartan structure are diffeomorphic Liouville-Cartan structures.

It is trivial to check that given a positive smooth function v, the pair
(vooy, vy ) is also a Cartan structure if and only if v is constant along the
integral curves of the common kernel ker w; Nkera,. The set of such posi-
tive functions v is a convex cone. Thus the set of Cartan structures within a
homothety class is, if not empty, connected and of the homotopy type of S',
and the inclusion of this set into the whole homothety class is a homotopy
equivalence.

As to the size of the set of Cartan structures within a homothety class,
this depends on the 1-dimensional foliation tangent to the common kernel.
Clearly the curves of this foliation are all closed for Liouville-Cartan structures,
forming a Seifert fibration over the orbifold X = % \ X;. Then the positive
functions v constant along the fibres are the pullbacks of positive, # -invariant,
smooth functions on Zy. It is rather obvious that multiplying a Liouville-Cartan
structure by such a function amounts to the same as passing in Xy from an #-
invariant Riemannian metric to another # -invariant metric conformal to it. So
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if a Cartan structure is a Liouville-Cartan structure, then all Cartan structures
homothetic to it are also (constant rotates of) Liouville-Cartan structures, and
this set is in natural bijection (up to the constant rotation) with a conformal
class of #-invariant metrics on Xy. Since any such conformal class admits
a constant curvature representative, we also have that the homothety classes
containing a Liouville-Cartan structure are precisely the standard homothety
classes for the groups I' whose image I’ is discrete.
This proves the proposition.

We can give an even more explicit description of which homothety classes
contain Liouville-Cartan structures. This is done in the following theorem.

Theorem 7.4 If M? is a non-abelian quotient of S°, a left-quotient of SL,,
or a torus bundle over S' with non-trivial periodic monodromy, then every
homothety class on M?> contains a Liouville-Cartan structure. In particular,
the common kernel has all of its orbits closed and all Cartan structures on
M? are Liouville-Cartan structures.

If M3 is the torus T3, the homothety classes containing Liouville-Cartan
structures are those with all the integral curves of the common kernel closed.

If M3 is a lens space L(m,m — 1), including S3, then the Cartan structures
with all the integral curves of the common kernel closed are the Cartan struc-
tures for which the Hopf surface S = M* x S' is elliptic. Their homothety
classes form the rational part (R)\ (QN(0,1)) of the moduli space of ho-
mothety classes of type (1'), and only the point 1/2 represents a homothety
class containing Liouville-Cartan structures.

In all cases, every taut contact circle on M> is homotopic to a Liouville-
Cartan structure.

Proof. On I' \ S, with I' non-abelian, any homothety class contains a standard
Cartan structure and every Cartan structure is a Liouville-Cartan structure.
On a lens space L(m,m — 1) we have the Cartan structures induced by

azidz; — (1 — a)zydzy,

where a € (0,1). For a = 1/2 we get the standard Cartan structure, which is
the Liouville-Cartan structure when we consider the cyclic group I, as lift of
a cyclic group of rotations of S? around its poles, and any Cartan structure in
this homothety class is a Liouville-Cartan structure up to constant rotation. The
homothety classes of type (1”) on L(m,m — 1) with a=1/2 do not contain any
standard Cartan structure and so they do not contain Liouville-Cartan structures;
yet their common kernel, defined as ker w; N ker w, for any taut contact circle
(w),w2) in the homothety class, has all integral curves closed precisely if a is
rational. Thus on these lens spaces we have infinitely many Cartan structures
with all integral curves of the common kernel closed, but which do not contain
any Liouville-Cartan structures in their homothety classes.

In the case of I' C S‘Zz, the image I'" in PSL, is always discrete, and we
have seen in Section 6 that every homothety class contains a standard Cartan
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structure. So in this case every homothety class contains a Liouville-Cartan
structure, and indeed all Cartan structures are (constant rotates of) Liouville-
Cartan structures.

Consider now Cartan structures on the torus T°. We have seen in Section 6
that standard Cartan structures exist in every homothety class on 73. The
possible complex tori § = T3 x S! arising from taut contact circles correspond
to the lattices in €* of the form

<(1’0)’ (ZO’ 0),(21,2nir| )’ (0’ fo)>,

where zo is on the upper half plane, z; is arbitrary, and »| is any positive
integer. The homothety class is induced by the standard complex form e "dz.
We then get a Cartan structure on 7° if we construct T° as the quotient of
R? = € x (iR) under the lattice

= <(l,0)’ (Z(),O), (Z],27Iil"1 )>a

whose image in £, is
!
= (17207Zl>;

which is discrete if and only if gz; € (1,z9) for some positive integer q.

The standard form is w; + iws = e "dz, and so for any homothety class
on T3, the common kernel ker o, Nker w, is spanned by dy, where 0 is the
imaginary part of w. Thus the integral curves of the common kernel are closed
if and only if gz, € (1,z;) for some positive integer g. Thus for the torus
T3 the homothety classes containing Liouville-Cartan structures are those for
which the integral curves of the common kernel are closed.

We take ¢ minimal, that is, equal to the order of z; modulo (l,z). We
consider the 1-dimensional complex torus

ZO = <1,ZO’ZI> \ Ca

then M3 is the 3-torus 73 = X, x §' which covers STX, by wrapping the
S'-factors 7o = gr; times around the fibres of STZ,.

Let now m = 2,3,4,6. We want to describe the Liouville-Cartan structures
on the torus bundle M3 over S! with monodromy of period m. Let €, L C €
and Xy = L\ € be as in the proof of Theorem 7.1, so that € is also considered
as an isometry of 2. The hyperelliptic surfaces that can arise from taut contact
circles are the quotients of €2 under the group generated by the lattice

L +(0,2nirg)Z + (0,%)Z,

and the transformation
(z,w) — (ez,w + wp),

where wy is a translation of (¢, 27mirg) \ € of order exactly m.

Notice that the torus which covers M> has z; = 0 in the preceding de-
scription. The image I’ is generated by L and ¢ and is discrete. At this point
we have finished proving Theorem 7.4, but we shall take this opportunity to
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describe in more detail the homothety classes on M3, and how this manifold
relates to the unit tangent bundle of a 2-torus.

The condition loge = wy (mod 27i) must be satisfied for the transforma-
tion to belong to E,. This is equivalent to wy = 2mip/m for some integer p
satisfying the congruence p = 1 (mod m). Then the condition that the transla-
tion of (f, 2mirg) \ € induced by wy be of order m requires that p = pory for
some integer po, and that py be coprime with m. All this amounts to solving
the congruence pory = 1 (mod m). Given ry, there exists a pp satisfying the
congruence if and only if ged(rg,m) =1, and then py is unique modulo m,
which means that wy is uniquely determined, as a translation of (1, 27irg)\ €,
by ro. The values for r;, admissible here are not arbitrary as for 73, they are
the integers coprime with m.

The transformation can be rewritten as follows,

(z,w) — (ez,w + 2mig + 27i/m),

for some integer ¢. We obtain M> as the quotient of R* = € x (/IR) under
the lattice
L+ (0,2mirg)Z

and the transformation
(z,i0) — (ez,i0 + 2mig + 2wi/m),

which is a lift to the universal cover of STXy of the differential de. For fixed
m and L, denote the resulting quotient by M?>(ry). Then there is an obvious
ro-sheeted covering map

M3 (ro) — MP(1),

and a natural isomorphism between M3(1) and (de)\STZy. The composition
of the maps

M3 (ro) — M?(1) = (de)\STZo —> ()\ 2o

endows M3(rg) with a Seifert fibration over the orbifold X = (¢)\ Zo.

8 Taut contact spheres

In this section we prove Theorem 1.10. Let M3 be a closed 3-manifold and
(w1, w;,m3) a taut contact 2-sphere on M3 Set Q =d(ew;), i=1,2,3, on
M3 x R. The Q; are symplectic forms on M* x R that satisfy

Qf = & = B (*0),
QN =0 for i+,

Such a triple (21, Q2, 3) was called a conformal symplectic triple in [6]. It
is shown there, by a straightforward extension of the argument in Section 3 of
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the present paper, that such a conformal symplectic triple induces a hyperkahler
structure (J,.J2,J3;9) on M3 x R with

g = Ql‘(” Ji'):

where the J; are O;-invariant as in Corollary 3.3. Indeed, J; is the complex
structure constructed from the taut contact circle (w;, w;), where (i, /. k) is a
cyclic permutation of (1,2,3).

Since the complex structures J; and the non-degenerate 2-forms e~’Q; de-
scend to M> x S', so does the Riemannian metric e ‘g. This implies that
M3 x S' is a hyperhermitian manifold. By Boyer [4], (M? x §',e™/g) is con-
formally equivalent to a complex torus with its flat metric, a K3 surface with
a hyperkdhler Yau metric, or a coordinate quaternionic Hopf surface with its
standard conformally flat metric.

Clearly K3 surfaces cannot arise from this construction since they are not
diffeomorphic to a 4-manifold of the form M3 x §' (the K3 surfaces have
non-zero Euler class ¢;).

If M? admits a taut contact circle and M3 x S! is diffeomorphic to a Hopf
surface, then we have seen that M> actually admits a taut contact 2-sphere.

Thus it remains to show that a complex torus does not arise from this
construction, in other words, that 7° does not admit a taut contact 2-sphere.

Assuming that it did, we lift Q;, J;, e~'g from M3 x R! to the universal
cover 2. Boyer’s theorem tells us that e~‘g is equal to the flat metric go up
to some conformal factor 1: €2 — R*. However, since both Q? = go(J,-,")
and

Qi = f}(-],,) = )hetgo(Jl.’,) — ieth(.)

are symplectic forms on M> x IR, we see that 1 = e~'A, for some positive
constant Ag. For

dQ; = d(e'QY) = d(re'y A Q°

is identically zero if and only if le' is a constant, since (in the tangent space
at any point of M? x R) there is a non-degenerate 2-dimensional subspace
with respect to the symplectic form Q¥ in the (at least) 3-dimensional space
ker d(Ze").

Hence, g = logo descends to M3 x S! (since M3 x §' is the quotient of
C? under a lattice I' of translations), but so does e 'g, which is absurd.

This completes the proof of Theorem 1.10.
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