AN AXTALLY SYMMETRIC CONTACT PROBLEM FOR A
HALF-SPACE WITH AN ELASTICALLY REINFORCED
CYLINDRICAL CAVITY

P. Ya. Malits UDC 539.3

We consider the pressure of a plate on a half-space with a round cylindrical cavity. The surface of the
cavity is reinforced by elastic elements that are modeled by very general operators. The problem is reduced
to a Fredholm integral equation of second kind. A detailed study 1s made of the case of reinforcement
described by the Winkler law. An approzimate solution is obtained in the form of the asymptotics with
respect to the radii of the plate and the cavity.
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We study the pressure of a round convex plate on an elastic homogeneous and isotropic half-space
z > 0 with the elastically reinforced cavity r = a, 0 < z < co. A plate with the equation z = f(r) is pressed
on with axial force P. We assume that friction is absent in the region of contact. The displacements u, and
u, of the surface of the cavity are certain operators on the stresses applied to this surface. For a large class
of reinforcement models the connection of the displacements and strains 7(z) = 7,..(a, 2), o(z) = o,(a, z)

has the form
2ua™ w2 (a,€) = ~111(6)5°(€) + 112(6)7°(€) + w*(§),
2pa~tug(a, £) = In(€)5°(8) — La(6)7°() + u™(£),

in the space of Fourier cosine- and sine-transforms, where the elements of the functional matrix I;;(¢)
are determined by the model of reinforcement, «*(¢) and w*({) are known functions connected with the
boundary conditions in noncontact reinforcement surfaces and with the mass forces.

As a preliminary step, assuming for the time being that the displacement of the entire surface z = 0 is
known and neglecting friction, i.e., under the boundary conditions

(1)

u, =w(r), a<r<oo, 7T.,=0, a<r<oo, (2)

we shall find the tension-deformed state of the medium under the boundary conditions on the cavity given
by the relations (1).
We represent the functions occurring in the Pakovich-Neiber representation [1] as expansions

#ne) == [ AOF(er)cost e

~ 9 oo ; o0 £z X1, (€7T)

roy) = = e—E* Xl,o(far)
erlna) = [ et T e
x1,0(é; ) = Yo(ér)J1(€a) — Yi(€a)Jo(£a), (3)

where 4;(£), a(€), and B(£) are functions to be determined.

Substituting the representations (3) into the condition (2) and then applying Weber transformations-
leads to a system of equations from which we find
1-2v
1—v

o) = —5——pw(e), B() = TE=u(®),
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where v is the Poisson coefficient.
To determine A;(¢) and A2(() we substitute the representations (3) into conditions (1). As a result
we obtain a system of linear algebraic equations

{ Ai()di1(§) + EA2(E)da1(€) = w*(€) — w3(€) + L (§)¥°(€) = V(£), (4)
A1(€)da1(€) + EA2(€)d22(8) = u*(€) — La(§)F°(€) = U(E).

Here

dn(f) = fClKl(fa) - lll(f)ml(f) - llz(f)mz(ﬁ)fa,

di2(€) = Ko(€a) — L1 (§)ms(€) + h2(€) K (€a)a,

d(§) = £aKy(€a) + 4(1 — v)Ki1(€a) + L1 (§)mi(§) — ha(Ema(£)Ea,
dp(€) = K1(€a) + l21(§)ma(€) — la2(§)Ki(€a)ea,

mi(€) = (4(1 —v) + £%a®) K1(€a) + (3 — 2v)€aKo(£a),

ma(€) = 2(1 — v) K1 (Ea) + EaKo(éa), ma(€) = Ki(Ea) + EaKo(éa),

3°(€) = (—W/ tw(t)T(¢,t)dt

vo(€) = s ~ w —v
WO = T [ 1)+ TE ) &
T(6,1) = gooreay (EaTalEalo(€1) — €21 (Ea) G €0).

We now take up the solution of the problem of the pressure of the plate on the base when the boundary
conditions differ from (1) and (2) in that for z =0

u, =c— f(r) =we(r), for a<r<b, o0,=0, for r>b, 7.,=0, for a <r < co. (5)
The first and third of the relations just written are satisfied if we set w(r) = wo(r) in the expressions

for a(€), B(€), A1(£), and Ay(€) for a < r < b and leave w(r) to be determined on the interval r > b.

We now write out the expression for the normal tensions o.(r,0)

§)32(8) 2 B o(Er - 2v T r
w0 =12 [ 5IH(1)(§G)|2 e 2 [ elRalEn(eane) — 2w A ) +Era(en) (O] de

Here g;(€) and §,(€) are defined in [2]. If we express w(r) in terms of the auxiliary function w(t) using
the results of [2], we obtain

d ¥
(1 - ) w(b) +(b) o [ g1 K)w— K*(¢) + Buwl, 1> &t
) Jz(ra O) —b;——e(b ) 72 5 (6)
g v r | L{Rw — Kw— K*(t) - p(t)], t<b -
where Kw, K*(t), and #(¢) are determined by the formulas in [2] and
1-v [ —£t 1, =z>0,
Ruw = [€A42(6) + (1 —2v + E)AE)]le™ dE, b(z) =3 , ~
0 ) )
To represent the operator Rw in explicit form, we express A;(€) and A2(¢) in terms of w(t)
ey BT = ‘ . . Pwp(s)ds |, .
Ai(€) = 1_ o [— A w(t)Ri(t, &) dt +wo(a)Ri(§) + /a tR;(t,€)dt i _.ﬁ\/_:____? + AI(E)], i=1,2



Here

4506 = S0 i (©) — 0 O] m =05 - (-1}

EaA(§)Ri(Et) = D(& 1) Fi(€) +2(1 —v)KT (éa)e “dym(é),
EaA(OR}(£) = —D*(E)Fi(€) +2(1 — v)K{ (€a)le™® — EaK:(éa)ldam(€),
D(€,t) = [€aKy(€a) — (1 + E) Ky ()| KT (Ea)e™
D*(¢) = [taKo(éa) — €DK (€a)l K1 (Ea)e™,
F1(&) = Lalia(§) — 121(€) + €alz(€) — Ear(é) — 1,
Fy(€) = €aKo(ba) K (€a)[Ealii(€) — (B — 20)a1(€) + Ealyy(€) — M(€)E%a® — 1]
+2(1 — v)[2aly1(€) — 2021 (€) + Ealxa(€) — E2a°M(€) — 2],
&) = L (€)l22(8) — 2 ()21 (€),

and A(¢) is the determinant of the system (4). We can now write out the expressions for Rw
Rw = —lw + L*(t), (7)
Lo :/ w(a:)[/ (Ra(,€) + (1 — 2v + &) Ry (,€) ) e ¢ dg] dz,
b 0

L*(t) = wo(a) / TR + (1 20 + EORI(E)] S de

b oo e z w'(s)ds
[ o [ Re@o+ 02t eRi(e e deas [ EIS

i /0°° [A3(6) + (1 — 20 + €8)Aj ()] e™* de.

We require that the second of conditions (5) hold. Formula (6), as in [2], makes it possible to obtain
an integral equation of second kind on the half-line

w(t) = (K + LYw + K*(t) — L*(t), t>b, (8)

and an expression for the contact tension

m(1—-v) __w® () [P + Lyw + K*() — L*(t) + $(t)]
o o.(r,0) = TP + /r Nz dt

Using the asymptotic expansions of the Laplace integrals [3] one can show that K*(t)—L*(t) € L1(b,00)
for physically realizable problems and the kernel of the operator L is square-integrable on (b, 00) x (b, 00).
Consequently the expression (8) is a Fredholm integral equation of second kind.

We now consider the case when the reinforcement of the cavity is modeled by a Winkler medium. We
shall neglect the friction between the reinforcement and the half-space. Within the limits of this model
we have u;(a,2) = ko.(a,2), 7r.(a,z) = 0, and we arrive at the conditions (1) for I;;(€) = I (€) = 0,
u(§) = w*(£) = 0, 112(€) = 00, 11 (€) = 2ua™"k > 0.

After a passage to the limit as ;5 — oo the kernel of Eq. (8) becomes symmetric. The corresponding
integral operator turns out to be completely continuous on L; (b, 00). Since the free term belongs to L (b, o),
it follows that w(t) € L;(b, o) also.

The connection between the initial displacement of the plate and the impressive force is given by the
relation

1-— Y p bog (r )dr e

P = be —
\/62—-7"2 b

w(t) dt, 9)

3419



and by the preceding remark this last integral converges.

If B =0b/a> 1, then, as can easily be shown by an asymptotic estimate of the free term and the
kernel of Eq. (8), we have w(t) ~ O(1/8?). Then up to quantities of order §~* one can neglect the terms
containing w(t) in the expressions for o,.(z,a) and gg(a, z). As a result the radial and tangential tensions
can be expressed by certain integrals which in turn can be replaced by their asymptotic expansions.

In the case of a flat plate we obtain

In® ﬂ—{—ii
ot =0 ) o T |
e lnz(ﬂ—{-ii)

el e G eGPl R (e

B L 3-6v+4+(3-2)8  (1-2y- B3 -2y InAB+ ét>]
X(3,t) =R . : i ,
(5.0 = e g + S G
1 72/3—2—(T—2y)y— (6 —4y)In2(B+4t) 1—v—1In2(f+t)
Y(3,t) =R - . + -
(5.0 =Fe |+ (B ity @ity
2(3 — 27)In® 2(B;t
(B +it)
where v = 0.57721. .. is Euler’s constant.
The asymptotics of relation (9) have the form
1—v 1 1
S P’po1- —).
4/11)c%3 232 +O(ﬂ3)
For comparison we give a table of values of the quantity Q = 4;()1ch found for the case of the free
i

surface of the cavity (k = co) by numerical solution of Eq. (8). It can be seen from the table that even for
B = 2 the error in the asymptotic formula is already less than 3%.

Analysis of formulas (10) shows that in the neighborhood of the opening of the cavity (i.e., as z — 0)
the radial tensions are compressive, while the tangential tensions may happen to be dilating. This last
circumstance may lead to the appearance of radial cracks and damage to the base in a neighborhood of the
opening.

8| 1.2 1.3 1.4 1.5 1.7 2.0
Q | 0.56857 | 0.68682 | 0.75137 | 0.79447 | 0.85005 | 0.89758

In conclusion we remark that the suggested method makes it possible to carry out computations for
other kinds of reinforcement, in particular for reinforcement modeled by a multilayered pipe.
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