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VARIETIES OF GENERALIZED STANDARD AND GENERALIZED ACCESSIBLE ALGEBRAS

G. V. Dorofeev UDC 519.48

In this paper we shall consider algebras over an associative and commutative ring
with unity and containing 1/6.

For the variety of generalized accessible algebras and certain of its subvarieties, con-
sidered in the present paper, we shall use the following notation:

6%60 - variety of generalized accessible algebras,

ACC-— variety of accessible algebras,

65t - variety of generalized standard algebras,

St - variety of standard algebras,

CMWM- variety of commutative algebras,

AEf-— variety of alternative algebras,

JDZd- variety of Jordan algebras,

ASS-variety of associative algebras,

Assaﬂmﬂ-variety of commutative associative algebras.

Variety (ACC was defined in 1969 in [1], variety Acc in 1956 in (2], variety &8¢ in

1968 in [3], and variety St in 1948 in [4].

These varieties are related by the set-theoretical inclusions shown in the diagram on
the next page (Fig. 1).

Moreover, the ordered set ¢ of the varieties shown on this diagram is a sub-semilattice
of the lattice of all varieties of algebras relative to the operation of intersection.

The basic result of the present paper is the proof of the assertion that this ordered
set forms a sublattice in the lattice of all varieties of algebras relative to the operations
of union and intersection. 1In particular, there hold the equations

Ghoe = Comm + Alt, G5t = Jond + ALE.

We mention that for variety ACO and its subvarieties, the corresponding assertion was proven
in [5].
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Thus, the variety of generalized accessible algebras is the minimal variety containing
all commutative and all alternative algebras. In other words, some identity holds in every
generalized accessible algebra if and only if it holds in every commutative and in every
alternative algebra. Whence follows the validity for generalized accessible rings of a host
of assertions proven in [6, 7, 8]. Moreover, it turns out that a free generalized accessi-
ble algebra is the subdirect sum of free commutative and free alternative algebras, and that
each primitive accessible algebra is either commutative or alternative [9].

Similarly, the variety of generalized standard algebras is the minimal variety contain-
ing all Jordan and all alternative algebras, and a free generalized standard algebra is the
subdirect sum of a free Jordan and a free alternative algebra, while each primitive general-
ized standard algebra is either Jordan or alternative.

1°. Let A be an algebra over ring‘?. For any elements -EéCZé?A we set
[zy] = TY = yz, ZToy =ZY +yx,
(T.4.2) = (zy)2z — 1(y2),
S(zy,2) = (2,4.2) + (y,2.2) + (5,2.9).

Function /(éﬂ-n,tﬂ), defined on algebra 4 and assuming values in this algebra, is called

skewsymmetric in arguments té"'”
guments. !

Ql, if it changes sign upon any transposition of these ar-
Since 5@ eP , function / is then skewsymmetric in any collection of arguments if and
only if it vanishes each time two of these arguments assume identical values. We shall de-

).

note the set of functions skewsymmetric in arguments &],-uyéz by SS (54 p-.,é%
In algebra 4 we shall consider the following subsets:
A’ is the ideal generated by all commutators Eﬂ?ﬂ s
K(A) is the ideal generated by all (right) alternators ﬂny,yL
S(A) is the ideal generated by all elements of the form S(Jiy,Z),
V(A)—"-’{(/‘EA I(ﬂ', Ty ) EKC (s, x4 )} is the alternative center.
Moreover, we shall denote by N(A), Z(A), and [(4) , as usual, the respective associative center,
commutative center, and associative—commutative center (or, simply, center), and by D)=
(ALAA)+(AAMA, the associator ideal of algebra A.
Algebra A is called elastic if in it there holds the identity

(:L‘.g,.r) =-0, @8]

or, in linearized form,

(r,y,z)e ss (x,2). (2)
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An elastic algebra is called standard if in it there hold the identities

Stx,y,3)=0, (3)
(@y.t,2)+ (22, 2,4)+(zy, L, 2) = 0, )
and generalized standard if in it there hold the identities
S$(zy.z,2)=5(2,4.9)2, (s
(2y,1,%) + (52,¢,4)+(54,0,%) = [z, (t.g,:rﬂ +([Z, 4. 2.2), (6)
(zé)ﬁw-(zﬂr#)ﬁz(éﬂl.#), 7
where “’-Dr,g =ylzw) — T(yw) + (2, W ) + (wz)y — (W) T .
An algebra is called accessible if in it there hold the identities
(Z,4,2)+ (8, T.4) —(2,2,4)=0, (8)
([x)ijz?t)-o’ (9)
and generalized accessible if in it there hold identity (1) and
[z zy)2]=0, (10)
3(lmgl 2b)=-[z(y, 2.4y, 2.t 2] + 2[5 (L.ay) - 22, 2.4 5] (11)

As was shown in [8], identities (5) and (7) in the definition of a generalized standard
algebra are redundant while, in the definition of a generalized accessible algebra, identity
(11) can be replaced by the simpler identity

(Lr,y], 2.8) + (z.[z4), 0)=0 . (12)

The set-theoretical inclusions among the varieties at issue, shown on Fig. 1, are ob-
vious or are readily proven [3, 8, 9]. We now consider the intersections of these sets.

Since 7§<aqb , it then immediately follows from identity (8) that an accessible alter-
native algebra is associative and, therefore, Aecn Alt = Ass . Exactly the same way, from iden-
tity (3) follows the equationSthA£f=ASS. Furthermore, in an accessible algebra the right
side of identity (6) equals 0, which follows from identity (9) and the results of [5]. Con-
sequently, an accessible generalized standard algebra is standard and, therefore, Aecn (St =

St . The coincidence of the remaining intersections with those shown on Fig. 1 is obvious,
and we shall formulate the assertion thus obtained in the following form.

Assertion 1. The ordered set G of the varieties represented on Fig. 1 is a sub-semilat-
tice in the semilattice of all varieties of algebras relative to the operation of intersec-
tion.

2°. Let A be a generalized accessible algebra over ring ®, let Y=V(A), Z = Z(4). In
algebra A there hold the following identities:

(zy. z,t)- (x,yz,é)+(:c.y,zz‘)- z (Y, z,zf)+(x,y. %)t (13)
(Gr.g28) - (2 [ 2.8) + (zy, D)= (g 2.4 M0z, 420, 2], (1)
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(T.go2,1)~ (z,405,t)+ (2,4, Zot)=20(y,5,E)HZ,4,2) 0, (15)

$(z,y.77€ ss (2,4.2) (16)

[y, d=zlyd+ [xly + S (54.2), (17)
28 («,9.2)=[x4),2)+[ly. 41 2]+ [:[z,z],;] , (18)
§(zey,z,0)=x08 14,2,28)+y°5(x,3,4), (19)
$lwol zy)= 3([w.ed, zy), (20)
Slzg,g1,22)=0, (21)

([w.), (z,44.2) = 0, (22)

(1: o] gz)= (2w, y)z, (23)
(&.rlz.g.z)==(zud.y), (24)
(z¢,[wu] x)= (2,4, [vd])x (25)
(wd,yz,z) = z(td, 4 %), (26)
(lu,v] y,:r,r) = [a,zr](y, T,T), 27

Identity (13) holds in any algebra, identities (14)-(19) hold in any elastic algebra:
identity (16) follows from the linearization identity (z,Z,Z)= ( and the others are proven

in [10, 8]. Identity (20) follows immediately from the definition of J (a;g,z) since, by
identity (12), the commutator [ﬂ,d] lies in the alternative center; analogously, identity
(21) follows from (18) since, by virtue of (10), alternator (T,y.y) lies in the commutative

center. Identity (22) follows from (20) and (21), with (16) taken into account. Identities
(23)-(26) are proven in [6].

Let us prove identity (27). Denoting commutator [#,¢] for brevity by m and using iden-
tity (13), we shall have

(my, z,x) = (m,yz, ) —(m. 4, 2°) +m (Y, 2,2) + (m,4,7) 7.
But, by virtue of identities (16), (20), and (19),
dum,g.zt)= 8 (my, @)= zs8im, y,z) = Ize(m.y, %),
and then, using (26), we obtain
(my,.r,.z‘)=1'(m.y,1‘) - Io(m:y,r)+m{y,r,1‘,>+(nz,y, Z)o Z,

whence follows identity (27).

In what follows we shall use identities (1), (10), (12), (16), and (20) without, as a
rule, any particular mention.

LEMMA 1. In algebra A there holds the identity

Sey,z,t) -8z ya,t)+S(zy.5) =28y, 2,¢) + S(zynt.

broof. We denote the left side of the identity to be proven by h; then, using succes-
sively identities (19), (20), and (14), and taking (16) into account, we obtain:

93



2h = §(1ey, zt)—S(:c,yaz,zf)*'rS(x,y,Zat)+

+ §([x 4], 28)- 8z, [g,2), )+ (x4, [5.2]) =

= 2o §(gnt)+yoS(T2b) Y-S (2,58) -

~ zo§(ngt)+zeS(zy )+ S(ay D+

+ 3([zg), 2.4)- 3(z, [y.9) .t 3(zy, [3.4]) =

= xos(y,z,zf,)daS(r,g,z')+3[.?. (5,z,éi] +3[(.r,5/,z),zf:|.
However, it follows from identity (10) that
[z, (y.7,¢]ess (4,24,
and, therefore,
3a (g2t + 3z y.2)t)=[z5 (g zt)*+ [S(2,5.2).2])

Consequently, 2h = Zm(y 2,2)+25(x, 4. z)l, QED.
LEMMA 2. 1In algebra A there holds the identity

'[9 zy. =0

Proof. We denote commutator [%,§] by m, and alternator {(z.4,4) by p. By identity (17)

[m,f]p = [mp.t]-m fpﬂ +8m,pt)= [f’?f’.ﬂ,

as a corollary of (10) and (21); moreover, by virtue of (27),

mp = m(T,4.4) = (ML, 4, 4)€ Z.
Therefore,
[mt]p = [npt] - 0.

which also proves Lemma 2.

COROLLARY 1. In algebra A there holds the identity
St2.9.2) (4,u,u) = 0.
LEMMA 3. For any elements ‘Z,s.t,aeA,
{_Ez,s],ﬂ we V.

Proof. We denote the binary commutator EZ,S],L‘J by # . We first note that, by identity
(27) and Lemma 2,

(nu, . x) = n(uxzx)=0,
and, consequently, for any 516/1 (/'Lu,.l',y}e SS (;z',‘z,/) and, since ([/z,u],.r,y)e Ss (1’,%) by virtue
of (12), then (nou,z,4)€ 85 (3Y4), 1.e.,

(neu, z,y4) + (neu,y z)=0. (28)

We now transform associator ({6 n-¢, ), using identity (15) and the linearization, flow-
ing from (23) and (24), of the identity

(2olz,8),4,7) = (2. (28], 4)0 2:
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(4, nou, x)= (Yon,u.X)+(y,n,usT) = §o(n4,T) = (§, U)o T
== (Ten, &, Y)+ (Y, Au)e T+ (T RUL) Y +
+(§’,/7,,U01')—b{v(/Z,U,I)-(;’/,n,u)ax -E(Inﬂ,y,u)-%(y,n,uo:r)

by virtue of (28). Moreover, again using the linearization of the aforementioned identity,
we obtain

(ro/z,y,a) =—(unyT)+(z,n,y)u+ (4., ylex,
and we transform the second term by using identities (20) and (19):
3(5«, -, uosz:f(é/)fz) uoq )= uoSQ, 7, x)+xo5(é/, n, ) :3419(% )2,_1')-.‘—3:_’c(% 7).

From the expression we have obtained for the associator (f/ ned, T), again using identity (28),
we shall now have

(foneu,x) = - (Uent,y,x) = (Not, 7, 4.
From this equation and from identity (28), it readily follows that noeV , but commuta-

tor [nu] also lies in YV, and therefore the sum 2nu = ey + [n.u] €V, which also proves Lemma 3.

COROLLARY 1. For any elements 7, 4.2, teh
S(z. g1 teV.

LEMMA 4. Let F be the ideal generated in algebra A by alternator ,0=(1‘,§/,y), and let
7,5, teh. Then,

[-['Zr s:]v é] p= 0'
Proof. Each element of ideal F is the sum of elements of the form w'=p7,'7; 7;, >
where C is either a right multiple P} or a left multiple LJ by some element reh .
When #=0 the equation mu =0 is valid thanks to Lemma 2. We denote the binary com-
mutator l:[’!,s:],zf] by m, and, when /2=/, for any ue A we shall have, remembering that ,DF.Z,
m(up) = m(pu) = (mp)u=0 (29)

by identity (22) and Lemma 2.

Consider n = 2. Using Eq. (29) and the linearization of identity (25), for any «, re A
we obtain

mpwy)={mpelly — (7,08, &) = (pu,m,0) == [TUmMPI+PUMG + (0,4 P
The first two terms on the right of the equation we have just obtained are equal to 0 by iden-
tity (22), while, from identity (20) and Corcllary 1 to Lemma 2, it follows that the third
term too equals 0. Therefore, it is also the case that
m{(pu)r] = 0. (30)
We now note that, by virtue of Lemma 2,
m(r,y.2)€ss (£,4,%), (31)

and then, taking into account that peZ and using identities (30) and (29), we obtain

m [u(pr)= m[(up)i)~m (u,p,0)=m(p,uv) =m[(pt)r] - m[p (us)]=0. (32)

95



We make the induction hypothesis: for any binary commutator /7 and any )€</z

m(pli Ty o Tg)=0. (33)

When n = 3, Eq. (33) is true by virtue of (29), (30), and (32); denoting /37; 7; 7{_2 byg,
we shall have w‘-P;G.“G-ga_, 7; "ﬂ[l 7'0., so we consider the four possible cases.
If 71;- }\7” y 7;, = 'Pr then, using the induction hypothesis and the linearization of identi-
ty (25), we obtain
m[(gu)r]=[m (gulr ~ (m,qu,0) = (gu,mo) == (ru,m,q) +(g,&,m)r + (5,¢,mg,
However,

(ru,m,g) = (m,g,ou) = (mg)vu)— m [g(ru)] =0,

by the induction hypothesis and, analogously, (¢g,u,my = 0. Moreover, if follows from iden-

tities (20) and (18) and the induction hypothesis that
6(oou,m)g = 28 (0,u,myg = 0.
Consequently,
5
m(gkal(”,)go' (34)

If 7:/= Pu RV l’a‘ then, using the induction hypothesis and identities (17) and (34),
we obtain

mrgu)] = m[(gwr] - mgu,s] =
=[malgu) - [mgw.+ S (m,qu,o) = 8(m, qu,0)=3[m(qu)]r = Im [lgu)7],
and, as a consequence of (34),

m(gk, L,)=0. (35)

1f [,=/L, and 71:, = K, then, by virtue of (35) and (31),

mﬂug)(f]=m(a,g.zr)+m@(gzr)]=rrz(g,0‘,f/)=0. (36)

thanks to (34).

Finally, when 7;(=Zza and 7;_ = [,”,

, then equation

mr(ug)=0 (37)

is provén exactly the same as (36).
Equations (34)~(37) complete the induction and, therewith, the proof of the lemma.

COROLLARY 1. TFor any elements r,y,zeA s
S(I,y,z)p=0.

LEMMA 5. Let P be the ideal generated in algebra A by the alternator ,D=(.T,g,9).
Then, for any element we ” and any zteh S(w,z,t)=0.
Proof. Just as in the proof of Lemma 4, we shall assume that w = ,07,' 7; 7,1 , and

proceed by induction on 2. When 2= the equation

Splh T, ...T, , 58)=0 (38)
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assumes the form S(P,Z.Zf) = [, and is valid thanks to identity (21). Denoting ,D7,'72' T
by ¢ we shall have &=g 7,'1-957;.

If TV=L then, by Lemma 1,

$(rg,2.8)=§ (2.2,09) = $(z,tr,9)-82t.0.91+725(40.9)+ 8 (247)g=0

by Corollary 1 to Lemma 4 and the induction hypothesis. If, however, 7‘;.-17, , then, again
by Lemma 1,

S(gr,2t)=S(¢,90,8) =8(bg,02)+ §(¢,9,02)~ 85(9,5,2) - S(2,9,5)2=0

by what has been proven as well as the induction hypothesis.

This also completes the proof of Lemma 5.

COROLLARY 1. For any element J "= 7. 7;1 of the multiplication algebra of algebra 4

s((r,;,z)ff, tu)ekl (z.4,2).
LEMMA 6. In algebra A4 thereholds the identity
S((z,y.2),¢,u)= (§(2.4.2).8,4).
Proof. By virtue of the Corollary 1 to the Lemma 5 (when n = 0),
SUay ) tu)=8(y,z2)tu)=3 (2. 24)¢ u),
and since §(,4,2)€VY then
3(5(1‘,5,2).25#)=3(5(1‘,y,z),f,u)=S((:t',g,z)+(y,z,1‘)+(z,:r,y),zf,a)=35((x,y.2).i,u),

whence follows the assertion of the lemma.

LEMMA 7. Ideal § = §(A) of algebra A coincides with the @ submodule

B=SAAN+S(AANA.

Y

Proof. Since B<C§ it suffices to convince ourselves that B is an ideal of algebra A.

But, by Lemma 1, for any &,4.%, teh,
18 (z, §,2)= S(#x,y,z}—&(é, zg,z)+S(é,x,yz)—s(z‘,x,y)zeﬂ,
and, by Lemma 6,
[S(r.y,z)ﬂa = S(xg.2)Eu) + ($(2,4.2), ¢, u)= $(zy 3)(tu) + S(iz,4.2,0,u)€B.
Finally,
ul$(zy, t]=[uS(zy.2)]t - (4,5(29.9,2)eB

by what has been proven and by Lemma 6.
COROLLARY 1. Ideal § is contained in the alternative center V.
For the proof it suffices to use Lemma 6 and Corollary 1 to Lemma 3.

LEMMA 8. TFor any element 7" =7; 7; 7/; of the multiplication algebra of algebra A,

S((J‘,y,z)f",t,u) = (S(:r,g,Z)T”,z‘,u),
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Proof. Just as in the proof of Lemma 6, we remark that, by virtue of Corollary 1 to
Lemma 5,

Uega) T 8 w) = Slgaz) T La=S(z.a9T 4,u),

and since, from Corollary 1 to Lemma 7, S(l‘,y, z)fﬂﬁ Y, the proof of Lemma 8 proceeds as in
the previous case considered. '

We formulate the results obtained in Lemmas 1, 6, and 7 as a separate assertion.

Assertion 2. Let A be a generalized accessible algebra over commutative and associa-
tive rinngwith unity, containing 1/6. Then, for any elements I, g,z, LL, ue A and any ele-
ment 7ﬂ= 7;7; fﬂ of multiplication algebra of algebra /’l,

a) §(2y,22)=8(=,yz,8)+5(2,4.21)=28(4.54)+S(z 4,51,

) S(ay.2) "t u) = (S(xye)T" ¢, u),

) § (2,4, (2,80) = (x,4,3 (2,,u).

3°. Let # be some variety of algebras over ring &, A a free algebra of this variety
with set of generators X={.’I‘,,1‘2,..,}, and , on algebra A , let there be given the trilinear
function U(:Z',y,:!} possessing the following properties: for any elements 1,4, 7, Zous A and
any element R"= P,Pz Pﬂ of the algeb\ra of right multipliers of algebra A,

a) Uzy,z.t)-U(z,yz,0)+U (g, _g,zz‘)=xd(g,z,j)+a(¢,%g)j,

b) U((zy. DR bu)= (U(z,4,DR", ¢ u)

o) Ulzy (2.t w)=(x,y U (2L ).
(When n = 0, we assume, as usual, that for any zeh -Z'/?n=1'.)

LEMMA 9. Let { be the ideal generated in algebra A by the value of function U(l‘,é{,z)
Then, set C of elements of the form

U (r,y,z)/?_,r, P-Tz Prﬂ ,

where X%, 4, Z are monomials of generators of set X . 1‘,,13,...,1‘”€X, and n 20, generates
{ as a @ module.

Proof. We prove initially that ideal U coincides with set B of linear combinations of
elements of the form (/(.:r,y,z) + U u o).

By property b), when n = 0, for any 1‘,5,5.21‘,U€A we have:

Uz, ymt]u=U(zyz)(tu)+ (U(x,;:,z), Lu)=U(x,4.3)Eu) + Ultz,y,z), s,u)eB,

whence it follows that B is a right ideal in A. Moreover, from property a) it immediately
follows that

U (x,4.2) =-Ul4z,g)z + Ulzz, 4,2)-U (4, z4,2)t V(42 42)e B,
and then, using property b), we obtain
e[U(z,y,2)8]= u[Uzy,2.) - Uiz, y3.8) + U(z,g.58)] - u[2Uy,2.2)].

By what has been proven, the first three terms on the right of this equation lie in B, and
for the second, by property c), we have

ulzUy,et)= (wa)Uigs8) - (4.0 (g,5.8) = (uz)Uly,2.0) = Ula,z,(4.2.2).
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Thus, each element of ideal [/ is a linear combination of elements of the form U(:&y,Z)
and U(.r,y,z)Zf, where it can obviously be assumed that I,y,Z. and ¢ are monomials.

We now consider an arbitrary element wel of the form

o= (j(xvy’Z)Et /?tz e P ;

%
where .‘C.y, Z, (J;,,tz L ey Zf,l are monomials. If not all the Z‘&. belong to X then, having chosen
among them the monomial ié-=£/(/' of maximal degree, we denote Pt "'Ft. by Pi-' , and Pg
] i1 3

[24)

n=t
RL‘ by R .  Then, using property b), we obtain:
n

w=U(zg.0R s R~ ([U(w,f/,zﬂ?i_/a] R (U(ng)ﬁzi)'?g

= Uiz R R R R - Wiagof us) ™.

This equation, as is easily seen, provides the possibility of induction on the maximal
degree of the monomials 4,.“,éa, to show that element w is a linear combination of elements
of set {. It is clear now that each element of ideal /is also linearily expressed in terms
of set (.

Lemma 9 is proven.

LEMMA 10. Let F be a free nonassociative algebra over ring @ with set of free gener-
ators X . Then, set { of elements of the form

T, !

(Z,4, z)/?x, A’xe R
where T, ¢, and Z are moncmials of generators of set X,z‘,,l‘a,.,,,.z;re)( and 7> 0 , 1s a basis
of associator ideal J=0(F)of algebra F.

Proof. It follows from identity (13) that associator (7, ¢, Z), as a trilinear function
of its terms z, 4, and Z, possesses properties a)-c) and, having applied Lemma 9 to associa-
tor ideal /), we find that set ([ generates ideal /7 as a & module. It remains to prove the

linear independence of set { over &

Let

/1‘~L

;“"z il}vyz%)&,,. /?J:L,"'pl‘ =0 (39)

be a linear combination of elements of set { with nonzero coefficients. In Eq. (39) we con-
sider the term having the greatest total degree in associator Uq,gbzi), and let term

n

uf-=ec(1',é/,z)/?x,/?$z R
have, among them, the greatest degree in the third term of the associator. Having expanded
in Eq. (39) all the associators, we present its left side in the form of sum of monomials,
one of which will be the monomial zf-<x(“.(Lx(yz)ﬁg)z;}“)xh occurring as the expansion of the
associator in . We now show that monomial ¢ cannot be contracted with the remaining mono-

mials.
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Indeed, for the construction of an element of set C, in the expansion of which there
occurs monomial ¢, we must initially split off in it some number of right multiples by the

elements z‘lex, i.e., present monomial ¢ in the form

J= oc[(-..((z(yz))gr,);ré...)xéj/?xz+’... Rp (i<t n),

n

and thereafter present monomial U‘("'((l'(iz’)l',)l‘g'-')fi as the first or second term of an ap-
propriate associator. Since ‘TZF‘X’ then, when /22 , monomial ¢ can be presented only as the
first term of the associator

(- h=zlyaz)z,. V2,05, 7)), (40)

and, when 1 = 1, only as the first term of associator

(z, y2, 1,). (1)

However, associators (40) and (41) have total degree strictly larger than that of associator
(.T,y,z) occurring in « and, therefore, do not occur as associators in the terms on the left
of Eq. (39).

Consequently, we must split off in monomial & all right multiples by elements .z'LEX:

r=lzyzl R, K’It Ry

But then, monomial = :r(yt) can be presented either as the second term of an associator oc-
curring in & or, with z=8f , as the second term of associator (S,f,é/z); however, the second
possibility also contradicts the choice of term «.

Thus, monomial ¢ cannot in fact be contracted with the other monomials in Eq. (39), so
that Eq. (39) is untrue. The contradiction thus obtained completes the proof of Lemma 10.

LEMMA 11. Let function U(x,g,z)possess, in variety 2% , properties a)-c), and

U= 2T 8 Ty Ty My (42)
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where z},;‘-,z‘.,z/,l.u w0 2re monomials, and, moreover, arbitrary elements of the asso~

PYRRREE
ciator ideal of free nonassociative algebra F with set of free generators X . Then if v =0

in algebra F, in each algebra A of variety 7% , there holds the equation

U(U) = L'EOCI:U(J"’,%"’ZL.'\, ];jﬂ 7;{24' e 7-”'4. =J,

Proof. Considering (7, ¢ 2)as a trilinear function possessing properties a)-c), we can
according to Lemma 9, express element ¢ in the form of a linear combination of elements of
set ¢ , using, for this, only tranformations permissible by properties a)-c). The identical
sequence of transformations can also be applied to element U(U’)EA since, by hypothesis,
function U(J‘.y,Z) also possesses properties a)~c) in variety # . With this, at each step
the elements, having been obtained in algebra A, are "U rings" of the corresponding elements

in algebra F.

If, now, v = 0 in algebra F then, by virtue of Lemma 10, with the last transformation
in F we obtain a linear combination with zero coefficients; consequently, in algebra A we
obtain a "U ring" of these linear combinations which, naturally, also has zero coefficients.

This also means that in algebra A there holds the equation U((f)s J.
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LEMMA 12. 1If, in free alternative algebra G with set of free generators X, there holds
the identity s =0 , where element v has the form of (42), then, in free generalized accessi-
ble algebra A with set of free generators X, there holds the identity S(()’)= 0.

Proof. 1In algebra G let hold the identity #=¢ ; this means that element v, considered
as an element of free nonassociative algebra F, lies in the ideal of algebra F generated by

associators of the forms (1‘(7 ?) and (7, T, 1,/) In other words, in algebra F there holds the
identity:

LZOQ (‘ri',%'zz)]—d”- 7021; 7-"‘/754' S?Pj [:{_/ejl.,g/.,g/./)-l—(p/yg/’,g/)jfd.

* ?Yx[”i’zé'sl“”2'71'5~)]7”0; f“’zt"'qu ’

in which all the elements of # are monomials.
According to Assertion 2, function ) (T,4,%) in algebra A possesses properties a)-c)

and, consequently, by Lemma 11 there holds in A the identity:

?dﬁ(%-yzvzﬂru,é /’[,ZZ ...7, -Z/SJ[S(/?/ g/)+ oz 9, Z,)] -/ .../'1,?/,.+
+ 2y s, g 50 +504, 7 ] 7 :
K)’x £k ‘7{ wml'é

However, in algebra A function S(.T,‘L,/.Z)is skewsymmetric and, therefore, the right side of
the obtained equation equals O whence we also obtain that §(/)= 0. QED.

LEMMA 13. In free generalized accessible algebra A over ring P with set of free gener-—
ators X, the intersection of ideal § = S{A) with alternator ideal K = K(A) equals O.

Proof. Let w be an arbitrary element of the intersection Snk ; by Lemma 9, element w
is presented in the form

“"‘2%3(%%«7&?@,‘” LR

by tﬂ" é

and, since we K, then ¢ is also presented in the form
we2p(p,g..9) T, ..T .
Thus, in algebra A we have the identity

Zo(S(.I'(%Z)p/? Ep(pg/ )/; ol

2, by Uy (43)

Identity (43) also holds in free alternative algebra G as in the homomorphic image of
algebra A by ideal K ; but in algebra £ this identity assumes the form
« (r,y 2 R, R ..R =10
3‘? VTR N T (44)

since S('TL"%;-ZL ] = 3(1“-,515,@;) .

After having applied Lemma 12 to identity (44), we obtain the identity

3%}&5&@,%,2&)@“ Ry oo Ky =0,

2 26
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valid in algebra A . But this identity means that w = 0, QED.

LEMMA 14. 1In free generalized accessible algebra A, the intersection of ideal Z, gen-
erated in A by the left sides of identities (2), (8), and (9), with the alternator ideal
K=K(A), equals 0. _

Proof. We shall show that ideal / actually coincides with ideal § . 1Indeed, the in-
clusion §</ is obvious since the left side of identity (8), by virtue of identity (2)

which does hold in algebra A, equals S (T,y'z) and, for the proof of the inverse inclusion,
it suffices to use identity (20). It just remains to apply Lemma 13.

THEOREM 1. Ordered set & of varieties of algebras over ring % is a sublattice in the

lattice of all varieties of algebras over ring @ relative to the operations of intersection
and union.

Proof. By virtue of assertibn 1 there remains to consider only unions of the given
varieties. Thanks to the results of [3] there hold the equations

Joud + Ass=St, Comm +Ass = Lemm + 5% =Acc, (45)
Lemma 14 means, obviously, that
Acc + AUt = GAce, (46)
It follows from Eqs. (46) and (45) that
lomm + ALt = Lomm + Ass+ At =Acc + Al =GAcc 47)

From this and from the inclusion

Aec + (St o lomm+ G5t sComm+ALE.

follows the equation

Acc + 68t = Lomm+G St = GAce. (48)

Moreover, by virtue of the modularity of the lattice of varieties of algebra, we obtain from
(46) that

St +Alt =Accn GSt +ALE = (Acc+Alt)n (34 =68t (49)

and, finally, by virtue of (45) and (49),

Jowd + ALt = Jord + Ass+ ALL=34+ A0t =65t (50)

Equations (47)-(50), together with assertion 1, also complete the proof of Theorem 1.
4°, In this section we derive some corollaries of Theorem 1.

COROLLARY 1. The variety of generalized accessible (generalized standard) algebras over
ring ¥© is the minimal variety containing the variety of commutative (Jordan) algebras and
alternative algebras over ring .

In other words, some identity holds in each generalized accessiblz (generalized stan-
dard) algebra over ring @® if and only if it holds in each commutative (Jordan) and each al-
ternative algebra over ring @D.

The first assertion of this corollary is immediately contained in Theorem 1. For the
proof of the second assertion we remark that the mapping M —> 7 (751) putting into correspon-

dence with each variety 7% of algebras over ring % its ideal 7(#%) of identities in a free
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nonassociative algebra over @, is an anti-isomorphismbetween the lattice of varieties and
the lattice of /- ideals, so that the equation F=IM+7 is equivalent to the equation 7'(p)=
7(7)n T(7),

For the varieties at issue, we find that the assertions
fe 7 (GAcc)and [f’ET(Camm)andf’ef(AEf)]

and
feT(GSt)ans [feT (Joud) ane feT (ALF)]

are, respectively, equivalent.

COROLLARY 2. Each primitive generalized accessible (generalized standard) algebra over
ring P is either commutative (Jordan) or alternative.

Indeed, from Corollary 1 we obtain that, in a free accessible algebra, A{F)K(A) =0 and,
consequently, Al'K(A)-U. This equation also holds in any generalized accessible algebra.
Therefore, in the primitive algebra, either Al=0, or K(A)=0,

We deal analogously with the generalized standard algebra A

COROLLARY 3. Let A be a free generalized accessible algebra over ring ¢¢. Then

1) algebra A is a subdirect sum of a free commutative and a free alternative algebra;

2) alternative center V(A) of algebra A coincides with the commutator ideal A';

3) commutative center Z(A) of algebra A strictly contains alternator ideal K(A).

Indeed, algebra A , by virtue of Theorem 1, is the subdirect sum of its own factor al-
gebras A/A’ and A/K(A), i.e., a free commutative and a free alternative algebra.

Furthermore, if element f belongs to A/ it can then be presented in the form

f = L.Z“;[lkcﬂ;] fa,i Tuu ‘TL/”. ’

"L

and, considering f as an element of a free nonassociative algebra, we find that, in every

commutative and in every alternative algebra there hold the identities

Fozy) = (z.yg.f)=1(y4.12).

But then, these identities also hold in every generalized accessible algebra; consequently,
fe V(A) and A/C V(A). The converse inclusion follows from the fact that in a free com-
mutative ring A/A’ the alternative center equals 0.

Finally, the inclusion K(A)c Z{A) is proven the same way as the inclusion A’C V(A). The
converse inclusion, in the given case, is untrue, since, by virtue of the results of [11],
element HJI;QZ),fJJ lies in the commutative center Z(A) but does not lie in the alternator
ideal K(A)since, in the contrary case, in free alternaéive algebra A/K(A)there would hold
the identity [(z.4,2),2]°=0.

COROLLARY 4. Let A be an arbitrary generalized accessible algebra over ring P, Then,
in algebra A there hold the Kleinfeld identities

(g’ 2.) = md(fzgd’ n.t) = (ngd" 5 )z g =0
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and 1f algebra A has a system of generators of three elements, then in it there holds the
identity

([w'yjz, z,t)=10.

Indeed, these assertions are valid in each commutative and in each alternative algebra,
the latter for algebras with three generators [12, 13].

COROLLARY 5. Let GACCn be the variety of algebras generated by a free generalized ac-

cessible algebra over ring &2 with n generators. Then, there hold the strict inclusions
Gace, < Ghce, © Ghee, © GAce, .

Indeed, each generalized accessible algebra with two generators in accessible [6] and,
therefore, &Aa% * GACQ!and, from the example constructed in [14] and from Corollary 4, it
follows that 5Aa%aE@ACQ. Finally, the noncoincidence of varieties GAG; and GAng or, what

amounts to the same thing, of varieties ACC, and ACQ , follows from the fact that a free ac-
cessible algebra with one generator is commutative: this readily follows by induction from
identity (17) which, in an accessible algebra, takes the form

fey. 4] = <[y 4+ [eAly.
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