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Abstract

Several different approaches have been suggested for the numerical solution
of the global optimization problem: space covering methods, trajectory methods,
random sampling, random search and methods based on a stochastic model of the
objective function are considered in this paper and their relative computational
effectiveness is discussed. A closer analysis is performed of random sampling
methods along with cluster analysis of sampled data and of Bayesian nonpara-
metric stopping rules.
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1. Introduction

Let K be a compact set in the /N-dimensional Euclidean space RN We define
the global optimization problem with the following task:

find the couple x*, f* such that:
f*=fx") < flx) Vx€K (1.1)

where f: K —R, f € C(K).

Many approaches, often of a very different nature, have been suggested to
solve this problem: even if, by now, a class of methods is widely agreed upon as the
most effective one, a general computational paradigm is still lacking.

First, we note that the very definition of the problem as given in (1.1) is not
well posed in the classical sense. Indeed, even within infinitely differentiable functions
with a unique global minimum point, it is possible to choose functions which are as
close to one another as we want, yet their global minima are far apart. As a simple
example we can take f5(x) = cosfx) + &x, x € ( — 2m,2m). The optimum is located
near —w or + m when ¢ is a small positive or negative constant, respectively. So, while
two such functions f5 | (x/ and fs ,(x) characterized by 8, < 0 < §, have a supremum
norm difference bounded by 2m16, — §; | the distance between the solutions is ap-
proximately 27. On the other hand, the value f* of the global minimum depends con-
tinuously on the data of the problem, in the sense that, as it is easy to show, for any
continuous functions f and g we have:

f* g1 < Sup 1ffx)~gfx)i = If=gl_ .

so that the basic requirement of well-posedness of the global optimization problem is
fulfilled if we restrict ourselves to the search for the global optimum value f*.

From now on, when speaking of the ‘global optimization problem’, we will
refer to the following task:

find f* such that:

< fix) Vxek (1.2)

where f:K— R, f € C(K) .
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A basic difficulty of problem (1.2) is the impossibility of bounding the error
in the approximate solution: in fact, if we let any algorithm choose # points in the
domain K, it is always possible to build a smooth function, interpolating f in those
points, whose global minimum value can be kept as far as desirable from f™*.

If we restrict the function class to which f belongs, it is possible to build de-
terministic algorithms (space covering techniques), which have the property of finite
convergence to an estimate whose distance from the optimum can be deterministically
controlled. The price to be paid for this is, apart from the necessity of restricting the
function class, the exponential increase of the computational effort with the dimen-
sion of problem (1.2), and the necessity of giving precise bounds to the variation of
the objective function: thus their numerical usefulness is restricted to very small sized
(say I or 2 dimensions) problems. Nevertheless, we shall discuss them in some detail
in sect. 2 because the analysis of their performance can give some insight into the very
nature of global optimization problems and its hidden intractability.

In sect. 3 we shall consider other deterministic methods, namely trajectory
techniques and the tunneling approach, which are widely investigated but require a
very complex implementation, and still do not offer a reliable numerical performance.

Probabilistic methods can be seen as a tool for overcoming the basic diffi-
culty of problem (1.2) by allowing some kind of uncertainty to the final result. Thus
a ‘solution’ found by any of these methods can be thought of as having a certain
‘probability " of being the true one. This uncertainty does not seem to be too heavy
a price in order to have information about the solution of problems which would
otherwise be intractable. A class of probabilistic methods, namely those based on ran-
dom sampling, which we shall be discussing in sect. 4, are now considered as the most
reliable tool for solving global optimization problems. In sect. 5 we shall briefly be
concerned with random search techniques which have received early attention in the
literature [1,39], and can be regarded as an effective tool, at least in some instances,
of global optimization. Section 6 will be devoted to the analysis of a particular class
of probabilistic methods, in which the objective function is modeled as a sample path
of a stochastic process.

We must also remark that the distinction between deterministic and proba-
bilistic methods is quite crude as random elements are often introduced, as we shall
see later on, into deterministic schemes to improve their performance.

We conclude this brief introduction by observing that because of the high
computational cost of global optimization problems, some research is being devoted
to the design and analysis of parallel algorithms, i.e. algorithms which can be imple-
mented on multiprocessor systems and array processors {32,11,37].
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2, Space covering techniques

Space covering techniques originate from the desire to provide deterministic
bounds on the approximation error. This can be done by restricting the function class
to which f belongs to a subclass where some bound on the variation of the objective

function or its derivatives is known a priori. The easiest way to do so is to impose a
Lipschitz condition on f:

FE Ly ,(K) = g:18(x)=g(y)| < %fx.y) Vxy €KL, (2.1)

where €is a known positive constant and p is a continuous distance on K.
DEFINITION 1

An n-step deterministic strategy S,, is an n-dimensional vector of functions
¥1,¥2,. ...y, such that

»(f:K) = x, €K,
yl-+1(x1,fl,x2,f2,. cxpfi) = x4 €EKf; = f(xl-} i=1,...,n=1.

We shall use the term ‘passive’ or ‘'z priori’ to denote those strategies which
are constant in Ly ,(K). In the following, we shall denote by Sn the class of strategies,
and by P, the subclass of passive ones.

In order to measure the effectiveness of a strategy, the a posteriori and
a priori errors are introduced as follows:

DEFINITION 2
The accuracy of an n-step strategy S, is:

(S, f) = minfx) = [

s ey

DEFINITION 3

The accuracy guaranteed by an n-step strategy S,, over the class L, oK) is:

A(S, ) = S S .1
(S, feLEi(K}ﬁ("f)
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In this class, any strategy guarantees a finite accuracy. In fact, let
(x1,X,....,x,) be the points chosen by a strategy S, and let

d = Sup min  pfx,x./).
xekK i=1Lln

Then it is easy to show that S, guarantees the accuracy Id over the class L, p/K),
The following optimality criteria can be given for a deterministic strategy.

DEFINITION 4

A strategyS is A-optimal in L, (K} if:

A(Sy) = Inf Sup  A(S,.f) .
Sp€ 8y fely ,(K)

DEFINITION 5

Let € > 0. A strategy S, such that A(S ) < e is n-optimalinLg ,(K)if
n* = min{n:ﬂSn € 8,:4(S,) < e}.

By the above optimality criteria. strategies are evaluated on a 'worst case’
basis, i.e. their effectiveness is measured on that function over which they display the
poorest performance. Thus, not surprisingly, the following equivalence results can be
shown to hold:

THEOREM 1 [47]

inf  A(P,) = Inf  A(S,).
PHEQWI SHESYI

THEOREM 2 (7]
Lete> 0.

min{n:3S, € 8, A(S,) < €}

= min{n:3 P, € P, A(P,) < e}.
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After these results, it is clear that an a priori analysis is not sufficient to give
an effective criterion to select ‘good’ strategies, that is, strategies that, apart from
pathological worst cases, display a better behaviour than passive ones.

What can be done, still in the framework of worst-case analysis, is to character-
ize those strategies which take advantage in an optimal way of the function evaluations
already performed [48].

Let

LQ,p:xl,xz, s X f1 Sy ,fm(K)

= {¢> € Ly o(K):9(x;) = f, i=1,... ,m},
andlet ‘choice’ functions C,, : K”—~K be given.
DEFINITION 6

A strategy E; is sequentially A-optimal in Lo (K] if:
— *
Yit1 = Cp—ioPpyi

where P;“ is an (n —i)-step A-optimal strategy in L, PIXLXD, X5 [ fi(K)
and o represents the composition operator.

DEFINITION 7

A strategy 2, « is sequentially n-optimal in L, (K] if:
Yit1 = CpepioFpuy i

Wl1erePn*ll- isan n-opt?mal strategy inLq,. X1 X9y X S Sy ’fz'(K} and n*|i
is the number of steps it requires.

These strategies (which are easily seen to be optimal in the sense of Defini-
tions 4 and 5 are designed in such a way as to adapt their behaviour to an ‘updated’
worst case and they can be considered as a good way of exploiting sequentiality
while retaining @ priori optimality. Unfortunately, the computational cost of actually
building the optimal (passive) strategies required at each step of these algorithms
makes them unfeasible for practical problems, even of very low dimension.

In [45] a method for one-dimensional optimization is described in which each
new observation is placed where the uncertainty about the value of the objective func-
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tion is maximum. Allowing K = [0, 1], we have:

X, = 1/2 ,

Xj4q = arg max min f]~+Q|x—x]-I i=1,2,...
xe K j=1,i

This strategy could be generalized in a straightforward way to higher dimen-
sional space, but only in the one-dimensional case, the optimization problem whose
solution is required in order to find each new point, allows for a simple solution.

Shubert’s strategy is not optimal in the sense of Definition 5: it is easy to
see that when the objective function is constant, an optimal (passive) strategy requires
a number of steps which is roughly one half of those necessary for Shubert’s algo-
rithm to stop.

Another well-known deterministic strategy [25] is based on the idea of
growing around each observation point a hypersphere whose radius is such that we can
guarantee that the minimum of the objective function inside these spheres is bounded
from below by j?* — €, where f,-* is the minimum observed value. Then each new obser-
vation is placed outside these hyperspheres, whose radius is easily found to be R;
= (e + f{x;) — f')/% The algorithm stops when a covering of K has been performed
with such spheres. If N > 1, in order to keep down the computational overhead and
the memory requirements, the algorithm utilizes a covering made of N-dimensional
hypercubes inscribed in the above-mentioned spheres, and each new point is chosen
by changing one component of the last observation point by the quantity (e/?
+ R;)//N . Only in the one-dimensional case is Evthushenko’s strategy optimal (more,
it is sequentially n-optimal). It should be noticed, however, that the defini-
tion of the choice functions C),, in Definitions 6 and 7 is a crucial factor in deter-
mining the performance of sequentially optimal strategies in that a bad choice of
C,, can completely annhilate the advantage of sequentially optimal schemes. Com-
putational experience shows that, apart from pathological cases, Shubert’s algorithm
out-performs the one by Evtushenko. In [43] a scheme where the one-step optimality
of Shubert’s scheme is embedded in a sequentially n-optimal algorithm is presented.

3. Trajectory techniques and the tunneling approach
Trajectory techniques (see [17,18,29,51,53]) are based on the idea of finding

many, hopefully all, local minima by means of the numerical integration of a dif-
ferential equation. In [17,18], the solutions of the set of nonlinear equations:

grad f{x) = 0 G.n
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are sought following the trajectories of the system of differential equations:
d(grad f)/dt + gradf = 0. (3.2)

The relationship between this system and (3.1) can be easily recognized by observing
that in the analytic solution

grad f{x(t)) = grad f(x(0)) exp( — t) (3.3)

the vector x(t) converges, as £ = °°, to a solution of (3.1). By making equation (3.2)
explicit with respect to £, we obtain:

dx/dr = = H™Yf(x)) grad (f(x)) , (3.4)

where H(f(x)) is the Hessian matrix of f in x. System (3.4) is not defined on the
hypersurface det(H) = 0. Since H™1 = adj(H}/det{H), where adj(H} denotes the ad-
joint matrix of H, we can replace (3.4) by

dx/dt = — adj(H) grad (f{x}) . (3.5)

which amounts to a scale change in the parameter ¢ and to a reversal of trajectory
direction when the region det(H) = 0 is crossed. Of course, once a local minimum
has been found, a change of sign in (3.5) is necessary in order to escape from its
region of attraction [26,27].

The methods based on this idea, although theoretically appealing, have
serious drawbacks both from a theoretical and from a practical point of view. In
[52] a counterexample is exhibited, where a region of non-convergence of Branin’s
method is shown to exist for a function whose contours are topologically equivalent
to spheres. Secondly, this. as well as the other proposed trajectory approaches, fail
in giving a precise answer to the most peculiar problem of global optimization, that
i1s when to stop the computation; in other words, unless an a priori knowledge of
the number of local minima of f is available, the algorithm cannot be stopped with
the certainty of having located the global minimum.

In [58] an improvement to the basic scheme of trajectory methods has been
proposed: random elements are introduced by associating to problem (1.2) the sto-
chastic differential equation:

dx = —grad(f{x)) + eft})dw

x(0) = xq
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where w is an N-dimensional Wiener process. It is possible to prove, at least for some
classes of functions that, provided that e(z) approaches zero slowly enough as ¢ tends
to infinity, the probability for a trajectory of the above dynamic stochastic system
leaving x at t = 0 to reach a point x at time ¢ is such that:

lim p(x,¢;x5,0) = Z c;dfx—x}t),

t— = !

where x;' are the global minimizers of f, 0 < ¢; < 1 and Z; ¢;= 1. From a computa-
tional point of view, it seems more convenient to follow simultaneously several (say
M >1) trajectories, keeping €(*) constant. After a number of steps of numerical inte-
gration, the M trajectories are compared. The ‘worst’ one is discarded and et/ is de-
creased. The numerical integration is continued after splitting one of the remaining
M — 1 trajectories into two: the splitting is obtained very easily since, because of the
stochastic term, each initial value problem is solved by an infinite number of trajector-
ies.

More recently, Griewank [28] designed a trajectory method considering a
model of the objective function given by the sum of a smooth unimodal function
and a bounded perturbation. The algorithm consists of following the trajectories of
the second order differential equation

x"(t) = = A(I=x'(e)' T(e)) G fix(t))](f(x(8) = ¢)

where 4 > 0 and ¢ = f*. As long as f{x(t)) > c, the trajectory is little affected by
the perturbation.

Finally we mention a method which came to be termed the ‘tunneling
approach’ [54,55]. The basic idea is that, starting from a local minimum point X,
a point x0 is sought such that f{x0) < f/X). Starting from this point, a local opti-
mization routine, a local optimum with function value not greater than f{x) will
be found. If {x] } ;| are those local minima already found whose function value
is f(x), this starting point can be found by solving the equation

Q .
T(x,A) = (f(X)—f(J—c}//< I [(x—x;')T(x—x?)]M> =0 (3.6)
-1

provided that the parameters A = (Ay, ... ,},), inserted to ensure that the solution
of (3.6) will be different from the x; ’s, are properly set. Even if computational re-
sults are reportedly good, a basic weakness is inherent to the stopping rule of this
algorithm: deciding that no root of T(x, A) exists in K can be as hard a problem as
the global optimization problem (1.2) itself.
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4. Methods based on random sampling

Probabilistic methods have been proposed since the earliest studies in global
optimization and they have been gaining increasing attention in the last decade. Some
of them, namely those based on a clever combination of random sampling and cluster
analysis. can now be regarded as effective tools for the numerical solution of global
optimization problems and display the following positive features:

(a) the required number of function evaluations grows rather slowly with
the dimension of the problem;

{b} they are sequential in nature. i.e. at each stage an approximation to the
global optimum is given and the decision is taken whether to stop and accept the ap-
proximation, or to reject it and perform further sampling:

(c} they require little ¢ priori information about the objective function.

Methods based on random sampling can be structured after the following
pattern:

(i) Draw ¢ points {,\']- € Kl,j=1....,q from auniform distribution in
K and compute f(x]-}.

(ii) Select the ‘most promising points’ and start from them a local opti-
mization routine obtaining a least value f.

(iii) Test whether £, is the global minimum of fin K.

The above cycle is repeated until the test is satisfied. In the simplest such
algorithm, the point yielding the least sampled value is used in (ii) as the starting point,
and the test in phase (iii) is satisfied if no improvement over f, is observed in one (or
more) further executions of phase (i). This simple test relies upon the fact that, as the
sample size increases, the probability of not improving over f,. decreases unless f, is
the global minimum. In this method no more than one local optimization is performed
in the region of attraction of a minimum: this good feature, unfortunately, is obtained
at the cost of wasting most of the information contained in the sample. Effective
algorithms require a more balanced compromise between the conflicting goals of
making good use of the available information and of reducing the risk of converging
to a local minimum already found: this can now be properly accomplished using
cluster analysis. The third step is clearly the critical part of these algorithms: it is
very difficult to evaluate the probability of the result being exact or, more generally,
the probability that some meaningful index of the error does not exceed a prefixed
level. Only very recently, some important steps have been taken in order to frame
the third step into correct statistical terms.

We now proceed to a closer analysis of steps (i)— (iii).
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(1) GENERAL PROPERTIES OF UNIFORM SAMPLING

We have already remarked, while discussing the general structure of proba-
bilistic methods, that the uniform sampling of f in K is meant to provide a sample
for the inferential processes to be carried out on in the following stages of the algo-
rithm, rather than to provide directly, as in the crude Monte Carlo, an approximation
to f*. Still, a 'per se' analysis of crude Monte Carlo can be performed, albeit only to
some extent and in mainly negative terms. Let K C K be such that m(Ky)/m(K) = a,
where m denotes the Lebesgue measure on K: the probability P(K;q) that at least
one point in the sample {xj}, j=1,...,q will belong to K is given by

P(Kyiq) =1 = (1 —a)f

Now, let Ky be a neighborhood of x*: one could derive, given a value ¢ and a
probability level P, a sample size g = log(1 —P)/log(l — @) and assume fg = min
f(x;) as an approximation to r*. 1=14q

A Monte Carlo procedure based upon the sequential application of this
formula has been proposed in [2]; nothing, however, can be said, for finite values ofq
and without specific assumptions about f, about the probablllty that the error fq i
exceeds a prefixed value, nor can we assure that the value /7 has been achieved in K.

If f€ L, ,(K), the effectiveness of random sampling can be evaluated against
that given by grid search, also for finite values of g. Uniform random sampling is
argued to be more effective than grid search for ¥ > 6 in [3], where the statistical
distribution of the largest gap of an N-dimensional uniform sample and therefore the
expected value of the error f(; — ™ are computed. A partially conflicting claim —
possibly due to more general assumptions about the location of x* —isin [6], where
the performance of uniform random sampling after the criterion of guaranteed ex-
pected accuracy is computed and shown to be poorer than that of grid search, which
is an optimal passive deterministic strategy.

(ii) CLUSTER ANALYSIS

By cluster analysis we mean a set of statistical techniques aimed at dividing
a set of data into subsets (clusters) of ‘similar’ objects (see [30,24] for a general
reference). Its relevance to the numerical solution of global optimization problems,
first stressed in [49,50], has been subsequently substantiated by a number of highly
successful implementations, of which we quote [15]. In the following, we shall briefly
outline a possible way of performing the basic steps in the application of a clustering
procedure to global optimization problems.

The original sample {x;},j= 1, ..., q is modified, discarding those points
whose function value is larger than (1 — v)f + 7fu, where 0 < y< 1 and f, andf#
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are, respectively, the smallest and largest observed value of the objective function.
Let {yj}, j=1,...,p be the new sample. Let Y be a random variable uni-
formly distributed in K = {x € K: f{x) < (1 = 7)fy + Yfub{y;} is a sample of Y:
clusters can now be associated to subsets of K where the distribution of Y is uniform,
i.e. to the connected components of the support of the density function of Y.

By means of clustering techniques it is then possible to allocate the points
{y]-} to different clusters in such a way that the points in the region of attraction of
the same local minimum are assigned to the same cluster.

Now we briefly mention a clustering technique as it has recently been imple-
mented in [19] which blends the positive features of the two main approaches known
in the literature, namely density and single-linkage clustering.

Clusters are grown around a center y, called seed point. The control of the
growth of the cluster is based upon the following result.

Let {xj},]'= 1,...,q be uniformly distributed in K; let also x € K be a
given point and pj be the distance between xjand x. Then it can be shown that

NPy ~ X3k

where A(q) = WN/zq/(m(K}-F(;—N + 1)) is the expected number of points in {x;},
j=1,...,q falling in the unit N-dimensional hypersphere, and Pk is the kth order
statistics from { p; hi=1,....q.

Therefore, given a probability level 1 — €, we can compute T(k) such that
P{p(k) < rg)g = 1 — e A cluster is built including those points of the sample
{y]-} belonging to Dg\Dy — | (Dy = ¢), where Dy, is the hypersphere centered in ¥
with radius r/;). When no more points can be added in this way, i.e. the set
(Dg 4 1\Dg) N {y]-} = ¢, the same cluster is enlarged by restarting the procedure from
each pointin D \Dy _;.

This basic scheme can be improved by the use of local searches along the
clustering procedure. A termination criterion of the whole clustering procedure can be
naturally embedded in a scheme of sequential sampling of f-

let Xy —; =(x{.x3, ... ,%5—) be the set of local minima already found;
when clusters have been grown around X,: —1» @ local search is applied to the un-
clustered point with the least function value, yielding a local optimum x. If X € X;_ 1>
-a cluster is grown around the starting point of the last local search detecting x; if
x¢ X,’,L 1> we set x; = X, perform a new sample {yj} and grow clusters around X;,' .
When all points have been clustered, or the local search has been applied to all un-

clustered points, the clustering procedure terminates.
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(iii) STOPPING RULES

A basic fact about global optimization algorithms which can now be properly
understood after the discussion of the clustering approach, is that the global part of a
successful algorithm, actually the probabilistic part of it, is connected not with the
numerical approximation of the global optimum, which is far more effectively per-
formed by local searches, but rather with the control of these local searches and the
decision whether a local minimum can be accepted as the global one. This fact, clearly
behind the computational success of the clustering approach, amounts to a recognition
of the multimodal structure of the objective function. This fact is clearly recognized in
the latest papers about global optimization, whose main concern is the development of
proper stopping rules. The main alternative approaches so far suggested will be dealt
with in the remainder of this section. An important step towards a precise mathe-
matical formulation of the stopping problem has been taken in [56].

Let X3 =(x],x3,...,x%) be theset of local minima of fin K and L : K—X7},
be an operator defined by L(x)E€ X}, which can be naturally interpreted as the appli-
cation of alocal search starting in x and converging to that local minimum x,'-' in whose
region of attraction x lies.

Let A7 = {x € K:L(x)=xj},i=1,...,kand 8; = m(A} )/m(K). The
normalization condition Elkz 1 m(A;) = m(K) holds and the value 6; will be called
the ‘share’ of the ith local minimum.

By solution of a global optimization problem we mean, in this context, the

determination of the values k and {6;,x;},i=1,...,k. AMonte Carlo method for
finding this solution can be set up computing from the original sample {x;},j=1,...,q
the values L{x;/: let Q; be the cardinality of the set L7Yx})n {xi}‘.7= L
Then the random variable (@4, 0>, . . . , O/ has the multinomial distribution:
PrOb{Ql =41 Q) T Ay = ‘lk}
! 4y 4 q
- 1 2 k
= 6,7 60,%....0," .
a9y -4y

Hence, a set of local extrema obtained by performing a number of local
searches from uniformly distributed starting points can be interpreted as a sample
drawn from this multinomial distribution. If the value k is known in advance, then
the random vector (Q1/q, Q5/a. - . . , Qy/q) is the standard minimum variance un-
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biased estimator of (8,6,, . . . ,0 ). If an upper bound U of & is known, we can still
apply the above estimator and compute the probability for each k¥ < U of being the
true number of local minima.

If nothing can be said @ priori about k, a Bayesian framework is required,
after which an a priori distribution is given on the set @ = {91,02, o Bpik=1,000 0
0<6;<1, Zl.kz 1 8;= 1} and after asuitable loss function has been defined, the opti-
mal decision can be made about the value k and the share of the local minima.

Therefore, as in [16], the a posteriori probability can be computed that
another local search will lead to the identification of a new local minimum. This in-
formation can be used to determine optimal Bayesian stopping rules to balance the
costs of premature termination and that of further sampling.

Let us now reformulate the global optimization problem as that of finding

the essential infimum of fin the compact set X :
f* = max{t:m(x € K:f(x) < t)/m(K) = 0}.

The above definition makes sense if f is Lebesgue measurable; if f € C (K),
the essential infimum coincides with the global optimum of definition (1.2). Thus,
apart from pathological cases of no computational interest, the two definitions can be
regarded as equivalent.

The interest of this new definition is that it is more sensible from a proba-
bilistic viewpoint — functions which differ on a set of measure zero are indistinguish-
able by a random sampling process; thus, it will be used to introduce the main ap-
proaches to the inferential process about the objective function and, more specifical-
ly, about its global optimum.

Let:

Y(t) = mix € K:f(x) < tj{jm(K)},

which is defined if fis Lebesgue measurable. It is possible to prove that

(i) ¢ isnon-decreasing.

(ii) Y is a.e. differentiable.

(iil) ¢ is continuous in R, provided that no set H C K exists such that
m(H)> 0 and f{x) = constant on H.

The essential infimum f* of f can thus be characterized by the condition

f* = max{t:y(t) = 0}.
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We define the e-approximation f* to f* as:
fE = max{t:y(1) < e},
and accept f, as an approxim(ation to f* within an ‘accuracy’ € if:
foe STfX de Y(f) < e, 4.1

since Y is a non-decreasing function of ¢.

Condition (4.1) bears no implication about the value of the error f, — f*:
it only implies that the probability of finding, by further uniform samples, a function
value lower than f is smaller than € and thus makes for a sensible stopping criterion
for an algorithm based on random sampling.

Should y(¢/) be known, then the validation of f, could be solved; but this is
not the case, apart from some trivial cases. The first idea which has been explored in
this framework was of derving an analytical approximation to ¥, based on random
sampling.

Let Z be a random n-dimensional vector uniformly distributed in K. If
P(t) = Prob{f{Z) < t} is the probability of hitting the set £(¢) = {x € K: f(x) < t},
then the uniformity of the distribution of Z implies ¥ = P. Thus, ¥ is also the distri-
bution function of the random variable f{Z).

Given a value ¢ and a sample Sq = {f(zj}}, i=1,...,q, where z; are samples
from Z, if p is the number of points hitting £/¢), then p/q is an unbiased estimator of
Y(t) One can construct a least squares spline approximatiog LI to the data thus ob-
tained, for different values of f, update the approximation ¢ as new samples are gen-
erated, and show that this regression function converges uniformly to . Oilce Yy can
be regarded as a satisfactory approximation it can be used to control whether Y (f,) < e.

Even if this approach is sensible and performs reasonably well on the usual
test problems, still it has two main drawbacks:

(1) no statistical measure of the confidence one can place in the result can
be derived;
(2) the choice of the approximation model is quite arbitrary.

A major step towards obtaining a simpler, more general and statistically
meaningful procedure has recently been taken by Betrd [12,13).

As ¢ is the probability distribution function of f{Z), then the e-approxi-
mation f2 is its quantile of order €. Thus, testing whether f,. < f is a problem of test-
ing about a quantile of an unknown distribution function. The approach is based on
the idea of modelling the distribution of the sampled values by a suitable family of
random distribution functions. These distribution functions are the sample paths of
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a suitable stochastic process and allow the making of inferences about the unknown
distribution on the basis of the sampled values. The family considered in [13,14] is
that of neutral to the right random probabilities, which enjoys the properties of be-
ing '‘wide enough’, closed under conditioning on the observed values and computa-
tionally manageable. The test in (4.1) is then formulated as a problem of optimal
decision: let djy denote the decision of accepting the hypotheses f, < f and d; the
decision of rejecting it; let the losses connected with the wrong decisions be meas-
ured by two positive constants wy and wy. Then the optimal decision, i.e. the one
which minimizes the expected loss, is:

dgy whenP(fC < f:} > wo/(w0 tw ),

a’1 otherwise.

This approach has been implemented in connection with a clustering tech-
nique and has proven extremely successful {14].

Another approach employs tools from order statistics [20.5,21.15]. Let
{xj}, j=1,...,q be uniformly distributed points in K; f, = min f] is a random
variable whose distribution is given by: j=1a

Galt) =1 =[1=y(1))7 .
For large values of g, Gq(t) takes the following asymptotic form

0 < f*
G,lt) = , (4.2)
exp(1 =(t=1*)%/aq) t =

where the influence of Y1/ is expressed by 3 parameters. It is possible to identify a
wide class of functions which this result applies to and to compute for those functions
the value a. The other unknown parameters can be estimated by a sequential
sampling process. Once G, is fully identified, it can in principle be used to provide
confidence statements, at different levels of probability, for the estimate to the
global optimum approximation as yet obtained. A main difficulty connected with the
use of order statistics is that an exceedingly large sample is required to test that the
distribution of the extremum can be modelled by the asymptotic expression (4.2).
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5. Random search methods

The basic structure of these methods can be simply outlined by the following
iterative formula:

M = Xt E

e it fimg) < fixy)

Xe+1
Xy otherwise .

Here & is drawn from some probability distribution y, given in K. Different
random search techniques depend on the choice of wy : it is natural to allow y to be
dependent on xy,x5, . .. ,xg and f{xy).f(x,), . . . f(x}) obtaining an adaptive
random search [44] These features can make random search techniques of some
computational interest in some instances of large scale nonlinear programming [4]
where we trade the typically slow convergence of random search techniques for their
reduced requirements of computer storage, in stochastic optimization [22,42], where
we capitalize on their robustness, and in some instances of global optimization prob-
lems, where the random nature of the search allows us to jump over local minima,
converging, albeit very slowly, to the global one [38]. General convergence conditions,
as well as computational results of specific choices of uy, are reported in [46].

Some instances of random search techniques can be viewed as stochastic
gradient techniques (see [23] for a general survey on the use of stochastic gradient
methods in systems optimization), and sensibly analyzed within the framework of the
properties of convolution operators, which can be shown to smooth out the local
minima of f for suitable choices of the kemel of the convolution and its parameters
[41].

6. Methods based on a stochastic model of the objective function

The basic idea of the methods considered in this section is to model the
objective function f as a sample path of a stochastic process ¢fx, w/ — the stochastic
model of f — where w is an unknown index which belongs to some sample space . A

probability distribution on £ is given by means of the finite dimensional joint distri-
butions

le,xz,...,xn(yl,yz,...,Yn/

= Plwigixjw) <y, j=1,....n Vn>0; x;,%5,...,x, €EK.
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This amounts to giving a probability distribution on the instances of global
optimization problems. Thus in this scheme, which was first suggested in [31.33]. we
can, at least in principle, move from worst case analysis to average case analysis. com-
puting the a posteriori expected performance of algorithms (e.g. of space covering
techniques), and we can design algorithms on the basis of average, rather than guaran-
teed accuracy. A consequence of modelling the objective function as a sample path
of a stochastic process is that probabilistic bounds for the error /* —f: can, at least in
principle, be computed.

Algorithms in this framework can be developed according to two criteria. Let
us assume that we can evaluate the objective function in n points; after the first
criterion the points are chosen in such a way as to minimize the expected value of the
objective function f; after the second scheme, evaluation points are chosen in such a
way as to minimize the probability that the final error exceeds a prefixed quantity e.
In this framework algorithms, or strategies (borrowing the notation of space-covering
techniques), can be considered vectors dy,dy, ... .d,. such that'd-, j=1,....nisa
measurable function of dy,d,, . . . ,d; -} and maps (K X R}/ into K. An n-step
strategy d, when applied to a function f, produces an n-tuple

M= dylx fx )X = (e flxy ) xg L flx, )
We know that E(f{x)|f{x ). f{x5), . .., f{xy)) is the least squares approximation to
f(x) given the observations f{x,/).f(x,), . . . ,f{x,). Then we can proceed, following

a dynamic programming scheme, by first computing

1N
I

. min  E(flx, )1 flx; ). fx, )

x,ek

d_ = arg min E(f(xn)lf(xlj,...,f(xn_l)) .

x,ek
Further steps backward lead to the determination of

u = min E(un(xl,f(xl),...,xn_l,f(xn_l}}l
X _IC—K

fxy) o flx, y))
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d = arg min E(un(xl.f{.\‘ )0 X, f(Y1—1))|

Yn*l =K

n—l1

fxy ) flx, =50

until the first evaluation point x‘ll =d; is found. The points \‘21 o g

by substitution in:

are then found

= dj(x‘li,f(x‘ll), C ,x/-d_l ,j'(x;tlj) =2, n.
It is easy to show that this strategy d is such that

Ef(x3) = wf E(fixd)),
d

where d ranges over all n-step strategies.

One can show under wide conditions [10], that E{f{x )—f*) - 0 for

n = < and that f(x, ) - f* m probablhty as 11 grows to mﬁmty In particular,
PUf(xZ)=*> e} = Inf Pif(xd)—f*> el.
d

If a strategy d exists for which the Inf is attained, then d is termed P-optimal
(optimal in probability): P-optimal strategies can be computed by a recursive scheme
analogous to that of F-optimal ones.

It should be clear that these optimality schemes do not lend themselves
easily to the design of actual optimization algorithms. which should rather use the
common one-step approximations, after which each point is chosen as it should be if
it were the last one. After this framework. the scheme for the choice of the next
point, corresponding to E-optimal schemes, can be defined as follows:

X4 = oag min  E(f(x) lf(xll, f(xzj, o ,f(xi)}

x <K

and analogously for the P-optimal scheme.

Let us first consider the case V =1, where one can take full advantage of the
characteristic properties of these schemes. Let K = [xg,Xx]: as a stochastic model for
£ the Wiener process is assumed for which
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flxg) = 1,
fix) = fly) ~ N(0,0* Ix=y]) Vxy€K.

This choice is sensible for the following reasons:

(1) it is a good model of the global behaviour of f and its goodness of fit can
be easily checked by testing the randomness and the normality of a sample of size N
of values of the objective function. These statistical tests lead to the rejection of the
Wiener model when the sample size N exceeds some value N: the rejection of the
Wiener process can be easily explained: when the number of observations is large, the
local feature of f becomes noticeable and the sample paths of the Wiener process, due
to its a.e. non-differentiability, are a very crude model of the local behaviour of a
smooth objective function:

(2) the following simple formulae hold: let

zZ, ={f(x].), j=1,...,n}, x€A; = [xpx;4¢) 1=0,...,n-1,

Hix) E(fix)\Z,)) = filx; 4, —X)/(xl-.,.l —x) [y =X ) x4 = %),
o2(x) = var (f{x)1Z,) = 0*(x ~=x;)(x;4 | ~x)/(x; 4, =X;)

while, fori=nandx € A, = [x,,x] we have:

ulx) = E(f(x)1Z,) = fix,),

I

o2(x) var (f(x)1Z,) = oz(x—xn) )

The following result can be shown to hold: let f{x), x € [a,b] be a Wiener
process such that ffa} = £, and consider the distribution

F(z) =P min  fft) < zIff{b) = fb .
a<x<bh

Then:

1 if  z> min{f,; £}
flz) =
expl = Afy = 2)fy ~2)/(oX(b~a)) z< min{f,: fy} -
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An effective one-dimensional algorithm can be designed which exploits
naturally the above formula [9].

The same approach could be extended to multivariable functions (¥ > 1)
considering gaussian random fields as stochastic models. The application of two such
models is reported in [34,40]: their numerical usefulness is severely limited by the
significant computational overhead connected with the updating of the inverse of the
covariance matrix.

A radical alternative for avoiding the large amount of computation required
to update the model is to use simplified models, based on heuristic considerations
rather than derived from a general random function [8.35.36].

Let f{xy). f{x5). . .. . f{x,,) be the values of [ in the pointsxy,x,, ..., X,
after a simple heuristic model we can assume Vxe K, x+ Xj, =1 n, that f{x)
is a normal random variable with expected value

po(x) = 3 (fx)Mx=x 1)) 3 (lx=xl) 6.1)

=1 i=1
and variance

o’%(x/ = ¢ min {le‘.\‘l-H}. (6.2)

i=1.n

where ||+ || is the euclidean norm and o2 is a parameter of the model. Even if (6.1) and
(6.2) are not derived from a random function, but assumed only on heuristic grounds,
we shall speak, allowing for some impropriety. of conditional probability of the r.v.
f{x}, meaning the probability, computed under the normality assumption to f{x/. and
related through (6.1) and (6.2) to the values of f{x/ already observed. A theoretical
analysis of simplified models has been developed in [57] in the framework of the
theory of rational choice.

The models considered in this last section have, at least in the authors’
opinion, two major drawbacks with negative computational implications: first, the
complexity of these models grows with the dimension of the problem, while the
statistical techniques outlined in sect. 4 are rather insensitive to the dimension of the
problem. Moreover, the design of the algorithms of this section is tuned to a reduction
(either in expected value, or in probability) in the error in the approximation to f. This
seems to be much more effectively accomplished by means of local searches, and this
fact is clearly recognized in the algorithms based on random sampling, where the proba-
bilistic part of the algorithm performs the ‘decisions’ and local searches perform the
approximation.
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