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w  I n t r o d u c t i o n  

1.1. Le t  T and X be n o n e m p t y  s e t s .  The  m a n y - v a l u e d  m a p  F :  T --" 2 X wi l l  be iden t i f i ed  with i t s  g r a p h  

in T x X, 

y(t) ---- {x~Z:  (t, z) ~ r }  v t ~ r .  

The  m a p  ~p : T ~ X is  c a l l e d  a s e c t i o n  o r  a s e l e c t o r  of F if (p(t) ~ F ( t )  f o r  a l l  t~T .  

1.2. L e t X  be a t o p o l o g i c a l  s p a c e , * ( T ,  ~g) be a m e a s u r a b l e  s p a c e .  The  m a p  ( p : T  - - X  is  s a id  to be 
m e a s u r a b l e  if ~ - ~ ( F ) ~ M  f o r  e v e r y  c l o s e d  s e t  F~X.  If (T, 5r is  a t o p o l o g i c a l  s p a c e  with a B o r e l  a - a l g e b r a ,  

then  the m e a s u r a b l e  m a p  ~p : T --* X is  named  B o r e l .  

1.3. F r o m  the L u s i n - Y a n k o v  t h e o r e m  [1, 2] fo l lows  the e x i s t e n c e  of a m e a s u r a b l e  s e c t i o n  when T and 
X a r e  B o r e l  s e t s  in P o l i s h  s p a c e s , t  F is  a Seus l in  se t ,  F(t) is  n o n e m p t y  fo r  a l l  t ~ T ,  and the a - a l g e b r a  ~ i s  
g e n e r a t e d  by  Sous l in  s e t s .  We r e c a l l  tha t  a con t inuous  i m a g e  of a P o l i s h  s p a c e  is  c a l l e d  a Sous l in  s e t  (Sousl in  
s e t s  a r e  a l s o  c a l l e d  a n a l y t i c  o r  A - s e t s ) .  V a r i o u s  v a r i a n t s  and g e n e r a l i z a t i o n  of the  t h e o r e m  men t ioned  a r e  
known; c e r t a i n  new r e s u l t s  of s i m i l a r  type  have  been  ob t a ined  in [3, 4]. However ,  f r o m  t h e s e  t h e o r e m s  it  is  

not p o s s i b l e  to e x t r a c t  the  e x i s t e n c e  of B o r e l  s e c t i o n s .  

1.4. In 1939 Novikov [5] p r o v e d  tha t  if F is  a P o l i s h  B o r e l  se t ,  then the po in t s  t f o r  which F(t) is non-  
e m p t y  and c l o s e d  f o r m  a s e t  tha t  is  the  c o m p l e m e n t  of a Sous l in  s e t  (CA-se t ) .  Two i m p o r t a n t  c o r o l l a r i e s  

s t e m  f r o m  th i s  r e s u l t .  

COROLLARY A [5]. If F is  a B o r e l  s e t  and a l l  F(t) a r e  c l o s e d ,  then the p r o j e c t i o n  of F onto T is a 

B o r e l  s e t .  

COROLLARY B [5].$ We a s s u m e  tha t  a l l  r ( t )  a r e  n o n e m p t y  and c l o s e d .  Then the fo l lowing  s t a t e m e n t s  
a r e  equ iva l en t :  1) r is  a B o r e l  se t ;  2) a d e n u m e r a b l e  f a m i l y  of B o r e l  s e c t i o n s  Cn : T --* X, n = 1, 2 , . . . ,  

e x i s t s  such  tha t  {r : n -- 1, 2 . . . .  } is  d e n s e  in F(t)  f o r  e ach  t~T .  

1.5. I t  is  v e r y  wel l  known tha t  N o v i k o v ' s  t h e o r e m  does  not c a r r y  o v e r  to the  c a s e  when T and X a r e  
a r b i t r a r y  P o l i s h  s p a c e s .  As  a m a t t e r  of fac t ,  l e t  T = [0, 1], X be a B a e r  s p a c e , * *  f : X  ~ T be  a con t inuous  
map ,  and f(X) be a Sous l in  but  not B o r e l  s e t  in T.  Then Y = f - i  is  c l o s e d  in T x X; consequen t l y ,  a l l  F(t)  a r e  

c l o s e d  in X, but  the  p r o j e c t i o n  of F onto T is  not a B o r e l  se t .  

1.6. A n o t h e r  a p p r o a c h  e x i s t s  to the  i n v e s t i g a t i o n  of m e a s u r a b l e  (and, in p a r t i c u l a r ,  B o r e l )  s e c t i o n s  of 

m a n y - v a l u e d  m a p s .  F o r  e v e r y  B o X  we se t  

F - '  (B) = {t ~ r : F (t) N B =/: ~} .  

Rokh l in  [7] showed  tha t  if (T, ~ )  i s  a m e a s u r a b l e  s p a c e ,  X is  a c o m p l e t e  s e p a r a b l e  m e t r i c  s p a c e ,  F(t) i s  non-  
e m p t y  and c l o s e d  fo r  a l l  t ~T ,  and F - ~ ( G ) ~ r  f o r  e v e r y  open s e t  G~X,  then  a m e a s u r a b l e  s e c t i o n  e x i s t s  f o r  
F .  A n a l o g o u s  r e s u l t s  w e r e  o b t a i n e d  l a t e r  b y  Sion [8], K u r a t o w s k i  and R y l l - N a r d z e w s k i  [9], and C a s t a i n g  [10]. 

1.7. Now l e t  the  the  a - a l g e b r a  ~ be c o m p l e t e  r e l a t i v e  to s o m e  a - f i n i t e  m e a s u r e  and X be a c o m p l e f e  
s e p a r a b l e  m e t r i c  s p a c e  with m e t r i c  p and l e t  a l l  F(t)  be n o n e m p t y  and c l o s e d .  In th i s  c a s e  C a s t a i n g  [10, 11], 
u s i n g  a r e s u l t  of D e b r e u  [12], e s t a b l i s h e d  the e q u i v a l e n c e  of the  fo l lowing  s t a t e m e n t s :  (a) F~J#@gJ,  w h e r e  9J 

* T h e  t o p o l o g i c a l  s p a c e s  be ing  c o n s i d e r e d  in the  p a p e r  a r e  a s s u m e d  to be Hausdor f f .  
t"A t o p o l o g i c a l  s p a c e  h o m e o m o r p h i c  to a c o m p l e t e  s e p a r a b l e  m e t r i c  s p a c e  is  c a l l e d  a P o l i s h  s p a c e .  

$ See [6, p. 94] f o r  the  p roof  of t h i s  r e s u l t  of Novikov.  
** See s u r v e y  [6], e . g . ,  about  B a e r  s p a c e .  

T r a n s l a t e d  f r o m  S i b i r s k i i  M a t e m a t i c h e s k i i  Z h u r n a l ,  Vol .  19, No. 3, pp. 617-623,  M a y - J u n e ,  1978. 
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d e n o t e s  a B o r e l  a - a l g e b r a  in X; 03) F - ' ( F ) ~ - ~ r  fo r  a l l  c l o s e d  F~X; (c) F - ' ( G ) ~ r  f o r  a l l  open G~X; 
(d) F - ' ( B ) ~ . ~  r fo r  a l l  B ~ ;  (e) the  func t ion  t-+p(x, F(t))----inf{p(x, y )  : y ~ r ( t ) }  is  m e a s u r a b l e  fo r  e v e r y  
x~X; if) F p o s s e s s e s  a d e n u m e r a b l e  f a m i l y  of m e a s u r a b l e  s e c t i o n s  ga n :  T --" X (n = 1, 2 . . . .  ) such  tha t  {gon(t) : 
n = 1, 2 . . . .  } is  d e n s e  in F(t) f o r  a l l  t~T. The cond i t i on  of d e n s e n e s s  of ~r is  e s s e n t i a l  h e r e .  

1.8. In w we ob ta in  a B o r e l  a n a l o g  of th i s  t h e o r e m  in the c a s e  when T is  a B o r e l  s e t  in a P o l i s h  s p a c e  
and X is  a m e t r i c  s p a c e  be ing  the union of a d e n u m e r a b l e  se t  of c o m p a c t a .  Th i s  r e s u l t  is  a c o r o l l a r y  of 
N o v i k o v ' s  t h e o r e m  and is p r o v e d  with the  he lp  of a s s e r t i o n  A. 

The  ma in  r e s u l t  of the p a p e r  is  the  t h e o r e m  in w s t a t i n g  tha t  if F(t) a r e  convex  m e t r i z a b l e  c o m p a c t a  
in a l o c a l l y  convex  s p a c e ,  con t a ined  ia s e t  X, whi le  F is  a B o r e l  s e t  in T •  then u n d e r  c e r t a i n  c o n d i t i o n s  
on X the s e t  {(t, x ) : x  is  an e x t r e m e  poin t  of F(t)} is  B o r e l  too. 

w  B o r e l  S e c t i o n s  

2.1. 'Are sha l l  s a y  tha t  a t o p o l o g i c a l  s p a c e  X e n t e r s  into c l a s s  aMK if it  is  r e p r e s e n t a b l e  in the f o r m  

X = ~ Kn, w h e r e  a l l  Kn a r e  m e t r i z a b l e  c o m p a c t a .  It is  e a s y  to see  that  X~(rMK if and on ly  if X is  a c o n -  
n-=i  

t inuous  i m a g e  of a c l o s e d  s u b s e t  of the r e a l  l ine .  (As a m a t t e r  of fac t ,  the s u f f i c i e n c y  of th i s  cond i t i on  is  
obv ious ,  whi le  the n e c e s s i t y  fo l lows  f r o m  the fac t  tha t  e v e r y  m e t r i z a b l e  c o m p a e t u m  is  a con t inuous  i m a g e  of 
a Can to r  se t . )  Into c l a s s  aMK e n t e r ,  in p a r t i c u l a r ,  s e p a r a b l e  m e t r i z a b l e  l o c a l l y  c o m p a c t  s p a c e s  and weak  
a d j o i n t s  to s e p a r a b l e  m e t r i z a b l e  l o c a l l y  convex  s p a c e s .  

2.2.  LEMMA (on P r o j e c t i o n ) .  L e t  T be a B o r e l  s e t  in a P o l i s h  s p a c e  and l e t  X~(~Mt~. If a s e t  F c T X X  
is  B o r e l  and F(t) is  c l o s e d  fo r  e v e r y  t~T, then the p r o j e c t i o n  ~r (F) of s e t  F onto T is  a B o r e l  s e t .  

P r o o f .  We have  X = f(X1), w h e r e  X 1 is  a c l o s e d  s u b s e t  of the r e a l  l ine  and the m a p  f :X1  - - X  is con -  
t inuous .  F u r t h e r ,  T is B o r e l  i s o m o r p h i c  to s o m e  B o r e l  s e t  T i c  [0, 1], i . e . ,  T = g ( T 0 ,  w h e r e  g :  T1 -"  T is  
a o n e - t o - o n e  B o r e l  map ,  and the m a p  g- I  is  B o r e l  too (see w in [13]). Then  gQ/:T1XXI--+TXX is  a Bore [  
map;  c o n s e q u e n t l y ,  F ~ =  (gQ[) -I(F) is  a B o r e l  se t  in T~ xx I. In add i t ion ,  

r ,( t~) = F ~ [ r ( . t ( t O ) ]  v t , ~ T , ,  

and f r o m  the con t i nu i t y  of f i t  fo l lows  tha t  a l l  the  s e t s  F l ( t i ) ,  t~T~, a r e  c l o s e d  in X 1. A c c o r d i n g  to s t a t e m e n t  
A the p r o j e c t i o n  ~rl(F l) of s e t  F I onto T 1 is  a B o r e l  se t ,  but ~(F)  = g(vl (F1)) .  Th i s  c o m p l e t e s  the p roo f  s i n c e  
g is  a B o r e l  i s o m o r p h i s m .  

2.3.  P r o p o s i t i o n .  Le t  T be a B o r e l  s e t  in a P o l i s h  s p a c e ,  X be a m e t r i c  s p a c e  with m e t r i c  p, be ing  the 
union of a d e n u m e r a b l e  s e t  of c o m p a c t a ,  and a l l  F(t) be n o n e m p t y  and c l o s e d .  Then  the fo l lowing  s t a t e m e n t s  
a r e  equ iva l en t :  

(a) 

03) 

(c) 

(d) 

(e) 

(f) 

(g) 

F is  a B o r e l  set ;  

r -1 (F) is  a B o r e l  s e t  fo r  e v e r y  c l o s e d  FcX;  

F - l (K)  is  a B o r e l  s e t  f o r  e v e r y  c o m p a c t u m  KcX;  

F-I (G)  is  a B o r e l  s e t  fo r  e v e r y  open GcX: 

t - + p ( x ,  F(~))~- inf{p(x,  y ) : y ~ P ( t ) }  is  a B o r e l  func t ion  on T fo r  e v e r y  x~X; 

(t, x) ~ p(x, F(t))  i s  a B o r e l  func t ion  on T •  

t h e r e  e x i s t s  a d e n u m e r a b l e  f a m i l y  Cpn : T ~ X (a = 1, 2 . . . .  ) of B o r e l  s e c t i o n s  of F such  tha t  {~Pn(t) : 
n = 1 ,  2 . . . .  } i s  d e n s e  in F(t)  f o r  a l l  t~T. 

F o r  X = R n t h i s  p r o p o s i t i o n  was  p r o v e d  a s  T h e o r e m  1.6 in [14]. 

P r o o f .  (a) =*- 03). F "1 (F) i s  a p r o j e c t i o n  onto T of the  s e t  F'  = (T • F) N P and,  s ince  U (t) = F n F (t) is  c l o s e d ,  
i t  r e m a i n s  to a p p l y  the  l e m m a .  

03) =~ (c). Obvious .  

(c) =~ (d). Th i s  fo l lows  f r o m  the f ac t  that  an open se t  in X is  r e p r e s e n t a b l e  a s  a union of a d e n u m e r a b l e  
s e t  of c o m p a c t a  and 

F-1(,~=1 ~ B h ) = ~ = i  ~ F-~(Bh)" 
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(d) =~ (e). We have  { t :p (x ,  r ( t ) )  < a}  = F - l (U(x ,  a ) )  f o r  e v e r y  a > 0, w h e r e  U(x, a )  is  an open ba l l  of 
r a d i u s  a with c e n t e r  a t  x .  

(e) =~ (f). T h i s  fo l lows  f r o m  the  e q u a l i t y  

p(x, F ( t ) ) = i n f ( f l ( x ,  x , ) + p ( z , ,  r ( t ) ) ) ,  
n 

w h e r e  the  s e q u e n c e  {Xa} is  eve ry~vhere  d e n s e  in X. 

(f) =~ (a). We have  F = {(t, x ) : p ( x ,  F(t))  = 0}. 

Thus ,  we have  v e r i f i e d  the  e q u i v a l e n c e  of s t a t e m e n t s  (a)-(f) .  

(g) =~ (d). T h i s  fo l lows  f r o m  the  obv ious  e q u a l i t y  F-~(G) = ~ (p~-i(G). 

(a) =~ (g). L e t  X = ~ Ki, w h e r e  the  K i a r e  c o m p a c t a .  We s e t  F i  = r f ] ( T •  and by  T i we denote  the  
i = i  

p r o j e c t i o n  of  F i onto T. We have  F =  ~ r i ,  T = ~ T~. F u r t h e r ,  T i = F - I ( K i ) ,  c o n s e q u e n t l y ,  Ti  is  a B o r e l  

s e t .  We c o n s i d e r  F i  a s  the  m a n y - v a l u e d  m a p  Ti  ~ 2 Ki.  We wish  to show tha t  s t a t e m e n t  (g) is  v a l i d  fo r  F i. 
Le t  us  a s s u m e  tha t  t h i s  has  a l r e a d y  been  p r o v e d ,  i . e . ,  t h e r e  e x i s t s  a s equence  ~0in: T i ~ K i (n = 1, 2 . . . .  ) of 
B o r e l  s e c t i o n s  of F i such  tha t  {~Pin(t) : n = 1, 2 . . . .  } is  d e n s e  in Fi( t )  f o r  a l l  t~T,. Then  the f a m i l y  of m a p s  

i (~ln ( t )  fO[ t ~ T1,  

, % ~ ( t )  for t ~  T ~ T  i, 
~ ,  (t) = i . . . . . . . . . . .  

l r  (t) for t ~T~ \ (T1U. . . [ JT i - t ) ,  

s a t i s f i e s  the cond i t i ons  of s t a t e m e n t  (g) f o r  F .  Thus ,  it  r e m a i n s  to  v e r i f y  tha t  (g) holds  fo r  F i, but t h i s  f o l -  
l ows  e a s i l y  f r o m  the  c i t e d  r e s u l t  of Rokhl in .  The p r o p o s i t i o n  has  been  p r o v e d  c o m p l e t e l y .  

2.4.  R e m a r k s .  1 ~ The  i m p l i c a t i o n  (a) =~ (g) ho lds  f o r  an a r b i t r a r y  X~(~ZVIK. As a m a t t e r  of fac t ,  if 

X = ~ K~, w h e r e  the  K i a r e  m e t r i z a b l e  c o m p a c t s ,  then F~ = F N ( T x K ~ )  and i t s  p r o j e c t i o n  Ti  onto T is a B o r e l  
~=~ 

se t  and e v e r y t h i n g  is d e r i v a b l e  f r o m  the p r o p o s i t i o n  a s  a p p l i e d  to the  m a p  F i : T i ~ 2 Ki .  We need th i s  f ac t  
l a t e r  on. 

2 ~ F r o m  the  s t a t e m e n t s  in the p r o p o s i t i o n  it does  not  f o l l ow  t h a t  F - I ( B )  is  a B o r e l  s e t  fo r  e v e r y  B o r e l  
B=X. We p r e s e n t a  c o u n t e r e x a m p l e .  L e t X = T •  w h e r e T  = Y = [ 0 ,  1], B i s a  B o r e l s e t  (of type  Gs) i n X ,  
but  i t s  p r o j e c t i o n  7r(B) onto T is  not a B o r e l  s e t .  The  s e t  F = { ( t ,  x) :x=( t ,  y), t~T, y~Y} is  B o r e l  and F(t) = 
{t} • Y is  c l o s e d  in X f o r  e v e r y  t~T. At the s a m e  t i m e ,  F -~ (B)--~ {t:(t. y i ~ B f o r  s o m e  y~Y}  = n ( B ) .  

w  M a p s  w i t h  V a l u e s  in  C o n v e x  C o m p a c t a  a n d  E x t r e m e  P o i n t s  

3.1.  L e t  X be a s u b s e t  of a l o c a l l y  convex  s p a c e  (LCS) ~, p r o v i d e d  with an induced  topo logy .  We sha l l  
e x a m i n e  s e t s  X hav ing  the fo l lowing  p r o p e r t i e s .  

1 ~ X~oMK, and t h e r e  e x i s t s  a s e q u e n c e  of m e t r i z a b l e  c o m p a c t a  K i such  tha t  X = ~ Ki;  e v e r y  convex  

m e t r i z a b l e  c o m p a c t u m  in X is  c o n t a i n e d  in one of the  K i. 

2 ~ On X t h e r e  e x i s t s  a B o r e l  func t ion  p whose  r e s t r i c t i o n  pl K on e v e r y  convex  m e t r i z a b l e  c o m p a c t u m  
K ~ X  i s  a con t inuous  s t r i c t l y  convex  func t ion  on K. 

E x a m p l e s  of such  X a r e  a m e t r i z a b l e  c o m p a c t u m  in an a r b i t r a r y  LCS X, a s  wel l  a s  the whole  s p a c e  X, 
when ~ i s  a weak  ad jo in t  to  a s e p a r a b l e  m e t r i z a b l e  LCS E.  In the  f i r s t  c a s e  

p (x) = ~ 2 -n  
<x, 

. = ,  

w h e r e  the  s e q u e n c e  {x~} = ~r s e p a r a t e s  the  po in t s  of X, q(x v) ~ m a x { l ( x ,  x')l :x~X}. In the  s econd  c a s e  we can  

t ake  

p (x) ~ ~ + q, (er,), = 2 -'z- (%, x}2 
n-= 1 

w h e r e  the  s e q u e n c e  {en} i s  d e n s e  in E, ql -< q2 --< �9 �9 - is  a s e q u e n c e  of p r e n o r m s  de f in ing  the  t opo logy  in E.  
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3.2.  By e x K  we denote  the  s e t  of e x t r e m e  poin ts  of a convex  c o m p a c t u m  K. 

T H E O R E M  (on E x t r e m e  Po in t s ) .  Le t  T be a B o r e l  s e t  in a P o l i s h  space ,  X be a s e t  in a LCS ~., p o s -  
s e s s i n g  p r o p e r t i e s  1 ~ and 2 ~ r be a B o r e l  s e t  in T •  and r ( t )  is  a no •  convex  m e t r i z a b l e  c o m p a c t u m  
fo r  e v e r y  t~T.  Then the s e t  r o x - ~ { ( t , x ) ~ T •  B o r e l  too.  

Th i s  t h e o r e m  g e n e r a l i z e s  T h e o r e m  1.7 in [14] in which X ~ - - : ~ R  n. C l o s e l y  r e l a t e d  q u e s t i o n s  w e r e  
s t ud i ed  in [15, 16]. 

3.3. P roo f .  We c o n s i d e r  a l i n e a r  s p a c e  ~ of r e a l  func t ions  ~ on X, whose  r e s t r i c t i o n s  ~ IKi a r e  con -  
t inuous  func t ions  on K i. In ~ we i n t roduce  the topo logy  of u n i f o r m  c o n v e r g e n c e  on c o m p a c t a  Ki (i = 1, 2 . . . .  ), 
de f ined  by the s equence  of p r e n o r m s  ] i~[]~max{[~(x)  l:x~K~}. It is  e a s y  to s ee  tha t  ~ is  c o m p l e t e .  L e t  us  
show tha t  it  is  s e p a r a b l e .  F o r  each  i t h e r e  e x i s t s  a d e n u m e r a b l e  f a m i l y  ~ i  of con t inuous  func t ions  on Ki,  
e v e r y w h e r e  dense  in C (Ki). F r o m  the T i t z e -  U r y s o n  l e m m a  it fo l lows  tha t  e v e r y  funct ion  f r o m  r  can  be con -  
t inued up to some  func t ion  ~ .  The  union o v e r  i of a l l  t h u s - o b t a i n e d  d e n u m e r a b l e  f a m i l i e s  of func t ions  on 
X is  e v e r y w h e r e  d e n s e  in $'. Thus  ~' is  a P o l i s h  s p a c e .  

As  is  wel l  known (see  [17], f o r  e x a m p l e ) ,  f o r  e v e r y  m e t r i z a b t e  convex  c o m p a c t u m  K 

ex K =  {x~K: px (x) -~ pK (x) }, 

w h e r e  PK is an a r b i t r a r y  con t inuous  s t r i c t l y  convex  funct ion  on K, px(x)  ~-inf{h(x) :h~H(K)};  H(K) is  a s e t  of 
con t inuous  af f ine  func t ions  on K, m a j o r [ z i n g  PK. F r o m  the  T i t z e - ~ U r y s o n  l e m m a  and p r o p e r t y  1 ~ of s p a c e  X 
i t  fo l lows  e a s i l y  tha t  e v e r y  con t inuous  func t ion  on K can  be con t inued  up to s o m e  func t ion  ~ ' .  T h e r e f o r e ,  

ex F(t)----- { x ~ F ( t )  : p(x) = p ( t ,  x)} Vt~T,  

w h e r e  p(t ,  x ) ~ - i n f { ~ ( x ) : ~ 9 ~ ( t ) }  v( t ,  x ) ~ F ,  ~----- {(t, ~ ) : ~ [ r ( t )  is  an aff ine func t ion  and ~(x) ~> p(x) v x ~  
F ( t ) } ~ T X ~ .  

Le t  {~Pn} be a d e n u m e r a b l e  f a m i l y  of B o r e l  s e c t i o n s  of F and l e t  {CPn(t) : n = 1, 2 . . . .  } be d e n s e  in r ( t )  f o r  
a l l  t ~ T  (see  R e m a r k  1 ~ in w F o r  any  p o s i t i v e  i n t e g e r s  m and n and f o r  any  r a t i o n a l  n u m b e r  r ,  0 <- r -< 1, 
we def ine  the  s e t  

~ , ~ { ( t ,  ~ ) ~ T X ~  :~ ( r~ ( t )  + ( l - - r ) ~ ( t )  ) =r~ (%,(t) ) + ( i - - r ) ~ ( ~ ( t ) ) ,  ~ (q~(t) ) ~ p ( ~ ( t )  ) }. 

It is  e a s y  to s e e  tha t  ~ =  N Jdm~, Le t  us  show tha t  ~ is  a B o r e l  s e t  in T• It is  ev iden t  t ha t  fo r  th i s  m , n , r  

it  i s  su f f i c i en t  to v e r i f y  tha t  F( t ,  ~) = ~(r  is  a B o r e l  funct ion  on T• f o r  any  B o r e l  m a p  r : T ~ X .  We have 
F = F 2 o f t ,  w h e r e  the m a p s  F~:TX~--~X•  and F2 : X •  a r e  g iven  by  the e q u a l i t i e s  F~ (t, ~) = ((p(t), ~) and 
F2(x, ~) = ~(x). The m a p  Ft  is  o b v i o u s l y  B o r e [ .  F u r t h e r ,  the r e s t r i c t i o n  of F 2 oa s e t  K~X~ is  cont inuous .  As  
a m a t t e r  of fac t ,  if (x~, ~ ) ~ K , •  (x k, ~k) ~ (x, ~), then ~(Xk) '~  ~(x), s i n c e  ~[Ki  is  con t inuous  and,  c o n -  
s equen t ly ,  

a s  k ~ ~ .  Then  F2 is  a B o r e l  funct ion on X •  and F is a B o r e l  funct ion  on T• Thus ,  ~ d ~  i s  a B o r e l  s e t  
and,  consequen t l y ,  ~ is  a B o r e l  s e t  a s  wel l .  

The  se t  

~ - -  {(t, z, ~):x~r(t) ,  ~ ( t ) } ~ T X X X ~  

is  B o r e l  s ince  it is  h o m e o m o r p h i c  to the  B o r e l  s e t  

{(t~, x, t~, ~)~rx~:t~=t~}~(Txx)x(rx~). 

The s e t s  

a r e  B o r e l  too; 

s e t  s i n c e  Fex= 

. ~ = _ ~ n { ( t , z , r  ( n = t , 2  . . . .  ) 

consequen t ly ,  t h e i r  p r o j e c t i o n s  • onto T x X  a r e  Sous l in  s e t s . *  Then Fen  too is a Sous l in  

• (~-con). On the o t h e r  hand,  F \ F r  is  a Sous l in  se t ,  be ing  the i m a g e  of the  Bore [  se t  

~ ' =  {(t, x, y ) : z~r ( t ) ,  y~r( t ) ,  x-C-y}~T•215 

r e l a t i v e  to the  con t inuous  m a p  (t, x, y) ~ (t, {• + y ) /2 ) .  

* T h i s  fo l lows  f r o m  the f ac t  tha t  X~aMK and f r o m  the c o r r e s p o n d i n g  r e s u l t  f o r  P o l i s h  s p a c e s  [13]. 
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Thus,  r e x  and its complement  F \ r e x  a re  Sousiin se ts .  We set  F~=F[](T• Then F~NFex and 
F~\Fe~ = r~ N (l~\rex) a re  Souslin se ts  without points in common and, since the i r  union F i is a Borel  set  in a 

Pol ish  space,  r i  N rr is a Bore l  set .  Since this is t rue  fo r  each i, the set  r e x  = [ J  (r~ N r~)  also is Borel .  
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