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Summary. This paper develops a simple reaction- 
kinetic model to describe electrogenic pumping and 
co- (or counter-) transport of ions. It uses the stan- 
dard steady-state approach for cyclic enzyme- or 
carrier-mediated transport, but does not assume 
rate-limitation by any particular reaction step. Vol- 
tage-dependence is introduced, after the suggestion of 
L~iuger and Stark (Biochim. Biophys. Acta 211:458- 
466, 1970), via a symmetric Eyring barrier, in which 
the charge-transit reaction constants are written as 
k12 = k~2 exp(z FA 7J/2RT) and k21 = k~l exp(-  z FA 71/ 
2RT).  For interpretation of current-voltage 
relationships, all voltage-independent reaction steps 
are lumped together, so the model in its simplest 
form can be described as a pseudo-2-state model. It 
is characterized by the two voltage-dependent re- 
action constants, two lumped voltage-independent 
reaction constants (~12, ~c21), and two reserve factors 
(h, ro) which formally take account of carrier states 
that are indistinguishable in the current-voltage 
(l-V) analysis. The model generates a wide range of 
I-V relationships, depending on the relative magni- 
tudes of the four reaction constants, sufficient to 
describe essentially all I-V data now available on 
"active" ion-transport systems. Algebraic and 
numerical analysis of the reserve factors, by means 
of expanded pseudo-3-, 4-, and 5-state models, shows 
them to be bounded and not large for most com- 
binations of reaction constants in the lumped path- 
way. The most important exception to this rule oc- 
curs when carrier decharging immediately follows 
charge transit of the membrane and is very fast 
relative to other constituent voltage-independent re- 
actions. Such a circumstance generates kinetic equiv- 
alence of chemical and electrical gradients, thus pro- 
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viding a consistent definition of ion-motive forces 
(e.g., proton-motive force, PMF). With appropriate 
restrictions, it also yields both linear and log-linear 
relationships between net transport velocity and ei- 
ther membrane potential or PMF. The model thus 
accommodates many known properties of proton- 
transport systems, particularly as observed in 
"chemiosmotic" or energy-coupling membranes. 

Key words: electrogenic pump, reduced kinetic mod- 
el, Eyring barrier, current-voltage curve, ion-motive 
force, chemical rectification 

Four different categories of concentrative or "ac- 
tive" transport systems have thus far been identified 
in biological membranes, classified on the basis of 
the manner in which metabolic energy is coupled to 
them. In the plasma membranes of nearly all animal, 
plant, and microbial cells, as well as in many sub- 
cellular organelles, are 1) ATP-driven ion pumps 
which reside in identifiable membrane ATPases (e.g., 
the N a + - K  + ATPase [27, 73, 83] and at least 
three distinct H+-ATPases [5, 21, 28, 67, 74]), and 2) 
ion-gradient driven co- and countertransport sys- 
tems for a variety of metabolic substrates (e.g., for 
sugars [18, 41, 44, 47, 48, 80, 91], amino acids [7, 18, 
45, 80, 84], and nucleotide precursors [70]). In the 
membranes of many prokaryotes and the energy- 
coupling organelles of eukaryotic cells are 3) a va- 
riety of redox-driven ion (proton) transport systems 
[49, 90]; and in certain bacteria 4) sugar transport is 
driven pari passu by transphosphorylation, a process 
dubbed "group translocation" [75]. With some im- 
portant exceptions (see e.g., Diamond [16], Sachs et 
al. [74]), the preponderance of transport systems in 
the first three categories are electrogenic; that is, 
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they transfer electric charges through the membrane 
in which they reside. 

In recent years, Mitchell's "Chemiosmotic Hy- 
pothesis" for photo- and oxidative phosphorylation 
has stimulated great interest in the chemistry of such 
charge transfer reactions in biological membranes, 
but the too l s -bo th  theoretical and experimental 
- f o r  modeling charge flow within the framework of 
enzymatic reactions are only slowly becoming avail- 
able. Except in the study of certain photo-redox 
reactions [40, 90], there has been a tendency to 
regard electrical events as epiphenomenological, 
rather than fundamental. An important manifes- 
tation of this idea has been the notion that passive 
channel structures mediate the transmembrane por- 
tion of pumped charge flow [69]. Morowitz [66], 
however, has pointed out that ordinary channels, by 
being purely dissipative, are not competent for such 
tasks as oxidative phosphorylation; accordingly, the 
putative channel proteins associated with some ion 
pumps [67] have been reinterpreted as ion-semicon- 
ductors. In the case of proton pumps, such proton 
semiconductors would transfer electrochemical en- 
ergy through the membranes via shifting hydrogen 
bonds. 

From a strictly kinetic point of view, also~ it is 
clear that charge transfer reactions are central, rath- 
er than peripheral, to the underlying mechanisms. 
Essentially all transport processes can be represen- 
ted as a cyclic series of reactions, in which mem- 
brane transit steps alternate in some fashion with 
membrane surface or interface (loading, unloading) 
reactions. To a first approximation, only the mem- 
brane transit steps should be sensitive to the trans- 
membrane gradient of electric potential [56]. In 
other words, potential-dependent steps in the overall 
transport cycle are conceptually distinct from the 
steps of ion-binding or release and the steps of (for 
example) energizing transphosphorylation. (The lat- 
ter, of course, may be influenced separately by mem- 
brane surface charge.) 

Now, an exceedingly useful device for charac- 
terizing ordinary enzymatic reactions has been the 
steady-state velocity-concentration plot, in which the 
rate of appearance of product is displayed as a func- 
tion of the reactant concentration. Following upon 
the early work of Wilbrandt and his collaborators 
[95], the same device has been applied to transport 
processes-active and passive-with considerable 
descriptive success, especially in those cases (e.g., the 
Na § -K--  ATPase) where partial reaction chemistry 
has been accessible [23, 43, 73]. 

In the case of enzymes whose reaction product is 
electric current, a third dimension is added to the 
steady-state kinetic picture viz., the electrical poten- 
tial gradient or (in the simplest cases) the transmem- 

brahe difference of potential, universally called the 
"membrane potential." Since 1964, when Finkelstein 
[20] explicitly modeled active transport systems 
with a diffusion paradigm, numerous other attempts 
have been made to incorporate this third dimension 
into the overall kinetic description [e.g., 13, 24, 55, 
57, 59]. But, quite apart from certain conceptual 
difficulties, most treatments have been limited by the 
problems of algebraic complexity inherent in any 
multiple-substrate enzymatic reaction. While it is 
clearly possible-given sufficient information or as- 
sumptions about underlying reaction constants- to  
calculate how reaction velocity (transport) should 
vary with substrate concentration or the membrane 
potential, the practical inverse problem, of estimat- 
ing underlying reaction constants from measured 
velocities, potentials, and concentrations, has not 
been addressed. 

A major purpose of the present paper, therefore, 
is to consider just what a careful steady-state kinetic 
description can reveal about underlying reaction 
constants for electrogenic "active" transport sys- 
tems. In order to have a convenient handle, the term 
"carrier" will be used to refer to different forms of 
the transport system. That should not be taken lit- 
erally, however. As in any kinetic description, it is 
the number of possible states and the arrangement 
of pathways between them, not the explicit physical 
interpretation, which characterizes the system. For 
the sake of simplicity, we will make two assumptions 
that are conventional in kinetic analyses of transport 
systems: a) that total carrier is conserved (fixed), and 
b) that all measurements are carried out under 
steady-state conditions. In addition, we shall restrict 
consideration c) to models having only a single 
pathway for flow of charge through the membrane; 
and we shall discuss d) variations of reaction ve- 
locity (current flow) as a function of membrane po- 
tential only, not of substrate concentration. 

The effects of variable substrate concentration, 
multiple charge-flow pathways, and nonsteady-state 
conditions will be analyzed in subsequent papers. A 
restricted treatment of the consequences of variable 
substrate concentration~ applied to chloride trans- 
port in giant algae, has recently been published [76]. 
A synopsis of results in the present paper with appli- 
cation to two specific electrogenic pumps, is being 
published in a symposium on Electrogenic Ion 
Pumps [32], and two preliminary reports have ap- 
peared [34, 51]. 

Definitions 

Classes 

In order to confine scope of the present paper with- 
in manageable limits, and, at the same time, to pro- 
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Fig. 1. Simplified reaction-sequence diagrams for electrogenic "ac- 
tive" transport systems. A. A reversible ATP-driven proton pump. 
B. A proton-coupled sugar cotransport system. Both diagrams are 
meant to be illustrative of kinetic models presentIy in use, but not 
necessarily realistic, either for the specific steps or the particular 
ion. Dashed boxes enclose the voltage-dependent reaction path 

vide a framework for later generalization and expan- 
sion of the results, it is useful to classify ion trans- 
port models according to the number of distinct 
transmembrane pathways over which charge can be 
transferred. Class O models are those having no 
charge-transfer steps, and would describe such trans- 
port processes as neutral Na + - C 1  cotransport in 
gall bladder [16], and perhaps the emerging K + 
- N a  + - 2 C 1 -  cotransport by erythrocyte and cul- 
tured-cell membranes [25, 50, 77]. Class I models 
are those having a single charge-transfer step, and 
have been applied to a number of familiar transport 
processes, two of which are diagrammed in simple 
form in Fig. 1: A) pumped proton extrusion by var- 
ious microorganisms and plants [7, 28, 84], and B) 
H+-sugar cotransport or Na+-sugar cotransport in a 
large variety of membranes [18, 41, 42, 44, 47, 48]. 
In both of the models shown, there is only a single 
pathway (enclosed in the dashed rectangle) for 
charge to cross the membrane, and we assume this 
pathway alone is voltage-sensitive [56]. All other 
steps take place as scalar chemical reactions in the 
membrane-solution interfaces or as transit through 
the membrane by electrically neutral species (in 
these models, unbound carrier). 

Class II models are those with two distinct charge 
transport limbs, as must be postulated minimally 
for the sodium pump ( N a + - K  + ATPase) of ani- 
mal-cell membranes [43], for Na + - Ca + + exchange 
transport seen in nerve membranes [71], and for 
Na + - H  + or K + - H  + exchange transport observed 
in bacteria [6, 10, 68, 78] and in renal tubules [47]. 
[It should be noted that Class II models (more 
generally, Class-Even models) need not be electro- 
genic overall during steady-state operations; but 
even then individual reaction rate constants and the 
overall cycle rate can be voltage sensitive.] Class III, 
Class IV, or higher models might seem superfluous 
at the present time, but their existence has in fact 

already been postulated, to account for electrogenic 
K + - H  + exchange through lipid films, mediated by 
nigericin [60]; they should also perhaps be consid- 
ered in connection with multi-ion exchange mecha- 
nisms observed under osmotic stress in erythrocyte 
and cultured-cell membranes [25, 50, 77] and under 
pH stress in various excitable membranes [93, 94]. 

Carrier States 

Within any one class, models which attempt to be 
physically realistic are likely to incorporate many 
distinct forms, or states, of the carrier. For the best- 
described simple carrier system, the valinomycin-K ~ 
system, relaxation kinetic data support the existence 
of at least four states: loaded, unloaded, located at 
the membrane inside surface, and located at the 
membrane outside surface [56, 87, 88]. For the best 
understood active transport system, the Na + - K  + 
pump, a minimum of eight different states of the 
carrier seem to be required [43, 73], and most ion- 
coupled cotransport systems seem to demand at 
least six different carrier states [24, 48, 76]. Of course, 
the actual number of physically distinct carrier 
states is not known with certainty for any transport 
system, which means that any particular model, en- 
visioned with m distinct states of the carrier, is most 
appropriately referred to as a pseudo-m-state model. 
The term n-state model will be reserved for all "real" 
models. 

In order to simplify the computational notation, 
subscripting numbers will be attached to the states 
of any m-state Class I model, according to the con- 
vention illustrated in Fig. 2: odd subscripts for car- 
rier states located at the membrane inside surface, 
even subscripts for carrier states located at the mem- 
brane outside surface. For Class I models, number- 
ing should begin with the charge-sensitive carrier 
forms as states 1 and 2, keeping the subscript num- 
bers in register across the membrane, as far as possi- 
ble. Apparent reaction constants will be designated 
with the corresponding state subscripts (e.g., k12 for 
the transition from state N[  to state N +) and will 
contain, throughout this discussion, the actual 
chemical concentrations of nonenzyme reagents (i.e., 
k21 contains [Pi], k31 contains [ H + ] i ,  etc.). 

Reduction of Models 

Every Class I n-State Model Can Be Reduced to a 2- 
State Model, with respect to measurement of the 
steady-state membrane currents or the correspond- 
ing chemical net fluxes. In other words, for purposes 
of current-voltage (I-V) analysis, all Class I models, 
including those of Figs. 1 and 2, can be compressed 
into that of Fig. 3, which, in keeping with the de- 
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Fig. 2. Transcription of the diagrams of Fig. 1, to define the 
apparent reaction constants. Terms for membrane  potential and 
for concentrations of the chemical ligands are subsumed within 
the reaction constants. Thus, for example, I%3 could be written as 
k~3[ATP], in part A; and as k~3[S], in part B. The following 
conventions are used for designating carrier states: odd subscripts 
=carr ier  states associated with membrane  inside surface; even 
subscripts=carr ier  states associated with membrane  outside sur- 
face; superscript + or - indicate charged forms of the carrier; 
missing carrier states (e.g., N 4 in A) call attention to reaction 
asymmetry 

point is obvious, and can be written formally as 

/(current) =z  F(k12 N~- -k21 N J-), (1) 

for all Class I models (z is the transport stoi- 
chiometry, or number of charges carried per turn of 
the cycle; F is the Faraday constant). The second 
point is not so obvious, but emerges when the volt- 
age-independent reactions are considered to form a 
chain delimited by the "beginning" and "end" states 
N~- and N~-. Then, provided the intermediate re- 
action constants do not change (which means that 
[H+]i, [Pi], etc., must remain fixed) during changes 
of membrane potential, we can write for each in- 
termediate state Nj (j = 3, 4, 5, 6 . . . . .  n) 

Nj=rjl N ~ +r jzN ~- (2) 

in which ~1 and ~)2 are algebraic combinations of 
the voltage-independent reaction constants, as re- 
ferred to above. The explicit evaluation of t)~ and ~)2 
depends, of course, on the nature of each particular 
"real" n-state model. 

Since total carrier (N) is just 

OUT 

kio Kio Koi 

N, + 
IN 

Fig. 3. Reduction of the diagrams of Figs. 1 and 2 to the pseudo- 
2-state model. All carrier states and reaction constants lying to 
the right of the charge-transit step are assumed to be voltage- 
independent and are combined into the lumped reaction con- 
stants ~c~o and ~co~. In the text, k~o, ko~, ~qo, and ~co~ are referred to 
as empirical reaction constants 

finitions above, we shall call the pseudo-2-state 
model. 

Reduction comes about fundamentally for two 
reasons: 1) the transport current or net ion flux 
depends only upon the difference between N[  and 
N~-, and 2) under steady-state conditions all of the 
voltage-independent states of the carrier can be ex- 
pressed as functions of N~-, N +, and various alge- 
braic combinations of the intermediate reaction con- 
stants, without additional information. The first 

N = ~ Nj (3) 
j= l  

Eq. (2) further implies that N can also be expressed 
as a function of N~- and N[ .  Specifically, by com- 
bining Eqs. (2) and (3), plus the identities rll =1 =r22 
and 122=0=r2D we obtain 

N = ~ N ~ +  ri2N ~- or N=r~N~+roN~. 
j = l  j = l  

In the right-hand form, the terms 
(4 a, b) 

ri= ~ r j l  and to= ~rj2 (5a, b) 
j= l  j = l  

will be called reserve factors. T h e y - o r ,  to be exact 
(ri-1) and (ro-1)-specify the amount of carrier 
which is sequestered in the voltage-independent re- 
actions. This meaning can be seen more clearly by 
comparing Eq.(4) with the corresponding relation- 
ship for a "real" 2-state model: in that case, total 
carrier would be simply the sum of N [  and Nz +. 

Formal Role of Reserve Factors 
in the Pseudo-2-State Model 

The manner in which the reserve factors actually 
enter the reaction constants of the pseudo-2-state 
model can be seen by deriving the expression for 
transport current with, and without, explicitly in- 
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cluding Fi and to. The conventional starting point for 
such derivations is to write the ensemble of steady- 
state mass equations for different carrier states. For 
the 2-state model these are simply 

dN~- 
- - - = O = ( k l z + ~ Q 2 ) N ~ - ( k 2 1 + ~ 2 ~ ) N  f (6) & 

and 

N = r i N f  +~oN~ (4b) 

where the subscripts 12 and 21 are used to dis- 
tinguish that case in which the reserve factors are to 
be explicitly included. Eqs. (4b) and (6) can be solved 
simultaneously, to give the following expressions for 
N[  and N~-, in terms of the total carrier N: 

k21 +/c21 
N ~  = ri(k21 + K21)+ ro(k 12 + K12) N 

and 

(Ta) 

k t 2 + K 1 2  N~ = N, (7b) 
Fi(k21 +~:2~)+ro(k12+~12) 

and these values are then inserted into Eq. (1) to get 
the transport current which, after collecting terms 
and multiplying both denominator and numerator 
by r i r o, becomes 

N FiTc21 . rok12-ro tq2 . r i k2~  
i = z F  . (8) 

FiF o rok12-}-rlk21-}-roK12 q-riK21 

The corresponding result without explicit in- 
clusion of the reserve factors is just 

i = z F N  G i k i ~ 1 7 6 1 7 6  (9) 
klo+ koi + gi o + 14oi 

where N and the subscripts io and oi designate 
parameters with concealed reserve factors (Fig. 3), 
Comparing Eqs. (8) and (9), we can write 

k l  2 = ki~ k21 k~ tCio Koi 
~ - - ,  / s  ~ /s ~-----"  

ro r i r o r i 
(10a-d) 

Thus, the normal application of Fig. 3 [Eq. (9)] to 
I - V  data for Class-I systems will yield empirical re- 
action constants which must be divided by the ap- 
propriate reserve factors in order to get realistic 
values. This is only a minor complication for ~C~o and 
Gi ,  since they are already complex. The correspond- 
ing result for total carrier (N=rlroN) is also un- 
important, since that parameter normally acts as a 
scaling factor. However, the result for k~o and ko~ can 

be very significant, since it means that the voltage- 
dependent reaction constants are distorted by con- 
cealment of carrier in the voltage-independent path- 
way. The evaluation of Fi and ro, along with some of 
their fundamental properties, will be discussed below 
(see Usefulness and Meaning .... Appendix I, and 
Appendix II). 

Voltage-Dependence 

The voltage-dependence implied by Eq, (9) remains 
to be specified. In the absence of detailed knowledge 
of the electrical profile across the membrane, the 
manner of introducing voltage-dependence must be 
somewhat arbitrary. While some authors [59] have 
adopted the constant-field formulation, we prefer the 
approach of L/iuger and Stark [-56], who introduced 
the symmetric Eyring barrier, so that 

_ o k - o e x p ( - z u / 2 ) .  (lla,  b) k io -k lo  eXp(zu/2  ) and o i - ko i  

Here, ki ~ and k~ represent voltage-independent con- 
stants, whose values are defined at zero membrane 
potential; and u, the reduced voltage, is 

=FA O/RT, (12) 

where R, T, and F have their usual meaning, z is the 
valence of the charged particle crossing the mem- 
brane, and A O is the membrane potential. Apart 
from the simplicity and aesthetic appeal of this ap- 
proach~ it has the advantage of being formally 
equivalent to defining carrier states N + and N + as 
e lec t rochemica l  activities (taking zero potential at 
the center of the membrane), whenever the voltage- 
dependent pathway is traversed. (This equivalence 
arises because only the products kio N~- and k o i N ~  
are used [by analogy with Eq.(6)] to commence the 
derivation of Eq. (9).) 

Incorporating Eqs. (11) into Eq. (9). and compres- 
sing the scaling factor (N*= zFN), gives 

o U o i=N* K ~ 1 7 6  / 2 ) - - K i ~ 1 7 6  (t3) 
k~ exp(z u/2) + k~ exp( - z u/2) + Kio + Koi' 

for the generalized current-voltage relationship of 
Class I electrogenic ion transport systems. (In this 
formulation, current is taken to be positive for out- 
ward movement of positive charge, according to the 
usual electrophysiological convention.) 

It is evident, particularly from Eqs. (4) and (8), 
that the above I - V  relationship must conceal  the 
majority of parameters for the n-state transport sys- 
tem. Fortunately, however, examination of limiting 
conditions and special cases, along with study of 
localized drug effects, can extract very considerable 
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information from Eq.(13); and such techniques 
underlie the remaining sections of this paper. 

Geometric Properties of Class I 
Current-Voltage Curves 

Elementary Parameters 

Simple inspection of Fig. 3 and Eqs.(12) and (13) 
reveals several important facts. Current saturates as 
a function of membrane potential, at extreme posi- 
tive or negative potentials, and the saturating cur- 
rents characterize the voltage-independent reaction 
constants in the pseudo-2-state model: 

isat+ =N*  Koi and i,o~_ = - N *  ~Cio. (14a, b) 

Current flow stops (i = 0) when exp(z u) 
- -  o 0 -1%ko]G~k~o, which defines the reversal potential 
(E~) of the transport system as 

R T k~ lCio 
E ~ = - - l n z ; -  , (15) 

z f kio Koi 

within which equilibrium potentials for the charge- 
carrying (Er and neutral (E,,) pathways can also be 
defined: 

k ~ R T  Kio R T l n / @  and E . = ~ - l n  (16a, b) 
E~ = ~  ki ~ Koi 

The sum E , + E j z  gives E~. Finally, the short-circuit 
current (i~r is given by 

~Coi k~ Kio k~ (17) 
i ~ = N* ,o - k o 

kio ~- oi + tCio + 1r 

The four relationships stated in Eqs. (14), (15) 
and (17), whose values can be measured on a com- 
plete I -V curve, allow straightforward calculation of 
all four empirical reaction constants�9 [-The stoi- 
chiometric coefficient (z) must be assumed (but see 
the section Slope and Spread, below); and each em- 
pirical constant contains the scaling factor N*.] Ex- 
plicitly, ~Co~ and tc,o are given by slight rearrangement 
of Eqs. (14a) and (14b). k~ and k ~ can be obtained 

O~ 

by simultaneous solution of Eqs. (15) and (17). This 
operation is facilitated by writing the "reduced" re- 
versal potential, by analogy with Eq. (12): 

u ~ = F E / R T .  (18) 

After considerable algebra, and substitution of Eqs. 

(14) for ~ci~ and Gi, 

1 
k i o - N ,  

i~c(i~+ - i~o~_) 
(19) 

lsat  - 

and 

1 

isc(i,~t+ -is~t_) (20) 

iso   l--exp  zurtt--isc(1-- expt--Z rl) 
l sa t  + 

Symmetry 

The basic shape of the Class I current-voltage re- 
lationship, and its diagnostic features, become clear- 
est if the coordinate system is first shifted so the 
origin coincides with the point defined by A O=Ec 
and i=  the mid-range cur ren t  (imid): 

N *  
�9 _ 1  �9 

~,~ - ~(',o~+ + 'sot-)=5-(~o,- ~,o). (21) 

In order to make the appropriate axial translation, 
we define new current (0 and voltage (v) variables, 
such that 

N *  z F  
i = t + ~ - ( G ~ - ~ C i o  ) and u = v + ~ E  c. (22a, b) 

These are inserted into Eq.(13), which can be re- 
arranged to give t strictly as a function of v. By 

substituting the identity exp(zFEc/2RT)=l/-~ojk~ 
an equation is obtained in which the expression 

1 ~  appears as the coefficient of all the exponen- 
tial terms; after both numerator and denominator 

ko o are divided by ]~kkoik~o, the following I -V  equation is 
obtained: 

- -  2 - e x p  ( - 2  
I = N *  ~c'~176 1/~~176176 

t- exp + exp - 

. ( 2 3 )  

While this result as such may not seem clearer 
than Eq,(13), it readily splits into two superposable 
currents, which we can call "even" and "odd", be- 
cause of the curve shapes they represent. Letting S*, 
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Fig. 4. Demonstration of the symmetric behavior of the pseudo-2-state model, plotted on current-voltage (I-V) axes. The following values 
were used for terms in Eq.(13): N= 10 -s moles/cm 2, k~ = 103/sec, k~ 10-1/sec, G~=300/sec, ~G=30/sec, giving a reversal potential E,. 
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which brings out the symmetry, is shown by darker lines, for which the voltage coordinate is v=A~O-Ec=AO-236 mV [see Eq. (16a)], 
and the current coordinate is Z=i--imi a. In these coordinates, t is given by Eq. (23), z . . . .  by Eq. (25a), and lod a by Eq. (25b) 

the saturation fi~ctor, be 

X �9 
S* = (~Cio + G~), (24) 

2 

gives 

tgio - -  Noi  

I l k  o k ~ oi io l . . . .  = S *  (25  a)  

~ o  Fexp 2 / + e x p  - 

and 

exp ( ~ f )  - exp ( -  ~-~) 

Gdd=S* z v  . (25b) ) 
2 

These functions are plot ted in Fig. 4, for an arbi t rary  
set of  pa ramete rs  (detailed in the Figure legend). 
Several propert ies  are now apparent .  First, the over- 
all I - V  re la t ionship ( z= l  . . . . .  + load)  is not  symmetr ic  
in general. It can become  symmetr ic ,  however,  under  

two condit ions:  a) when t ~ > > ( t C ' , o  +Gi) ,  which 
means  that  carrier  reloading (see Fig. 3) is slow; and 

b) when the mid-range  current  is zero (G~=~C~o). In  
both  of these cases t . . . .  becomes  zero. 

The  former  case is part icular ly interesting, since 
then the I -V  curve is s imply a hyperbol ic  tangent  
funct ion of vol tage:  

l = /odd = S *  tanh )~- . (26) 

This case is d rawn as curves (C and D) in Fig. 5, and 
will be discussed in more  detail below. Fig. 4 and 
Eqs.(25) show that  the shape of the overall  I -V  
curve depends bo th  upon  the relative contr ibut ion 
of I . . . .  and tod d (which means  the rat io (~c~o 

- G i ) / l ~ )  and upon  the relative cont r ibut ion  of 
the vol tage- independent  te rm in both  denomina to r s :  

(Kio+Gi)/ l~oik~ . Several cases are drawn in Fig. 5; 
observed I -V  plots closely resembling any of these 
curves could be taken as diagnostic  for the relative 
magni tude  of the react ion constants  in the pseudo-2-  
state model.  

Slope and Spread 

When I -V  data  can in fact be well-described by the 
hyperbol ic  tangent  function (Fig, 5, curves C or D) 
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Fig. 5. Selected current-voltage curves calculated from the 
pseudo-2-state model [Eq. (13)], but plotted on a "reduced" cur- 
rent axis, which is normalized for the scaling factors and maximal 
current span. S*=zFN(~o~+~io)/2r~r o [see Eqs.(8), (9), (13), and 
(24)]�9 The following empirical reaction constants were used (units 
of sec 1): 

several other useful statements emerge from Eq. (26). 
Since d (z v/2)/dA O =- d(z u/2)/dA O = z F/2R T, the 
slope conductance at limiting steepness (v~O, or 
AO~E~) is just the product of z F / 2 R T  and the 
saturation factor: 

dd~b ] = S* --.z F (27) 
A~,=Ec 2 R T  

For a transport stoichiometry of z=  1 charge/cycle, 
the slope conductance would be S* per 51 mV. S* is 
normally obtained by fitting I-V data directly to the 
hyperbolic tangent function, or by scaling the span 
between i~+ and is, t ; subsequent calculation of the 
expected slope conductance, via Eq. (27), can then 
act as a test for consistency. There are three possible 
outcomes. If the conductance approximates S* per 

51mV, Eq.(26) is verified, and ~ o > > ( ~ i o + ~ o ~ ) ,  
although the fact that only the ratio k~176 o appears 
(in Ec) in Eq. (26) implies that the individual values 
of these two reaction constants cannot be obtained. 
If conductance is appreciably less than S* per 
51mV. Eq.(26) is incorrect, and probably 

~ k ( ~ C i o + Z o i ) ,  which would mean that carrier 
reloading through the voltage-insensitive steps is not 
rate-limiting. And if conductance is significantly 
greater than S* per 51mV, a stoichiometry greater 
than 1:1 must be assumed. 

Also characteristic is the voltage displacement 
(AO-E~) that is required to yield half the saturat- 
ing current. In that case, tanh(zv/2)=0.5, and 
arctanh(0.5) = zv/2 = 0.549, from which follows 

d ~b - E c = 28/z (in mV). (28) 

Voltage-dependent Voltage-independent 

A 1000 0.1 300 30 - 296 
B 1000 0.1 100 100 - 2 3 6  
C 1000 0.1 0�9 0.003 - 2 9 6  
D 1000 0.1 0.03 0.03 - 2 3 6  
C 10 0.001 30 30 - 2 3 6  

Curve A is the same as that drawn in Fig. 4. Note that when the 
voltage-dependent reaction constants are large with respect to the 
voltage-independent constants, the curves (CoD) resemble a hy- 
perbolic tangent function [see Eq. (26)]. When the voltage-inde- 
pendent constants are unequal (curves A, C), the membrane po- 
tential drives a large saturating current in one direction (here, 
upward, in the manner of an ion pump), but only a small current 
in the other direction (here, downward, in the manner for ATP 
synthesis or cosubstrate accumulation). When the voltage-depen- 
dent reaction constants are small (curve E), two regions of volt- 
age-dependent current flow separate three regions of voltage-inde- 
pendent current flow. Curve B sSows an intermediate case 

Usefulness and Meaning of Reserve Factors 
Interpretation Based on 3-State and 4-State Models 

A difficult problem underlying kinetic modeling of 
real enzymatic processes, and of transport processes 
in particular, is the likelihood that the "real" re- 
action cycle will contain one or more unidentified 
states. Reaction constants obtained from kinetic 
analysis, then, are likely to be physically complex 
(i.e., the'y are pseudo reaction constants) and not 
subject to simple interpretation or assignment�9 Each 
time a model is "upgraded" to take account of new 
data, or data of a new type, all terms in the model 
must be reevaluated. This tends to reduce the pro- 
cess of kinetic modeling to one of purely empirical 
curve-fitting. Traditionally, two major techniques 
have been used in order to focus the physical in- 
terpretation of the constants in kinetic models: par- 
tial reaction analysis, and relaxation analysis. The 
former, involving either blockade or bypassing of 
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specified segments in the overall cycle, has been 
most useful for complex biological transport pro- 
cesses, such as oxidative phosphorylation [9] or 
ATP-driven Na--/K + pumping [23, 43]. The latter, 
involving sudden steps in driving force, has been 
applied principally to the nerve action potential and 
to simple nonbiological transport processes created 
in lipid bilayer membranes [56, 87, 88]. 

In most I -V analyses on biological systems, how- 
ever, it happens both that extensive experimental 
manipulation of this sort is not feasible and that the 
accessible segments of I -V curves are too short or 
too nearly linear for even the four empirical re- 
action constants to be evaluated securely from a 
single I -V plot, In such circumstances, reserve fac- 
tors provide a means for evaluating, or at least 
limiting, the probable effects of hidden reaction 
steps. The approach is particularly useful when com- 
bined with treatment by drugs 1 or other experimen- 
tal changes which can be supposed to modify a 
single step in the overall cycle, since the finite re- 
action time for any such change permits generation 
of a set of I -V  curves (progressing from zero drug- 
effect to full drug-effect) in which all kinetic parame- 
ters except one are held in common, and that one 
must change systematically with time. Depending 
upon whether the particular change in fact  acts on a 
step immediately adjacent to the voltage-dependent 
reaction, or acts some distance away, the pseudo-2- 
state model can be expanded into a pseudo-3-state 
or pseudo-4-state kinetic model. 

Development of Pseudo-3- and Pseudo-4-State Models 

In combining drug experiments with current-voltage 
analysis, we apply the same rationale to the develop- 
ment of kinetic models as was used for I -V analysis 
alone: to represent a real n-state process, select the 
pseudo-m-state model having the smallest number of 
states which will allow all reactions that undergo 
change during the experiment to be excluded from 
the lumping procedure. Thus, for I -V analysis alone 
a pseudo-2-state model is sufficient, because only the 
transmembrane movement of charge, with rate con- 
stants k12 and kal (Fig. 2) is voltage dependent; all 
other reactions can be represented by the lumped 
reaction constants ~. For a drug acting at a single 
reaction step, a 3-state model is sufficient if the 
affected step is immediately adjacent to the voltage- 

1 The term "drug" is used here in a very general sense, to mean 
any chemical or physical agent or maneuver which selectively 
modifies some step in the transport cycle. By such a definition 
changes of substrate level might be called drugs, and, indeed, 
other authors have made extensive use of substrate variations to 
study the interrelation of voltage-dependent and voltage-inde- 
pendent steps in ion transport systems [24, 35]. 
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Fig. 6. Diagram of a generalized 6-state transport model designat- 
ing three ways to exclude an experimentally manipulated reaction 
step from the lumped set of voltage-independent reactions. As in 
Fig. 1, the dashed rectangles enclose the voltage-dependent path; 
the solid rectangles designate voltage-independent step to be ex- 
cluded from the lump. The excluded step might be manipulated by 
changing the ionic composition of the cytoplasm (A) or the me- 
dium (B) (i.e., pH in Fig. 1A); by varying internal or external 
cosubstrate levels (as in Fig. 1B), or the ATP concentration 
(Fig. 1A); or it might be manipulated by use of site-specific in- 
hibitors. For convenience, all of these possible treatments are 
referred to in the text as "drugs" (see Footnote l). The crucial 
difference between C and A or B is that in C the step to be 
manipulate& and therefore excluded from the lumping procedure, 
is not adjacent to the voltage-dependent reaction step. For A and 
B pseudo-3-state kinetic models can be used, but for C a pseudo- 
4-state model is required, because there are two separate lumps: 
N~ ~-,-N6, N[~-~N5 

dependent reaction (counterclockwise or clockwise); 
and a 4-state model is sufficient if the affected step is 
distant on both sides from the voltage-dependent 
reaction. 

The three possibilities are diagrammed in Fig. 6, 
using a simplified version of the 6-state model in 
Fig. 2B as the frame of reference. As in Fig. 1, dash- 
ed rectangles delimit the voltage-dependent reac- 
tions; and the solid rectangles delimit the additional 
reaction to be excluded from the lumping procedure. 
The corresponding 3- and 4-state models are dis- 
played in Fig. 7, where s now designates the ex- 
cluded reaction constants. Mathematical develop- 
ment of the 3- and 4-state models is detailed in 
Appendix I; some rules for the behavior of r~ and to, 
plus some computations of values, are given in 
Appendix II; and a synopsis of equivalences for r i, 
r o, ~ci2, ~c21, tCio, and /coi is listed in Table 1. When 
reserve factors and lumped reaction constants are 
evaluated in terms of these models, three modes of 
kinetic influence on the empirical (2-state) reaction 
constants can be identified, according to the locus, 
direction, and sign of the apparent change. 
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Fig. 7. Reduction of the diagram of Fig. 6 to the pseudo-3-state 
model (A,B), and the pseudo-4-state model (C). k designates the 
voltage-dependent path;  ~, the lumped reaction steps; and s, the 
step to be manipulated experimentally and to be excluded from 
the lumping procedure 

Consequences of Modifying 
a Dominant Rate-Limiting Reaction 

The simplest behavior of the reserve factors and the 
least distortion of the empirical reaction constants 
defined by Eqs. (8)-(10) occurs when one reaction 
step in the voltage-independent pathway is much 
slower than the others. The reserve factors, r~ and lo, 
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are independent of such a slow reaction step, and a 
drug acting on that step cannot influence the empiri- 
cal rate constants, k~ and kTo, for the voltage-de- 
pendent step. The verbal argument is exactly the 
same whether the rate-limiting reaction is im- 
mediately adjacent to the voltage-dependent step or 
is separated from it by faster reactions. This means 
that either the pseudo-3-state model or the pseudo- 
4-state model can be used for the formal descrip- 
tion; but since the 4-state model yields equations 
that are simpler (because of symmetry), we shall 
develop the result only for that model. 

In Fig. 7C~ let the reaction constants s56, s65 
~/s /s Kzs, Ks~. Then the right-hand column of 
Table i yields 

ri=rl +rs K~5 and 
's  

and 

~c~ s and /s ~ - - - $ 5 6 - -  
/s 

1s 
to= r 2 -+- r 6 - - ,  (29 a, b) 

/s 

/s (30a, b) /(;21 ~ S 6 5  - - ,  
/s 

in which lx(x=l ,  2, 5, 6) are the 4-state reserve 
factors [see Appendix I, Eq. (A4-5b)]. Since ri, to, and 
r x are by definition independent of s56 and sos, it is 
clear that the empirical voltage-dependent reaction 
constants, k~o(=rok12 ) and koi(=rik21), are also inde- 
pendent of s56 and s65. Therefore, the only kinetic 
effect which the slow reaction can have is upon the 
empirical voltage-independent constants, Kio(= ro/s 2) 
and ~oi(=riIr  

There are two important consequences of this 
circumstance. First, the distortion of k~o and ko~ due 
to reactions concealed in the 2-state model is static, 

Table 1. Interpretation of (2-state) reserve factors and reaction constants by means of the pseudo-3-state and pseudo-4-state models 

2-State 2-State 
(empirical (explicit 
form) form) 

3-State 4-State Equation Nos. 

Voltage-sensitive klo=rok12 k12= k12 k~2 (10a) 
reaction constants 

koi=rlk21 k21 = k21 k21 (10b) 

Voltage-insensitive ~io=ro~q2 t q z =  /s s56/s162 (10C), (A-7a), (A-8a) 
reaction constants s31 +1%2 (Ss6 + ~sl) (s6s + ~62)-  s56 s65 

s31 ~%3 s6~ Ksl tc26 (10d), (A-7b), (A-8b) 
1s163 B221 = $3 i_ t_1s  ($56+K51)($65-~-tC62)--$56S65 

r 3 sj  3 r 5 tcls(365-l-K62 ) + r  6S56 fr 
Reserve factors - r i = r 1 4 - - -  r 1 q (A-5 a), (A-6a) 

saI + ~%2 (s56 +Its ~) (s6s + ~c62)-ss6 s6~ 

r3/s rs S65 K26 @ r61~26(s56-~- h251) 
- - -  r2q  (S56Ar~51)(S654-1s (A-5b), (A-6b) -- r 0 ~  r2@ $31 _r ~32 

The notat ion for these expressions is defined in Fig. 3, Eqs. (8) and (9), and Fig. 7. Column 1 represents the inverse forms of Eq. (10). To 
analyze static or "drug"-induced distortion, 3-state expressions should be used when the reaction of interest is immediately adjacent to 
the charge-carrying reaction, and 4-state expressions should be used if it is separated by unknown reaction steps. 
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insensitive to experimental manipulation of the rate- 
limiting reaction, l i t  need not be stipulated that s56 
and s65 are rate-limiting for the whole transport 
cycle (so that s56, s6s~k]2,  1c~ but only for the 
voltage-independent pathwayJ While we cannot 
specify values for r~ and r o, some numerical exam- 
ples, listed in Appendix II, indicate that as long as 
the lumped reactions in the 4-state model are not 
strongly asymmetric, then ri and r o will be of modest 
size, lying somewhere between 1 and, say, 10. The 
second important consequence, which can be seen 
from Eq. (25a, b), is that any experimental change of 
ss6 or s6s , as induced by a reaction-specific drug, has a 
proportional effect on the corresponding empirical 
reaction constant (~o or Ko~ , respectively) from the 
I -V analysis. In order to refer to this kind of result 
later, we shall call it the direct effect. And since the 
affected empirical constant also points the correct 
direction around the transport cycle O%ocss6 and 
~Co~OCs65), we shall also call it parallel. 

So, for the current-voltage analysis, the overall 
consequence of experimentally modifying a domi- 
nant rate-limiting step (in the voltage-independent 
pathway) is a direct, parallel effect on the empirical 
reaction constants. This accords with the intuitive 
sense that the most effective analysis of a kinetic 
model in general will be obtained from experiments 
which manipulate the rate-limiting reaction step. 

Consequences of Modifying a Dominant Fast Reaction 

This circumstance is much more diverse than that 
described above; and the results depend strongly on 
whether the fast step is immediately adjacent to the 
voltage-dependent reaction or is insulated from it on 
both sides by slower steps. 

In the latter case the overall result is not very 
much different from that already discussed, and 
since the labor of algebra in handling the pseudo-4- 
state model is large relative to the yield of insight, 
we shall simply summarize the results here. Refer- 
ring again to Fig. 7 C and the right-hand column of 
Table 1, and letting s56, s6s>>~qs, ~cs~, ~c26, ~c62, the 
2-state reserve factors (r i and 1"o) are sensitive to both 
ss6 and s6s, but not very sensitive, since both re- 
action constants appear simply in both the numer- 
ator and the denominator of r~ and ro. This means 
that experimental changes of ss6 or s6s have only a 
weak influence on the voltage-dependent reaction 
constants (kio and 1%~); and that influence is zero if 
the fast reaction is strongly asymmetric (ss6 >>S6s, or 
vice versa). Therefore, the predominant effect of ex- 
perimentally modifying ss6 or s6s is again a direct 
effect, on the lumped reaction constants ~C~o and ~o~. 
That effect, however, is not necessarily exactly pro- 

portional to the change of ss6 or s65, and it also 
need not point in the same direction around the 
transport cycle. But complications of this sort are 
more easily treated by the pseudo-3-state model, for 
the condition that the affected fast reaction is im- 
mediately adjacent to the voltage-dependent reac- 
tion. 

The nomenclature for this treatment is given in 
Fig. 7A and the "3-state" column of Table 1. In the 
case that s13, s31>~c23, ~c32, the reserve factor and 
lumped reaction constants in Table 1 reduce to 

r~=r l + r  s13 and r o=r 2, 
3 $31 

and 

(31 a, b) 

s13 and (32a, b) 
1('12 ~/~32 $31 /(21 ~R723 

in which r~, r 2 and r 3 are the 3-state reserve factors 
[see Appendix I, Eq. (A3-4b)], which are by definition 
independent of s13 and s3~. It will be useful, also, to 
write out explicitly one more set of results. The 
empirical voltage-independent reaction constants are 

- -  ( 'r  s ~ \  
tC/o=~:32.r2 slas31 and I(oi=K23 rl~- 3s31 ] .  (33a, b) 

It is evident, from Eqs. (31) and (33), that one case 
is simpler than all others here: when s31 >>s13, which 
means that the fast reaction step is energetically 
downhill in a direction pointing toward the voltage- 
dependent step. Then, in addition to ro, both 1~ and 
1%~ become independent of the fast reaction con- 
stants. Once again, the only effect that experimental 
manipulation of s13 or s31 can have on the empirical 
constants is direct, which means upon the voltage- 
independent constants. However, the circumstance 
differs from that for a dominant slow reaction, as 
discussed with Eqs. (29) and (30) above, in that both 
s~3 and s3~ impinge on the single empirical constant 
~C~o. This means that a change of s3~ must appear as 
a change of the empirical constant which points in 
the opposite direction around the transport cycle. 
Such an effect can be termed antiparalleI. It should 
be noted, too, that I% increases with s13 , but de- 
creases as s31 increases; so not only the direction 
but also the sign of the effect can vary. We describe 
these two cases, respectively, as positive and negative 
(see Table 2). 

The other limiting situation, which brackets the 
general case of a symmetric fast reaction, is that in 
which s~3>>s31, meaning that the reaction is en- 
ergetically downhill in a direction pointing away 
from the voltage-dependent step. This has the formal 
consequence of dropping the 3-state reserve factor r~ 
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Table 2. Influence of concealed reaction steps ~ upon parameters from a pseudo-2-state kinetic model 

s~o, So~ Small s~o~ so~ Large (fastest reaction) 
(rate-limiting 
reaction) Nonadjacent  (4-state) Adjacent (3-state) 

d Sio dSol ASlo A Soi Soi>~Sio Sio>~Soi 

A Slo d Soi A Slo A Sol 

Direct effect P +  P +  P + / A -  P + / A -  P +  A -  P + / A +  P - / A -  

(~o, ~o~) 
Transfer effect o o ~ o ~ o o o P + A - 

(kol, kio) 

Reversal potentials 
E~ + -- + -- + -- o o 

E~ 0 0 ~0 ~O 0 0 4- -- 

" The kinetic symbols are defined in Figs. 7 and 8. slo=s13 or ss6 in Fig. 7, and soi=s3t  or s6s in Fig. 7. 
P = Parallel, means  the parameter observed to change points in the same direction (around the transport  cycle) as 
the affected s. 
A=Antipara l le l ,  means the parameter observed to change points in the opposite direction from the affected s. 
+ =positive, means  the observed change is an increase of s increases, and a decrease if s decreases. 
- = negative, means  the observed change is a decrease if s increases, and an increase if s decreases. 

out of Eq. (31a) and (33b); and it turns out to be an 
exceedingly important case for general kinetic 
modeling. 

When s13~>s31, three of the four empirical re- 
action constants are proportional to the ratio 
s13/s31, while only one (kio=rok12) is independent of 
both s13 and s3~. In other words, three of the four 
empirical constants contain a static distortion, which 
is proportional to the ratio s13/s31, and upon which 
effects due to changes of s~3 or s3j must be super- 
imposed. Because s13 appears always in the numer- 
ator and s31 always in the denominator, changes of 
the former always have a positive effect on the em- 
pirical constants, while changes of the latter always 
have a negative effect. The direct effects (i.e., those 
upon ~io or ~coi ) of changing either Sl~ or s31 are 
both parallel and antiparallel. 

The most significant result, however, is that the 
empirical constant ko~, pointing in the same direc- 
tion as s13, is also distorted by the ratio s~/s3~. 
Thus, both the static asymmetry of the fast reaction 
and any experimentally imposed changes of s~3 or 
s3~ are transmitted from the voltage-independent re- 
action steps to the voltage-dependent reaction by 
the technique of current-voltage analysis, or, in gen- 
eral, a 2-state analysis. This phenomenon can be 
called the transfer effect. It is parallel-positive for 
changes of s j3, and antiparallel-negative for changes 
of s31. The fact that kio is not affected by s13 and s31 
means, furthermore, that the energetic transition in- 
herent in the asymmetry of the fast reaction step 
also appears misplaced to the voltage-dependent reac- 
tion. The result can be seen formally by substituting 
Eqs. (31) and (33) (q dropped out) into Eq. (16a, b) to 

Kio Koi 

kio koi 

S io , So i 

Fig. 8. Augmented  2-state model. Further reduction of the dia- 
gram of Fig. 7 to indicate the relationship between the pseudo-3- 
and 4-state models and the psendo-2-state model of Fig. 3. Sym- 
bolic notation is keyed to Fig. 3 and Table 2 

get the reversal potentials for the change-transit and 
neutral pathways: 

t E c = ~ - l n  k-~2 \r 2 s3j! and 
F ~:23 ~ "  

(34a, b) 

This kind of kinetic distortion is capable of account- 
ing for a number of puzzling observations on trans- 
port systems, particularly the fact that membrane 
potential and chemical gradients of ions can appear 
interchangeable in their effects (see below). 

The various kinetic relationships defined and de- 
veloped with Eqs. (29)-(33) are summarized in Ta- 
ble 2 and Fig. 8. 

Ion-Motive Forces, and the Kinetic Equivalence 
of Chemical and Electrical Gradients 

As has already been mentioned, cyclic transport 
processes have traditionally been conceptualized in 
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terms of two distinct kinds of reaction steps: vec- 
torial steps, which traverse the membrane and there- 
fore, when ions are involved, interact with the trans- 
membrane electric field; and scalar steps, such as 
ion binding or protein phosphorylation, which can 
take place in a thin plane parallel to the membrane 
surface and are not primarily affected by the trans- 
membrane field. In a theoretical sense this distinc- 
tion may not be absolutely clean (since, e.g., most 
membrane-bound enzymes or carriers can be expect- 
ed to be at least weakly dipolar and therefore under 
stress in the membrane's electric field) [191, but in a 
practical sense the distinction must be retained. The 
electric field across the membrane must influence 
two reaction constants: kx2=k~ exp(zu/2) and 
k21=k~ exp(-zu/2), whereas any particular che- 
mical concentration will normally influence only 
one reaction constant: e.g., [H+]o~k6; and 
[ATP]~k53 ,  in Figs. 1A and 2A. It is a remarkable 
fact, therefore, that many different lines of research 
have shown a kinetic equivalence between the elec- 
trical potential difference (A~) and the chemical po- 
tential difference (RTln[X+li/[X+~o) acting to drive 
one species of ion, viz. protons, through a variety of 
transport systems [17, 29, 42, 54, 58, 72, 811. 

Particularly in the literature of bioenergetics, this 
equivalence has served to legitimize a special termi- 
nology, the protonmotive force (AP or PMF), which 
was proposed by Mitchell [62-641 as an alternative 
to the "electrochemical potential difference for pro- 
tons," (A,~H.) : 

RT [H+1i 
PMF=-AP- AgH+/F= AO + ~  In [H+]o 

Drlr, 

= A 0 -  2.303 ~FZA pU. (35) 

Because of the dominant influence that the notion of 
PMF has had upon research in active transport and 
energy coupling over the past ten years, it is of 
primary importance to examine how the equivalence 
of chemical and electrical driving forces for ions can 
emerge from simple kinetic models. (For historical 
reasons, the discussion that follows will use H § as a 
specific ion; but the arguments apply to any species, 
adjusted, if necessary, for different valences.) 

Another way of stating the observation that A~ 
and A pH are kinetically equivalent is to say that 
flux experiments cannot distinguish between them. 
The discussion of the previous section suggests that 
the main cause for this may be that the charge- 
transit reaction is immediately followed by a fast 
dissociation step. When the paired reassociation is 
slow, the two-state kinetic analysis will find the en- 
ergetic transition of the association/dissociation re- 
action transferred to the charge-transit step, as sum- 
marized in the right-hand columns of Table 2. In 
order for the reasoning to accommodate both in- 

N +z , 

k12 k21 

zH + 
AI 

lJ 'b, N4 
k24 

k42 
/ 

k34 1143 

+ z  k13 
NI �9 11 '~' N3 

k31 

zH + 
Conditions for kinetic equivalence of Atp, ApH 

o o k12, k21>ktf, k24 
k13, k24>~k31, k42 
k31, k42 ~k34, k43 

(z;) (2) _ o k2 t=k~lexp  - k12-k12 exp 

k42=ki2[H+]~,k31=k; l [H+]~  

k34 , k43 are lumped constants 

Fig. 9. Diagram, using generalized pseudo-4-state model, of the 
arrangement of rate constants which yields kinetic equivalence of 
membrane potential and the concentration gradient for the trans- 
ported ion. The carrier decharging steps (k13,k24) m u s t  be fast 
relative to all other voltage-independent steps, and charge transit 
of the membrane must not be slow 

tracellular and extracellular concentrations of the 
transported ion (and therefore, e.g., the transmem- 
brane A pH), it is necessary to assume a fast dissoci- 
ation step on each side, with the two connected (to 
complete the cycle) by a slow, voltage-indepen- 
dent step. Thus, the minimal kinetic model which 
will suffice is a pseudo-4-state model, which is dia- 
grammed in Fig. 9. 

This model is a reduction of the 5- and 6-state 
models of Figs. 1 and 2, using a generalized no- 
menclature (see end of Appendix I) in which all steps 
involving ATP or cosubstrate are combined into the 
transition N3~-~Nr so the reaction constants k34 
and k43 are lumped constants. There are two ways 
in which to proceed with the steady-state analysis of 
this system: a) via calculation of two-state reserve 
factors and empirical reaction constants (similar to 
Table 1, but for the condition of two fast reactions 
separated by a slow one), or b) by brute-force alge- 
braic analysis of the four-state model itself, using the 
expanded I-V expression of Eq. (A-10) in the Ap- 
pendix. For present purposes, the latter procedure is 
simpler. 

Formal Derivation 

The primary size-ordering of reaction constants that 
is required to produce equivalence of Aft and ApH 
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is k13,k24>>k31, kr k3r k43, but considerable al- 
gebraic simplification occurs for a somewhat stron- 
ger condition: k13 , k24>>k31, k42>~k34, k43. With 
this assumption, Eq. (A-10) becomes 

i = z F N  

k24 k31 k43 k l 2 -  kl 3 k4-2 k34 k21 
re k24 k~ 1 kl 2 + r3 k l 3 k42 k2 ~ q- k l 3 k2r r4 q- k43 r3)" 

(36) 

In order to include the electric potential and pro- 
ton concentrations explicitly, we write 

kl 2 = k~ 2 exp(zu/2) and k21=k~t exp(-zu/2), 
(37a, b) 

which are analogous with Eq. (11 a, b), and 

k31 =k31 [H+ ]~. and 1t;42 = k42 [H+]  z. (38a, b) 

dividing through by ([H+]r �9 [H+]o) z/2 gives 

zFN 
C 

~Coi k~ exp - Kio k~ exp - 

k~ exp ( 7 )  + k;~ exp ( - 2 )  
K, io q- K oi 

+ ([H+]~. [H+]oy ~ 
(45) 

which is the final general expression describing the 
kinetic equivalence of the electrical and chemical 
gradients for protons. Again, it will be useful to 
define an auxiliary parameter (R), for the last term 
in the denominator: 

~io + ~coi (46 )  
R-(EH+]i. EH+]y/2" 

After these substitutions, the whole equation can be 
simplified to the form of Eq. (13) by defining empiri- 
cal (2-state) reaction constants as follows: 

o ! o o _ _  / o 

k i o = r 4 k a r  and k o i - r 3 k 1 3 k 4 2 k 2 1 ,  (39a, b) 

~r =Ck3z/r 3 and Gi =Ck~3/r~, (40a, b) 

with the auxiliary constant 

C=k13ka4r3r~. 

Finally, Eq. (36) becomes 

zFN 
C 

o + z o + z ~Coikio[H ]i exp(zu/2)-l%koi[H ]o exp(-zu/2) 

(41) 

0 § z o + z k~o[H ]i exp(zu/2)+ko~[H ]o exp(-zu/2)+tqo+Gi 
(42) 

Now, just as a "reduced", dimensionless, elec- 
tromotive force (u) can be defined by Eq. (12), so a 
"reduced" protonmotive force (p) can be defined as 

p =FAP/RT. (43) 

From this definition, and Eq. (35), it follows that 

exp ( 2 )  = ([H+]~ exp ( ~ )  
\ [H+]i!  

and 

~ [ - ~ o ]  exp ( - z ~ ) "  

Substituting these 

(44a, b) 

expressions into Eq. (42), and 

Practical Conditions 

For the special circumstance that [H+]i and [H+]o 
can both be changed simultaneously, such that their 
product is held constant, Eq. (45) shows that A0 and 
ApH are completely equivalent and interchangeable 
in their kinetic effects. This is an artificial condition, 
however, which can rarely be satisfied in experi- 
ments, so that a much more satisfactory condition is 
that the ratio R be kept small with respect to either 
of the other terms in the denominator. This pre- 
serves the equivalence of Atp and ApH when either 
[H+]i or [H+]o is varied, independently of the 
other. Referring to Eqs.(39)-(41), the most general 
circumstance leading to small values of R is that the 
reaction constants, k]2 and k~l, for the charge-trans- 
fer reaction must be large: at least the order of 
magnitude of the H+-dissociation constants, k13 and 
k2~. In other words, AO and ApH become kineti- 
cally equivalent when the reaction constants in the 
pseudo-4-state model are ordered as indicated in 
Fig. 9. The condition that k]2 and k~a be large is 
exactly that discussed previously [see Geometric 
Properties ..., Eqs.(24)-(26)] in which the funda- 
mental current-voltage relationship approaches a hy- 
perbolic tangent function. 

In order to illustrate some of the conclusions 
which can be drawn from Eq. (45), to explore the 
range of parameter (k]2, k~l) values and proton 
concentrations over which it is valid, and to ex- 
amine the form of deviations, we have plotted out 
several sets of current-potential (I-P) curves, in 
Fig. 10. For convenience, the 4-state reaction con- 

o _ _  o stants have been selected symmetrically (kt2-k21, 
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Fig. 10, Demonstration, for a proton-transport system, of the limits on kinetic equivalence of membrane potential (AO) and the 
transmembrane pH difference (ApH). Curves calculated for a transport system in which the (electrochemical) potential difference for 
protons acts to drive ATP synthesis or cosubstrate accumulation. The ordinate scale is "reduced" by S*, as defined in the legend to 
Fig. 5. All curves plot Eq. (42) [or Eq. (45)3 , representing the pseudo-2-state form of the 4-state model in Fig. 9. Parameter values used for 
calculation are listed in Table 3. The reversal potential (E,) in all cases is 0 mV, and the origin for the different curve-pairs is displaced 
along the voltage axis solely to give clarity. Dots: currents calculated as functions of membrane potential. Solid Curves: currents 
calculated as functions of extracellular (A) or intracellular (C) proton concentration, and plotted against the transmembrane ApH. Each 
pair is for one value of the zero-voltage reaction constants (k~2 , k~l), as designated in the Figure. In B the three curves for k~176 
= 10-2/sec are compared on a 10-fold expanded current scale, showing that there is no significant span in which equivalent currents flow 
in response to equivalent changes of A ~ and A pH. Note that reducing k~2, k~ below l0 s has two pronounced effects: to disequalize the 
effects of equivalent changes of membrane potential or proton concentration (compare curve pairs in A), and to produce an asymmetric 
response to changes of internal, versus external, pH (compare C and A) 

k 1 3 = k 2 4 ,  k31 = k 4 2 ,  and k34=k43), which makes the 
reversal potential (E,,) equal to zero, for the system. 
The actual values chosen for the 4-state parameters, 
and calculated for the corresponding 2-state parame- 
ters [Eqs. (39)-(41)], are arrayed in Table 3. For the 
sake of compactness, calculated curves have been 
plotted only in the negative quadrant (lower left) on 
the current-potential axes. This is the region in 
which A#n+ is degraded to synthesize ATP or to 
drive cosubstrate inward through the membrane (see 
Fig. 1), and is the region in which most experimental 
data for proton-transport systems have been ob- 
tained. [The curves, however, project symmetrically 
into the positive, "ion-pump" quadrant, since ~C~o 
and tcoi are equal (see discussion of Figs. 4 and 5). 3 

In Fig. 10A, curves calculated with variations of 
[H+]o (acidification) are drawn solid, and curves 
calculated with variations of A~ are shown as the 
plotted points. It is obvious that, when k~2 and k~t 
are large (102, 104; ~ -k i3  , k 2 4 ) ~  the Ar and 
A[H+]o-curves coincide identically; and for most 
experimental purposes, they probably could be con- 
sidered equivalent even with k~2, k~t of modest size 

o o ~  %~), at least for potential (10 ~ so that kio, koi_Kio , 
displacements limited to the range of - 6 0 m V .  
However, as k~2, k~t become still smaller (here, 
10 2), so that the R term comes to dominate the 
denominator of Eq. (45), the At)-curve shows pro- 
gressively smaller currents (absolute value) than the 
A [H+]o-CUrve. This fact is emphasized by the expan- 
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Table 3. Parameter values used to generate current-potential cur- 
ves for comparing kinetic effects of At) and ApH (Fig. 10) 

4-State Value 2-State Value 
parameters parameters 

k~176 104~ 10 2 sec-* k~o 
ki3 =k24 102 ko~ 

k'3* =k~2 107 ~io 
k34= k43 10 2 Ko i 
r 3 =r~ 10 ~ C 

z 1 N 

[H+]i  10 M b 

[H+]o 10 -7 
d0 0 mV 

102"5-k~2 

102.5 -k~l 

I02.5 

10Z-5 

l0 s 

10-8o 

a Chosen as a reasonable est imate of the reserve factors. The 
actual size does not  matter, since any value can be compensated 
by suitable 4-state k's. See Derivation of Pseudo 3-..., and 
Appendix II. 
b These are starting values of [H+]i ,  [H+]o, and At). In com- 
putat ions At) is varied with both proton concentrations held at 
t 0 - v ;  and each proton concentration is varied with the other 
held at 10 -7  and At) held at 0. 
~ Because in the plotted curves i is divided by S* [see Eq. (24)~, 
this value has no effect on Fig. 10. 

ded diagram of Fig. 10B, where even very small dis- 
placements of potential give different results for A~ 
and A[H+]o . Another important property of the 
kinetic model which emerges from Eq. (45) is dis- 
played in Fig. 10C. Here, [H+]i is lowered (alkalini- 
zation) in order to produce the change of chemical 
potential. It is evident, by comparison with Fig. 10A, 
that as long a s  k~2 , k~l are large, the AEH+]i-curves 
overlie the AEH+]o-curves, so that current (or ion 
flux) can either be "pushed" or "pulled" through the 
membrane with equal ease. But as k ~ o 12, kel fall, the 
A[H+]i-curves show even less current (absolute val- 
ue) than the A~-curves: the reaction can be "push- 
ed" by [H+]o, but not easily "pulled" by A[H+]~, 
Under this condition, the system could be described 
as a chemical rectifier. It must be emphasized that 
this chemical rectification does not depend on any 
input of chemical-bond energy, since the reversal 
potential for this system is kept at zero. 

Associated with the apparent kinetic equivalence 
of AO and ApH, in much of the literature of trans- 
port and bioenergetics, is a curious proportionality 
between AP (PMF) and either the flux itself (current, 
ATP synthesis) or the logarithm of the flux. Eq. (45) 
and Fig. 10 give a straightforward accounting of the 
linear proportionality. It is exactly to be expected 
under the condition that the overall I-P curve ap- 
proximates tanh(zp/2), although the region of practi- 
cal linearity should be restricted to about 40mV 
displacement from E r, for z=  1 (less for z > 1). Log- 
linearity, however, is not so easy to account for by 

the symmetric model shown in Fig. 9. It can easily 
be shown that, for small values of k]2, k~l, the A0- 
curve does display log-linearity away from the re- 
versal potential; when R is much larger than the 
other terms of the denominator, Eq. (45) becomes 

z F N  ([H+]~. [H+]o) ~/2 
i -  

C tr -k goi 

�9 (~Coiki~176 (47) 

And as p is made negative enough for the first 
exponential term to be neglected, 

z F N  ( [H+]i- [ -H+l j /2  ( 2 )  
i = C tCio q- tool ~ci~ k~176 exp - . (48) 

Therefore, the logarithm of the current is propor- 
tional to p, but again, strictly so only when the 
product [H+]i-[H+]o is held constant. This con- 
dition is satisfied for changes of membrane potential, 
but not for changes in the chemical potential of 
protons, made in the usual fashion. Thus, Eq. (45) 
predicts that in general the condition of log-linear 
dependence between i and AP should not exist simul- 
taneously with kinetic equivalence of A~ and ApH. 

Qualitative Analysis of Published Cases 

In practice, however, other factors can enter into the 
determination of the apparent linear or log-linear 
relationship between current through an ion trans- 
port system and the electrical or chemical driving 
force. Probably the most important factor is asym- 
metry which may be superimposed on the general 
order-of-magnitude relationships among the rate 
constants indicated in the diagram of Fig. 9 and 
used for calculation in Fig. 10. In order to demon- 
strate the influence of reaction asymmetry on the 
shapes of practical I -V curves, we have analyzed 
four sets of published data. 

Two of these are plotted in Fig. l lA. Plot a is 
redrawn from Schwab and Komor [811, on the pro- 
ton-sugar cotransport system in ChIorella vulgaris. 
The open circles represent changes of transmem- 
brahe pH, imposed by different extracellular buffer 
solutions; and the filled circles represent changes of 
estimated membrane potential, imposed by different 
solutions of potassium citrate. While it is evident 
that all the data lie on a common straight line, the 
most remarkable feature of the plot, in view of Eq. 
(45) and Fig. 10, is that the region of approximate 
linearity extends for at least 120mV, much longer 
than can be expected even for a charge-transport 
stoichiometry of 1 H + per turn of the cycle. Plot b is 
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Fig. 11. Two published cases showing kinetic equivalence of Jt)  
and ApH, associated with linear "current-potential" relationships. 
Open circles (o) represent data obtained by manipulation of 
extracellular pH; filled circles (o), data obtained by manipulation 
of membrane potential. Piots made in the lower left quadrant to 
indicate that the proton gradient is being used to drive another 
flux. (See discussion in the legend to Fig. 5 and the text for 
Fig. 10.) All lines drawn are fitted by least-squares. A. Curve a: 
data from Schwab and Komor [81], Fig. 2, for proton-coupled 
uptake of 6-deoxyglucose by Chlorella vulgaris. The transport 
system had been induced by 2-3 hr of incubation with glucose, 
and the uptake of tritiated sugar was determined from several cell 
samples taken at 30-sec intervals. Extracellular pH was set at 
different values between 8.2 and 6 (o), for cells with membrane 
potentials poised at - 7 4  mV; or membrane potential was varied 
(o) by preincubation in different concentrations of potassium 
citrate, with extracellular pH buffered near 7.1. Intracellular pH 
under closely related conditions was estimated at 7.1 [481. Five 
units on the ordinate scale here corresponds to 100% (maximal 
influx) in the original plots. Curve b: data from Lanyi and Silver- 
man [54], Fig. 2, for proton-coupled sodium extrusion by en- 
velope vesicles of Hal�9 halobium. In one set of experi- 
ments (o), vesicles were loaded with 3 M NaC1 and suspended in 
2.88M NaCI/0.12M KC1 at pHo=6.2 , with 5gM valinomycin, tn 
the other set (o), vesicles were loaded with 1.5 M NaC1/1.5 M KC1 
and suspended in 2.85M NaCI/0.15M KCI at pHo=6.2. Intracel- 
lular pH or membrane potential was then manipulated by in- 
cubation at different light intensities (AP created by the resident 
bacterial rhodopsin). Net efflux of sodium was determined by 
flame analysis of suspension aliquots taken at intervals of several 
minutes. 5 units on the ordinate scale corresponds to a net efflux 
of 0.5 gmole/minmg protein in the original plots. B. Simulation of 
the linear relationships in Part A by means of Eq. (42) or (13) 
(only At) changed). Ordinate scale reduced by S*, as in Figs. 5 
and 10. Suitable parameters were found in two passes by trial and 
error as follows: 

Curve a 1.25 125 1000 10 1 
Curve b i000 10 100 100 1 

r e d r a w n  f r o m  L a n y i  a n d  S i l v e r m a n  [54] ,  o n  t h e  

e l e c t r o g e n i c  H + - N a  + c o u n t e r t r a n s p o r t  s y s t e m  of  

H a l � 9  h a I o b i u m .  A g a i n ,  t he  o p e n  c i rc les  r ep -  

r e s e n t  c h a n g e s  o f  A p H ;  a n d  t h e  fi l led circles,  

c h a n g e s  of  A~ .  F o r  t h e s e  d a t a  t he  s p a n  o f  a p p r o x i -  

m a t e  l i n e a r i t y  is s h o r t  e n o u g h  (less t h a n  6 0 m V )  to 

b e  s i m p l y  a c c o m m o d a t e d  b y  a s t o i c h i o m e t r y  o f  1 
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Fig. 12. Two published cases showing kinetic quasi-equivalence of 
At) and ApH, associated with log-linear current-potential rela- 
tionships. Positioning of the plots along the abscissa (potential 
axis) is the same as that given by the original authors, but 
separation along the ordinate (logarithm of flux) is made to bring 
out the differences of slope. (This can be seen best when the plots 
are sighted end-on.) Symbols as in Fig. 11. A. Curve a: data from 
Robertson et al. [721, Fig. 3 insets, for proton-coupled uptake of 
lactose by membrane vesicles of Escherichia coll. Data in the 
original plots were maximal velocites for uptake of i4C-Iactose 
determined from full-scale kinetic experiments. Membrane poten- 
tial was manipulated by adding various concentrations of valino- 
mycin (0.1 to 1 ~tM) to vesicles suspended in potassium phosphate 
at pH 5.5 (o) or 7.5 (m), with internal pH fixed at the same value 
by 0.2 ~tM nigericin. ApH was manipulated (o) at an external pH of 
5.5 and a fixed membrane potential of - 3 0  mV, by the converse 
use of nigericin and valinomycin. The largest fluxes in the orig- 
inal plots were 107. 9, and 10 (nmoles/minmg protein), respec- 
tively, for m, o, and o. Curve b: data from Maloney and Schatt- 
schneider [58~, Fig. 2, for proton-driven ATP synthesis by intact 
cells of Streptococcus lactis. Membrane potential was varied (o) by 
changing extracellular potassium in the presence of valinomycin, 
and pH o was controlled (o) by addition of sulfuric acid to the 
standard phosphate buffer. Maximal ATP synthesis for the two 
plots as shown was 5.9 and 5.5 ( � 9149  liter cell water), for 
o and o, respectively. B. Rough simulation of the log-linear 
relationships in PartA by means of Eqs.(42) and (13) (only At) 
changed). Steep upward bend of the plots at small currents is an 
artifact of the (log/)-function, as i goes to zero. Again, the param- 
eters were found in two passes, by trial and error: 

k~~ kOl 7Co~ ~o z 

Curve a 10 1 100 10 1 
Curve b 1.1 x lO s 9 x 10-s 30 300 3 



182 U.-P.  H a n s o n  et al.: I-V Analys i s  of  E l ec t rogen i c  P u m p s  

charge/cycle (Lanyi and Silverman estimate 
2H+/Na+). 

Fig. l lB displays two theoretical curves (corre- 
sponding to the experimental curves just described), 
calculated from Eq. (42) for variations of A~), with 
the proton concentrations held constant. For b, 
curve steepness and the reversal potential of 
- 1 2 0 m V  led to the following choice of relative 
magnitudes for the 2-state reaction constants: ki~ 
=1000, k~ and tCio=lr Except for the 
nonzero reversal potential, this case resembles the 
curve designated 10 ~ in Fig. 10A. In the case of 
curve a the longer range of linearity demanded an 
asymmetric 1-V curve resembling Fig. 5 (curve A). 

o o _ The following parameters: kio=1.25, koi-125, ~o 
=10, and 1%i=1000 generate approximate linearity 
over an adequate range, for both A0-plots and 
A[H+]o-plots, but the predicted slopes for the two 
differ by a factor of 1.7. We have not attempted to 
reconcile this discrepancy, because of insufficient 
knowledge of the detailed data. 

Two examples of a log-linear relationship be- 
tween transport flux and AP are shown in Fig. 12A. 
Data for the a plots are from Robertson et al. [72], 
on the H+-lactose cotransport system in Escherichia 
coll. As in Fig. i1, filled symbols represent A0-data, 
and open symbols A[H+lo-data. The plots have 
been separated by displacement along the (logarith- 
mic) ordinate scale, in order to reveal the different 
slopes for electrical and chemical driving forces. 
Data for the b plots are from Maloney and Schatt- 
schneider [58], on PMF-driven ATP synthesis in 
Streptococcus Iactis. These results emphasize the fact 
that published data displaying log-linear relation- 
ships between transport flux and A(J or ApH also 
display both a short range (ca. 60 mV) for the log- 
linearity and only an approximate kinetic equiva- 
lence for the two driving forces. Such results are at 
least qualitatively compatible with the discussion of 
Eq. (48), above. Though we have not attempted to fit 
Eq. (45) quantitatively to these data, straight lines 
with roughly the correct slopes (Fig. 12B) are gener- 
ated by the following sets of parameters [Eq. (13)]: 
Curve a, k~ = 10, k~ = 1, ~C~o = 10, tco~ = 100, and z = 1 ; 
Curve b, 1.1 x l0 s , 9 x 10 -5, 300, 30, and 3, in the 
same order. A surprising outcome of the calculations 
is that, for the PMF-driven ATP synthesis process 
in S. lactis, a stoichiometry of at least 3 charges/ 
cycle seems required, rather than 2 previously esti- 
mated from the same data [58]. 

Discussion 

The schematic model drawn in Fig. 3 may be the 
simplest plausible kinetic representation for cyclic, 

carrier-mediated, charge-transport mechanisms in 
biological membranes. In developing it we have fo- 
cussed primarily on phenomena directly related to 
the steady-state charge displacement process: that 
is, upon current-voltage (I-V) characteristics. And 
we have addressed two major application questions: 
a) given the fact that all Class I models can be 
reduced to the pseudo-2-state model (for steady-state 
I-V studies), how can such I-V analysis of a pump 
or cotransport system yield useful information about 
its underlying kinetic makeup? and b) to what ex- 
tent can the simple model describe major phenom- 
ena reported for pumps and cotransport systems, 
particularly in the areas of proton transport and 
bioenergetics? Before finishing discussion of these 
questions, however, it may be helpful to compare 
and contrast the formal precedents for the model 
itself. 

Prior Description of Related Processes 

The basic strategy for reaction-kinetic modeling of 
electrogenic carrier-mediated transport processes has 
been developed by L~iuger and his collaborators [56, 
87, 88]. In order to apply that strategy to active 
transport systems, particularly those with unknown 
kinetic steps, we have made use of the fact that 
certain classes of reaction intermediates cannot be 
distinguished in steady-state measurements [11, 89], 
and have compressed inaccessible reaction constants 
into "reserve factors." The central relationship [Eq. 
(13)], which thereby emerges to describe the steady- 
state current-voltage relationship for Class I models, 
closely resembles the equation of L~iuger and Stark 
[56] for the steady-state behavior of valinomycin- 
mediated K + transport through lipid bilayer mem- 
branes. And, under conditions in which recycling of 
carriers in electroneutral form is relatively slow [-i.e., 

~o  ~ k~o >> 0% + ~Coi)], the reaction-kinetic model also 
resembles ion-exchange models with "mobile" sites 
[1, 14], as well as less explicit carrier-diffusion mod- 
els [20]. 

However, two other familiar reaction-kinetic mod- 
els for electrogenic primary or secondary active 
transport give different results. Lieb and Stein [57] 
have carried out model reduction in a rather re- 
stricted form: assuming that only multiple substrate- 
bound forms of a carrier are indistinguishable by 
steady-state kinetics. But that, obviously, depends 
upon the nature of experiments being performed. 
Given the electrical label for transmembrane charge 
movement, either multiple unbound forms (Figs. 1 
and 3) or multiple bound forms (when the unbound 
form is charged) can be eliminated for purposes of 
steady-state I-V analysis. Lieb and Stein have for- 
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mally incorporated the membrane potential into 
their models, via the expression kio=ko~exp(u ), but 
have not developed the resultant capability for I-V 
measurement. The expression used is equivalent to 
our Eq. ( l la ,  b) (for z = l )  in the case of a "simple 
carrier" when ki~176 but is unlikely to hold for 
"active" transport systems, where the charge-transfer 
step can represent a major energetic transition. 

The model developed by Heinz and his cowor- 
kers [24, 35]-specifically to describe ion-dependent 
co- (and counter-) transport systems for amino acids 
-s tar t s  with two assumptions: that transmembrane 
transfer steps are rate-limiting to the overall trans- 
port cycle and that ion-binding to the carrier is 
expressed either mainly as an increased velocity 
(Vmax) of cosubstrate transport or mainly as an in- 
creased affinity (1/Kin) of the carrier for the co- 
substrate. The present model [-Eqs. (9), (13)], which 
applies equally to cotransport systems (Fig. 1B) and 
to strictly active transport systems (Fig. 1A), is more 
general in specifically avoiding the assumption that 
transmembrane transfer steps are rate-limiting. As 
we shall demonstrate in a subsequent paper (manu- 
script in preparation), it also yields voltage- and ion- 
dependent changes in the apparent Vm~ X and K~ for 
cosubstrate as a natural consequence of certain 
choices of reaction constants. The conclusion reached 
by Heinz, Geck and Wilbrandt [36], that actual co- 
substrate accumulation is not possible when the 
transmembrane transfer steps are not rate-limiting is 
very surprising to us and appears to arise from the 
rather stronger assumption that all corresponding 
carrier forms are in equilibrium across the mem- 
brane [36] unless transit steps are rate-limiting. [In 
Fig. 2B above, this would mean N ~ = N / ,  N 6 = N  5 
and N4=N3,  which raises at least two specific prob- 
lems: a) it would forbid a steady-state in which the 
cycle is driven fast in one direction (e.g., by a large 
transmembrane ionic gradient); and b) it would 
specifically allow the N3---~N4 transition to short- 
circuit the N 3 ~ N~- or N 5 ~ N 6 transitions.] 

Energy Barriers and Energetic Transitions 

Recent attempts to extract structural or kinetic in- 
formation about intramembranal events from cur- 
rent-voltage plots have focussed largely on localiza- 
tion of the primary energy barrier (=rate-limiting 
activation energy) to ion diffusion either through 
channel structures or via solution in the lipid bilayer 
itself [-3, 33, 37, 38]. Reaction-kinetic models for 
these processes are noncyclic and of the type 
S + ~ S  +, in which there may be several steps be- 
tween the sites (S) of entry to and exit from the 
membrane, but all steps lie within the charge-transit 

pathway itself. In such models overall energetic 
asymmetry arises only from the electrochemical po- 
tential difference for the ion transported, but spatial 
asymmetry of the activation barrier may be expected 
(because of structural asymmetry of biological mem- 
branes), as well as deviation from a simple Eyring- 
barrier shape. For example, Hille [--37], studying the 
selectivity of the excitable sodium channels in frog 
myelinated nerve, was best able to describe the peak 
I-V relationships by a model containing four dis- 
crete transitions, in which that representing the larg- 
est activation energy is located much closer to the 
outer face of the membrane than to the inner face. 
Also, Anderson and Fuchs [3], modeling tetraphe- 
nylborate permeation of phospholipid bilayers, con- 
cluded that the main barrier to permeation of that 
lipid-soluble anion is the symmetric "image-force" 
barrier, but that only a fraction of the total mem- 
brane potential is effective. 

In a practical sense, however, these conclusions 
are rarely unique; usually a variety of activation- 
energy profiles can give rise to I-V curves that are 
(segmentally, at least) indistinguishable [-26]. Further 
constraints can sometimes be obtained, as by exam- 
ination of nonsteady-state I-V data [-8J, or by gen- 
erating very precise curves so that higher derivatives 
(of i with respect to AO) can be calculated [4]. But 
even so, technical problems limit the information 
extractable from I-V data. 

The same considerations apply, of course, to car- 
rier-mediated transport [,79], but additional energy 
barriers must be taken into account: one for each 
reaction step in the voltage-independent pathway. 
And whether one of these, instead of one in the 
charge-transit pathway, is rate-limiting to the overall 
cycle determines whether the shape of the current- 
voltage curve will resemble Fig. 5D (K~o, ~Co~ small) or 
Fig. 5E (K~o, ~Co~ large). (The energy-barrier termi- 
nology is simply an inverse way to describe the 
relative magnitudes of various pairs of reaction con- 
stants.) It is, however, the barrier(s) in the charge- 
transit pathway which determines the inherent sym- 
metry of the overall I-V relationship. Symmetric be- 
havior of Eq. (13), as developed in Eq. (23) and (25) 
and displayed in Fig. 4, depends directly upon sym- 
metry of the exponential terms: that is, upon the 
choice of 0.5 as the multiplier of zu and - z u ,  rather 
than the more general fractions (5 and 1 - ~  (c5~1). 
When I-V data for a particular system cannot be 
resolved into symmetric components, the possibility 
of an asymmetric barrier in the charge-transit path- 
way should be considered, although actual symmetry 
may become apparent only when a wide span of 
voltages is explored (say, 150 mV on each side of Ec). 
A much wider range of I-V curve shapes, than those 
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displayed in Figs. 4 and 5, becomes possible if an 
asymmetric Eyring barrier is assumed along the 
charge-transit pathway [-32]. 

From the pseudo-2-state model, a carefully de- 
termined steady-state I -V curve should yield all four 
empirical reaction constants, either analytically [-via 
Eqs. (14), (15) and (17)] when a sufficient voltage 
span is covered, or by statistical optimization (see 
Usefulness and Meaning ...). Application of the lat- 
ter technique to data for the electrogenic proton 
pump in Neurospora and the electrogenic chloride 
pump in AcetabuIaria [-32] has revealed that ki ~ >> k~ 
whereas ~Co~_~C~o. In both cases, therefore, the major 
energetic transition, at which intramolecular energy 
(of phosphate anydride bonds, for example, or molec- 
ular conformation) appears to be converted into 
gradient energy, occurs during actual charge transit. 
Assuming that reserve factors do not distort the 
picture too severely (see below), it is interesting to 
speculate that this arrangement may be general for 
ion pumps operating against an electrical gradient. 
Such pumps differ conceptually in an important way 
from electroneutral pumps or those operating in the 
absence of an electric field. Pumping ions against a 
field requires work to be expended on each charge 
moved, whereas pumping against a concentration 
gradient expends work only on the ensemble. 

As has already been discussed, reliable localiza- 
tion of the major energetic transitions from steady- 
state I-V data requires the reserve factors r~ and r o to 
be well-behaved. It is, however, a quantitative mat- 
ter, not a qualitative one. The influence of reserve 
factors upon the apparent magnitude of energy in- 
put to the charge-transit step can be seen by sub- 
stituting Eqs. (10a, b) into Eq. (16a): 

R T  
Ec = 7F- In r~ k~l (49) 

rok~ 2" 

Numerical evaluation of ri and r o, as given in Ap- 
pendix II, shows that the ratio rjr o stays near unity 
(i.e., between about 0.3 and 3) except when rapid 
decharging of the carrier immediately follows transit. 
And the energy represented by this possible 10-fold 
error in the ratio r~k~176 is about 60 mV, which 
is hardly significant compared with E r values of 
several hundred millivolts [-32]. 

Applications and General Implications of the Model 

Despite its conceptual simplicity, the pseudo-2-state 
reaction kinetic model for ion pumps and cotrans- 
port systems is capable of describing a very wide 
range of phenomena observed in transport-kinetic 
experiments. Apart fi'om predicting several types of 
voltage dependence for the standard enzyme-kinetic 
parameters of ion-transport systems (manuscript in 

preparation), it can accommodate many different 
shapes of current-voltage curves over the usual 
measureable voltage span (ca. - 200 to + 100 mV); it 
can account for kinetic equivalence, or quasi-equiva- 
lence, of membrane potential and ion-concentration 
gradients; it suggests specific extensions, of conven- 
tional kinetic data, which can serve as tests for var- 
ious forms of the model; and it provides a rationale 
upon which to select various "ideal" models to de- 
scribe particular systems efficiently. 

Referring to the illustrative I-V curves in Fig. 5, 
and focussing on the voltage span just to the right 
of the reversal potential (E~), it is obvious that ex- 
perimental I-V relationships can appear linear, hy- 
perbolic, flat, parabolic, or exponential, depending 
on the length of I -V  curve sampled, the proximity to 
E~, and the relative magnitudes of ki~ k~ versus Gi, 
~cio. It seems clear, for example, why in most animal 
cells I-V curves for electrogenic sodium pumping 
resemble "current sources" [52, 61, 92]; they are 
flat, or parallel to the voltage axis, because the ac- 
cessible voltage span is far from the reversal poten- 
tial, and voltage-independent reaction steps are rate- 
limiting. As long as such a condition prevails across 
the pumping membrane, any battery-and-resistor rep- 
resentation of the pump (whether couched in ther- 
modynamic or electrical nomenclature) must be a 
poor approximation. The convenient assumption of 
a current-source behavior, which is incorporated 
into many discussions of electrogenic pumps in ex- 
citable tissue [2, 12, 22, 65], may therefore be gener- 
ally justified. On the other hand, the battery-and- 
resistor may be a good approximation for electro- 
genic pumps in giant algae [15, 31, 85, 86] where 
larger accessible membrane potentials (out to 
-300mV)  and higher stoichiometries (z> l )  com- 
bine to place the usual I -  V span close to E r, under 
conditions in which recycling of neutral carrier is 
relatively slow (lk~o ~ k~ >> (~coi + ~qo)). 

Perhaps the most important area into which the 
model reaches is the description of various proton 
transport systems, most intensively studied in en- 
ergy-coupling membranes. We have already explored 
the central results in this area, in the section Ion- 
Motive Forces .... but a few additional points 
should be made. By means of the pseudo-4-state 
model, it can be shown that both the kinetic equiva- 
lence of A~ and ApH and the linear dependence of i 
on A~ or AP, for spans of +_40mV, are direct 
kinetic consequences of making the carrier decharg- 
ing 2 reactions fast [Eqs. (36)-(45)], under conditions 

z Decharging here means conversion of the carrier from a charged 
state to an uncharged state. In the case when charge-transit is 
brought about by the uncomplexed carrier (see, e.g., Ref. [32]), 
decharging consists of ion-association with the carrier, rather 
than dissociation, as generally depicted in this paper. 
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when the zero-voltage reaction constants, k~2 and 
k~l are not small. (Other special conditions exist for 
linearity and quasi-equivalence of A~, and ApH: e.g., 
for variations around Er, when all reaction constants 
in the pseudo-4-state model are approximately 
equal. Thus far, however, we have not discovered 
any other applicable general conditions.) Linearity 
over the spans in excess of +40mV, as frequently 
observed, is more difficult to account for. As shown 
in Fig. 11 (curves a) a span of 120mV can be han- 
dled by choosing the voltage-independent reaction 
constants in a sufficiently asymmetric fashion. But 
even longer spans of linearity (ca. 200mV) have 
been repo~ted, as by Dixon and A1-Awqati [17] for 
the reversible ATP-driven proton pump in turtle 
bladder and by Griiber et al. [30] for the coupling 
ATPase in chloroplasts. In order for the model of 
Fig. 9 to describe such results, it appears necessary 
to introduce an asymmetric Eyring barrier (see 
above section) into the charge-transit step: for exam- 
ple, by letting k12 = k ] 2  exp (0.9zu) and k21 =k~l exp 
(-0.1zu). Whether such an adaptation is actually 
warranted is unclear, since in both cases the ap- 
parent I-V relationships may be distorted by tissue 
geometric factors (serial membranes for the bladder 
preparation, vesicle-size spread for the chloroplast 
suspensions). 

The wide range of applicability of Eqs.(13) and 
(45) makes postulation of such special devices as P- 
gates and ion wells [63] unnecessary, at least as 
explanations of kinetic data. The concept of the 
proton well, originally devised to produce elevated 
substrate concentrations for F,-type ATP syn- 
thetases, does yield kinetic equivalence of A~ and 
ApH, but is circumvented in that role by Eq. (45). 
Gates associated with pumps or cotransport systems 
have been postulated many times [e.g., 29, 39, 54], 
either to account for steep I-V relationships, or to 
account for the practical irreversibility of some 
pumps. But, as was pointed out in developing Eq. (27), 
steepness of an I-V relationship can be judged only 
when the saturation current (maximal transport ve- 
locity) is known. Lanyi and Silverman [54] have 
suggested that one kind of gating mechanism could 
be a stoichiometry of 2 or more charges/cycle (z > 2). 
Considering their data already discussed in Fig. 11A, 
however, and assuming 850nmoles/minmg protein 
[53] to be the saturating velocity for the H + - N a  + 
countertransport system in Halobacterium vesicles, 
z = 1 gives a quite satisfactory description (Fig. 11B). 
Finally, gating to account for irreversibility of cer- 
tain transport systems [29, 30] may simply be a 
question of kinetic competence. Again referring to 
Fig. 5, when the empirical voltage-independent re- 
action constants are asymmetric, i.e., tqo# ~co~, trans- 
port systems will act either only as pumps (Fig. 5, 

curve C) or only as ion-driven ATP-synthetases or 
substrate accumulators. When E,. is passed in the 
unfavorable direction, little current flows despite the 
theoretical reversibility. It has already been pointed 
out that such kinetic asymmetry can account for an 
unexpectedly long span of linearity between i and 
A~ or AP. It would seem a very important test of 
this generalized kinetic model to determine whether 
those systems displaying long spans of linearity 
coincide with those which appear to be "gated" 
against reversal. 
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Appendix I 

Derivation of Pseudo-3- and Pseudo-4-State Models: 
Relation to the Pseudo-2-State Model 

Nomenclature. In order to avoid incrustations with another layer 
of nomenclature, we shall not present these derivations in the 
most general form, but instead shall adhere to the nomenclature 
used in Fig. 7 (as extrapolated from Fig. 2) for the 3-state and 4- 
state models, and in Eq. (8) for the 2-state model. (The results can 
easily be translated, by conversion of subscripts, for the 5-state 
"real" model of the proton pump in Figs. 1A and 2A, for any of 
the three equivalent 4-state models associated with Fig. 2B, or for 
any other presmned n-state model.) k12 and k21 wiIl be used 
throughout to designate the voltage-dependent rate constants [de- 
rived with explicit inclusion of the reserve factors, as discussed for 
Eqs. (6)-(8)]. s (with numerical subscripts) wili designate reaction 
constants for the additional step that is to be excluded from the 
lumping procedure; and ~c (with numerical subscripts) will denote 
lumped reaction constants for all other steps, q,  r 2 .. . .  will be 
used for the reserve factors in the higher-state models~ but to 
avoid ambiguity r i and ro will be retained for the 2-state model. 

Finally, for the sake of compactness, the ensemble of steady- 
state mass equations for 2-, 3-, and 4-state models will be set up 
- a n d  manipulated, to a certain extent- in  matrix notation. 
Fig. 7B will not be dealt with specifically here, since its results can 
be obtained directly from those for Fig. 7A by symmetric sub- 
stitution. 

Steady-State Mass Equations. In the case of the 2-state model, Eqs. 
(4b), (6), and the complementary equation - d N ~ - / d t = 0 = - ( k l z  
+~q2) N+ +(k=l +K21) N+ could have been written as 

M V = N ,  (A-l) 

in which the matrix (M), and the vectors (V and N) are defined 
by 

[ ] (k12 @/~12) -- (k21 @ K'21 = (A2-1) 
[-(k12+~c,2) (1%1+K21) ] [N~] ' (A2-2) 
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The system could then have been solved for N [  and N~, in Eqs. 
(Ta, b), via the reduced matrix M 2 and vector N 2 obtained by 
deleting the last row, Eq. (A2-2), above. [The latter equation must 
be retained in the general case, in order to provide correspon- 
dences between the reserve factors in the 2-state and higher-state 
models (see below)]. The solutions can be written as 

N + = IJM2[//M2I, (A-2) 

in which [M2I is the determinant of M2, and [JMzl is the de- 
terminant of the matrix obtained by substituting the vector N 2 
for the column headed r; (here i = 1, o = 2) in M 2. 

In the case of the 3-state model (counterclockwise, Fig. 7A), 
Eq. (A-l) is written: 

rl 1- 2 r 3 1 rN+] IN]  (A3-0) 

-< -,51 ] I 51 /~ (13-i) 

Lt l~ (A 3-2) 
--k12 (k21@~23) -/s = 

- s l  3 -rc23 (s31+/s (A3-3) 

The determinant solutions for N/-, N~-, and N 3 are just 

NJ+~= [JM3i/IM3[" (1-3) 

And for the 4-state model, 

- / q 2  (k21+/s 0 - ' % 2  - ' 
N5 

[ - - : 1 5  0 ( $ 5 6 @ / r  0 

--/s --$56 ($65 -~-/s K12 

and Eqs. (14-0) through (A4-4) 

N)+~= I~M4[/IM~/" (A-4) 

Interpretation of the Reserve Factors. The same argument is used 
to generate the reserve factors in the pseudo-3- and 4-state mod- 
els as in the pseudo-2-state model, but the end points of the 
summations are different. For the 3-state model, Eq. (4a, b) be- 
comes 

N = N / +  i r,2N~ + ~ rj3 ]N~3 
j=l  j=l  

or (13-4a, b) 

N = q  N[  + r z N  f +r3N3, 

which incorporates the identities 5 = 1, rij= 1, and rji=0 ( j+  i). For 
the 4-state model, there are two separate sets of concealed re- 
actions, one bounded by N + and N6, and one bounded by N + 
and N 5. In this case Eq. (4a, b) becomes 

2n 2n 2n-- 1 2n 1 
N =  ~ rjzN++ ~ /'j6N6 q- ~'~ r j l N ;  + ~ rjsN5 

j~2,4.,, j_ 2, 4... j= 1,3... j-l,3...  
(A4-5a) 

or 

N = r  1 N[  +r2N + q-rsNs+ r6N6, (A4-5b) 

again with rjj = 1 and rj~ = 0 (] =# i ). 
The reserve factors in the 2-state model can be expanded 

from the 3- and 4-state models by the following general pro- 
cedure. First, using Eq. (A3-3) or Eqs. (A4-3) and (A4-4), solve for 
N 3 or N 5 and N 6 in terms of N [  and N~-. Second, substitute those 
solutions into Eqs.(A3-4b) or (A4-5b), respectively; and third, 

make a term-by-term comparison with Eq. (4b). The results of 
these manipulations are 

ri=rl+, r3sl~3 and ro=r2+ r3/s (A-5a, b) 
$31 +/s $31 -~-/s 

for the 3-state model; and 

r5 1(:t 5($65 -}-/s -- ro $56/s r~=q + (A-6 a) 
(s56 + 1% 1) (s~s +/s s56 s65 

and 

ro=r2q- r5 s65 Kz6+r~'I~26(S56+Ks1) (A-6b) 
(s56 + % 1) (s6s + %2)-s56  s65 

for the 4-state model. 

Evaluation of Lumped Reaction Constants in the Pseudo-2-State 
Model. ~:12 and t%1 can be evaluated in much the same fashion 
as r~ and r0, though the algebra is somewhat more laborious. 
First, substitute the 3-state [Eqs.(A-5a, b)] or 4-state [Eqs.(A- 
6a, b)] values of r i and ~o into Eq. (7a, b), and multiply the 
denominators of t i and r o into the numerators of N [  and N~-, in 
order to obtain each equation as a simple fraction. Second, calcu- 
late N + and N + from the 3- or 4-state models, via Eqs. (A-3) or 
(A-4). Term-by-term comparison of the corresponding numerators 
then gives the 3- or 4-state equivalences for ~12 and ~21. The 
correctness of the results can be verified with a term-by-term 
comparison of denominators. From the 3-state model, 

s13 x32 and /s s31 ~c2~ (A-7a, b) 
S31 -~ h~32 $31 -t- K32 

From the 4-state model, 

ts 

and 

$56 K15 h~62 

($56-~-1s ($65 -{-1~62)-- $56 S65 

$65 K51 K26 
~c21~ (ss~ + z51) (s6s + /s ss6 s6s " 

(A-Sa, b) 

Generalization of the Model. In the previous paragraphs k, s, and 
~c have been used as mnemonic nomenclature for reaction con- 
stants with different functions in the kinetic model: voltage-de- 
pendence, sensitivity to experimental change, and lumping of 
concealed reactions, respectively. Explicit use is made of this 
mnemonic device in the text section on interpretation of reserve 
factors. Also, in order to develop the formal relationships out of 
conventional kinetic diagrams for pumps and cotransport sys- 
tems, we have retained the subscripting nomenclature from the 6- 
state model. For a number of purposes, however, it is more 
convenient and efficient to use a common designation, say k as 
shown in Fig. 2, for all reaction constants, and a strictly serial 
ordering of subscripts. An important case in point, and one which 
can be used for analysis of data in the literature, is the algebraic 
expansion of the expression for current flow through any pseudo 
m-state model. The general result, analogous to Eq. (8), but with- 
out r~ r o multiplied through numerator and denominator, is 

i=zF  k12[ 1M~l-k21 ?Mml (A-9) 
1Mini 

where m=2,3,  ...,n, for the pseudo m-state models. Unhappily, 
this compact notation doesn't convey much of an intuitive feel- 
ing about the behavior of the underlying kinetic systems; but 
then neither does the detailed algebraic expansion, whose de- 
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Fig. 13. Numerical evaluation of reserve factors: rapid decharging 
of the carrier. Two-state reserve factors (G lo) calculated by means 
of Eq. (A-6) (see Appendix II, or Table 1), using the generalized 
"real" 4-state kinetic model diagrammed in the inset. The refer- 
ence condition was taken with all 4-state reserve factors omitted, 
and all voltage-independent reaction constants equal to 1. /%4 
(top), or k24 and kz3 simultaneously (bottom), were then varied 
from 10 -3 to 103. The ordinate scale is logarithmic simply to 
accommodate the largest r-values 

nominator (for example) contains m 2 terms (which are laid out in 
numerous books on kinetic models [82]). However, a simple 
verbal description is possible: 1) The numerator of the fraction in 
Eq. (A-9) consists of Nx  (product of all clockwise reaction con- 
stants, minus the product of all counterclockwise reaction con- 
stants). 2) The denominator is the sum of m ~ terms, m of them 
multiplied by each reserve factor, G; the m terms corresponding 
to each reserve factor consist of the products of all combinations 
of reaction constants, taken m - 1  at a time, which point toward 
N~ (the carrier state associated with the reserve factor rx). 

Thus, for the generalized 4-state model, 

i = z F N  [r 
rl (k21 k42(k34 q- k31) q- k31 kcs(k24 § ];21))" (A- 10) 

+r2(kt2k3~(k43 +k42)-[ k42ks4(k13 +k12)) 
+ r3(k~ 3 k2~(k,2 + k4 3) + k~a k2~(k~2 + kt 3)) 
+r4(k24kt2(k3~ +k34)+k34kt3(k2t +];2,)) 

As noted above G-=l for any carrier state not involved in a 
lumping procedure. A somewhat more elaborate diagrammatic 
statement of these verbal rules has been given by King and 
Altman [46]. 

Appendix I I  

A discussion of how the pseudo-2-state reserve factors behave 
under certain limiting conditions, with emphasis on their dynamic 
effect upon the apparent magnitudes of the voltage-sensitive re- 
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Fig. 14. Numerical evaluation of reserve factors: demonstration of 
some conditions which give bounded reserve factors. Compu- 
tations exactly as in Fig. 13, but different constants varied. A. 
Showing that increasing k~2 simultaneously with ];z4 cancels the 
major effect of k24 on r o (compare Fig. 13). B. Showing similar 
cancellation by simultaneous increase of k~3 and k3t along with 
k24. C. Showing r i and r o to be independent of reaction steps not 
contiguous with the voltage-dependent steps. Complete indepen- 
dence here is a consequence of the symmetry of the 4-state model. 
O. Showing that changing k42 alone does not make l? or t o large 

action constants during experimental manipulation, is given in 
the text section UsefuIness and Meaning .... The purpose of this 
Appendix is to provide some practical and general rules for the 
behavior of the reserve factors (when the limiting cases do not 
apply), with a particular emphasis on their static magnitude, as 
influenced by particular choices of reaction constants in the set of 
lumped reactions. 

The rules outlined below come either directly from the def- 
initions of reserve factors given in Eqs. (4), (5), (A3-4), and (A4-5), 
or from a survey of values computed for 3-, 4-, and 5-state models 
via Eqs. (A-5), (A-6), and their 5-state equivalents. The reference 
condition, or starting point for the computations, was chosen 
with all 3-, 4-, or 5-state reserve factors equal to 1 (this makes the 
models "real"), and with all voltage-independent reaction con- 
stants also equal to 1. Selected reaction constants were then 
varied between 0.001 and 1000. Some representative results are 
plotted in Figs. 13 and 14, for the 4-state model; there were 11o 
qualitative differences from the 3- and 5-state models�9 The no- 
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tation for reaction constants in a "real" 4-state model is taken 
from the section on Generalization... in Appendix I, and given 
explicitly in the inset diagram of Fig. 13. 

Rules 

1) By definition, r~, r o > 1, always. 
2) Also by definition, i~ and I o are independent of k12 and I%1. 
3) If all reaction constants contained in the lump are equal, then 
r~=ro=n/2, where n is the total number of carrier states. 
4) ri and r o stay small and bounded for almost any choice of 
reaction constants in the lump, except when k24 or k13 becomes 
large. In other words, the gross magnitude of the reserve factors is 
controlled by the relative speed of the carrier decharging z re- 
action immediately following charge transit. This is the most im- 
portant rule. The general part is illustrated in Fig. 14, and the 
exception is illustrated in Fig. 13 (some consequences are listed in 
Table 2). 
5) Starting with all reaction constants = 1, and changing any one 
constant (except k2, or k13 ), as well as many combinations, be- 
tween 0 and +co leaves r~ and to<2 for a 3-state model, <4  for a 
4-state model, and <7 for a 5-state model. At the same time, the 
ratio f ir  o stays between 3 and 0.3 (see Fig. 14.) 
6) k2~ does not affect r~, and kla does not affect lo; but r~ becomes 
large with k13 and r o becomes large with k24 (Fig. 13, top). This 
means that the ratio r]r o gets very small as k24 increases (Fig. 13: 
top) and gets very large as k13 increases. 
7) It follows from rule 6 that the ratio ~/r o stays bounded if both 
kz4 and k13 become similarly large. This rule is illustrated for k24 
=k13 in Fig. 13 (bottom). 
8) ~o stays bounded despite a large value of Ir under two con- 
ditions: either the paired reaction constant (k42) is similar to k24, 
or all other voltage-independent reaction constants pointing in 
the same direction as k2~ are similarly large. This rule is illus- 
trated in Fig. 14A for k24=k~2, and in Fig. 14B for k24=k~3 
=k31. Similar statements apply for 1~ and k~3. 

References 

1. Adrian, R.H. 1969. Rectification in muscle membrane. Prog. 
Biophys. Mol. Biol. 19:339-369 

2. Adrian, R.H., Slayman, C.L. 1966. Membrane potential and 
conductance during transport of sodium, potassium, and ru- 
bidium in frog muscle. J. Physiol. (London) 184:970-1014 

3. Andersen, O.S., Fuchs, M. 1975. Potential energy barriers to 
ion transport within lipid bilayers: Studies with tetraphenyl- 
borate. Biophys. J. 15:795-830 

4. Attwell, D. 1979. Problems in the interpretation of membrane 
current-voltage relations. In: Membrane Transport Processes. 
C.F. Stevens and R.W. Tsien, editors. Vol. 3, pp. 29-41. Raven 
Press, New York 

5. Baird, B.A., Hammes, G.G. 1979. Structure of oxidative- and 
photo-phosphorylation coupling factor complexes. Bioehim. 
Biophys. Acta 549:31-53 

6. Beck, J.C., Rosen, B.P. 1979. Cation/proton antiport systems 
in Escherichia coli: Properties of the sodium/proton anti- 
ports. Arch. Biochem. Biophys. 194:208-214 

7. Bentrup, F.W. 1980. Electrogenic membrane transport in 
plants. A review. Biophys. Struct._ Mechanism 6:175-189 

8. Benz, R., L~iuger, P., Janko, K. 1976. Transport kinetics of 
hydrophobic ions in lipid bilayer membranes: Charge-pulse 
relaxation studies. Biochim. Biophys. Acta 455:701-720 

9. Boyer, P.D., Stokes, B.O., Wolcott, R.G., Degani, C. 1975. 
Coupling of "high-energy" phosphate bonds to energy trans- 
ductions. Proc. NatL Acad. Sci. USA 34:1711-1717 

10. Brey, R.N., Rosen, B.P., Sorenson, E.N. 1980. Cation/proton 
antiport systems in Escherichia coli: Properties of the po- 
tassium/proton antiports, d. Biol. Chem. 255:39-44 

11. Britton, H.G. 1966. The concept and use of flux measurements 
in enzyme studies: A theoretical analysis. Arch. Biochem. Bio- 
phys. 117:167-183 

12. Caldwell, P.C. 1973. Possible mechanisms for the linkage of 
membrane potentials to metabolism by electrogenic transport 
processes with special reference to Ascaris muscle. Bioener- 
getics 4:201-209 

13~ Chapman, J.B., Kootsey, J.M., Johnson, E.A. 1979. A kinetic 
model for determining the consequences of electrogenic active 
transport in cardiac muscle. J. Theor. Biol. 80:405 424 

14. Conti, F., Eisenman, G. 1966. The steady-state properties of 
an ion exchange membrane with mobile sites. Biophys. J. 
6:227-246 

15. Dainty, J., Lannoye, R.J., Tarr, S.E. 1970. Voltage-current 
characteristics of Chara australis during changes of pH and 
exchange of Ca-Mg in external medium. J. Exp. Bot. 21:558- 
565 

16. Diamond, J.M. 1964. Transport of salt and water in rabbit 
and guinea pig gall bladder. J. Gen. Physiol. 48:1-14 

17. Dixon, T.E., AI-Awqati, Q. 1979. Urinary acidification in 
turtle bladder is due to a reversible proton-translocating 
ATPase. Proc. Natl. Acad. Sci. USA 76:3135-3138 

18. Eddy, A.A. 1978. Proton-dependent solute transport in mi- 
croorganisms. Curr. Top. Membr. Transp. 10:279-360 

19. Feldberg, S.W., Nakadomari, H. 1977. Charge-pulse studies of 
transport phenomena in bilayer membranes. II. Detailed 
theory of steady-state behavior and application to valinomy- 
cin-mediated potassium transport. J. Membrane Biol. 31:81- 
102 

20. Finkelstein, A. 1964. Carrier model for active transport of 
ions across a mosaic membrane. Biophys. J. 4:421-440 

21. Foster, D.L., Fillingame, R.H. 1979. Energy-transducing H +- 
ATPase of Escherichia coli. d. Biol. Chem. 254:8230-8236 

22. Frumento, A.S. 1965. The electrical effects of an ionic pump. 
J. Theor. Biol. 9:253-262 

23. Garrahan, P.J., Garay, R.P. 1976. The distinction between 
sequential and simultaneous models for sodium and po- 
tassium transport. Curr. Top. Membr. Transp. 8:29-97 

24. Geck, P., Heinz, E. 1976. Coupling in secondary transport. 
Effect of electrical potentials on the kinetics of ion-linked 
cotransport. Biochim. Biophys. Acta 443:49-53 

25. Geck, P., Pietrzyk, C., Burckhardt, B.-C., Pfeiffer, B., Heinz, E. 
1980. Electrically silent cotransport of Na +, K +, and C1 in 
Ehrlich cells. Biochim. Biophys. Acta 600:432-447 

- 26. Ginsburg, S., Noble, D. 1976. Use of current-voltage diagrams 
in locating peak energy barriers in cell membranes. J. Mem- 
brane Biol. 29:211-229 

27. Glynn, I.M., Karlish, S.J.D. 1975. The sodium pump. Annu. 
Rev. Physiol. 37 : 13-55 

28. Goffeau, A.L., Slayman, C.W. 1981. The proton translocating 
ATPase of the fungal plasma membrane. Biochim. Biophys. 
Acta (in press) 

29. Gr~iber, P. 1981. Phosphorylation in chloroplasts: ATP syn- 
thesis driven by A0, by ApH, and by Ap~+ of artificial or 
light-generated origin. In: Electrogenic Ion Pumps. C.L. Slay- 
man, editor. Academic Press, New York (in press) 

30. Gr~iber, P., Schlodder, E.: Witt, H.T. 1977. Control of the rate 
of ATP synthesis by conformational changes in the chloro- 
plast ATPase induced by the transmembrane electric field. 
Proc. Fourth Int. Congr. Photosynth. D.O. Hall, J. Coombs, 
and T.W. Goodwin, editors, pp. 197-210. The Biochemical So- 
ciety (London) 

31. Gradmann, D. 1975. Analog circuit of the Acetabularia mem- 
brane. J. Membrane Biol. 25:183 208 



U.-P. Hansen et al.: I-V Analysis of Electrogenic Pumps 189 

32. Gradmann, D., Hansen, U.-P., Slayman, C.L. 1981. Reaction 
kinetic analysis of current-voltage relationships for electro- 
genic pumps in Neurospora and Acetabularia. In: Electrogenic 
Ion Pumps. C.L. Slayman, editor. Academic Press, New York 
(in press) 

33. Hall, J.E., Mead, C.A., Szabo, G. 1973. A barrier model for 
current flow in lipid bilayer membranes. J. Membrane Biol. 
11:75-97 

34. Hansen, U.-P., Gradmann, D., Slayman, C.L. 1980. Current- 
voltage curves and modeling of electrogenic pumps. Eur. J. 
Physiol. 384 :R13, item 52 

35. Heinz, E., Geck, P. 1978. The electrical potential difference as 
a driving force in Na+-linked cotransport of organic solutes. 
In: Membrane Transport Processes. J.F. Hoffman, editor. Vol. 
1, pp. 13-30. Raven Press, New York 

36. Heinz, E., Geck, P., Wilbrandt, W. 1972. Coupling in second- 
ary active transport. Activation of transport by cotransport 
and/or countertransport with the fluxes of other solutes. Bio- 
chim. Biophys. Acta 255:442-461 

37. Hille, B. 1975. Ionic selectivity, saturation, and block in so- 
dium channels: A four-barrier model. J. Gen. Physiol. 66:535- 
560 

38. Hladky, S.B. 1974. The energy barriers to ion transport by 
nonactin across thin lipid membranes. Biochim. Biophys. Aaa 
352:71-85 

39. Junge, W. 1970. The critical electric potential difference for 
photophosphorylation. Its relation to the chemiosmotic hy- 
pothesis and to the triggering requirements of the ATPase 
system. Eur. J. Biochem. 14:582-592 

40. Junge, W. 1981. Electrogenic reactions and proton pumping 
in green plant photosynthesis. In: Electrogenic Ion Pumps. 
C.L. Slayman, editor. Academic Press, New York (in press) 

41. Kaback, H.R. 1978. Molecular biology and energetics of 
membrane transport. J. Cell. Physiol. 89:575 594 

42. Kaczorowski, G.J., Kaback, H.R. 1979. Mechanisms of lactose 
translocation in membrane vesicles from Escherichia coli. i. 
Effect of pH on efflux, exchange, and counterflow. Biochem- 
istry 18:3691-3697 

43. Karlish, S.J.D., Yates, D.W., Glynn, I.M. 1978. Confor- 
mational transitions between Na+-bound and K+-bound 
forms of (Na++K+)-ATPase, studied with formycin nu- 
cleotides. Biochim. Biophys. Acta 525:252-264 

44. Kimmich, G.A. 1973. Coupling between Na + and sugar trans- 
port in small intestine. Biochim. Biophys. Acta 300:31-78 

45. Kimmich, G.A., Carter-Su, C. 1978. Membrane potentials and 
the energetics of intestinal Na+-dependent transport systems. 
Am. J. Physiol. 235 :C73-C81 

46. King, E.L., Altman, C. 1956. A schematic method of deriving 
the rate laws for enzyme-catalyzed reactions. J. Phys. Chem. 
60 : 1375-1378 

47. Kinne, R. 1976. Properties of the glucose transport system in 
the renal brush border membrane. Curr. Top. Membr. Transp. 
8:209-267 

48. Komor, E., Schwab, W.G.W., Tanner, W. 1979. The effect of 
intracellular pH on the rate of hexose uptake in ChoreIla. 
Biochim. Biophys. Acta 555"524-530 

49. Krab. K., Wikstr6m, M. 1980. Proton-pumping cytochrome c 
oxidase. Biochim. Biophys. Acta 549:177-223 

50. Kregenow, R.F. 1977. Transport in avian red cells, in: Mem- 
brane Transport in Red Cells. J.C. Ellory and V.L. Lew, 
editors, pp. 383 426. Academic Press, New York 

51. Kuroda, H., Warncke, J., Sanders, D., Hansen, U.-P., Allen, 
K.E., Bowman, B.J. 1980. Effects of vanadate on the elec- 
trogenic proton pump in Neurospora. In: Plant Membrane 
Transport: Current Conceptual Issues. R.M. Spanswick, W.J. 
Lucas, and J. Dainty, editors, pp. 507 508. Elsevier, New York 

52. Lambert, J.D.C., Kerkut, G.A., Walker, R.J. 1974. The elec- 

trogenic sodium pump and membrane potential of identified 
neurones in Helix aspersa. Comp. Biochem. Physiol. 47A:897- 
916 

53. Lanyi, J.K., MacDonald, R.E. 1976. Existence of electrogenic 
hydrogen ion/sodium ion antiport in Halobacterium halobium 
cell envelope vesicles. Biochemistry 15:4608-4613 

54. Lanyi, J.K., Silverman, M.P. 1979. Gating effects in Halobac- 
terium halobium membrane transport. J. Biol. Chem. 
254:4750-4755 

55. Lg, uger, P. 1979. A channel mechanism for electrogenic ion 
pumps. Biochim. Biophys. Acta 552:143-161 

56. L~uger, P., Stark, G. 1970. Kinetics of carrier-mediated ion 
transport across lipid bilayer membranes. Biochim. Biophys. 
Acta 211:458-466 

57. Lieb, W.R.~ Stein, W.D. 1974. Testing and characterizing the 
simple carrier. Biochim. Biophys. Acta 373:178-196 

58. Maloney, P.C., Schattschneider, S. 1980. Voltage sensitivity of 
the proton-translocating adenosine 5'-triphosphatase in Strep- 
tococcus lactis. FEBS Lett. 110:337-340 

59. Mandel, L.J., Curran, P.F. 1973. Response of the frog skin to 
steady-state voltage clamping. II. The active pathway. J. Gen. 
Physiol. 62 : 1-24 

60. Markin, V.S., Sokolov, V.S., Boguslavsky, L.I., Jagnzhinsky, 
L.S. 1975. Nigericin-induced charge transfer across mem- 
branes. J. Membrane Biol. 25:23-45 

61. Marmor, M.F. 1971. The independence of electrogenic sodium 
transport and membrane potential in a molluscan neurone. J. 
Physiol. (London) 218:599-608 

62. Mitchell, P. 1966. Chemiosmotic coupling in oxidative and 
photosynthetic phosphorylation. Biol. Rev. 41:455-502 

63. Mitchell, P. 1968. Chemiosmotic Coupling and Energy Trans- 
duction. Glynn Research, Bodmin, Cornwall England 

64. Mitchell, P., Moyle, J. 1974. The mechanism of proton trans- 
location in reversible proton-translocating adenosine triphos- 
phatases. Biochem. Soc. Spec. Publ. 4:91-111 

65. Moreton, R.B. 1969. An investigation of the electrogenic so- 
dium pump in snail neurones, using the constant field theory. 
Y. Exp. Biol. 51:181-201 

66. Morowitz, H.J. 1978. Proton semiconductors and energy 
transduction in biological systems. Am. J. Physiol. 235:R99- 
Rl14 

67. Okamoto, H., Sone, N., Hirata, H., Yoshida, M., Kagawa, Y. 
1977. Purified proton conductor in proton translocating aden- 
osine triphosphatase of a thermophilic bacterium. J. Biol. 
Chem. 252:6125-6131 

68. Plack, R.H., Rosen, B.P. 1980. Cation/proton antiport systems 
in Escherichia coli: Absence of potassium/proton antiporter in 
a pH-sensitive mutant. J. Biol. Chem. 255:3824-3825 

69. Racker, E. 1978. Mechanisms of ion transport and ATP for- 
mation. In: Membrane Transport in Biology, Vol. I. Concepts 
and Models. G. Giebisch, D.C. Tosteson, and H.H. Ussing, 
editors, pp. 259-299. Springer-Verlag, Berlin 

70. Reichert, U., Schmidt, R., Foret, M. 1975. A possible mecha- 
nism of energy- coupling in purine transport of Saccharomyces 
cerevisiae. FEBS Lett. 52:100-102 

71. Requena, J., Mullins, L.J. 1979. Calcium movement in nerve 
fibres. Quart. Rev. Biophys. 12:371-460 

72. Robertson, D.E., Kaczorowski, G.J., Garcia, M.-L., Kaback, 
H.R. 1980. Active transport in membrane vesicles from Esche- 
richia coli: The electrochemical proton gradient alters the 
distribution of the Lac carrier between two different kinetic 
states. Biochemistry 19:5692-5702 

73. Robinson, J.D., Flashner, M.S. 1979. The (Na++K+)  - 
activated ATPase: Enzymatic and transport properties. Bio- 
chim. Biophys. Acta 549:145 176 

74. Sachs, G., Wallmark, B., Saccomani, G., Rabon, E., Stewart, 
H.B., DiBona, D.R., Berglindh, T. 1981. The ATP-dependent 



190 U.-P. Hansen et al.: I-V Analysis of Electrogenic Pumps 

component of gastric acid secretion. In: Electrogenic Ion 
Pumps. C.L. Slayman, editor. Academic press, New York (in 
press) 

75. Saier, M.H., Jr. 1977. Bacterial phosphoenolpyruvate: Sugar 
phosphotransferase systems: Structural, functional, and evo- 
lutional interrelationships. Bacteriol. Rev. 41:856-871 

76. Sanders, D., Hansen, U.-P. 1981. Mechanism of CI- transport 
at the plasma membrane of Chara corallina. II. Transinhi- 
bition and the determination of H+/C1 binding order from a 
reaction kinetic model. J. Membrane Biol. 58:139-153 

77. Schmitt, W.F., McManus, T.J. 1977. Ouabain-insensitive salt 
and water movements in duck red cells. I. Kinetics of cation 
transport under hypertonic conditions. J. Gen. Physiol. 70:59- 
79 

78. Schuldiner, S., Fishkes, H. 1978. Sodium-proton antiport in 
isolated membrane vesicles of Escherichia coli. Biochemistry 
17:706-711 

79. Schultz, S.G. 1980. Basic Principles of Membrane Transport. 
145 pp. Cambridge University Press, Cambridge, England 

80. Schultz, S.G., Curran, P.F. 1970. Coupled transport of sodium 
and organic solutes. Physiol. Rev. 50:637-718 

81. Schwab, W.G.W., Komor, E. 1978. A possible mechanistic role 
of the membrane potential in proton-sugar cotransport of 
Chlorella. FEBS Le~t. 87:157-160 

82. Segel, I.H. 1975. Enzyme Kinetics. 957 pp. Wiley-Interscience, 
New York 

83. Skou, J.C., Norby~ J.G. 1979. Na, K-ATPase: Structure and 
Kinetics. 549 pp. Academic Press, New York 

84. Slayman, C.L. 1974. Proton pumping and generalized en- 
ergetics of transport: A review. In: Membrane Transport in 
Plants. U. Zimmermann and J. Dainty, editors, pp. 107-119. 
Springer-Verlag, Berlin 

85. Spanswick, R.M. 1972. Evidence for an electrogenic ion pump 
in Nitella transIucens. I. The effects of pH, K +, Na +, light and 

temperature on the membrane potential and resistance. Bio- 
chim. Biophys. Acta 288:73-89 

86. Spanswick, R.M. 1981. The electrogenic pump in the plasma 
membrane of Nitella. In: Electrogenic Ion Pumps. C.L. Slay- 
man, editor. Academic Press, New York (in press) 

87. Stark, G., Benz, R. 1971. The transport of potassium through 
lipid bilayer membranes by the neutral carriers valinomycin 
and monactin. J. Membrane Biol. 5 : 133-153 

88. Stark, G., Ketterer, B., Benz, R., Lguger, P. 1971. The rate 
constants of valinomycin-mediated ion transport through thin 
lipid membranes. Biophys. J. 11:981-994 

89. Stein, W.D., Lieb, W.R. 1973. A necessary simplification of 
the kinetics of carrier transport. Isr. J. Chem. 11:325-339 

90. Stoekenius, W., Lozier, R.H., Bogomolni, R. 1979. Bac- 
teriorhodopsin and the purple membrane of Halobacteria. 
Biochim. Biophys. Acta 505:215-278 

91. Tanner, W., Komor, E., Fenzl, F., Decker, M. 1977. Sugar- 
proton co-transport systems. In: Regulation of Cell Mem- 
brane Activities in Plants. E. Marre and O. Cifferri, editors. 
pp. 79-90. Elsevier, Amsterdam 

92. Thomas, R.C. 1969. Membrane current and intracellular so- 
dium changes in a snail neurone during extrusion of injected 
sodium. J. Physiol. (London) 201:495-514 

93. Thomas, R.C. 1976. Ionic mechanism of the H + pump in a 
snail neurone. Nature (London) 262:54-55 

94. Thomas, R.C. 1977. The role of bicarbonate, chloride and 
sodium ions in the regulation of intracellular pH in snail 
neurones. J. Physiol. (London) 273:317-338 

95. Wilbrandt, W., Rosenberg, T. 1961. The concept of carrier 
transport and its corollaries in pharmacology. Pharmacol. Rev. 
13:109-183 

Received 16 January 1981 


