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Algebraic complete integrable systems are integrable systems whose trajectories
are straight line motions on complex algebraic tori, themselves completions
of the level manifolds of the system; here space and time must be thought
of as complex. Such systems can then be solved by quadratures, that is to
say their solutions can be expressed in terms of Abelian integrals. In fact most
integrable systems, old and new ones, enjoy this remarkable property.

Exactly one hundred years ago, S. Kowalewski [15] discovered a necessary
condition for an n-dimensional system to be algebraic complete integrable:
namely, it must possess Laurent solutions depending on n—1 parameters. This
criterion enabled her to classify all integrable solid body motions about a fixed
point; among them she discovered her celebrated top. This criterion, used in
a heuristic way by her, was only proven and fully exploited recently.

The purpose of this paper is to show how the Kowalewski criterion and
the theory of Abelian varieties are intimately related. Does the Kowalewski
criterion guarantee algebraic complete integrability? This outstanding question,
often called the Painlevé problem, consists of two parts: (i) given a Hamiltonian
system in R" having the required number (approximately n/2) of polynomial
constants of motion and possessing families of Laurent solutions having n—1
free parameters, is it algebraic complete integrable? (ii) given a Hamiltonian
system in R", having families of Laurent solutions with n—1 free parameters,
does the system possess the right number of polynomial constants of motion?
In Sect. 1, we answer question (i) and we show how the existence of a coherent
set of Laurent solutions depending on n—1 free parameters is necessary and
sufficient for a Hamiltonian system with the right number of constants of motion
to be algebraic complete integrable; question (ii) will be addressed elsewhere.

The main observation is that, if the system possesses several families of
n—1-dimensional Laurent solutions (principal Laurent solutions), they must fit
together in a coherent way; this means the system must, in addition, possess
n—2, n—3, ... dimensional Laurent solutions which are the glueing agents of
the principal families. The glueing occurs by means of a rational! change of
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coordinates, in which both the generic and lower parameter Laurent solutions
are holomorphic functions of time and initial data; in terms of these functions,
the lower parameter solutions are bona fide limits of the generic Laurent solu-
tions. The generic Laurent solutions correspond to trajectories on the tori pass-
ing through the divisors (Painlevé divisors) where the phase variables blow up;
the lower-dimensional solutions correspond to the intersection of these divisors,
their singularities and the points where the flow is tangent to these divisors.
In fact, in most instances, the generic Laurent solutions have the virtue of blow-
ing up the invariant manifold at infinity, at least embedded into some projective
space, whereas the rational change of coordinates alluded to above often blows
down the embedded variety along a variety at infinity. This will be illustrated
in the example of Sect. 4.

Section 1 also shows the following striking fact: given an algebraic complete
integrable system of differential equations, it is possible to replace the original
set of variables by a new or extended set having the property of forming a
closed system of quadratic differential equations. Not only is the derivative
of any new variable expressible quadratically in terms of the new variables,
but also the derivative of the ratio by an arbitrary variable is expressible quadrat-
ically in terms of such ratios! It is indeed these ratios which provide the rational
change of coordinates which does the gluing discussed above. This procedure
will be illustrated in the example of Sect. 4.

In Sect. 2 and 3 we study the nature of Laurent solutions of weight-homoge-
neous systems; these sections will play an important role in the effective imple-
mentation of the Kowalewski criterion. At first we show that “formal” Laurent
solutions, consistent with the weighting, must be convergent. Secondly, finding
these Laurent solutions is done by an inductive procedure, involving the so-
called Kowalewski matrix . Let o/ be the invariant (or level) manifolds for
the flow embedded into an appropriate weighted projective space. In Sect. 3,
we establish the precise relationship between

— the spectrum of the Kowalewski matrix .&

— the free parameters

— the weighted degrees of the invariants

— the singularity of the projective closure ./ at infinity
— the description of the Painlevé divisor.

Indeed, we show that confining each family of Laurent solutions to the invariant
manifolds leads to a natural variety, called the Painlevé variety associated with
that family; it parametrizes the Laurent solutions on /. These Painlevé varieties
will play an important role in this work.

In Sect. 4, the techniques of the previous chapters are applied and illustrated
on a geodesic flow on SO(4), for a certain family of metrics; this flow turns
out to be equivalent to the motion of a rigid body in fluids, as investigated
last century by Lyapounov and Steklov.

Classically, Painlevé has classified the differential equations of the first and
second order having “uniform integrals”. For complete and definitive results,
see Bureau [22]. In 1982, we applied the Kowalewski criterion to classify the
integrable geodesic flows on SO(4) [2,4]. In 1985 we have shown that the
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Laurent solutions contain encoded a great deal of information about the invar-
iant tori, their periods and other geometrical features; these ideas were then
applied to many integrable systems [5]. In these systems it was shown that
the Laurent solutions of different dimensions provide the variables which blow
up and blow down the invariant manifolds at infinity (embedded into projective
space). Also, among systems of particles with non-nearest neighbor exponential
interactions (generalized periodic Toda lattices), we found that the only algebraic
complete integrable systems are those whose interaction is governed by the
Cartan matrices of Kac-Moody Lie algebras [3]. There we show that the natural
phase variables x,, x,, ..., x;, namely the exponentials of the interactions for
the Toda lattices, have the following divisor structure in terms of ! divisors
on an Abelian variety T'~!:

(divisor of x;) = —Y " a;;0;,
i

where the integers a;; are the entries of the Kac-Moody Cartan matrix. Flaschka
and Cheng [9] have further studied Laurent solutions of different dimensions
and tied them in with Lie algebras and Sato’s theory. Recently Ercolani and
Siggia [8] have studied the Laurent solutions going with separable systems.
There is an extensive literature on applying the Painlevé test to various systems,
by Ablowitz, Ramani and Segur [1], Bountis [7], Dorizzi and Grammaticos
[10], Haine [12], Weiss, Tabor and Carnevale [20], and Steeb [19], just to
name a few; for excellent review articles, see Kruskal and Clarkson [16] and
Hietarinta [13]. Also H. Yoshida [21] has investigated the relation between
the spectrum of the Kowalewski matrix and the degrees of the invariants. Finally
we thank J. Harris, T. Matsusaka and A. Mayer for valuable help with this
project.
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§1. Algebraic complete integrable systems
A Hamiltonian vector field X,
0H
i=f()=J 5~ zeR" (1.1)
V4

skew-symmetric matrix with polynomial

J=J(z)= entries in z, for which the corresponding
Poisson bracket {H;, H;} =<{0H,;/0z,J 0H /0z)
satisfies the Jacobi identities
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with polynomial right hand side will be called algebraic complete integrable
(a.c.i) when:

1. the system is completely integrable with polynomial invariants, i.e., besides
the (polynomial) Casimir functions H,, ..., H, (functions whose gradients are
null vectors of J), the system possesses m=(n—k)/2 polynomial constants of
motion H,,,=H, ..., H;,,, in involution (ie., {H;, H;} =0), which give rise to
m commuting vector fields X; generated by (1.1) applied to H, . ;, 1 £i<m; for
generic A;, the invariant manifolds

k+m

() {H;=4;,zeR" (1.2)

are assumed compact and connected and therefore real tori according to the
classical Arnold-Liouville theorem (see [6]).

2. The invariant manifolds, thought of as living in C"

k+m

c_Qf= m {Hi=Ai7 ZE(E"}
1

are related, for generic 4,, to an Abelian variety T™ as follows
o =T"\D

where D is a divisor in T™. In the natural coordinates (¢4, ..., t,) of T"=C"/L
coming from €™, the coordinates z;=z(t,, ..., t,,) are meromorphic and D is
the minimal divisor on T™ where the variables z; blow up. Moreover, the Hamil-
tonian flows (run with complex time) 2=J dH,,;/0z (i=1, ..., m) are straight-line
motions on T™.

An aci. system will be called irreducible when the generic invariant tori
do not contain Abelian subvarieties. Poincaré’s reducibility theorem states that
if an Abelian variety T™ contains an Abelian subvariety T*, there exists another
Abelian subvariety T* and an isomorphism

Tk ('B Tl N Tm’
modulo a finite group T*NT".
For a divisor D, define
L(D)={ f meromorphic on T™ such that ()= — D}, (1.3)

ie., for D=Y k;D; a function feL(D) has at worst a k-fold pole along D;. The
divisor D will be called ample when a basis f,, ..., fy of L(kD) embeds T™ smooth-
ly into PY for some k, via the map

peT"~fo®), 1 (D), ... fu(D)eP";
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then kD is called very ample. It is known that every positive divisor D on
an irreducible Abelian variety is ample and thus some multiple of D embeds
T™ into IPY. By a theorem of Lefschetz (see [11]), any k>3 will work.

We now state three theorems, containing some concepts to be made precise
immediately after the statement.

Theorem 1 (necessary and sufficient conditions for algebraic complete integrabil-
ity ).

L a.c.i system Z2={(z), zeC" with }: the system has a coherent
invariant tori not containing elliptic curves}  tree of Laurent solutions

IL. aregular Hamiltonian system having
k + m polynomial invariants in
involution with a coherent tree of
Laurent solutions

=>the system is a.c.i.

Theorem 2 (closed systems of quadratic differential equations). If an irreducible
system z=f(z), zeC", is algebraic complete integrable, there exist polynomials
Yo=1L1, ¥y, .... yy Of z having the following property: for any choice of holomorphic
vector field and for arbitrary 0L a < N, we have

d :
— (&> = quadratic polynomial (&, LN), i=0,..., N;
dt Va Ve Ya

in particular, setting a =0, the y; form a closed quadratic system. Moreover the
invariant tori of the system are smoothly embedded into PV by means of the
map:

PeT™ Yo, ---» yn)(p)ePV.

Theorem 3 (the complex Arnold-Liouville theorem ). Suppose M is an m-dimension-
al complex compact manifold with m independent meromorphic functions. In addi-
tion, assume for some divisor D, the affine variety M\D supports m everywhere
independent, commuting, nonvanishing holomorphic vector fields X ,, ..., X,,, with
Sflows g'. Assume that one vector field, say X ,, extends to a holomorphic vector
field on M having the property that all of its orbits through D go immediately
into the affine M\D, i.e.,

{g"10<]t,|<e(P)}=M\D, VpeD.

Then M is an Abelian variety and the X, extend to holomorphic vector fields
on M.

In many problems it is natural to embed the invariant manifolds ¢ into
weighted projective spaces IP% for the weights v=(vq, vy, ..., v,), v;€Z, = 1. These
spaces are defined by identifying all points on the curve

(zot™, z " ..., z,t"), teC*

running through the origin; whenever vo=v, = ... =v,, we have the isomorphism
P, =P". In fact it is always possible to embed .« into some weighted projective
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space. Indeed, if a system Z=f(z), zeC", has invariants H;(z),i=1,..., N, of
weighted degrees d;, we embed « into P} in the following way:

d=ﬁ{Hi(z)=Ai}CQE{HE(Z)=AiZ?)i}C]P:; (1.4)

let o7 , be the locus at infinity, namely

oA = 0 {z,=0} =F\ {H,(z)=0}.

In appendix 1 we shall elaborate on weighted projective spaces IP} and degree
considerations.

Let a system of ordinary differential equations Z=/(z), ze C", have Laurent
solutions in ¢

zj(t, 0, D)=t "M (D) + tz2 (@) +..), keZ, 20, 15j<n, r<n, (1.5)

whose coefficients z{(«) are rational functions on an r-dimensional algebraic

variety D®; assume its coordinate ring is generated by the z'. Whenever the

system possesses N polynomial invariants, the variety D™ *P can be viewed

as fibered over the space €V of values A4,, ..., Ay of the N invariants, with

I-dimensional fibers, denoted D”(A). To see this, confine the solutions (1.5) to.
the invariant manifold .« for fixed A,, ..., Ay and define

N
D®(4)=" {the Laurent ' solutions z(t, o, D 1),
1

such that H(z(t))=A4;}

N
=() {«eD™*Y suchthat F(x)=A;}. (1.6)
1

The i-dimensional variety DW(A4) is called a Painlevé divisor and has for coordi-
nate functions the coefficients z{¥. To see the second equality in (1.6), notice
that since H is an invariant and since z(t) is a solution of Z=f£(z), the expression
H(z(t)) must be t-independent; thus

H(z(t)) = polynomial of (z{" (x)) = F (),

and so F is a rational function on D™ *?, Therefore, for fixed but generic A4,
the affine variety D?(A4), with running variable p, parametrizes the Laurent
solutions z(t, p, D (A)), where 0 I<m—1,m=n—N.

The following lemma shows how to glue the affine varieties D'V(4) to the
invariant variety .

Lemma 1.1. The following map
(¢, Pe@<|tI<e(p)) x D'(A~z(t, p, D'(A))e o/

is injective; it defines a biholomorphic map to its image, wherever D'(A) is smooth,
and dimension D'(A))=1.

! whenever they make sense
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Proof. To show the injectivity of the map, notice at first that different points
peD™*D lead to different trajectories z(t, p, D™*Y); indeed different p’s lead
to different coefficients z,(p) of the series, as the latter generate the coordinate
ring of D¥*Y, Secondly, orbits on .o/ cannot intersect by Picard’s theorem.
The holomorphy of the map and therefore the biholomorphy follow from the
fact that z(t, p, DV *P) is a Laurent series in ¢t with smooth coefficients on the
smooth part of D™*9, again because the coefficients are the coordinates of
D™*D Letting

r'(A)y={z(1, p, DY(A4)), 0<|t| <&(p), pe DV (A)}
I'={z(t, p, DY), 0<|t| <e(p), pe D™ 7},

we have the following (injequalities

dim I'(4)=1+dim D®(4),  dim DY(4)=1
dim "' =1+dim D¥*D =1+ N +1.

Since I''={)I''(4) and since I''(4)"I"*(4A')=¢, we have that dim D'(4)=1 for
A

generic choices of 4, ending the proof of Lemma 1.1.

Following an idea of Kowalewski [15] we have shown in [2] that for a
system, Z=f(z), zeC" to be algebraic complete integrable, each phase variable
z; must blow up after a finite (complex) time and the system must have one
or several n— 1-dimensional families z(t, ¢, D"~ 1), as described above. But, as
it turns out, much more is true; this will be stated as follows.

Definition. A system z=f(z) in €", having N polynomial invariants H; (set m
=n—N) has a coherent tree of Painleve solutions, when it possesses families
of Laurent solutions z(t, p, D{"~V(A)), z(t, p, D"~ ?(A)), ..., z(t, p, DIV (4)) in ¢,
depending on N+m—1, N+m—2, ..., N free parameters respectively, such that
each z; blows up along some D™~ V(A). To be precise, the coefficients of these
Laurent solutions generate the coordinate ring of the algebraic varieties
DI~V(A), ..., D\?(4) of dimension N+m—1,...,N respectively; A
=(A,, ..., Ay) stands for the values of the N invariants H;. The families
z(t, p, D"~ 1(A)) are called the principal families, and z(t, p, D{”(A)) the lowest
families. Henceforth we shall omit the argument A4; thus D% =D®(A). These
families organize themselves in a coherent tree, involving

(D0, i) (DY, dg=) Dg 1, d§ )

g

(D=2, di2) (D=2, di=2)

~\ ~

(D=2, 4" )

Fig. 1.1



10 M. Adler and P. van Moerbeke

inclusions D¥ < DY (k <) such that each DY has at least one D§f * > D®. Such
a tree is depicted in Fig. 1.1; the arrows “ <« ” in the tree stand for inequalities
< meaning “is glued onto™, whereas the d*' are integers. Their precise meaning
will be explained below. Each level of the tree corresponds to solutions depending
on a number of parameters, given by the superscript on D; the subscripts
o, B, ...,y refer to the different families. Each z(t, p, D¥) can be viewed as a
fibre bundle over the corresponding (affine) Painleve variety D®. The graph

z(tapr(lm-l)) Z(tapz’D(Zm_‘l))

z(t, g, D™ %)

means that the Painleve solution z(t, g, D™~ %) is glued onto the principal solu-
tions z(t, p;, D"~V and z(t, p,, D§"~ V), forming a new fibre bundle

z(t, p, D" D ULDE™ VU D™D),

over the manifold D{"~ V1L D"~V 1L D"~ 2. One then performs the glueing pro-
cedure inductively down the levels of the tree; that this forms a fibre bundle
at every step of the way, enabling one to continue down the tree, is part of
the content of Theorem 1.

What the glueing means is now explained: there exists birational®* maps

Si: (t,p,)ﬂ(t, q) l=1’2
and
T(m—Z): Z=(Zl’ -"azn)my=(y1, "'3yN)
such that
(i) both series (i=1, 2) (holomorphic continuation)

y(t, g, DI D)= T" D 2(S,(t, p), D"~ V)

become Taylor series? in 0<t<¢, ge N(D™ ™ ) D"~ 1. Also we require that

(i) the series y(t, g, D"~ 1)) parametrizes an m-dimensional complex ball for
at least one D{"~ 1> pm~2)

(iii) the families y(t,q, D"~ ") and y(t, g, D"~ V) restricted to geD™ 2 are
the same.

(iv) from the above, the vector of functions

£(t,q, D" V)=(T" ")~ y(t,q, D"~ V)
=(__h"(t’ q)) for geN(D™ 2y pim—1
gt/ 15i<n

=z(t,q, D™~ ?)  for qeD"™ 2

can be represented as ratios of holomorphic (relatively prime) functions k; and
g; (in good coordinates of the ball in (ii)); also from the above the lower family

2 The maps are given locally in the charts of D®
3 N(D" )< D{™ 1 means a small enough neighborhood of D™~ % in D{"~V
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z(t, ¢, D™~ ?) for ge D™~ 2 is obtained from 2(t, q, D{"~ V) by taking the Laurent
series in t for the ratios h;/g; and letting g tend to the points of D™~ 2, We
now require that

g:(t,)%0 as a Taylor seriesint, for geD™"?
and
> (order of pole of z; on D"~ 1)
allDgn= > fixed D0m =2 =multiplicity of g;(t, p);

the multiplicity of g is the lowest degree r appearing in the decomposition
g2=(g),+(g),+,+ ... in homogeneous polynomial (g); (see Mumford [25]).

As mentioned, working one’s way inductively down the tree, using the same
glueing recipe as above, we get the fibre bundle

zt,p, 1] D¥)

0sk=m—1
alla

(v) Finally the global condition is required to hold

N
] (degrees of H)(le.m.(vy, ..., v))" !
o 1
5‘ da Vi Vy

for

the m— 1-dimensional components of the image
d® =degree ( p g )

(2, p, DY), peD) in P}

A system z=f(z), zeC", with N polynomial invariants and a coherent tree
of Laurent solutions, will be called regular when for all principal Laurent solu-
tion D"~ Y, the image of D™~V in IP" via the map

peD{"™ Vz(0, p, DI~ V)e P}

has dimension m— 1, along with all the components of &/, =.o/ N {z,=0}. This
property will be elaborated on in Appendix 2.
We now prove the three theorems stated above:

Proof of Theorem 2. Since every divisor D on an irreducible Abelian variety
is known to be ample, we saw in (1.3) that some multiple kD is very ample;
it suffices to pick any k=3. A theorem of Koizumi [14] and Mumford [26]
asserts that D is projectively normal* whenever D is linearly equivalent on
T™ to at least 3Dy, where D, is an ample divisor. Therefore for any ample
divisor D, the divisor 3D will be both very ample and projectively normal.

4 D is projectively normal, when
L(kD)=L(D)®*,

i.e., every function in L(kD) is a homogeneous polynomial of degree k of functions in L(D)
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g'2(p")
Fig. 1.2

Applying these ideas to an irreducible a.c.i. system and to the divisor D
=) {z;7 ' =0} = T™, we have that D’=D or 2D or 3D is very ample and projec-
1

tively normal. Thus L(D’) consists of polynomials of {z,=1, z,, ..., z,}; picking
a basis yq, J1, ..., yy Of them, we have that the Wronskian

{yi’yj}=(Xyi)yj_yi(ij)EL(2D’)
= Y aywny, because L(2D)=L(D)®? (1.7
O<ksIEN

is a homogeneous quadratic function of the y,e L(D’), and also that

PET"(yo(D), y1 (D), -.., yx(p)ePY

embeds T™ smoothly into IP¥. Dividing (1.7) by an arbitrary but fixed y? leads
to the statement of theorem 2.

Proof of Theorem 3. We first extend X,, ..., X,, to m everywhere independent
holomorphic vector fields on M. Indeed, first observe X, is everywhere nonvan-
ishing; by the assumptions, X, has no fixed points on D and does not vanish
on M\D. We now extend X, to D. For peD and small ¢>0, we have by
hypothesis

p'=g"(p)eM\D, forall 0<|t,|<e.
Let U, = M\D be a neighborhood of p’ as in Fig. 1.2 and let U,=g~ " (U,).

Define for all me U, and ¢, small enough the following
g2 (m)y=g"1g"g" (m).
To show this is a definition, we must show the right hand side is independent

of t,. Indeed

g—(n +eq) gtz gtx +81(m)=g—(t1 +81)gt1 gh gaa (m)
=g~ited gt gl gli()  (by commutativity)
=g "gg"(m).
Again by commutativity, this definition agrees with g2 away from D. Finally
g'2(m) is a holomorphic function of m and t,, because in U, the function g"
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is holomorphic and its image is away from D (i.e., in M\ D), where g*2 is holo-
morphic. Thus X, and similarly X; have been holomorphically extended to
M. Since X4, ..., X,, are everywhere independent and commuting in M\ D and
¢" is holomorphic, they will enjoy this same property near D and hence on
M, and so this accomplishes our first goal.

Next we show M is conformal to a complex torus C*/L=T"™, and so in
particular M is a Kéhler manifold. Indeed, by the same argument as in the
Arnold-Liouville theorem (see V. Arnold [6]), one defines a holomorphic local
diffeomorphism for a fixed origin pe M:

Cr > M:(ty, ..., t)~g'r g2 . g(p)
The additive subgroup A
A={(ty, ..., t,)e€C™ suchthat g'tg=... g"™(p)=p}

of €™ is discrete and hence is spanned by 2m vectors in €™, independent over
R, as a consequence of the compactness of M. Therefore M is conformal to

a complex torus €"/4 as claimed, with the Kéhler metric given by Y dt,®d{;.
i=1
But by a famous result of Moishezon [17], a compact, complex Kéhler manifold
having as many independent meromorphic functions as its dimension is a projec-
tive variety. Thus M is both a projective variety and a complex torus, and
hence an Abelian variety, finishing the proof of Theorem 3.
Before proceeding to the proof of Theorem 1, we prove

Lemma 1.2. If D= C* is a disc about the origin with

0
¢.:D->C"  holomorphic, rank a¢z1 =k

0

¢,: D->C",  holomorphic, ¢,(D)a k-dimensional set,
and if ¢,(U)= (D), with U an open set in D, then

¢,(D)=¢,(D)

and it is a smooth variety.

Proof. By the implicit function theorem, ¢,(D) is an analytic variety, locally
given by holomorphic equations, f;=f,=...=f,_,=0, and so ¢,(U) satisfies
these equations as does ¢, (D) (by analytic continuation), and since by continuity
¢, (D) is connected, ¢, (D)= ¢, (D), as claimed.

Lemma 1.3 (Weierstrass Preparation Theorem [18, 25]). If H(z), ze@"*!, is a
convergent power series about the origin with lowest degree monomial of degree
k=1, then after a nonsingular linear change of coordinates o: z\(s, t), se €, te ",
we may represent H as follows:

H = Weierstrass polynomial - unit
=(*+a, (s 4. a(0)-(1+0Cs, 1), (1.8)
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with O(s, t) and a;(t) being convergent power series with a,(0)=0; moreover, the
monomials of degree k of the Weierstrass polynomial are obtained from the mono-
mials of degree k of H, upon performing the linear transformation o.

Sketch of proof. First observe that after a nonsingular linear transformation
of the form o, the hypothesis guarantees the presence of a term of the form
c-s* in H; indeed, almost any transformation ¢ will produce that effect, and
upon rescaling s, set ¢c=1. Next observe that if the identity (1.8) holds, we
have the following Laurent representation for its constituents>:

Weierstrass polynomial = s* exp {polar part,(log s ™% H(s, £))} (19)
Unit=s"* exp {holomorphic part,(log s * H(s, t))}, ‘

where we view the above as Laurent series in s over the coefficient ring #
of Taylor series in ¢ with nonconstant terms. Indeed (1.8) implies

a0, ...a"it))ﬂog(l +06.1)
s N

log(s *H(s, t))= log(l +
=(seriesin s~ ! over &) (series in s over &). (1.10)

Thus we have shown (1.8) yields (1.9); to deduce formulas (1.8) from the hypothe-~
sis of the lemma, use formulas (1.9) to define the Weierstrass decomposition
(1.8) and Hartog’s Lemma to prove convergence. Formula (1.9) then enables
one to deduce the last assertion in the lemma.

Proof of Theorem 1, part 1. It is assumed that the flow X,: Zz=f(z), zeC", is
a.c.i.; therefore the coordinates z; are meromorphic functions on the Abelian
varieties Tj', where m=n— N =n— (number of invariants). Also

N
o =(\{H;=A,2eC"}=T;\D" V(4)
1
where the (m— 1-dimensional) effective divisor

D" V(A)= | ) {peT™, z; '(p)=0} =) components D{" ™V (A)

i=1

may consist of several components. Each function z, will be given by the ratio
of two theta-functions 8; and 6, of the variables (¢, ..., t,)eC™, where ¢; is
the time variable of each of the commuting flows X; on T™ Assume now the
vector field X, is transversal ® to every component D~ V(A). For fixed k, consid-
er one of the components D~ 1(4) along which z, blows up; thus z, has at

5 x" x?
expx=1+x+...+;7+...,log(1+x)=x—-7+...

6 at least on a Zariski open set
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least a simple pole along that component D"~ V(A). If ¢'(p, A) is the trajectory
of X, starting at peT}', we have

Oty +t,ty, ..., t,)

‘(p, A))= ,  (ty, .., tw=peD V(4),

@0, )= g LT s ) =peDE )
Y UP(p)

= ‘:;_“_, upon expanding in a Taylor seriesin ¢,
Hy and using the fact that z, has a pole
? @) along D™~ V(A).
(U, V9 £0,5>r20) (1.11)

L U0

== T/k‘s) 7 +0(1), upon dividing the two Taylor series.(1.12)

Observe that the function 6,(t, +¢,t,, ..., t,) is not identically zero in ¢, since
we have assumed (for most A) the flow X, is transversal to every component
of D,, at least in a Zariski open set.

We now define the affine variety

D"~ V(A)=D" V(A)n{p, Vi (p)+0foreach k=1, ..., nwithsasin (1.11)},

which supports a fibre bundle, whose fibres are given by the vector of Laurent
series (1.12); they will be denoted by z(t, p, D™~V (A4)), 1 £k <n, for pe D™~ D(A).
Next we show the coefficients of the Laurent series generate the coordinate
ring of the variety D"~ V= ) D{"~V(A), obtained by varying A.
A

Since the z; generate the field of meromorphic functions of an affine chart
of TJ, they generate the field of TJ' and so suitable rational functions of the
z;, restricted to the component D"~ (A), generate its field of rational functions
and provide a coordinatization in any chart, to wit

Bj=Rj(Z)|D&m~1)(A), j=1,...,r,7 (1.13)
while on TJ* we have
A;j=H;(z), j=1,...,N. (1.14)

Given the component D™~ V(A4) and the corresponding Laurent series

oo

z(t, p, D"V (A)=t"" ¥ 2 (p, A)Y, (1.15)

j=0
we claim that the map

{ij)}?

~(By,...,B,, Ay, ..., Ay)eD" D (1.16)

jSo
1<n

HAIIA

7 r may be much larger than m—1
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is birational. Indeed putting the series (1.15) into (1.13) and (1.14) and setting
t=0 shows this map is rational. To show it is one-to-one, we compute its inverse:
by definition, the functions A and B specify a unique point (p, 4) on D"~ V;
consider the unique trajectory running through that point and the functions
z; evaluated along the trajectory, yielding the Laurent series z(t, p, D™ V)

=t"%Y z{’¢/ and thus the set of coefficients z{” constructing the inverse map
j=0

(1.16). But a rational one-to-one map is automatically birational, concluding
the proof that the coefficients of the Laurent solutions generate the coordinate
ring of D®*~ 1),

The arguments given above do not hold if X, leaves invariant a component
D’ of D™~V (A), at least for generic 4;. Then for any peD’, the Zariski closure
{¢(p), te P!} of the group {¢'(p), telP'} is an Abelian subvariety of T, and
so we have {¢'(p), tePT} = D". If {¢*(p), teIP'} + D, the divisor D’ would contain
a continuously varying (parametrized by p) family of Abelian subvarieties, which
is impossible. Therefore we have that {¢(p), tePP!}=D’ for peD’, and so by
Poincaré’s reducibility theory of Abelian varieties, we have

T} = D' @elliptic curve (up to an isogeny).

This shows that if a component of D™~V (4) is invariant under the flow X,
the Abelian variety Tj must contain an elliptic curve, which contradicts the
hypothesis.

So far we have shown the existence of n— 1-dimensional families of Laurent
solutions z(t, p, D{"~ V(4)) such that each coordinate function z, blows up on
one of them, i.e., we have verified the criterion as initially used by Kowalewski.

We now show that the next level of Laurent solutions z(t, p, D™~ ) form
a fibre bundle over m —2-dimensional affine ® subvarieties D§*~ 2 (A4) of D{*~ V' (A),
with

D= D(A)=Dr V(A n{VP=0} (acomponent).

Indeed®, setting V¥ (p)=0 in (1.12) forces us to recompute the series (1.11),
as then (1.12) becomes meaningless, yielding a new series for z. Let s,>s be
the first integer for which V{*"(p)+0 for generic p in D§*~?(4); then we have
from (1.11)

SO )

2(#'(p, A)=2———  along DY n {1 (p)+0}
YEVEP)
Y 1)

=— +0(2);
517 Vk(sx)(p)

8 algebraic by analytic extension and Chow’s lemma

?  the locus where ¥V{®(p)=0 corresponds to places where, for instance, D™~V (A4) becomes singular

or where the flow becomes tangent to D™~ 1(4)
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this Laurent series — which actually may be a Taylor series — forms a fibre
bundle above the m—2-dimensional affine subvariety

Dy 2(A4)= DA (V) () +0, k=1, ..., n}
of D"~ 1(A). This defines the “inequality”:
D"~ 2(4)< D™~V (A))} — {D{"~ 2 is glued onto D™~ VY.
¢ B

And so it goes, yielding a tree of m—1, m—2, m—3, ..., 0-dimensional affine
varieties D{"~ 1), D"~ 2, ... D'?, each of them supporting a fibre bundle of Laur-
ent series, constructed inductively by the above method.

Moreover assembling all members of the tree, in the way specified by the
inequality < yields the original divisor on T™:

]_mI Dy = C) {peT™, z7 ' (p)=0}=D""D(A).

i=1

Observe that the variety D™~ ® may be glued onto one or several divisors
D™~V The requirements (i) to (v) of the coherence condition is the reflection
of how the Abelian variety T™ looks in good coordinates near these varieties
Dm~® . this we shall now verify. In a neighborhood of a point of peD{ of
T™, some rational functions y,, ..., yy, of z form a good system of holomorphic
coordinates on the Abelian variety, and upon enlarging the system if necessary,
they define a birational map T® from (z,, ..., z,) to (y, ..., ¥n):

(yl’ "',yN)z T(k)(zl’ "'5Z'l)'
In these new coordinates, the flow X, is holomorphic, and the function
T®(z(t,p, D" Y)),  peNDP)=DF™ Y, 0<|t|<e

is holomorphic in ¢ and p for all D{"~ "> DY), after perhaps a birational change
of coordinate p. The orbits in T™ emanating from D’ must of course be indepen-
dent of D{"~ V> DY), verifying (i) and (iii); in addition, since the neighborhood
N(DP)=D{*~Y is a section for the X, flow (as X, is only tangent to D"~V
on a subvariety), we have that

T®(z(t,p, D"~ 1), peN(DP) =DV, [t| <e
8

parametrizes an m-dimensional complex ball in T™, verifying (ii), and what fol-
lows will be expressed in good coordinates on the ball.
Now observe that

i _ hy(t, p)
-1 (m—1) =}——0
(T%)" " [y(z(, p. D"~ V)] [gi(t, P)]1 sisn

provides a meromorphic representation of the variables z on T™ in the neighbor-
hood N(D{)< D~V < T™. If DY belongs to several D{"~ Y, then the local behav-
ior of z; along each D"~V (away from D) will be reflected as a factor in
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the Weierstrass polynomial of the denominator g;(t, p), leading to the summation
formula stated in (iv) (see also Lemma 1.3). Also note that g;(p, )50 in ¢ for
any peD{; otherwise the orbit {z(t, p, D{"~ V), telP'} through peD§’ would
be contained in D™~V and thus by a previous argument 77" would contain
an elliptic curve, which has been ruled out. All together, this verifies (iv).

We now verify (v); indeed, first remember that the invariant manifolds &/
can always be embedded into some weighted projective space P} (see (1.4)),
yielding 7. Thus the correspondence T™ ~ .o/ leads to the map:

O: Tl TP,

Since under this correspondence

&: D" ()= ) {57! =0} = [ DI~ o = {200},

i=1

we conclude that

&: [ [DP A Y {2(0, p, D¥), pe DY} = o,

k,a k,a
But by Bézout’s theorem (see Appendix 1), we have
degree(hyperplane N .o/} =degree(s/,,)
=Y degree(components of <)
=Y degrees {£(0, p, DY), pe DV}
=) d¥,
k,a

concluding the verification of (v} and part I of Theorem 1.

Proof of Theorem 1, part 11. The strategy is to glue the Painlevé varieties D®,

N
appearing in the coherent tree, onto the smooth affine variety o =(\{H;=4,},
thus creating a m-dimensional complex manifold M, such that 1

#=M\D™ Y with D" V=[] D¥.
0Zksm—1
alla

The coherence condition enables one to assemble the Painlevé varieties D
and the expansions z(t, p, D) into a fibre bundle on M. Then the independent
commuting vector fields X, ..., X,, defined on it and generated by the Hamil-
tonians H, . ;, 1<j<m, all extend to commuting holomorphic vector fields on
M. Thus we will satisfy the conditions of Theorem 3, by showing that M is
compact and that it has m algebraically independent meromorphic functions.
Indeed m of the functions z,, ..., z, on & will be extended to m independent
meromorphic functions on M, again using the coherence condition. Finally,
upon employing the valuative criterion of properness (see Hartshorne [24]),
condition (v) will yield the compactness of M and then Theorem 3 will do the
rest. For the sake of simplicity we will refer to the case m=2.
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(7}
s | 'ﬂ .

X / z2(t,p. D) \
/—/—ﬂ
£
p
Fig. 13

The complex manifold M will be assembled by taking the affine chart .o/,
and by glueing on various charts “at infinity”, using the Laurent solutions
z(t, p, D¥); the glueing recipe is explained in Lemma 1.1 and illustrated in
Fig. 1.3.

The lines p=constant !° in the (¢, p) plane map to X ;-trajectories of M and
the p-axis maps to the smooth variety D{"~ 1. Moreover the intersection of
the affine chart and the one at infinity, for ¢ small and p in an open setc D"~
corresponds to

{z(t, p, DI"~V),0<|t| <&, peaffine part < D"~ V3.

By Lemma 1.1, the glueing map (t, p)r~vz(t, p, D~ V) is biholomorphic in the
intersection of the charts. Observe z(t, p, D™~ V) defined in the chart at infinity
is a meromorphic continuation of z as defined in the affine chart. A change
of parametrization on the smooth manifold D/~ will trivially yield a change
of parametrization of the chart at infinity.

We now come to the main point, building charts about the D for k<m—1.
As announced, consider the case m=2, where the upper level divisors D~V
are curves and the next level varieties D™~ 2 are points, as illustrated in Fig. 1.4.

D(ll) D(zl)
m= D = p,eDY
D©
Fig. 14

Then the coherence condition yields the existence of a birational map T: z~vy
depending on D'® having the properties

10 We shall purposely confuse the point p with its local parametrization so as to reduce notation



20 M. Adler and P. van Moerbeke

(i) y(t, p, D"Y=Tz(t,p, DY) is a Taylor series in the disc |t|<e,
peN(p)c=DV, fora=1,2,
(i) {y(t, p, D), |t|<e, pe DV} is a C3-disc, say, for a= 1, meaning that

=2,
4]
P

dy dy
rank [a—t (t, D D(ll ))’ 6—17 (t’ D, D(ll)):l

t
$ 4

Ll

possibly after a reparametrization!?,
(iii) y(t, p1, D{)=y(t, p2, DY) =y(t, D), 0=Z|tj<e
(iv) Z(t, p, D)=T ' (y(¢, p, DY)
=rational functions in y, evaluated at y(t, p, D{")

h.
=( 1 p)) . for peN(p))=DY"
1i<n

8i(t, p)
=z(t, D), for p=p, (L.17)
with the h; and g; being relatively prime holomorphic functions satisfying

g, p)=+0 for O<|t|<e;
upon defining
v;(DM) = order of pole of z; on D{Y, (1.18)

we have for all i that
v;(D{Y) +v;(DY) = multiplicity of the series g;(p, ),

(v) The same statement as in the general coherence condition, but with
m=2,

We first show Z(¢, p, DY) is a meromorphic extension of z(t, p, D{)) in (¢, p)-
space. Observe that z(t, p, D{V)) is defined in a sector of the form

S={(t, p)|0O<)t|<e(p), p~p1},

where possibly ¢(p) >0 as p—p,. By Lemma 1.1, the dimension of the image
z(S, D{V) of S, by means of the map (¢, p)~z(t, p, D{V), is two-dimensional, and
so T(z(s, p, D)) is two dimensional, because the birational map T is biholo-
morphic off a divisor in z(S, D{V), the latter being two-dimensional. Thus the
image T ! T(z(S, D{)) will be biholomorphic to z(S, D{") off a divisor; therefore
T~ ! Twill be the identity on z(S, D{V) off a divisor and thus we have

2(t, p, DV)=T 1 Tz(t,p, D'V)=z(t, p, D\") on S\subvariety and thus on S,

proving the assertion. This argument works equally well for z(t, p, DY), yielding
its meromorphic extension Z(t, p, D{). Also by meromorphic extension, we have

(t, p, DV)ed,

11 of the form (t, p)Mt', p)=(t +&1(p), ¢2(p)), ¢ and ¢, being holomorphic; this is necessary when
the flow is tangent to D{V at p,
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wherever it is defined in (¢, p)-space. Defining

y(t, p, DY) y(, p', DY)
I={ 0|t <e and L=4 0Z|t|<e ¢,
p~p: p'~p;

we show the images [; and I coincide. Indeed, set

le_ﬂ {@& plg(t, P *0}2{( p))I0<|t| <e},

i=1

with the last inclusion a consequence of (iv). By the Weierstrass Preparation
Theorem (Lemma 1.3) W, is an open set with a boundary composed of analytic
subvarieties. Thus

y(Wy, D) =T(z(Wy, DY)

is a 2-dimensional set by the same dimension argument given earlier.

Now using the other expansion Z(t, p’, DY) associated with DYV, we also
construct an open set W, analogous to W,; indeed, Z(t, p’, DY) is a ratio of
holomorphic functions similar to (1.17), which by condition (iii) coincides with
2(t, py, DIV) at p'=p,, and thus its denominator gj(t, p') does not vanish identi-
cally. As in the above, this is all one needs to show that W, is open; thus
y(W,, DY) is two-dimensional as is y(W,, D{V). Moreover, since y(W;, D) and
y(W,, DY) both contain the orbit

{¥(t, DO), |t| <e} = T{z(t, D), |t] <}, (1.19)
we have the following inclusions
A>T~ Hy(Wy, DN T (y(Wy, DY) o {2(¢, DO, [t <e};  (1.20)

the first follows from the definition of W, whereas the second follows from
(1.19). Also the sets T~ !(y(W,, D{"))=Z(W,, D{V) are two-dimensional by the
usual arguments, since the y(W;, D{’) are two-dimensional. Thus (1.20) turns
the smooth affine variety &7 into the union of two 2-dimensional components
meeting along {Z(t, D)), |t| <e}; therefore the sets Z(W;, D{") and Z(W,, DY)
must agree, at least on the connected component containing Z(t, D), and so
must their image under T, namely y(W,, D)< I, and y(W,, D)< I, at least
on a connected component containing y(t, D?’). But by condition (ii), the map
(t, p)~y(t, p, DY) has rank 2 at (¢, p)=(0, p,), and since y(W,, D)<, is 2-
dimensional with a component of it contained in {y(t, p, D'")||t|<e, p~p;} <1},
we conclude by Lemma 1.2 that the sets I; and I coincide, as promised.

The variables {(t, p), |t|<¢, p~p,} form a one-to-one coordinatization of I}
by the rank condition (ii); since I; =I5, the set [, will carry the same coordiniza-
tion. The connection between the coordinates (¢, p) and (¢, p') (the latter inciden-
tally may not be good coordinates) is given by solving the equation in ¢, p:

y(@&, p, DP)=y(t, p', DY), |t'|<e p'~p,; (1.21)
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p

y

(0.p,) 0= {lglp), ¢ lp}
t t

(0.p,}

0= f10.p)}

Fig. 1.5

indeed, using the implicit function theorem, which is possible, again by the
rank condition (ii), the equation (1.21) can be solved in (t, p):

(t,p=(g(,p), h(t', p)) (holomorphic functions)
=({"+y (@), 0(").

(1.22)

To see the latter identity, let @' be the extension of the flow ¢ generated
by X, on I} and ¢% the same X, generated flow extended to I;; then we
have the following identities

¢ (y(t, p, D)=yt +1,p, DY) on I}

_ _ (1.23)
o2 (y(t, P, DY)=y(t' +,p', DY) on I,

which moreover are equivalent. Clearly we have ¢i(z(t, p, D{V)=z(t +1, p, D!V),
for small ¢, and by meromorphic extension the same holds for Z as well; applying
the birational map T the latter relation lifts, yielding (1.23). Since the two flows
¢y and @), agree in the affine &/, and in particular on the two-dimensional
set AT Y)NT™ (), ¢, and ¢, must agree on their two-dimensional
image T(s#/)nI;nI; under T and hence, by analytic continuation, on I; N 1[;.
This yields the equivalence of the two flows given in (1.23), and thus orbits
in Ia(t, p)) are orbits in I73(t, p), yielding the second relation in (1.22). The
map (1.22) enables us to put the divisors D and DYV in the same chart. (See
Fig. 1.5))

The construction of the charts along D’ starting from the chart about
(t, p1) proceeds as before. In order to continue this construction along D',
notice that the map (¢, p')~(t, p) given by (1.22) — although not necessarily
one-to-one about (t', p)=(0, p,) — will be one-to-one along any branch near
(0, p,), because of the special form of the map (1.22).

Finally we show that all points in the I}-chart which are neither on D{"
nor on DYV correspond to points in the affine, i.e.,

i@, p, DMess  for (t, p)¢ DV U DY, (See Fig. 1.5.)

Indeed, in the I3-chart, the functions z(¢t, p, DY) and the meromorphic extension
2(t, p, DY) coincide near D!, but away from (¢, p,). Therefore, also in view of
(1.22), 2, has a pole of order v;(D{) along D'V and v;(DV) along D%’; for notation
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see (1.18). By assumption (iv) in the coherence condition, we have that each
coordinate Z; has the following representation:

hi(t,p) _ P(t, p)-unit

z(t, p, D)= _ t
"t p) Qilt, p)-unit

with h; and g; holomorphic functions which are relative prime, with P and
Q; their respective Weierstrass polynomials (see Lemma 1.3) in ¢, with

Qi(t, p)=t"+a,(p)t" "' +...a,(p), with r=v(D{")+v(D§);  (1.29)

the a;(p) are holomorphic functions satisfying a;(p,)=0. Moreover, since we
know that the Z; blow up along D"’ and DY to order v;(D{") and v;(D%")
respectively, the Weierstrass polynomial Q;(t, p) of the denominator g; must
have the form !2

Q(t, p)=(t+b,(p))"" PVt + b, (p) P (e +...). (1.25)

Then combining (1.24) and (1.25), we must have s=0; this shows that the only
poles of Z; in the chart I, are along DV and DS of order v(D{V) and v,(D{V)
respectively and thus the functions Z; are finite away from these divisors, as
claimed.

To sum up, we have built a complex manifold M, with meromorphic func-
tions 7;, 1 £i<n, by glueing onto the affine chart o the varieties D"~ V=] [D¥

k,a

appearing in the tree, such that the Laurent solutions z(t, p, D%) form a fibre
bundle on M; therefore .o/ = M\ D"~ . We now show M is compact. By the
valuative criterion of properness (see Hartshorne [24]), it suffices to show that
every punctured analytic arc

p{t|l0<t|<e} =M

has a completion y = M, upon taking the limit  — 0. Since .« is an affine variety
and D™~ is compact, we only have to show this for arcs yc.o/ terminating
at oo, i.e., in terms of the embedding &7 P}, we have

limity (c)e o/, <. (1.26)

But condition (v), together with Bézout’s theorem (see appendix 1), shows that
the meromorphic extension

o: L[IPP)~I =oAL A, <P

k,a
of Z restricted to | [D¥®, namely

&: [|DY - o,

k.a

12 if the variable t is too special, we may have to replace t~v=1t+ h(p) in (1.25)
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is onto. By hypothesis, the arc y< o/ has a limit point on &/, as 7—0; then
taking the inverse map ¢~ this limit point of the arc betongs to D™~ Y. This
concludes the proof that M is compact and thus the proof of Theorem 1, part I1.

§2. The convergence of the formal Laurent solutions

All systems of differential equations z=f(z), ze ", discussed here will be polyno-
mial and weight-homogeneous with weights v=(v,, ..., v,), v,;eZ, >0, ie., they
satisfy

fil@zy, ..., o z)=a" iz, ..., 2,), forall aeC.

See §4 and appendix 2 for specific examples. In general, a function f is called
(weight) homogeneous of degree N whenever

fzy, ..., 0"z)=a"f(z,, ..., z,), forall aeC*,

from which it follows that 0f/0z; has weight N—v;. Thus f; has weight v;+1,
and df;/0z; weight v;+1—v;. Observe that a basis for the constants of motion
of such a system can always be chosen weight-homogeneous. All invariants
in this paper will be assumed polynomial, and so their weights will be positive
integers.

The following lemma states that formal asymptotic solutions of weight-homo-
geneous systems consistent with the weights v=(v, ..., v,) are actually conver-
gent Laurent series:

Lemma 2.1. The formal Laurent solutions
1 0 1 0
z,.(t)=ﬁ(zg Y42Vt +..), z9+%0, 2.1

of a weight-homogeneous system Z==f(z) are convergent series; the coefficients
29 belongs to the indicial locus

€

Ii
D=

{1207+ £,(z)=0} 22

i=1
and the subsequent coefficients z® satisfy
(& —kI)z® =some polynomial in the z¥), 0<j<k, (2.3)

where the Kowalewski matrix % is the Jacobian matrix of the locus (2.2):

af;
$=$z(0)=(af

J

)+ v,-) . (2.4

=i, jsn
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Proof. The proof inspired by J.P. Frangoise [23], is an application of the major-
ant method. Putting the formal series (2.1), written in short

zi(f) =1z + Ui(1)

into Z=f(z) yields on the left hand side, upon multiplying the i'® component
by tv,<+ 1,

Y tk—v;)z®

k=0
and on the right hand side 3
T i(z()) =£(z0+ U(t)) (using the homogeneity)

=i+ ¥ h v 3 SR e

=fi+ Z (z‘”t+z‘2’t2+ )

j= }

+ i t* Z 1 aﬂfi ( (zn))ﬁ; ( (o, ))Ii
— —= (2 I Vandid L8
k=2 a0 B! oz "
{B,6>=k
181>1

In this formula, the f; and its derivatives are evaluated at z'?. Comparing the
coefficients of the various powers of ¢ in the above two expression, we get
(2.2) for k=0; for k=1,

(L—DzV=0
and k=2,
1
((f—k) Z(k))~= _ z i 4 f; (z (01))51 (Z(dn))ﬂn k>2 (2.5)
i ﬁ' a ﬂ n s =
<;yi<7>>0=k
181>1

which establishes (2.3). The coefficients z” may or may not contain free parame-
ters, depending on whether the indicial locus is a continuum or not. The matrix
% may have some integer eigenvalues 4,=k=1(1=<i<n) and this may lead
to free parameters in the determination of z* by the linear equation (2.5). Then
the coefficients can be viewed as rational functions on an affine variety W, fibered
over the indicial locus. Fix a compact set W,  Wand let

M,=1+ max |24 (2.6)
12ign
15j=an
free parameterse Wo

BB (B B 1BI=3 By
1
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By analyticity, there are constants M, and M ;> M, such that in W,

1,

PR

<BIMY and [(L—kD) N SMy k= A+ 1.

Applying these estimates to (2.5) leads to the recursive estimate

ZP|<M; Y MYZEo Pz for k2 A, +1. 2.7
{B,a)>=k

18122
6i>0

Define now the series (see Frangoise [23])

V(t)=M1t+ Z Otktk, akec,
k=

2
where the coefficients o, are defined inductively by

we=M;- Y MPlab obr, k22 (2.8)
{B,6>=k

18122
a;>0

The series V(t) majorizes U,(t) for all 1 £i<n. Indeed, from the definition of
o, M, and M, and the estimate (2.6), [z¥|< M, <a;, 1<i<n, 1<j<4,; beyond
that we proceed by induction: assume |z¥|=<a;, for j<k, all i with k>4,+1,
and comparing (2.7) and (2.8) and using the inductive assumption deduce |z\¥|
<, and the inequality then holds for all k=1. Finally from the definition
of the o, one observes that the series V(1) satisfies

(nv)?
V=Mt MaM3 o s
- 2

which amounts to a quadratic equation for V; solving for ¥ yields the desired
majorant for the functions U;, which therefore converge for ¢ sufficiently small.

§ 3. The spectrum of the Kowalewski matrix,
and the nature of the free parameters

Let a weight-homogeneous system Z = f'(z) have weight-compatible Laurent solu-
tions

()=t (" +zVe+..), OO0
Then, according to Lemma 2.1, z9e% and z%, k> 0 satisfies

(& —kI)z® =some polynomial in z¥), 0Zj<k,
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where £ is defined in (2.4). Note that by the weight-homogeneity of Z=f(z),
we have the following equivalence

{ce€}e>thezi(t)=c;t™™ (i=1,...,n) solve z2=f(2). (3.1)
As already observed, arbitrary polynomial invariants of Z=f(z) are sums of
weight-homogeneous invariants; therefore, given a constant of the motion H,
the affine invariant manifolds {H(z)—A4=0} are naturally embedded into
weighted projective space P} with v, =1, namely
{H(z)—Az{=0} <P, d=weighted degree of H.
Also the indicial locus % is a subvariety of its hyperplane section,

% <{H(z)— Az4=0} n{z,=0}, (3.2)

whatever be the weight-homogeneous invariant H. Indeed, picking z'“€% and
substituting the solution z(t) mentioned in (3.1) into H yield

H(iz@®)=H(c, t™™, ..., ¢,t "=t 9 H(c)=constant,

implying H(c)=0 and thus assertion (3.2). For a completely integrable weight-
homogeneous system, define the invariant manifold

k+m

o=\ {H(2)=A;z§, zeP}} <P}
1
and
A o=l "{z,=0}.
From the above it follows that
CcA,.

Given ce¥%, we adopt the following notation:

AM = (invariants H of 7= (z), having degree M}, o™ =dim #™™

Let
O0H

Z%M={3; (©), Hefo}, BY —dim VM,

be the gradients of the constants of motion along ¥c.«/, and let
Fy, ..., Fpue ™ be independent functions such that

oF
chMzspan {—é?l (C), == 1, sevy BCAJ}'
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Lett*

E,(c)={weC" such that (£ — p)*w=0, forsome k=1},
EL(c)={veC" such that (v, E,(c)) =0}, (3.3)
yM =dim E,,(c) = multiplicity of M in spectrum (%))
d.= # {non-negative integersespectrum %}
¢, = # {free parameters in the Laurent solution z(t) =(t "' ¢y, ..., t ™ ¢,)+...}

It is then possible to find Gy, 4, ..., G,e ™ (B=BY, a=0o™) such that the invar-
iants Fy, ..., Fp, G4y, ..., G, span ™ and such that

9G: =0, i=p+1,...,¢, (3.4
0z |
where the invariants G; will (in general) depend on ce%.

Throughout this paper, given a component of €, the G’s will stand for invar-
iants with vanishing gradient along %, whereas the F’s will be part of a set
of invariants whose gradients span the spaces # ™. We wish to emphasize that
the partition of the set of invariants H in F’s and G’s is always relative to
a component of €. Clearly if o« — ¥ >0 for some degree M, the varicty of
o will be singular at € and indeed

Y (ay — BM) = deficiency in rank of the Jacobian matrix of .« at c,
M

and so it is a measure of the severity of the singularity of </ at c.
The next theorem discusses the precise relationship between

the spectrum of the Kowalewski matrix .

!

the degrees of the invariants

i

the singularity at co of the invariant manifolds </ in IP?

!

the free parameters.

It also shows that each family of Laurent solutions leads to a natural affine
variety, the Painlevé variety D; the coefficients z' of the series (2.1) can be
viewed as holomorphic functions z¥'(p) on D. One of the important points of
this paper is to assemble the Painlevé varieties, thus forming a compact variety
with the Laurent solutions

z(O) =t V() +2V(p) t+ ...) (3.5)

being the fibres of a fibre bundie over it.

Theorem 4. Consider the weight-homogeneous system Z=f(z), zeC" and their
weight-compatible Laurent solutions (3.5). Decompose the indicial locus ¥ of lead-

n
g wepn (o, wy=Y) nw;
1
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ing terms of the Laurent solutions (3.5) into its components (not necessarily of
the same dimension ):

(€=ZC,-,
1
then
(i) €= () {H(2)—Az5=0}n{zo=0}<P", and if the system is algebraic

all H’s
integrable, then all components C; of € have the following property:

{,?Cl, is diagonalisable
(spectrum Y¢)c Z

(1) for ce¥, —lespectrum L., and if = f(2) is divergence free'>, then trace
L =Yv;. Moreover if the component C; leads to Laurent solutions depending
on n—1 free parameters, then

¢, is diagonalisable
spectrum % ={—1} U {n—1 integers, 20}

(iii) the tangent space T.% to € at a point ce¥ is a subspace of Ey(c), i.e.,
T.% < Eo(c); therefore dim T.% <y? for all ce®.
(iv) the coefficients z'® of the Laurent solutions z(t) are rational functions
of the parameters and €.
(v) BM =dim V. H™ <yM=multiplicity of M in spectrum &, for ce%.
(vi) oM< () E;(0) for ce®.
pEM

(vii) for each degree M, for each component C; of C, such that 6(C)=¢&(C))

oF,
and for each F,, ..., Fye A" such that 621 form a basis of V, Ky, there exist
C;

appropriately chosen M-eigenvectors of ¥ and free parameters A, ..., Ay which

appear for the first time and linearly in the coefficient z™ of the Laurent series
so that

FM(z, (@), ..., z,())=A4;, i=1 ..., pM

holds. The Y B™ parameters A, thus obtained are called trivial parameters, whereas
M

the 3(C)—Y. B™ remaining parameters in the expansion (3.5) are called the effective
M

parameters.

(viii) Assume now the system satisfies condition (i) in the definition of algebraic
complete integrability; then for each of the irreducible components C, of C, such

oo Of
15 ;=f(z) is divergence free or volume preserving if 3. %ii)s 0
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that spectrum Lc_eZ and 6(C,)=¢(C,), we have that using the asymptotic solutions
z(t) obtained in (vii), the set of solutions,

k+m
(\ {Laurent solutions z(f) with 2 e C, such that H,(z(¢))= A;}
i=1

{Laurent solutions z(t) such that G(z(t))= A}
3 (@™ — B¥) invariants G
G

iy 8
suchthat ~—| =0
0z |¢

«

= Z (o™ — ﬂg, ) polynomial equations between the
(C,)— Y. BY effective parameters,

parametrizes an dffine variety of dimension
0(C)-(# independent invariants),

called the Painlevé variety D, (associated with C,), along which all the coefficients
z¥ in the Laurent solution z(t) are holomorphic. These coefficients generate the
coordinate ring of D, .

Remark 1. The deficiency index Y (o™ —pM) is a measure of the severity of

the singularity of .7 along C,; it also determines the number of nonlinear rela-
tions between the 6(C,)— Y. P& effective parameters; these relations define the
Painlevé variety D, associated with a component C, of C.

Remark 2. The arguments used to prove (v) and (vi) are inspired by Yoshida
[21].

Proof. The first part of (i) has been shown in the considerations preceding this
theorem, whereas the second part will be shown later.
(ii) and (ii1): We first check the eigenvector equation

(ZL+Dvicy, .-y V) =0, ceb.

Indeed, differentiating f;(x"'z,, ..., a™z,)=a"*1fi(z, ..., z,) by o and setting «
=1, one deduces, the identity

Zv,la —(v;+1)fi(z)=0, forallz and i=1,...,n;

then substitute in this equation z=ce%, using the relation f;(c)= —v;¢;, to yield
the eigenvector equation; thus we have —1eSpectrum %, for ce4. Remember-
ing that the coefficients in the Laurent solution satisfy (2.3) and (2.4) (Lemma 2.1),
the only source of free parameters is

(I) the indicial locus ¥, giving rise to a number of degrees of freedom equal
to dimension . Then 0 is an eigenvalue of % with at least multiplicity y?
2dim T, %, as %, is the Jacobian matrix of the defining relations of ¥, establishing

(iii).



The complex geometry of the Kowalewski-Painlevé analysis

31

(IT) the integers ke(spectrum £), k>0, giving rise to at most y* degrees of
freedom in the determination of z®. Since % is an n by n matrix and already
— lespectrum .%,, statement (ii) must hold in order to have the full n—1 degrees
of freedom in the Laurent solutions; thus % must be diagonalizable along C.

(iv) is obvious from the fact that z® is found inductively as a solution of
the linear problem (2.3) and from the way in which the parameters arise, as

discussed above (whether there be n—1 parameters or less).
(v) and (vi) will be shown in a number of steps:

Step (a). If ce¥, then a special solution of Z= f(z) is given by (see (3.1))
z()=c;t™", i=1,...,n

Step (b). The variational equation about z;(t)=c;t™, namely

R " ofs
L= ﬁ(clt‘“',.,.,cnt‘“")é,-, i=1,...,n,

510z
has for solution
Cit)=n "7,

where 1 and the constant p satisfy

d—”—(f pln, s=Int.

Indeed, substituting (3.8) for &; in (3.9) leads to

i

':Ii tp—Vi+17i(p_vi) tp_Vi_l=Z (Clt V1’ ---9cnt*vn)njtpﬁv]'

j j

_Z (cla"'5cn)(t_l)(vi+1_Vj)r’jtp_"ja

using weight [ 6f’]— v;+ 1 —v;; then dividing both sides by """ ! yields
z

J

thy =X 2L @1+ 0 pn=[(%—p D1l

i

This establishes Step (b).

(3.6)

3.7

(3.8)

(3.9)

Step (c). If z(t) is a solution of Z=f(z) and H(z) is an invariant of Z=f(z),

then <%~I-{ (z(1), é(t)> is a constant of motion of the variational equation
z

_9f
f—&(z(t)) g
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) H
Indeed, using the fact H(z)= <%—Z (), f(z >E 0, one computes '®

d /0H °H
3265;@a»éuﬁ=ﬂ}zaz}f
0 |0H

Step (d). If H™(z) is an invariant of degree M and # is defined by (3.8) and
(3.9), then

o)+ {5 oL ew ew)
z=2z(t) z

0z

,a®=0

z(t)

<6HM

5 @nng)e 3.10

is constant in ¢ by (c). Indeed, since H™ is an invariant of Z= f(z), we have
that the following expression is constant in ¢:

O0H oH
&QVUuﬂ®=ZEZkJﬂ%m&J”WMr“

i

(using the solution (3.7) of the variational
equation around the solution (3.6))

=€§ummmn}VM

4

using the fact that 8 H™/0z, has weight M —v;; this establishes Step (d).
Step (e). Whenever pespectrum (%) and p #= M, we have that

OHM
<62 (c),n>=0, nek,. (3.11)

Indeed, by the spectral theorem, (3.7) and (3.8) have solution of the form
n(nt)=p(nt)eE,, teC,

where p(s) is a vector polynomial in s of degree Y —1 and where the vector

p(o) can be picked arbitrarily in E,, regardless of whether %, is diagonalizable

or not. Substituting these special solutions into (3.10), Step (d) and the inequality
p— M =0 force upon us the relation

oHM
< ), n(In t)> =0 forall ¢
dz

6 0°H ( o’ H

= is the Hessian of H
0zdz 6ziazj)1§a.j§nls >
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. . OHM . .
then setting t=1 yields (3.11). Hence (c)e () E, for any invariant HM
p*EM
of weight M, proving (vi). Since the spaces () E, and E, have the same dimen-

sion, (v) follows from (vi).. pEM

We now prove the second part of (i). By the definition of a.c.i., the solutions
of Z=f(z) are holomorphic and single-valued on each of the affine varieties
&/ ; the latter fill up a Zariski open set in €". The solution to the variational
equation about every solution z(t) must be single-valued, or else in a full neigh-
borhood of z(¢), the solutions to Z=f(z) would not be single-valued (Haine
[12]). Therefore any solution &;(t)=#n;(Int}t* ™", 1 Li<n, pespectrum &£, of the
variational equation about z(t)=(c,t ", ...,c,t ") is single-valued. Thus p
must be an integer and the #,(Int) must be time-independent, leading to the
conclusion that .Z is diagonalisable and (spectrum %) c Z.

(vii) At first substitute the Laurent solutions (3.5) into a constant of motion
H=H" of weight M,

HM(Zl(t)a LR ] Zn(t))
=t MHMZO+ 20+, 2D+ 2P e+, 20420+ L)
=t"MHM(Z O+ U (1)

oH *H
=t™M [H (z‘°’)+<$ (), U(t)>+<U 3

>0z 0z

=t M M |:<%fzi (Z(O))’ Z(M)> + Z <z(i’, 522 ‘I;Z (Z(O)) Z(D> + .. ]
itj=M

i,jz1

=) U> +.. ]

= <66—H (2%, z(M’> +(terms involving z®, 0 <i< M). (3.12)
z

We claim that on a Zariski open set of any component C, of C, such that
8(C,)=¢(C,), there exists a basis of E(C,)

Uiy ooy U, Upiyy s 0, (B=PE,v=78)
such that

M
<v,-,9§i~(z<°>)>=6i,- 15 j<p. (3.13)
z

Indeed, remembering that V. 2™ is (generically) B-dimensional and that
(\ E;(C,) is y —d imensional, we have, using (vi) and (v), the inclusion
pPEM

0FM _ _
%aaf“=span{—‘— yi=1, .., B () Ex(Ch=spanlDY, ..., 54, ..., 5},

vy Uy
Cy p+EM

dz
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Since €" = @ Ey(C,), we may pick (for generic ce C,) a basis v, ..., v} of E,(C,),
such that (v}, $¥> =4§,;, 1 <i,j< B, from which (3.13) follows. By (2.3), the general
coefficient z™ in the Laurent expansion (3.5) is a solution of

(&£ — M) 2™ = prior information;

it is a linear combination of the vectors v¥ (1<i<y) and a special solution
uM~1 depending on previous data. Thus we write z™ as follows:

8 Y
=Y (4 +d)o¥+ Y evM+uM! (3.14)

1 p+1

with yM free parameters 4;+d; and e;; the quantities d; can now be chosen
such that

FM(z,(1), ..., z,(1))

oFM i
—< P (z®), z >+(terms involving z?,0<i<M), using (3.12)

=£(A +dl)<aFM (Z(O)), v} >+ Z < e ( (0)), v} > <6£M (Z(O))’ uM—1>

B+1
+(terms involving z%, 0<i< M), using(3.14)
L4 OFM OFM -
=A;+d;+ ﬂgl e; <~—a’z ('), vf»”> + <—a’Z (z©), uM ‘>
+terms involving 2, 0<i<M, using (3.13)
=A 15j<8,

i
for an appropriate choice of d;. Note z™ is linear in ¥™ ~! and the y— f effective
parameters ey, 4, ..., e,, which remain free.

(viii) To restrict the Laurent solutions (3.5) specified by (3.14) to the m-
dimensional invariant manifolds () {H;=4,}, we clearly must constrain the
Y (M —B¥)=0(C)—) B¥ effective parameters e; (see (3.14)) by substituting the
M

expansions into the remaining relations G; (having vanishing gradient along
C,), giving rise to the (affine) Painlevé variety D,. Before doing this, first observe
that for k> o =max(spectrum £ ), one has

z®(p)=polynomial in z¥(p), 0=Zj<o;

this is an immediate consequence of the recursion relations (2.3) for z* and
since (spectrum a)eZ, we have

det(¥ —kIeZ\{0}, for k>4.
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Define the Painlevé divisor

= {Laurent solutions z(t) satisfying H,(z(t))= A4,.,
r=1,...,k+mand z9eC}}

= ﬂ {effective parameters e; such that G(z(t))=A4}'".
all Gsuch that

Elcf
In view of (3.4), the Painlevé divisor D; going with C; is defined by ) (x™ — )
M

nonlinear relations, between the 6(C;)— )" Bé‘j effective parameters ¢;, hence
M

dim D;26(C)—> o™ =6(C;)— (4 independent invariants), (3.15)

and equality follows from Lemma 1.1. This establishes Theorem 4.

§4. Example: a geodesic flow on SO(4)

The free motion of a solid body in an ideal fluid can be interpreted as geodesic
motion on the dual Lie algebra T*E; of the group E,=S0(3) x R3. By means
of a reduction to the coadjoint orbits of e% ~e; =50(3) x R33(/, p), this motion
can be written

0H oH

. 0H
p=pA—+ I=IN—+4+pAr—

al al ap’ @1

H(l, p) being the sum of the kinetic energies of both the rigid body and the
surrounding ideal fluid. Lyapunov and Steklov have considered the following
Hamiltonian

3
H(, P)Z%Z(li_(al +az+‘13_ai)Pi)2~
1

This flow on E; turns out to be a limit of a geodesic flow

>/ ' aH '/I_ //A aH
X =X A ax,’ - ax//’
X' =(xy,%X5,%x3), X"=(x4,Xs,Xe) 4.2)

on the group SO(3) x SO(3)~S0(4), for a left-invariant metric

3

6
2
H=1} ;X +Z'1i,i+3xixi+3
1 1

17 the coefficients z® of the expansions z(t) used here must have the form (3.14)
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satisfying (4;;=4;,— 1))
A13A46A21AsaA32 465

(A46 A32 - 1465"413)2

‘<(A65 —A43) (Ass— 413 (Asa—4, 1)2>
A65A32 ’ A46A13 ’ A54A21

('1%4’ ’1%59 l§6)=

with the following sign specification

A13A46A21 A54A32A65
(A46A32—A65A13)3

j'14j'25}'1<16= (A65—'A32)(A46_A13)(A54_A21)~

In the classification of algebraic integrable geodesic flows for left-invariant
metrics there appear three strata of metrics, a first one first considered by Manak-
ov, a second described above and a third discovered by us in 1984 [4]. Algebro-
geometrical considerations lead to a natural (linear) change of variables, which
transforms any of the flows above into a new (much simpler) flow X,;: Z=f,(2)
and a flow X,: 2= f,(z) commuting with X, with all parameters scaled out:

X :1Z1=2,2¢ X, 2 =252¢

Z,=425(z,+24) Zy=23Z4
Z3=3%2z,(z1+24) 23=12,2,

Z24=23Z5 Z4=125(223—2¢)
Z57Z3Zq 25=24(223—2¢)
Ze=21Z, Ze=122Z5

with four quadratic invariants:

H, =—-z2472=4,=A

H,=—z}+zl=A4,=B

Hy=z722—72=A4,=C/4

Hy=—(z2;—24)?+2(z;—25)° +2(z3—26)* = A4 =D.
The system is purely homogeneous, with z; having weight 1, the invariants
have degree 2, and so the invariant surfaces .o/ =(4] {H;=A4;z§, zo=1} naturally

embed into IP?; yielding 1

A =(Y{H(2)=A;2%,2=(z¢, 21, ..., 26)EP?} = PPC.

»--DA

Consider a fixed vector field « X, + fX,. Because of the weights of the z;,
it is natural to search for Laurent solutions having simple poles:

2=t 1O+t +..) 4.3)
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The leading term is given by the indicial locus

€= {20+ af, () + B (%) =0}
=C+é= Z Cx,y+ Z CX,Y(“’B)’

X2,y2=1 Xx2,y2=1
consisting of four lines
Cxy={(-2XY(1-2),X,Y, -2XYZ,2XZ,2Y(1-2)),ZeT}, (44

independent of («, f) and four points

~ (x+2p) —28X  2BY  —aXY
C b E XY’ b b 3
xx(® ) ( B 2@ +2p) ale+2p) Bla+2p)
—aX (x+2P8)
, , 4.5
Ba+2p) of (*3)
depending on (a, ). Along Cy y the gradients
oH oH
~671=4XYZ(0, 0,0,1, Y,0), 622 =4XY(1-2)1,0,0,0,0, X)
; . (4.6)
;13=2(0,X,—x0,0,0), a—4=4XY(1—22)(1,Y,—X,-—l,—Y,X)
z z

span a 3-dimensional space showing that 2/ is singular along each line Cy y;
incidentally, the gradient of the Z-dependent quadrics

+2(z3 V2(1—-2Z)+z —2(1/_11_72))2) @.7)

which is a family of rank 3 quadrics, vanishes along Cy y. At the 4 points
Cy.y the gradients (4.6) are independent, showing smoothness of .o/ along Cr.y-
According to Theorem 4, (ii), (iii) and (v), the considerations above lead to a
priori information on the #-matrix (the Jacobi matrix of the equations defining
%):

along Cy y: —1,0,2,2, 2espectrum &

at CX'Y: —1,2,2,2,2espectrum &£,
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Since Tr ¥ = X weights =6, it follows at once that

along Cyy: spectrum ¥ =(—1,0,1,2,2,2),
at Cyy: spectrum £ =(—1, —1,2,2,2,2).

In view of (vii) in Theorem 4, and since the gradients (4.6) span a 3-dimension-
al space along Cy y, the null-vectors of ¥ —21I may be chosen such that the
corresponding free parameters in the Laurent solution are exactly A, B, C; they
are trivial parameters. Besides the parameter Z in the leading term z® of the
Laurent series (4.3), there is one other effective parameter U, leading at once
to the Laurent solution

1
—1 -2
1 -2
4 t 1 t? A} Z+3
z(t)=?- 11+ZU R Ry U211—3 -
-1 Z-3
—1 Z
1
Z—4
Z—1 —(Z—-2)
-2 2(Z-2)
-H%} i -C —2513 +0(3) | , (48)
1 —(Z+1)
Z+2 —(Z-2)
zZ—1

(with1=(1, 1, 1, 1, 1, 1), and { = diagonal (z/®))

convergent by means of lemma 2.1. We have at once Hy(z(t))=4, for i=1,2,3
and the Painlevé divisor D(X, Y) is obtained by putting, in view of Theorem 4
(viii), the Laurent solution z(¢) into the constant of the motion (4.7) with zero
gradient; an elementary computation shows

2

1-22

H(z(t) =

and since the value of the invariant H equals

A B C D

7z 1—-z 2112z
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the Painlevé variety consists of 4isomorphichyperellipticcurves, D= ) D(X,Y),
X*=y2=1

Dugyyu2+az—1%%—T§E—§)=D 4.9)

covering the 4 lines C(X, Y). For the general vector field « X, + X, the Laurent
solutions (4.3) could be computed as well; although the expressions (4.8) would
be different, the Painlevé divisor would have the same form (4.9); for a X, + $ X ,,
the leading term { in (4.8) would become {(x+2BZ)"!. Observe that some
of the coefficients of the Laurent solutions (4.8) blow up and thus the solutions
cease to make sense at the points Z=0, 1 and oo on the curve. Therefore D(X, Y)
is actually the curve (4.9) with the three points Z=0, 1, oo removed, whereas
D(X, Y) is the full curve; on the latter the coordinates U and Z behave as
follows

Z=0 Z=1 Z=w
(branch point) (branch point) (branch point)
— A 2 — B 2 -1 __ C 2

Z= T s 1-Z= 7 s Z = 4 S

U=—%u+0@m U:—§u+0@m U=—§ﬁ+0@m.(4m)

To check how the four S5-dimensional families of Laurent solutions hang
together in a coherent way, we need to construct birational maps T for each
of the points Z=0, 1, cv on the four curves D(X, Y), X, Y= +1. Notice this
system is regular, in the sense of §1, because the four S-dimensional families
of Laurent solutions have a leading term parametrized by a curve. To verify
the coherence, it is more efficient to search for functions of increasing degree
behaving like 1/t and then make ratios of such functions; this idea is related
to Kodaira’s embedding theorem, which states that the functions having a k-fold
pole along an “ample” divisor of a compact variety embed the variety smoothly
into some projective space. The following functions constitute a basis of polyno-
mials having degree <3, and behaving like 1/t (modulo the constants of motion):

ZO=1, Zl"“’ZG’

Zq=—22,23+252¢+2325
Zg=—2Z12¢+22,23— 2426 Zo= —Z4Z5+22,24—212Zs
2 _— 2 2
Zio=—2¢+(22,~125) 2y =—25+(223—2¢)

21,=2(212325— 2324 %¢)
213=2(252326 2221 Z4) 214=2(262, 25— 2321 Z4)

215=2(21 Z2ZS—Z4Z3Z6). (4.11)
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The leading terms in
=tz +zVt+..), 1Zig15
are the following:
(0, ..., ZM=(—-2XY(1-2),X,Y,-2XYZ,2XZ,2Y(1-2))
@, .. Z)=—-UXY,2X(1-2),2YZ, ~4(1-Z), —42)
(%, ..., 2)=(— 4o+ Bo+Co, X (4o + Bo— Co),

with
A(1-2) BZ
AOE——Z—, BOE—li—Z—, COECZ(l—Z), X, Y=i1

Notice that the involution

H: (ZI,ZZaZ3>Z4a255 Z6at9 U: X’ Y; Za As B; C,D)
~(24523,22,21526,25, L, U, Y, X, 1—Z,B, A, —C, D)

cuts down the computing labour by roughly half.
The birational map T: z~vy, which will be used to check coherence reads
as follows:

T: (20, -..,26)~(¥o, ---» Y15), Where y,=z;/z,, @.13)

T_li(}’o,---,J’15)f'3'(20,---,26), where z;=y;/y,

and turns out to be the same for all points Z=0, 1, 0. Since we expect D
=2D(X, Y) to be an ample and projectively normal divisor on an Abelian
surface, we may also expect the functions (y,, ..., ¥15) to form a closed system
of quadratic differential equations, whatever be the flow a X, + B X ,, as explained
in Theorem 2. Indeed, one verifies

(—Z'—) =X, (—E‘—) = quadratic polynomial <~ZL, cees —ZE), 0<iL15

Z12 Z12 Zy2 Z12
and thus
y;=X,(v)=quadratic polynomial (y,, ..., ¥;5s), O0Zi=Z15.

4.14)
To do this, it suffices to compute the Wronskian {z;, z;}=2z;X,z,—z, X, z; of
the functions z; with z,,. Again the labour involved is considerably reduced
by means of the involution II. The actual calculation proceeds as follows: express
the leading term of the Wronskian
(Z§0) Zgl)— 25.1) ZgO))

7 + ..., using (4.8),

{zi,2;} =
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in terms of quadratic polynomials of z{%:

0) (1) _ (1) (0
(20 2D — 21 £(?)

= quadratic polynomial (z{, ..., %),
implying that the following difference has a simple pole along D:
{z;, z;} — same quadratic polynomial (z,, ..., 215)=%+ e

15
one then expresses this function as a linear combination ) c,z;, with constant

coefficients. This leads to the following result: 0

z
{20,212} =2H;3z,2,—(z, +Z4)$

z
{21,212}=Z7212+_;{i[2210+Z11+H1+3H2+2H3—H4]

—H321 [211 +H1+H2+2H3]
ZgZ
{22,212}=H321 29, {259212}=%a {27,212}= —Hjzgzg
z H H
{zs,212} = _4H324(H2 23+”2£(——§1““H2+H3+T4))

Zy

—72(213 +2z,(—H,+2 H,))

H H H
+215<Zl4+23<_“2_1+H2+H3+‘2—4)‘26<H1+H2+H3+T4>)

{10,212} =H (=22, zaHy+ 3z +24)215)+ 285

—Z—;»(zl(3H1+2H2+6H3—H4)+z4(—H1—2H2+2H3+H4))

H,—H,
+4H321(21H1+z4 H3+—2~

{213,212}=2H2H3z429, {215,212}=2H3(H1 zzg— H,z520)

with the missing equations deduced from the involution IT and the observation
that z7,= —z,,; this establishes (4.14).

Putting the expansions for z, ..., z;5 into the rational map 7, letting t \ O,
and using the local behavior of the curves D(X, Y) near the points py, py, P
(corresponding to Z =0, 1, o), one computes that a neighborhood on D(X, Y)
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of the points py, py, po(X, Y) is mapped to the following segments of curve
in P1° (remember X, Y=+ 1)

,V(O,P,D(“‘X, Y))|Z~0

=lm TGEp, D(=X, YD _a,
t—0 =35

XY
=0,...,0,1,X, Y, —-XY)+s<0, ...,O,T,X,O,Z,O,O,O,O,O)

2

~%(0,2XY, —X,Y0,0,2Y,0, ...,00+ 0(s,

y(o’ paD(X, “Y))|Z~1
=,hf?> T(z(t,p, D(X, — Y)))|1—z=§sz~o

=(0,...,0,1,X, - Y, —XY)
Xy

+s(0, ey 0, ———

) ’09 - Y505 ~2, 0’03 05 0)"'0(52),

y(OaP’D(_X: —Y))|Z~oo
=lim T((6,p, D(—X, ~ YD), ¢,
zZ 4

t—0
=(O9 "':0’ 15Xa —"},, _‘XY)
+5(, ...,0,0, — X, Y, —2,2,0,0,0,0)+ O(s>). 4.15)

One first observes that the following three points coincide
P Po P D1

P~ P

i€, po(—=X, Y)=p,(X, = Y)=p,(—X, —Y) (see figures 4.2 and 4.3 below).
Moreover, the tangents to the three branches at this point lie in a 2-dimensional
plane, because the sum of the coefficients of s vanish. The function
y(t, p, D(— X, Y)) is the solution to the differential equation (4.14) in ¢, with
initial condition given by the segment y(0, p, D(— X, Y)) above; therefore its
solution y(t, p, D(— X, Y)) is a holomorphic function in (¢, p) for 0<|t{<e and
p~po, confirming condition (i) of the coherence; for instance, near p, the first
few terms can be computed from the differential equations: '3

y(t,p,D(X, —Y))
=4 (—st(t+25)+0@), —XY(t+25)°+0(3),
2X5*+0(3), —2Ys2+0(3), X Y2+ 0(3),
Xt240(3), = Y(t+252+0(3),...). (4.16)

18 O(n) denotes a Taylor series in s and ¢ of multiplicity n
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Because of the uniqueness of the solution of differential equations, the solu-
tion running through the point po(—X, Y)=p,(X, = Y)=p, (=X, —Y) is the
same whichever expansion D(— X, Y), D(X, —Y) or D(— X, — Y) is used, con-
firming condition (iii); to be specific we have

lim y(t, p, D(— X, Y))= lim y(t,p, D(X, —Y))= lim (t,p,D(—X, —Y))

P~ Po P p P~ P
_ fl_{ts _ﬂtz XH, - YH, “ XYt2 th Yt2
192> 8 "’ 64 ' 64 8 8 8’
XYHy, , X Y
Tt ,?t, —Et’t’ -1, X, Y, —XY)
+ higher order terms. 4.17)

Combining the formulas (4.15) and (4.17), one readily checks rank
dy 0

( ai 6}5)) =2, confirming condition (ii). As pointed out in (4.13), the inverse
s=t=0

map T~ y~vz=(y;/Yo)o<j<15 yields the functions z; (0<i<6) as meromorphic
functions on T? near the point py(— X, Y). Computing the ratios y;/y, of the
Taylor series appearing in (4.16), one finds

T—l(y(t’p’D(_Xa Y)))Z
=(213'~~az6)(s7t)
[XY(+25)24+003) —2Xs5’+0(3) 2 Ys?

_( SHE+25)10@) st(t+25)+0(@) st(t+25)+0@)

—XY2+0(3) —X£24+0(3) Y(+25*+0(3)
st(t+2s5)+0(4) st(t+25)+0(4)’ st(t+2s)+0(4)>'

2

A4
3

(4.18)

These new expressions for z;=h;(t, s)/g;(t, s) are the analytic extensions of the
expressions z; defined by the original Laurent series; notice that the Taylor
series

g:(t,s)=st(t+2s)+0(4),
of multiplicity 3, accounts for the simple poles of z; along the three curves
D(—X, Y), D(X, —Y)and D(— X, —Y) intersecting in one point po(— X, Y).
By making ratios in (4.17), it is easy to compute the Laurent series for
z; along the trajectory running through the common point py(— X, Y), namely

(21, ---,26)(t, 0)
38XY X Y_8XY_8X 8Y
(A 20ttt Astd A A8
+ higher order terms; (4.19)

in fact, the leading terms are readily seen to satisfy the system Z= f(z), going
with X, as they should (see the beginning of this section). These expressions
also show that g;(t, 0)%0; this ends the verification of condition (iv).
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To check item (v) in the coherence condition, we investigate the image of
the origin (¢, s)=(0, 0), under the map

t, )~ (zy, ..., z6)(t, 5)IP® (4.20)

given by (4.18). Since the ratios are 0/0 for s=t=0, one examines how the
limits along the lines running through the origin (¢, 5)=(0, 0) are mapped by
means of (4.20); to do this consider the map of a disc 4 around (0, 0) to 4 x P!,
defined by

A—AxP!
(t,s)~(t, s, B,) with sf=to.

Making the substitution s=ta/f, and letting ¢t — 0 in (4.18), the vector (z,, ..., z¢),
viewed projectively, tends to the line

Exy={Cxy( Bl feP'} (Cxyasin(4.5),

or in other terms, the birational map T blows down the line Ey y, ie. it is
an exceptional divisor. The line E, y has degree two, because setting a linear
combination of the coordinates in Ey y equal to zero leads to a quadratic equa-
tion in a/f. Moreover the generic Laurent solutions are double covers of the
lines Cy y. To summarize, we have

Y. [degree(D(X, Y))+degree T~ (po(— X, Y))1=16,

X, Y==+1
which coincides with the degree of the generic hyperplane section of &

4
= (") {H;=A4,}, thus confirming condition (v). By Theorem 1, this system is alge-
1

braic completely integrable on tori T2; the tori are Jacobi varieties of the hyperel-
liptic curves D(X, Y).
The behavior of the variety < in IP® is straightforward; we have
A= 3 (CX,V)+E(X,Y)
X, Y=+1

with the intersection pattern of figure 4.1. Moreover & is smooth along the
E’s and has a double crossing along the C’s.

& , A

1)
~ PN . Cl

Fig.dl o/,= Y (CX, Y)+EX, Y)

X, Y=+%1
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(.Y} {-X.-v)

E(X.Y)

Cl=X.Y) z,=0

Cl-X,-Y] CIX,-Y}

Fig. 4.2 detailed view of Fig. 4.1

)
DT=1,-1) DM-1,1)

Xs=2 X Xz

D%%=1,1) DO—1,-1)

D(ﬁ(»l'_] )
Fig. 4.3 fourhyperellipticcurves D')(X, Y)andfour points D®®)(X, Y),all parametrizing Laurentsolutions

To conclude, the variety o in YP° is transformed into a Jacobi variety by
blowing down the exceptional divisors E(X, Y) and by blowing up o along the
lines C(X,Y); this leads to T, with 4 hyperelliptic curves on it, intersecting as
in Fig. 4.3.

Associated with each flow o X ,+ BX,, there are four principal Laurent solu-
tions DV(X, Y)=D(X, Y) and four lowest solutions D'©(X, Y), which fit together
according to the tree,

PV(=1,1),2) OV(-1,~1,2) DV(1,1),2) (D?(1,-1),2)

091, -1,2) D912 D=1 -1),2) D(-11)2)

as represented by means of divisors in Fig. 4.3.
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The Laurent solutions in the tree are as follows:
Flow X :

2(t, Z, DV(X, V)=t~ (=2XY(1—2Z), X, Y, —2XYZ,2XZ,2Y(1 - Z))+ O(1)

8XY X Y —-8XY —-8X 8Y
DOYX Yy=3{"2° 2 _
2, (X, Y) (A3t3’ t’ ot Ay ’A3t3’A3t3)

+ higher order terms.
Flow a X, + BX,: (generic a, f)

z(t, Z,DY(X, Y))
=t Y (=2XY(1-2),X,Y,-2XYZ,2XZ,2Y(1—-2Z)(e+2B2Z) 1 4+0(1)
2(t, DO(X, Y))
=t_1(oc+2ﬂXY —2BX 2B8Y —aXY —aX (a+2p)Y
ap Ta(a+2B) a(x+2p) Ba+2p8) Be+28)’  ap

)+0(1)

Appendix 1
We give some basic facts about weighted projective spaces IP", for the integer
weights v=(vg, vy, ..., v,), v;=1. A standard projective space P" is obtained
by identifying all points on the lines running through the origin in €"*!. A
weighted projective space P} with variables z; having weights v, is defined by
identifying all points on the curve

(zot™, z ", ..., z,t"), teC*
running through the origin. There is a natural surjection

Q:]Pn_}]P::(yO’J“,'-'7yn)m(y‘(’)0’yiiﬁ'-'5y:") (1)

whose kernel in IP" is given by a discrete group action u and thus
P=Pu,  p=@Z"
i=0

In analogy with IP", the space IP! is covered by n+1 charts specified by z;+0
(i=0,1, ..., n). In P!, it will be convenient to consider the following “hyperplane”

Y axl=0, xeP, @)
i=0

where
d=lcm.(v{,...,v,) and d,=d/v;. (3)
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This is the generic equation in P* of smallest degree. Through the map @',
the hyperplane equation (2) in IP", corresponds to a homogeneous equation
of degree d,

M:

Z a; =y a;y{=0

i=0

It is also via the map @ that most degree questions in P} can ultimately be
reduced to questions in IP". The degree of an m-dimensional variety V <P} is
defined as the number of intersection points of V with an n—m-dimensional
“plane”, the latter being the intersection of m “hyperplanes” (2).

Example. Consider an n—m-dimensional variety V in P} defined by

m

V= ﬂ {F(x)=0, xelP}}

and let
peVr(xo(p), x,(p), .., X, (P))e P}

be a parametrization. Then the degree of V can be computed in two different
ways: on the one hand by the definition above we have

dimV n
degree V=number of pointsin () <pe¥, Y al® xi(p)"i=0}; 4

s=1 i=0

on the other hand, the degree of V in P} can be computed by means of Bézout’s
theorem: namely one first computes the degree of @~ !(V) in IP", using the
map @ defined in (1) and then one takes account of the quotient by the discrete
group action , yielding

I {degrees of F}-d"~™

degree V=11 . &)
Vo Vq N -

Appendix 2. Regular systems
In most lower-dimensional examples, we have the equality
dim C,;=dimension (invariant manifolds)— 1
for all components C; of € in the indicial locus; this is equivalent to the relation

92, =dim(ker £)=m—1 (see (3.3));
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MW

flow

o
Fig. A.l

in other terms, the divisor D on T™ is a finite cover of ¥. However in higher-
dimensional situations, almost always we have

0
ye,<m—1,

i.e., the trajectories, which in the affine cover the whole of the invariant manifold
«, flow towards a lower dimensional (<m— 1) manifold € c «/, = N {z,=0},
creating a singularity of codimension =2, as depicted in Fig. A.1. Also, the
leading term z® of the Laurent solutions contain strictly less than m—1 free
parameters. Usually this situation is easily remedied by preparing the system;
this is done by adjoining  =m—1—y° polynomials P,, ..., P; in the phase vari-
ables z, ..., z, of weighted degrees I,, ..., [;, such that the full set of leading
terms 29, ..., 2%, of z,, ..., z, and

Pz(t)lp,=t 7"+ (zQ+ 2zt + .., i=1,..,9,

depend on m— 1 free parameters on each D;, where v, ,; is defined as the degree
of the pole of F; along the expansion D;; we assume this can be done independent-
ly of j. The polynomials B, must be chosen such that the dimension of the
variety

k+m 4

N {H=0}n "\ {B=0}

1 1

is what it should be. In order to respect the weight homogeneous structure
of the problem, we now adjoin & variables z, . (, ..., z,,5 Of weight v, |, ..., v,45
defined by

ZyriZg "ti—P(2)=0, i=1,...,0.

These 6 equations of degree I; are now added to the relations expressing the
constants of motion. The reason for multiplying z,,; by z§ =+ is that z,.;
blows up like t~*~+i, which respects the weight v, ; of z, ;. Consider now the
enlarged system: the new locus at infinity 7, contains the image of D under
the map

D— CC]P‘,”-H’
p(ZP), ..., 25 (p)eC.
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Then D will become a finite covering of C of degree [D/C]. To conclude this
trick, which is crude, remedies the situation depicted in Fig. A.1; in the new
picture the trajectories all flow to m— 1-dimensional components of <7, , still
leaving us with a discrete number of trajectories flowing to a generic point
and still leaving us with components of &, not reached by the Laurent solutions

of 2=f(2).

Example. We consider the following system of differential equations in z,, ..., z¢
fy=zy(z5—24) Z4=2z3—1z4
Zy=2,(2¢—25) Z5=21—2;
i3=23(24—~2¢) Ze=2p—1Z3,

related to the 3-body periodic Toda lattice. Clearly the variables z,, z,, z3 have
weight 2 and z,, zs, z, weight 1; the system has the following constants of
motion

Hy=2,2,z3=4,z§
Hy,=z,+z5+24=24,2,
Hy=3(24 22423 —z,~2,~z;=A; 23
Hy=z,2526+212+2,2,+2525=A,23. 1
The indicial locus
v, 2O+ fi(z2M=0, i=1,...,6,
for these equations consists of three points
¢={1,0,0,1,-1,0}v{0,1,0,0,1, -1} u{0,0,1, —1,0, 1}
=C,+C,+C;5,
with spectrum ¥ =(—1,1, 1, 2, 3, 3);
each one leads to a Laurent solution depending on 5 free parameters

2,()=t7 2O+t + ... )
(=07 ) L

Zi+3(t)=t (Zf+3+2i+3f+...)
with leading terms

on C, on C, on C,
z,...,z29): (1,0,0,1,—-1,0 (0,1,0,0,1,-1) (0,0,1,-1,0,1)
@D, ...,z (0,0,0,Y,Y,2) (0,0,0,Z, YY) (0,0,0,%ZY).

The parameter Z is effective, since there are two degrees of freedom at the
first step in the expansions and only one invariant H, of weighted degree one.
From this table, it is seen at once that both z, +z,z5 and z,+z5z¢ never blow
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up worse than ¢t~ !; therefore taking any arbitrary linear combination of them,
for instance the difference, and defining z, by the equation

27=24 ' P(2)=2z¢ '[(z1 + 24 25) — (25 + 25 26)],
1

one sees it has weight 1, behaves like ¢~
the leading behavior

in the affine chart z,=1 and has

onCy, onC, onC,
2P VA z -22Z.

Therefore the regularized system is expressed in the variables z,, ..., z; with
equations (1) and

2027 (21 +2425)+(22+25 Z6).
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