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DIOPHANTINE APPROXIMATION IN POSITIVE 
CHARACTERISTIC 

J. F. VOLOCH (Rio de Janeiro) 

§ 1. Introduction 

Let  k be a field of characteristic p ~ 0. We will be interested in the 
approximation of elements y E/c[[x]], algebraic over k(x), by elements of k(x) 
(where x is a variable) with respect to the valuation ord ---- ordx= 0. 

Let  y E k[[x]] and define 

where 

ord (y -- r) 
a(y) ~ lim sup 

H(r)~ H(r) 
r~k(x) 

H(P/Q) : max ((leg P, (leg Q} 

P, Q E k[x], (P, Q) = 1. 
Define d(y) = [k(x, y): k(x)]. Then Mahler [3], transposing a classical 

result °f Li°uville' pr°ved that ~(y) H d(Y)' and he gave an example (y = ~ 

which had a(y) ----- d(y) -~ p, and thus showed tha t  his bound was, in general, 
best possible. 

Later, Osgood [4] showed that ,  if y does not satisfy a Riccati equation, 
y" ---- ay ~ + by + c, a, b, c ( k(x), then: 

~¢(Y) H _I d(Y)2 + 3 ]. 

He actually showed tha t  

ord (y - r) ~ [  .d(y)-+ 3]H(r) + C 

for any  r E k(x) where C is an effective constant depending on y. 
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In this paper we shall be concerned with the approximation of algebraic 
functions y E k[[x]] satisfying 

ay q ~- b 
(1) y -- - -  

cy q T d 

where a, b, c, d E k[x],  ad  - -  bc =/: 0 and q is power of p. 
We shall show tha t  if y satisfies (1) then there exists an effective constant 

C for which ord (y - -  r) ~ a (y )H(r )  + C for any r E k(x).  We shall also give 
several results tha t  will enable us to bound a(y) effectively by some constant 
smaller than d(y) in several cases. This will then give an effective improvement 
of the Liouville--Mahler Theorem for certain y satisfying (1). Note tha t  there 
are cases of y satisfying (1) for which a(y) = d(y).  

We shall also give several examples tha t  illustrate our method and 
discuss the sharpness of our results. 

REMARK 1. I f  y satisfies (1), then y satisfies a Riccati equation. 

REMARK 2. I f  d ( y ) =  3, then y satisfies (1) with q = p, in fact, 
1, y, yP, yp+l are linearly dependent over k(x), so one deduces immediately 
tha t  y satisfies (1). 

§ 2. The main results 

Let y ~ k[[z]] satisfy 

(1) Y _  + b , a y q  
cy q + d 

a, b, c, d E k[x], ad  - -  bc -7 e: O. 
L e t  d(y)  be as above, note tha t  d(y) ~ q + 1. Let  

A = max (deg a, deg b, deg e, deg d} 

and B = ord (ad -- bc). Assume tha t  d(y) "> 1. 

THEOREM 1. F or  any  r E k(x) ,  we have either H(r )  ~ A (q  - -  1) or 

ord (y  - -  r) ~ a ( y ) H ( r )  + - -  
a ( y ) A  + (B + 2 ord y) 

q - - 1  q - - 1  

Before proving the theorem we verify a lemma. 

ar 1 + b 
I ~ m ~ A  1. I f  rl, r 2 E k(x) ,  r 2 - -  - -  then 

er s + d ' 
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(i) H(rl) - -  A ~ H(r2) ~ H(rl) + A; 
(ii) i f  ord  (yq --  rl) > O, then 

ord  (y --  rz) ~ ord  ( yq - -  rl) + B 

and ord  (y --  r2) > 0; 
if  ord  (yq --  rl) H ord  y + B,  then 

ord  (y --  r2) ~ ord  (yq --  rl) - -  2 ord  y --  B. 

P R O O F .  

(i) L e t  r I ---- P/Q, P,  Q E k[x], (P ,Q)  ~ 1, then  r 2 - -  

viously,  H(r2) ~ H(rl) + A .  L e t  

a P  + bQ 

cP + dQ 

m -~ m a x  {deg (aP + bQ), deg (eP + dQ)}. 

and,  ob- 

m ~ H(rl)  - -  A + deg (ad --  bc). 

This will complete  the  proof  of (i). 
We have  t h a t  

deg (adP + bdQ) ~ m + A ,  

deg ( b c P +  bdQ) ~ m + A ,  

so deg (ad --  be)P ~ m + A .  Similarly,  deg (ad --  be)Q ~ m + A .  
Hence  H(rl) + deg (ad --  bc) ~ m + A ,  as desired. 

(ii) We have  t h a t  

(2) o rd  (y --  r2) = o rd  (ad --  bc)(yq --  rl) 
(cy q + d)(cr~ + d) 

I f  o rd  (yq - -  rl) > 0 then,  since y E k[[x]] ,  we have  rl E k[[x]] .  In  par t ic-  
ular,  

SO 

(cy q + d)(crl + d) E k[[x] ] ,  

o rd  (y - -  r2) ~ o rd  (yq - -  rl) + B 

b y  (2), and  ord  (y --  r2) > 0. 
Assume t h a t  

(3) ord (yq - -  rl) > ord y + B ~ 0. 

We claim t h a t  H(%) ~ m --  deg (ad --  bc). In  fact ,  if e E k[X]  divides a P  + bQ 
and  eP + dQ, t hen  e divides (ad --  bc)P, (ad --  bc)Q, so e Iad --  bc. This proves 
the  claim. 

We now prove  t h a t  
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L e t  

t hen  

Also 

and  

I t  follows t h a t  

o r  

(4) 
B y  (3) we h a v e  t h a t  

m = ord  (cy q + d), 

o r d ( a y  q + b ) = m - - o r d y ,  

o rd  (acy + ad) ~ m 

ord  (acy + bc) ~ m - -  ord  y. 

o rd  (ad - -  bc) ~ m - -  ord  y 

ra ~ ord  y q- B. 

ord  (cq  + d) ~- ord  (cy q + d) = m.  

Hence ,  b y  (2), 

o rd  (y - -  r2) ~ B - -  o rd  (yq - -  rl) - -  2m, 

which b y  (4) comple tes  the  proof.  

I ~ o o F  of  T h e o r e m  1. L e t  R ( X )  _ _ _ a X q  + b and  R N ~-~ R o R o . . .  o R,  
cXa + d 

N t imes.  Given  r 6 k(x),  define r N = RN(r) ,  r o = r. 

L e m m a  1 (i) t hen  implies  t h a t  

] H ( r N + I )  - -  qH(rN) ] < A, 
which implies  

q H(r) lq - l l - '1 I ~  l ) A g H(rN)  ~_ qN H(r )  + t ~ _  l ) A .  

A 
I f  H(r)  > - -  t hen  H(rN)  ~ ¢,~ as N --~ ~ .  

q - - l '  
Fu r the r ,  we have  e i ther  

o r d ( y - - r N ) < l ( o r d y  + B)  
q 

o r  

o rd  (y - -  rN+l) ~ q ord  (y  - -  rN) - -  2 ord  y - -  B 

b y  L e m m a  1 (ii). 
I f  

2 ord y - -  B 
o rd  (y - -  r) > 

q - - 1  
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then  i t  follows b y  induc t ion  t h a t  ord  ( y -  rN) is increasing wi th /V .  Since 
otherwise Theorem 1 is tr ivial ,  we m a y  assume t h a t  this is the  case. Then  we 
have,  by  the  above,  t h a t  

o rd  (y --  rN+l) ~ qN ord  (y --  r) - -  (2 ord  y + B) (qN _ 1) 
q - - 1  

and  

(*) 

[ qN 1 
H(r ) q a(r) + I 1.4. 

[ q - - l ]  

Assuming t h a t  H(r)  > A/ (q  --  1), we have  

a(y) ~ lim sup ord  (y - -  rN) > lim inf ord  (y --  r~) 
N ~  H(rN)  N ~  H(rN)  

lira qN ord  (y - -  r) - -  (2 ord  y + B)(q  N --  1)/(q --  1) 
qNH(r )  + A (q  N - -  1)/(q --  1) 

o rd  (y --  r) - -  (2 ord  y + B)/(q --  1) 

which proves  Theorem 1. 

H(r)  + A / q - -  1 

T H ~ O R ~  2. I f  r 1 ~ k(x)  is such that 

(5) ord  (y - -  rl) ~ o~H(rl) - -  B/(q - -  1) - -  aA/(q  --  1) 

for some ~ > 2, then there exists some other r 2 E k(x)  sa t i s fy ing  (5) with  

2A  + B + 9 + ( B  + a A ) ] ( q - -  1) 
(6) It(r2) 

a c - - 2  

and  r 1 = Rn(r2) for some n ~ O. 

PROOF. We prove  t h a t  if r 6 k(x) satisfies (5) bu t  no t  (6), t hen  there  
exists r 1 C k(x) sat isfying (5) and  H(rl )  < H(r )  and  R(rl)  -~ r. Since the  height  
takes  posi t ive in teger  values, the  theorem will follow b y  infini te  descent.  

- - d r  + b 
L e t  s 

Cr  - -  

s a s +  b I B y  L e m m a  1 (ii) we have  i n c e r  - -  ~ _  

ord  (yq - -  s) >_ ord  (y --  r) - -  B. 

Le t  q = p n  and  le t  m be an  integer  ( O ~ m ~ n )  wi th  8 = r ~  ~ for some 
rl E k(x)  and  m maximal .  We claim t h a t  m = n. I f  not ,  t hen  

ord  (yP~-" - -  rl) ~_ 1 ( o r d  (y --  r) - -  B)  
T"" 
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and  

(7) 
ord (r~) = o r d  ( ( y f , _ m  _ rl ),) ~ ord ( y p ' - ' ~  - -  r l )  - -  I ~ 

l__  (ord (y --  r) --  B)  --  1. 
p m -  

I f  r~ v~ 0, we have ord (r~) ~ H(r~) b u t  

So, b y  Lamina  1 (i), 

Hence,  b y  (7) and  (5), 

H(r) g 

H(r~) ~ 2H(rl) ~ ~ m  H(s). 

ord (r~) ~ - ~  (H(r) + A).  

2A + B + q + (B + a A ) / q - -  1 

This contradicts  the  hypothesis  made  a t  the  beginning, so r~ ---- 0 and  there- 
fore m is no t  maximal .  This implies t ha t  m = n, so s = ~.  As above  we con- 
clude t ha t  

ord (y _ rl) ~ l (ord (y _ r) _ B)  B___B _ .  ~ l q --  I B ] .  

But ,  b y  L e m m a  1 (i), 

1 
H(r) ~ H(s) - -  A = ~ H(rl) --  A ,  

q 

SO 

ord (y --  r~) ~ aH(rl)  --  1 + (q --  1) 

= o~H(r~) - (B + ~A)/(q 1), 

hence r 1 satisfies (5 ) .  
To prove  the theorem we now only need to  show tha t  H(rl) < H(r). 

Supposing the contrary,  

H(r) ~ H(rl) = 1 His) ~ 1 (H(r) + A),  
q q 

so H(r) ~ A/q --  1, which implies (6). Since we assumed tha t  r did not  sa t isfy  
(6), we arrive a t  a contradict ion.  So H(rl) < H(r) and  Theorem 2 is proved.  
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§ 3. Examples 

Some examples will be constructed based on the following proposition. 

t>ROPOSITrOI~ 5. Let  y E k[[x]] ,  y (~ k(x) and  r n E k(x) ,  r n ---, y as n tends 
to oo. A s s u m e  also that for some posi t ive  constants  ~, fl we have 

l im o r d ( y - - r n ) _ ~ ,  lim H(rn+l) __f t .  
n ~  H(rn)  n ~  H(rn)  

I f  ~ > fll/~ ÷ 1 then ~(y) = ~. 

The proof is based on the  following lemma.  

L E n A  2. Let  y E k[[x]] ,  y ~ k(x). I f  r x =~ r 2 E k(x), H(r~) > H(rx) and  
ord (y - -  ri) ~ ~H(ri)  for some ~ > 0, then H(r2) > (:¢ - -  1)H(rx). 

PROOF. 

ord (r 2 -- rl) ~ ord (r 2 -- y ÷ y -- rl) ~ rain (ord (y -- rl), 

ord (y - -  r2)} ~ o~H(rl). 
On the other hand,  

ord (r 2 - -  rl) ~ H ( r  2 - -  rl) ~ H(r l )  + tt(r2), 

hence H(r2) > (~ - -  1)H(rl) , as desired. 

PROOF of Proposi t ion 5. Obviously, a(y) ~ a. Assume tha t  u(y) > a, 
then  for e > 0 sufficiently small there exists sn -+ y wi th  

ord (y - -  sn) >_ (~ + ~.)H(s,),  

also for n large 

ord (y - -  r~) ~ (~ - -  ~ )H(r . ) ,  ord (y -- r~) < (~ + e)H(r~). 

Given n, choose m wi th  H(rr.  ) ~ H(s~) ~ H(rm+l), so r m # s~ :~ rm+ 1 =~ r m. 
B y  the  lemma we have,  if n is large, t h a t  

(~ - -  1 - -  e )H(rm)  < tt(Sn) and H(sn)(a - -  1 - -  e) ~ H(rm+l), 

hence 

(~ - -  1 - -  ~)~ ~ H(rm+l) 

g ( rm)  

As n- -~c~ ,  we have m - ~ ,  so ( ~ - -  l - - e )  2 ~ f l .  Making e - ~ 0  we get 
(~ --  1) 3 ~ fl or a ~ fll/2 + 1; this  contradicts  the  hypothesis,  proving the  
result.  

P R O P O S I T I O N  6 .  

(i) Let f(x) E k[x], deg f ~ m, ord f = n > 0, and  let y E x k [ [ x ] ]  sa t i s fy  
yq - -  y ~ f (x) .  T h e n  n > m(q  lj~ + 1)[q imp l i e s  a(y)  = nq/m.  

4 Periodica Math. 19 (8) 
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(ii) Let f(x) E k[x], deg f = m and ord (f --  1) = n > O, let d be a divisor 
o f  q --  1 with d > qal2 + 1, and  let y E 1 + xk[[x]] satisfy ya _~ f(x).  I f  n /m > 

nd  
> (q~J2 + 1)/d, theu o~(y) . . . . . . .  . 

m, 

P R O O F .  

(i) We have 

L e t  

y = _ ~ f ( z ) ¢ .  
tffiO 

N 

rN = ~ t ( x ) ~ ' .  
i=0 

Then Proposition 4 applies with ~ ~ nq/m, fl ~ q. 
(ii) We have that  

( q - l )  q, 
d 

Y = 1 1 / ( z )  

If 

N/(x)_.q-~le q-1 q-+I-i 
r N=// =f(z) ~ q-l 

iffiO 

then Proposition 4 applies with a ~ nd]m, fl ~ q. 

(¢v+1_ l) 
= l (x)  d , 

REM~LRX. The examples of (i) are a variation on Mahler's example [3] 
and the examples of (ii) with m -~ ~ are a variation on Osgood's examples [4]. 
For p ~ 2 a n d  d ~ q - -  1, examples similar to (ii) appear in [1]. 

Proposition 6 thus gives, when ~ ~ m, several examples where Theorem 1 
applies, giving an effective improvement on the Liouville--Mahler Theorem. 
The examples of (ii) can be seen as analogues of doth roots of rational numbers 
close to 1 in absolute value. For this class of numbers, Bombieri--Mueller [2] 
have recently given "good" effective improvements on Liouville's Theorem, 
better than those of Baker--~eldman.  

For the examples in (ii) we also have 
q - - !  

= , f ( z )  d y + O ,  

0 . y + l  

nd 
so, in the notation of Theorem 1, A - - - - m ( q -  1)/d, B ~ O, o:(y)~- . So 

m 

Theorem 1 reads 

(11) o r d ( y  --  r) ~ nd  H(r) + n Vr  Ek(x), H(r)  ~, mid. 
m 
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B u t  for r N we 
: nq N+I and  

have,  as in the  p roof  of  P ropos i t ion  5 (ii), o rd  ( y -  r N ) =  

H(rN) = 
(qN+l _ 1)m 

d 

so we h a v e  equa l i t y  in (11). There fore  T h e o r e m  1 is bes t  possible in this  case. 
A n o t h e r  e x a m p l e  is due  to  B a u m  a n d  Sweet  [1]. T a k e  P(x) E k[x],  k a 

field of  charac ter i s t ic  2. L e t  m ----- deg P > 0 and  consider y sa t i s fy ing  

P ( x ) y  s + xmy + P(x) = O. 

Then ,  b y  [1] Corol la ry  3, y has  b o u n d e d  par t i a l  quo t ien t s  1 (note the  
change in no ta t ion ,  ou r  x is the i r  x - l ) ,  so a bound  as in Theo rem 1 follows. 

This  i l lus t ra tes  the  fol lowing resul t .  

THEOREM 7. I f  y £ k[[x]] ,  d(y) > 1, satisfies (1) (in particular, if  d(y) = 3), 
then y has bounded partial quotients i f  and only if  ~(y) = 2. 

PROOF. The  "on ly  i f"  p a r t  is well k n o w n  and  the  " i f "  p a r t  follows f rom 

T h e o r e m  1. 

The  con ten t  of  T h e o r e m  7 is t h a t  if  a " R o t h "  t y p e  t h e o r e m  holds  for 

y, i.e. 

(V e > 0)[ord (y - -  r) ~ (2 + e)H(r) + 0~(1)], 

t hen  i t  follows t h a t  th is  las t  equa t ion  holds for 8 = 0 and  also wi th  an  effect ive  

0(1).  
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